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Preface 


This textbook has been in continuous classroom use since 1980, and it was again 
time to polish and refine the material and fill in where needed. It was also an op- 
portunity to carry out suggestions for improvements made by many reviewers and 
colleagues, as well as those that occurred to the authors while using the preceding 
edition. Much has been rewritten to be cleaner and clearer, and new features have 
been introduced. To reduce size and weight, some peripheral topics have been 
moved to the Web. One chapter previously moved to the Web, Introduction to Statis- 
tics and Probability, has been returned to the text at the request of reviewers. Also, 
Analytic Geometry, formerly in the calculus version only, is now in both versions. 


Features of the Book 


Each chapter begins with a listing of Chapter Objectives that state specifically 
what the student should be able to do upon completion of the chapter. Following 
that, we have tried to present the material as clearly as possible, preferring an intu- 
itive approach rather than an overrigorous one. Realizing that a mathematics book 
is not easy reading, we have given information in small segments, included many il- 
lustrations, and have designed each page with care. 

The numerous Examples form the backbone of the textbook, and we have 
added to their number. In many we have added intermediate steps to make them 
easier to follow. They are fully worked out and are chosen to help the student do the 
exercises. Examples have markers above and below to separate them clearly from 
the text discussion. 

To give students the essential practice they need to learn mathematics, we in- 
clude thousands of Exercises. Exercises given after each section are graded by 
difficulty and grouped by type, to allow practice on a particular area. These are 
indicated by title, as well as by number. The Chapter Review Problems are scram- 
bled as to type and difficulty. Answers to all odd-numbered problems are given in 
the Answer Key in the Appendix, every answer is included in the Annotated In- 
structor’s Edition, and complete solutions to every problem are contained in the 
Instructor’s Solutions Manual. Complete solutions to every other odd problem 
are given in the Student’s Solutions Manual. 

The book contains hundreds of high-quality, clear illustrations, each care- 
fully selected for its inclusion. When the same figure is used twice but in differ- 
ent locations, it is now included in both locations so that students do not have to 
search for it. 

The examples, the text, and the exercises include many Technical Applica- 
tions. We have added applications, especially for the building trades, machine shop, 
and woodworking shop. Many chapters have a large block of applications, and 
some of these have been moved forward into the preceding text to provide motiva- 
tion for the student. 

Students are encouraged to try some applications outside their chosen field, 
and everything they need to work these problems is given right here in this text. 
However, space does not permit the full discussion of all the background material 
for each technical field. 
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We have tried to avoid contrived “school” problems with neat solutions and in- 
clude many Problems with Approximate Solutions. These include expressions 
and equations with approximate constants, but those that do not yield to many of 
the exact methods we teach, and must be tackled with an approximate method. 

The Index to Applications should help in finding specific applications. 

We have all seen wild answers on homework and exams, such as “the cost of 
each pencil is $300.” To try to avoid that, we have added Estimation steps to many 
examples, where we have tried to show students how to estimate an answer in order 
to check their work. We give suggestions for estimation in the chapter on word 
problems. Thereafter, many applications examples begin with an estimation step or 
end with a check, either by graphing, by computer, by calculator, by an alternate 
solution, by making a physical model, or simply to Examine the Answer for 
Reasonableness. 

Formulas used in the text are boxed and numbered and listed in the Appendix 
as the Summary of Facts and Formulas. This listing can function as a “hand- 
book” for a mathematics course and for other courses as well and provides a 
common thread between chapters. We hope it will also help a student see intercon- 
nections that might otherwise be overlooked. The formulas are grouped logically in 
the Summary of Facts and Formulas and are numbered sequentially there. Therefore, 
the formulas do not necessarily appear in numerical order in the text. 

When a listed formula is needed, it is now given right in the text so students do 
not have to flip through the formula summary to find it. 

In addition to mathematical formulas, we include some from technology, mo- 
tion, electric circuits, and so on. These are grouped together at the end of the For- 
mula Summary and have formula numbers starting with 1000. 

We continue the popular feature of Common Error Boxes to emphasize some 
of the pitfalls and traps that “get” students year after year. 

The Graphics Calculator has been fully integrated throughout. Calculator in- 
struction and examples are given in the text, where appropriate, and calculator 
problems are given in the exercises. To avoid being too vague and general, we 
specifically give keystrokes for the Texas Instruments TI-83, TI-84, and TI-89. Our 
hope is that other calculators are similar enough for these instructions to be useful. 

Many problems are given that can be solved practically only by a graphics calcu- 
lator, and the graphics calculator is sometimes used to verify a solution found by an- 
other method. However, we have still retained most of the noncalculator methods, 
such as manual graphing by plotting of point pairs, for those who want to present 
these methods. Graphical and calculator methods are emphasized much more than 
before. We give calculator screens, when a calculator topic is introduced, and per- 
haps for a few more examples. Screens for those operations are then dropped to avoid 
cluttering the pages. To our treatment of the arithmetic scientific calculator, we have 
added the Symbolic Scientific Calculator and show screens where appropriate. 

We have expanded the use of Guided Explorations. Our hope is that they will 
lead the student to make personal discoveries and gain a more personal appreciation 
for the concepts. 

Every chapter contains optional enrichment activities with the title Writing, 
Projects, or Internet. These were formerly at the end of each chapter, but we have 
now moved them to the exercise that is most appropriate. Our hope is that a few 
students may be attracted to the magic and history of mathematics and welcome a 
guided introduction into this world. Here we put Writing Questions to test and 
expand a student's knowledge of the material and perhaps explore areas outside of 
those covered, Team Projects to foster “collaborative learning,’ and Internet ac- 
tivities, including references to our companion Web site. 

With the margins of the book becoming crowded with calculator screens, in ad- 
dition to illustrations, we have moved many of the Marginal Notes to the text. 
They are used mostly for encouragement and historical notes. 
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Teaching and Learning Resources 


We provide several supplements to aid both the instructor and the student. 

An Annotated Instructor’s Edition (AIE) of this text contains answers to 
every exercise and problem. The answers are placed in red right in the exercise or 
problem. The AIE also has red marginal notes to the instructor, giving teaching tips, 
applications, and practice problems. ISBN: 978-0470-53495-3 

An Instructor's Solution Manual contains worked out solutions to every prob- 
lem in the text and a listing of all computer programs. ISBN: 978-1118-06124-4 

The Student Solutions Manual gives the solution to every other odd problem. 
They are usually worked in more detail than in the Instructor's Solution Manual. 
ISBN: 978-0470-53494-6 

WileyPLUS is a powerful online tool that provides instructors with an inte- 
grated suite of resources, including an online version of the text, in one easy-to-use 
Web site. Organized around the essential activities you perform in class, Wiley- 
PLUS allows you to create class presentations, assign homework and quizzes for 
automatic grading, and track student progress. Please visit www.wileyplus.com or 
contact your local Wiley representative for a demonstration and further details. 

A Computerized Test Item File is a bank of test questions with answers. 
Questions may be mixed, sorted, changed, or deleted. It consists of a test file disk 
and a test generator disk, ready to run. ISBN: 978-0470-53497-7 

Our Companion Web Site (www.wiley.com/college/calter) contains all the 
less frequently used material moved from the preceding edition, as well as complete 


solutions to every problem in the text. 
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Computation 


OBJECTIVES 


When you have completed this chapter, you should be able to 

* Perform basic arithmetic operations on signed numbers. 

* Perform basic arithmetic operations on approximate numbers. 

* Take powers, roots, and reciprocals of signed and approximate numbers. 
* Perform combined arithmetic operations to obtain a numerical result. 

* Convert numbers between decimal, scientific, and engineering notation. 


* Perform basic arithmetic operations on numbers in scientific and 
engineering notation. 


* Convert units of measurement. 
* Substitute given values into formulas. 
* Solve common percentage problems. 


We start this first chapter with some definitions to refresh your memory of terms 
you probably already know. We will point out the difference between exact and 
approximate numbers, a distinction you may not have made in earlier mathematics 
classes. Then we will perform the ordinary arithmetic operations—addition and 
subtraction, multiplication and division—but here it may be a bit different from 
what you are used to. We will use the calculator extensively, which is probably not 
new to you, but now we will take great care to decide how many digits of the calcu- 
lator display to keep. Why not keep them all? We will show that when working 
with approximate numbers keeping too many digits is misleading to anyone who 
must use the result of your calculation. As a further complication, we will combine 
both exact and approximate numbers, as well as positive and negative numbers, or 
signed numbers. As we proceed, we will point out some rules that will help get us 
ready for our next chapter on algebra, which is a generalization of arithmetic. 
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Next we will show compact ways to write a very long or very short number, in 
scientific notation or in engineering notation. These are important for you to know, 
not only for your own use but for you to understand them when you come across 
such numbers in reading technical material. 

In technical work, we usually deal with numbers that indicate some measured 
quantity. Here we show how to convert a number from one unit of measurement 
to another, say feet to meters, how to use numbers with units of measure in computa- 
tions, and how to substitute numbers with units into technical formulas. All are vital 
skills for technical work. Finally we will cover percentage. Of all the mathematical 
topics we cover in this text, probably the one most used in everyday life is percentage. 

This is a long chapter. With its many different topics, it may appear choppy and 
disconnected. The good news is that most of the material should be familiar to you, 
with perhaps a few new twists. Throughout the chapter, as elsewhere in the book, we 
will give some help with the use of the calculator. But with so many types of calcula- 
tors available, we are limited in what we can do, and you will really have to consult 
the manual that came with your calculator. We urge you to do this now, so by the 
time you reach Chapter 2 you will be able to calculate with speed and accuracy for 
the operations shown here. Computations for trigonometry and for logarithms will 
be covered as we get to them. 


1-1 The Real Numbers 


In mathematics, as in many other fields, we must learn many new terms. These defi- 
nitions will make it easier to talk about mathematical ideas later. 


Integers 
The integers 
24748, 73, 72, 71,0,1, 2, 3,4, ca 


are the whole numbers, also called the natural numbers or counting numbers, 
including zero and negative values. The three dots on the ends indicate that the 
sequence of numbers continues indefinitely in both directions. 


Rational and Irrational Numbers 


The rational numbers include the integers and all other numbers that can be 
expressed as the quotient of two integers. Some rational numbers are 


1 3 57 98 ( 1) 
E , , , and 7 Or — 
2 5 23 99 1 


Numbers that cannot be expressed as the quotient of two integers are called irrational. 
Some irrational numbers are 


V2, Ns. V7, т, and e 


where 7r is approximately equal to 3.1416 and e is approximately equal to 2.7182. 
We will have much more to say about the irrational numbers 7r and e later in the 
book. 


Real and Imaginary Numbers 


The rational and irrational numbers together make up the real numbers. Numbers 
such as V —4 do not belong to the real number system. They are called imaginary 
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numbers and are discussed in a later chapter. Except when otherwise noted, all the 
numbers we will work with are real numbers. 


Decimal Numbers 


Most of our computations are with numbers written in the familiar decimal system. 
The names of the places relative to the decimal point are shown in Fig. 1—1. We say 
that the decimal system uses a base of 10 because it takes 10 units in any place to 
equal 1 unit in the next-higher place. For example, 10 units in the hundreds position 
equals 1 unit in the thousands position. 


S Ф 9 103 
5 6 2 2 4 The numbers 107, 10°, etc., are called 
S су У A AS " : 
$ 9 T NS e Кы powers of 10. Don’t worry if they are 
S $ S 9 ў E S unfamiliar to you. We will explain them 
S e 52 & S S 52 later. А 
10% 102 102 10! 10? 107! 1072 
or 
10,000 1000 100 10 1 : 0.1 0.01 


Decimal point 21 


FIGURE 1-1 Values of the positions in a decimal number. 


Positional Number Systems and Place Value 


A positional number system is one in which the position of a digit determines its 
value. Our decimal system is positional. 

Each position in a number has a place value equal to the base of the number 
system raised to the position number. The place values in the decimal number sys- 
tem, as well as the place names, are shown in Fig. 1-1. 


The Number Line 


A mathematical idea is much easier to grasp if shown as a picture; thus we will try to 
picture ideas whenever possible. Such a picture will often be in the form of a graph, 
and the simplest graph is the number line (Fig. 1—2). We draw a line on which we 
mark a zero point, and indicate the direction of increasing values. The line is usually 
drawn horizontal with increasing values taken to the right, marked with an arrowhead. 
We next indicate a scale, with consecutive numbers equally spaced along the line. 


Negative Positive 
7 9 
-Y30 72 1175 № п 2 5.6394 
" " 1, Ї 1, M > 
6-5 4 3 2-1 0 1 2 3 4 5 6 


FIGURE 1-9 The number line. 


Signed Numbers 


A positive number is a number that is greater than zero, and a negative number is 
less than zero. On the number line it is customary to show the positive numbers 
to the right of zero and the negative numbers to the left of zero. These numbers may 
be integers, fractions, rational numbers, or irrational numbers. 
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To distinguish negative numbers from positive numbers, we always place a 
negative sign (—) in front of a negative number. We usually omit writing the posi- 
tive sign (+) in front of a positive number. Thus a number without a sign is always 
assumed to be positive. In this chapter we will often write in a + sign for emphasis. 


The Opposite of a Number 


The opposite of a number n is the number which, when added to n, gives a sum of zero. 


+++ Example 1: The opposite of 2 is —2, because 2 + (—2) = 0. The opposite of 
—6 15 +6. өөө 


On the number line, the opposite of a number lies on the opposite side of, and 
at an equal distance from, the zero point. 


Infinity 


If we place a number, however large, on the number line, it is always possible to find 
a larger one. We say that numbers, as we proceed to the right on the number line, 
approach infinity. Here we are thinking of infinity (given the symbol 90) as some value 
greater than any real number. We will use the notion of infinity again in later chapters. 


Symbols of Equality and Inequality 


Several symbols are used to show the relative positions of two quantities on the 
number line. 


a —b means that a equals b, and that a and b occupy the same position on the 
number line. 

a+b means that a and b are not equal and have different locations on the 
number line. 

а> Б means that a is greater than b, and a lies to the right of b on the number 
line. 

а< Б means that ais less than b, and a lies to the left of b on the number line. 

a = b means that a is approximately equal to b and that a and b are near each 
other on the number line. Other symbols sometimes used for 
approximately equal to are = and ~. 


+++ Example 2: Here are examples of the use of symbols of equality and inequality. 


(a) 4«8 (b) 47 > 24 
(c) 29 > —37 (d) —77 « —48 

(е) !/5 + 0.6 (f) 1/3 = 0.33 666 
Symbols of Grouping 


Symbols of grouping, or signs of aggregation, are the parentheses ( ), brackets [ ], 
braces {}, and the bar —, also called a vinculum. Each symbol means that the terms 
enclosed are to be treated as a single term. 


+++ Example 3: In each of these expressions, the quantity a + b is to be treated 
collectively. 


(a + b) [a + b] {a + bj 


+b 
x =, Vatb ooo 


a+b с 
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Absolute Value 


The absolute value of a number n is its magnitude regardless of its algebraic sign. It 
is written [n|. It is the distance between n and zero on the number line, without 
regard to direction. 


+++ Example 4: Here is the evaluation of some expressions containing absolute 
value signs. See if you get the same results. 


(a) [5| =5 Some calculators have a key for 
evaluating absolute values. Use it to 

(b) |-9| =9 evaluate any of these expressions. 

(с) B — 7| = |-4| = 4 

(4): |=4|—=4 

(е) -|7 -21| - [13 - 19| = -|-14| - |-6] = –14 – 6 = –20 22 


Approximate Numbers 


Most of the numbers we deal with in technology are approximate. 


+++ Example 5: 


(a) All numbers that represent measured quantities are approximate. A certain 
shaft, for example, is approximately 1.75 inches in diameter. 

(b) Many fractions can be expressed only approximately in decimal form. Thus 2 
is approximately equal to 0.6667. 

(c) Irrational numbers can be written only approximately in decimal form. The 
number V3 is approximately equal to 1.732. +++ 


Exact Numbers 


An approximate number always has some uncertainty in the rightmost digit. That 
is, we cannot be sure of its exact value. On the other hand, an exact number is one 
that has no uncertainty. 


+++ Example 6: 


(a) There are exactly 24 hours in a day, no more, no less. 

(b) Most automobiles have exactly four wheels. 

(c) Exact numbers are usually integers, but not always. For example, there are 
exactly 2.54 cm in an inch, by definition. 

(d) On the other hand, not all integers are exact. For example, a certain town has a 
population of approximately 3500 people. +.. 


Significant Digits and Accuracy 


In a decimal number, zeros are sometimes used just to locate the decimal point. 
When zeros are used in that way, we say that they are not significant. The remain- 
ing digits in the number, including zeros, are called significant digits. 


+++ Example 7: 

(a) The numbers 497.3, 39.05, 8003, 140.3, and 2.008 each have four significant 
digits. 

(b) The numbers 1570, 24,900, 0.0583, and 0.000583 each have three 
significant digits. The zeros in these numbers serve only to locate the 
decimal point. 


An overscore is sometimes placed over 
the last trailing zero that is significant. 
Thus the numbers 3950 and 735,000 
each have four significant digits. 
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(c) The numbers 18.50, 1.490, and 2.000 each have four significant digits. The 
zeros here are not needed to locate the decimal point. They are placed there 
to show that those digits are in fact zeros, and not some other digit. +.. 


The number of significant digits in a number is often called the accuracy of that 
number. Thus the numbers in Example 7(a) are said to be accurate to four signifi- 
cant digits. Knowing the number of significant digits in a number is important for 
multiplication and division, as we will see in the next section. 


+++ Example 8: Verify the number of significant digits in each approximate number. 


(a) 39.3  has3 (5) 274.2 has4 
(с) 3700 has 2 (d) 3.000 has 4 
(e) 0.0486 has3 (f) 3700.0 has 5 +.. 


Decimal Places and Precision 


We will see that to add or subtract a number properly, we need to know its number 
of decimal places. To find it, we simply count the number of digits to the right of 
the decimal point. The number of decimal places is often called the precision of the 
decimal number. 

Keep in mind that we are talking about accuracy and precision of numbers, 
not of measurements. The accuracy of a measurement of some quantity refers to the 
nearness of the measured value to the “true,” correct, or accepted value of that quan- 
tity. The precision of measurements is a measure of the repeatability of a group of 
measurements, that is, how close together a group of measurements are to each other. 


++» Example 9: 


(a) The number 395.2 has one decimal place. We say it is precise to one decimal 
place, or precise to the nearest tenth. 

(b) The number 7.284 is precise to three decimal places or precise to the nearest 
thousandth. 

(c) The number 23,800 has no decimal places but is accurate to three significant 
digits and precise to the nearest hundred. 

(d) In the number 18.30, the trailing zero is significant. Therefore it is accurate to 
four significant digits and precise to the nearest hundredth. ooo 


Thus when using an approximate number, we need to be clear about its number of 
(a) significant digits and (b) decimal places. These will govern how we treat that 
number in a calculation. Which of these we call accuracy and which we call preci- 
sion is not as important, especially as the two words are often confused, even in 
technical work. 


өө, Example 10: Verify the number of decimal places in each approximate number. 


(a 393 hasl (b 2742  hasl 

(c) 3700 has 0 (d) 3.000 Һаѕ 3 

(e) 0.0486 has4 (f) 3700.0 has 1 +.. 
Rounding 


In the next few sections, we will see that the numbers we get from a computation 
often contain worthless digits that must be thrown away. Whenever we do this, we 
must round our answer. 
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Round down (do not change the last retained digit) when the first discarded 
digit is 4 or less. Round up (increase the last retained digit by 1) when the first dis- 
carded digit is 6 or more, or a 5 followed by a nonzero digit in any of the decimal 
places to the right. 

Sometimes we must round to a certain number of decimal places, and other times 
we must round to a certain number of significant digits. The procedure is no different. 


өөө Example 11: Here are some numbers rounded to four significant digits. 


395.67 395.7 
1.09356 1.094 
0.0057284 0.005728 


ooo 


We have seen that the rightmost digit in an approximate number has some uncer- 
tainty, but how much? If that last digit is the result of rounding in a previous step, it 
could be off by as much as half a unit, either greater or smaller. This is its uncertainty. 


+++ Example 12: Here are some examples of rounding to three decimal places. 


4.3654 4.365 
4.3656 4.366 
4.365501 4.366 
1.764999 1.765 
1.927499 1.927 


ooo 


When the discarded portion is 5 exactly, it usually does not matter whether you 
round up or down. The exception is when you are adding or subtracting a long col- 
umn of figures, as in statistical computations. If, when discarding a 5, you always 
rounded up, you could bias the result in that direction. To avoid that, you want to 
round up about as many times as you round down, and a simple way to do that is 
to always round to the nearest even number. This is just a convention. We could 
just as well round to the nearest odd number. 


+++ Example 13: 


4.365 4.36 
4.355 4.36 
7.76500 7.76 
7.75500 7.76 


ooo 


+++ Example 14: The approximate number 35.85, rounded to one decimal place, is 
35.8. The number 35.75, rounded to one decimal place, is also 35.8. Thus the num- 
ber 35.8 could be the rounded value of any number between 35.75 and 35.85. There 
is simply no way to tell what value may have been in the second decimal place. Now 
if there is uncertainty in a particular decimal place, it is clear that the values in any 
places to its right are completely unknown. +.. 
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өөө Example 15: An Application. In laying out a ground plan, Fig. 1—3, the distance 
AB is calculated to be 35.8368 ft. Knowing that the surveyors can only measure to a 
hundredth of a foot, how would you give this dimension on the site plan? 


Solution: We would round to two decimal places, getting 
35.84 ft өөө 


Exercise 1 • The Real Numbers 
FIGURE 1-3 


Symbols of Equality and Inequality Insert the proper symbol of equality or 
inequality (=, ~, >, <) between each pair of numbers. 


1. 7and 10 2. 9 and —2 3. —3 and 4 
4. —3and —5 5. $ and 0.75 6. 2 and 0.667 


Absolute Value Evaluate each expression. 


7. |4 8. |-3| 9. -|-6| 
10. —|9 — 23| — |-7 + 3| 
11. |12 — 5 + 8| — |- 6| + [15] 


19. —|3 — 9| - |5 – 11| + [21 + 4| 


Significant Digits and Decimal Places 


Determine the number of significant digits in each approximate number. 


13. 78.3 14. 9274 15. 4.008 
16. 9400 17. 20,000 18. 5000.0 
19. 0.9972 20. 1.0000 

Determine the number of decimal places in each approximate number. 
91. 39.5 99. 9.55 

93. 5.882 94. 193 

Rounding 

Round each number to two decimal places. 

95. 38.468 26. 1.996 27. 96.835001 
28. 55.8650 29. 398.372 30. 2.9573 
Round each number to one decimal place. 

31. 13.98 39. 745.62 33. 5.6501 
34. 0.482 35. 398.36 36. 34.927 
Round each number to the nearest hundred. 

37. 28,583 38. 7550 

39. 3,845,240 40. 274,837 

Round each number to three significant digits. 

41. 9.284 49. 2857 43. 0.04825 
44. 483,982 45. 0.08375 46. 29.555 
Round each number to five significant digits. 

47. 34.9274 48. 827.365 49. 4.03726 


50. 0.00365286 
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51. 5.937254 

52. 374.8264 

53. Evaluate the expressions in problems 7 through 12 by calculator. On the TI-83/84 
and TI-89 it is indicated by abs( and is located in the | MATH | NUM menu. 


An Application 


54. When calculating the required length of a girder, an architect gets a value of 
14.8363 ft on her calculator. What dimension should she put on the plans if it is 
customary to specify griders to the nearest hundredth of a foot? 

55. Team Project: Make a drawing of a cylindrical steel bar, 1 inch in diameter and 
3 in. long. Label the diameter as 1.00 in. Take your drawing to a machine shop 
and ask for a cost estimate for each of six bars, having lengths of 


3 in. 3.000 in. 
3.0 in. 3.0000 in. 
3.00 in. 3.00000 in. 


Before you go, have each member of your team make cost estimates. 

56. Internet: Systems of numbers having bases other than 10 are used in computer 
science. They are binary numbers (base 2), octal numbers, (base 8), and 
hexadecimal numbers (base 16). A complete chapter on these kinds of 
numbers, which you may download and print, is located on our Web site at 
www.wiley.com/college/calter 


1-2 Addition and Subtraction 


Now that we have refreshed our memory about the different kinds of numbers, let’s 
see how they are used in the various arithmetic operations. We will start with addi- 
tion and subtraction. 


Adding and Subtracting Integers by Calculator 


There are many types of calculators in use. In this text we will show screens for the 
TI-83 Plus calculator, which will usually be the same for the TI-84 Plus, and for 
TI-89 Titanium, which we shall indicate simply as TI-89. 

To add two numbers by calculator, simply enter the first number; press [+]; 
enter the second number; and press the enter key | ENTER | or the equals key | = |, or 
the execute key |EXE , depending upon your particular calculator. The number we 
get is called the sum of the two numbers. 

For subtraction we use the | — | key (not the (68) key). The result is called the 
difference of the two numbers. 


eee Example 16: Evaluate 2845 + 3273 by calculator. 


Solution: We key in 2845, then press the [+] key, then 3273, and finally | ENTER 
. The screens for the TI-83 Plus (and TI-84) as well as the TI-89 Titanium are shown. 


Changing the Calculator Display 
You can select the way a calculator displays numbers from ће | MODE | menu. 


Float (floating) mode on the TI-83 will give the full calculator display, up to ten digits. 
On the TI-89 you can select the total number of digits to be displayed, including those 
to the left to the decimal point. 


Fix (fixed) mode on either calculator will display a result with the number of decimal 
places chosen. 


28454-3273 
9 


TI-83/84 screen for Example 16. Your 
calculator display may differ depending 
upon which numerical format is chosen 
from the menu. Here we are 
in Float mode. 


| Fir Fèr [F3-| Fur F5 Fr 
Tools|Al3ebrajCalc|Other|Pr3mid|clean Ur 


в 2845 + 3273 


CONTACTS DEG AUTO FUNC 


TI-89 screen for Example 16. 
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FIGURE 1-4 The shoebox. 


All boxed and numbered formulas 

are tabulated in numerical order in 
Appendix A. There they are arranged in 
logical order by type and are numbered 
consecutively. Since the formulas often 
appear in the text in a different order 
than in Appendix A, they may not be in 
numerical order here in the text. 
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521 Eng 
0125456789 
adian 


E tu 


M. + 
TYPE OR USE €*t4 + CENTER) OR [ES C] 


MODE | screen for the TI-83/84. You 
can select either the floating mode 


MODE | screen for the TI-89. You can 
select the FIX mode and choose the 
(Float), or the number of digits to be number of decimal places to be displayed, 
displayed to the right of the decimal or a FLOAT mode, and choose the total 
point. number of digits to be displayed. 


Changing the display does not affect the accuracy of a computation, but only the 
way the result is displayed. However, your mode settings may make your answers 
look different than those given here. 


Adding Signed Numbers 


Let us say that we have a shoebox (Fig. 1—4) into which we toss all of our uncashed 
checks and unpaid bills until we have time to deal with them. Let us further assume 
that the total checks minus the total bills in the shoebox is $500. 

We can think of the amount of a check as a positive number because it 
increases our wealth, and the amount of a bill as a negative number because it 
decreases our wealth. We thus represent a check for $100 as (+100), and a bill for 
$100 as (—100). 

Now, let's add a check for $100 to the box. If we had $500 at first, we must 
now have $600. 


500 + (+100) = 600 
or 
500 + 100 = 600 
Here we have added a positive number, and our total has increased by that amount. 
That is easy to understand. But what does it mean to add a negative number? 


To find out, let us now add a bill for $100 to the box. If we had $500 at first, 
we must now have $100 less, ог $400. Representing the bill by (— 100), we have 


500 + (—100) = 400 


It seems clear that to add a negative number is no different than subtracting the 
absolute value of that number. 


500 + (—100) = 500 — 100 = 400 


This gives us our rule of signs for addition of signed numbers. 


+++ Example 17: Combine as indicated. 

(a) 7-(-2)-7-2-5 

(b =8 + (-3) --8-3--1 

(с) -9+4= —5 +.. 
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Subtracting Signed Numbers 


Let us return to our shoebox. But now instead of adding checks or bills to the box, 
we will subtract (remove) checks or bills from the box. 

First we remove (subtract) a check for $100 from the box. If we had $500 at 
first, we must now have $400. 

500 — (+100) = 400 
or 
500 — 100 = 400 

Here we have subtracted a positive number, and our total has decreased by the amount 
subtracted, as expected. 

Now let us see what it means to subtract a negative number. We will remove (sub- 
tract) a bill for $100 from the box. If we had $500 at first, we must now have $100 
more, or $600, since we have removed a bill. Representing the bill by (— 100), we have 


500 — (—100) = 600 


It seems clear that to subtract a negative number is the same as to add the absolute 
value of that number. 


500 — (—100) = 500 + 100 = 600 


This gives us our rule of signs for subtraction of signed numbers. 


+++ Example 18: 
(а) 8-—(-6)=8+6=14 (b -7 = (-5) = -7 + 5 = -2 
(с) =(=16)=7 = (-9) = 16-7+9=18 +.. 


Subtracting Negative Numbers by Calculator 


Note that two similar-looking calculator keys are used for two different things: 


1. To subtract two quantities. 
2. To enter a negative quantity. 


This difference is clear on the calculator, which has separate keys for these two 
functions. The | — | key is used only for subtraction; the |(—)| key is used to enter 
a negative quantity. 

To enter a negative number on some calculators, simply press the (| key and 
then enter in the number. 

Try the following examples on your calculator and see if you get the correct 
answers. 


+++ Example 19: Combine as indicated. 
(а) 15 — (-3) = 15+ 3 = 18 (b -5-1(-9)--5-49-4 
(с) —25 — (—5) = —25 + 5 = —20 +++ 


— | key and the | (—) | key look almost alike. Be careful not to 


confuse them. Note that the key used to enter a negative quantity 
has parentheses. 


11 


TI-83/84 screen for Example 19(b). 
Note the different appearances of the 
negative and the subtraction signs. 
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Commutative and Associative Laws 


These laws are surely familiar to you, even if you do not recognize their names. We 
will run into them again when studying algebra. The commutative law simply says 
that you can add numbers in any order. 


+++ Example 20: Here is an example of the commutative law with numbers. 
2+3=3+2 


= ooo 


The associative law says that you can group numbers to be added in several ways. 


өөө Example 21: The associative law, with numbers, is shown here. 
2+3+4=2 + (3+4) = 2+7=9 
= (2+3) +4=5+4 = 9 
= (2+4) +3 =6+3 = 9 ooo 


Adding and Subtracting Approximate Numbers 


Addition and subtraction of integers are simple enough. But now let us tackle the 
problem mentioned earlier: How many digits do we keep in our answer when 
adding or subtracting approximate numbers? 


m Explorations: 


(a) A six-foot-tall person stands on a box. How high would you say the person plus 
the box are if the box is 1.14 ft high? 

(b) A certain gasoline tank contains 14.5 gallons. If we siphon 2.585 gallons from 
a full tank, how many gallons would you say are left in the tank? 

(c) A person who weighs 135 pounds picks up a laboratory weight marked 
1.750 Ib. What would you state as their combined weight? 


Keeping in mind that the rightmost digit in an approximate number contains some 
uncertainty, and that those to its right are unknown, what conclusions can you draw 
about the addition and subtraction of approximate numbers? Can you say why it is 
misleading to give the height of the person plus box as 7.14 ft? Can you see the 
reason for the following rule? ш 


eee Example 22: Removing 2.585 gallons from 14.5 gallons gives 
14.5 — 2.585 = 11.915 gallons 


As 14.5 has just one decimal place, we must round our answer to one decimal 
place. So we write 
14.5 — 2.585 = 11.9 gallons 


Here it is common practice to use the equals sign rather than the = sign.  *** 
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+++ Example 23: Let us add 32.4 cm and 5.825 cm. 
32.4 cm + 5.825 cm = 38.2 cm (not 38.225 cm) 


Here we can see the reason for our rule for rounding. In one of the original 
numbers (32.4 cm), we do not know what digit is to the right of the 4, in the hun- 
dredths place. We cannot assume that it is zero, for if we knew that it was zero, it 
would have been written in (as 32.40). Not knowing the digit in the hundredths 
place in an original number causes uncertainty in the tenths place in the answer. So 
we discard the hundredths digit and any digits to the right of it. ooo 


өөө Example 24: Here is another example of adding approximate numbers. 


25.8 
18.3 125 
5.4 07 


49.5195 
discard 
oo 


Students hate to throw away those last digits. Remember that by 


Common 
Error 


keeping worthless digits, you are telling whoever reads that 
number that it is more precise than it really is. 


+++ Example 25: A certain stadium contains about 3,500 people. It starts to rain, and 
372 people leave. How many are left in the stadium? 


Solution: Subtracting, we obtain 
3500 — 372 = 3128 


which we round to 3100, because 3500 here is known to only two significant 
digits. +.. 


It is safer to round the answer after adding (or subtracting), rather than to round the 
original numbers before adding. If you do round before adding, it is prudent to 
round each original number to one more decimal place than you expect to keep in 
the rounded answer. 


Combining Exact and Approximate Numbers 


When you are combining an exact number and an approximate one, the accuracy of 
the result will be limited by the approximate number. Thus round the result to the 
number of decimal places found in the approximate number, even though the exact 
number may appear to have fewer decimal places. 


+++ Example 26: Express 2 hr and 35.8 min in minutes. 


Solution: We must add an exact number (120 minutes) and an approximate number 
35.8 minutes). 


120 min 
+ 35.8 min 
155.8 min 


Since 120 is exact, we retain as many decimal places as in the approximate 
number, 35.8. Our answer is thus 155.8 min. өөө 


13 
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TI-83/84 screen for Example 27. 
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Common Be sure to recognize which numbers in a computation are exact; 


Error otherwise, you may perform drastic rounding by mistake. 


Combining Approximate Numbers by Calculator 


The keystrokes for combining approximate numbers are the same as for combining 
integers. Just be sure not to select a fixed decimal mode with so few decimal places 
as to cut off significant digits after the decimal point. 


To evaluate an expression containing parentheses, use the | ( | key and the | ) | key. 


+++ Example 27: The keystrokes used to evaluate 


85.7 — (45.3 — 27.8) 
are shown on the screen. 666 


Loss of Significant Digits During Subtraction 


Subtracting two nearly equal numbers can lead to a drastic loss of significant digits. 


++» Example 28: When we subtract, say, 
6,755 — 6,753 = 2 
we get a result having one significant digit, while our original numbers each had 


four. While not common, you should be aware that it can happen, and can destroy 
the accuracy of a computation. өөө 


Similarly, significant digits can be gained by addition, say, 
8.0 + 5.0 = 13.0 


which gives a three significant digit result from numbers having two significant 
digits each. ooo 


Exercise © • Addition and Subtraction 


Adding and Subtracting Signed Numbers Combine as indicated. 


1. 926 + 863 9. 274 + (—412) 

3. —576 + (—553) 4. —207 + (—819) 

5. —575 — 275 6. —771 — (—976) 

7. 1123 — (—704) 8. 818 — (—207) + 318 


Adding and Subtracting Approximate Numbers Combine each set of 
approximate numbers as indicated. Round your answer. 


9. 4857 + 73.8 10. 39.75 + 27.4 
11. 296.44 + 296.997 12. 385.28 — 692.8 
13. 0.000583 + 0.0008372 — 0.00173 


Applications 


14. Mt. Blanc is 15,572 ft high, and Pike’s Peak is about 14,000 ft high. What is 
the difference in their heights? 

15. California contains 158,933 square miles (mi?), and Texas 237,321 ті2. How 
much larger is Texas than California? 


Section 3 * Multiplication 


16. A man willed $125,000 to his wife and two children. To one child he gave 
$44,675, to the other $26,380, and to his wife the remainder. What was his 
wife’s share? 

17. A circular pipe has an inside radius r of 10.6 cm and a wall thickness of 2.125 
cm. It is surrounded by insulation having a thickness of 4.8 cm (Fig. 1-5). 
What is the outside diameter D of the insulation? 

18. A batch of concrete is made by mixing 267 kg of stone, 125 kg of sand, 75.5 kg 
of cement, and 25.25 kg of water. Find the total weight of the mixture. 

19. Three resistors, having values of 27.3 ohms (О), 4.0155 О, and 9.75 О, are 
wired in series. What is the total resistance? (See Eq. 1062 which says that the 
total series resistance is the sum of the individual resistances.) 


20. Writing: Does your calculator have two separate keys marked with a negative 
sign? Why? Is there any difference between them, and if so, what? When would 
you use each? Write a paragraph or two explaining these keys and answering 
these questions. 


1-3 Multiplication 
Addition and subtraction were easy enough. Let’s move on to multiplication. 


Symbols and Definitions 


Multiplication can be indicated in several ways: by the usual Х symbol; by a dot; or 
by parentheses, brackets, or braces. Thus the product of b and d could be written 


b-d bxd b(d) (b)d (b)(d) 
Most common of all is to use no symbol at all. The product of b and d would usu- 
ally be written bd. When doing algebra avoid using the Х symbol because it could 
get confused with the letter x. 


We get a product when we multiply two or more factors. 


(factor) (factor) (factor) — product 


Multiplying by Calculator 


Many calculators use the |x| key for multiplication and use an asterisk or star (*) on 
the screen to represent a multiplication dot. 


Multiplying Signed Numbers 
To get our rules of signs for multiplication, we use the idea of multiplication as re- 


peated addition. For example, to multiply 3 by 4 means to add four 3’s (or three 4’s) 


3X4=34343+43 
or 
3X4=44+444 


Let us return to our shoebox example. Recall that it contains uncashed checks 
and unpaid bills. Let’s first add 5 checks (+5), each worth $100 (+100), to the box. 
The value of the contents of the box then increases by $500. Multiplying, we have 


(number of checks) X (value of one check) = change in value of contents 


(+5)(+100) = +500 
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FIGURE 1-5 An insulated pipe. 
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This TI-83/84 screen shows the 
multiplication of the factors 13 and 27. 
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Thus a positive number times a positive number gave a positive product. This is 
nothing new. 

Now let's add 5 bills, each for $100, to the box, thus decreasing its value by 
$500. To show this multiplication, we use (+5) for the number of bills, taking 
(—100) for the value of each bill, and (—500) for the change in value of the box 
contents. 


(+5)(—100) = —500 


Here, a positive number times a negative number gives a negative product. 
Next we remove 5 checks, each for $100, from the box, thus decreasing its 
value by $500. 


(—5)(+100) = —500 


Here again, the product of a positive number and a negative number is negative. 
Thus it doesn’t matter whether the negative number is the first or the second. 

Finally, we remove 5 bills, each for $100, from the box, causing its value to in- 
crease by $500. 


(-5)(-100) = +500 


Here, the product of two negative numbers is positive. 
We summarize these findings to get our rules of signs for multiplication. 


+++ Example 29: Multiply. 
(a) 2(—3) = —б (b) (-2)3 = =6 (с) (-2)(-3) =6 ee 


Multiplying a String of Numbers 


When we multiplied two negative numbers, we got a positive product. So when 
we are multiplying a string of numbers, if an even number of them are negative, the 
answer will be positive, and if an odd number of them are negative, the answer will 
be negative. 


+++ Example 30: Multiply. 
(a) 2(-3)(-1)(-2) = -12 (b) 2(-3)(-1)(2) = 12 ooo 


Multiplying Negative Numbers by Calculator 


As we mentioned earlier, you enter negative numbers into the calculator by using a 
key marked (-),| +/— |, or | CHS |. On some calculators you first enter the number 
and then change its sign using the proper key; on other calculators you press the 
23) key first and then enter the number. 


Section 3 * Multiplication 


өөө Example 31: Use your calculator to multiply —96 by —83. 
Solution: You should get 
(—96)(—83) = 7968 +.. 


A simpler way to do the last problem would be to multiply +96 and +83 and 
determine the sign by inspection. 


Do not try to use the [- | key to enter negative numbers into your 


calculator. The Ш key is only for subtraction. 


Multiplication of Approximate Numbers 


m Exploration: 


Try this. Multiply two approximate numbers, say 5.43 and 4.75, and write down 
the full calculator display. 


(5.43)(4.75) — 25.7925 


But each of the original numbers has some uncertainty: 4.75, for example, could 
have been any value between 4.746 and 4.754 before it was rounded in some previ- 
ous step. So repeat the multiplication, replacing 4.75 with 4.746. How does this 
affect the product? Repeat again, replacing 4.75 with 4.754. Repeat again, now let- 
ting 5.43 take on some uncertainty. What can you conclude about whether all those 
digits in the product should be kept? 

Repeat this exploration with other approximate numbers. Do you see the rea- 
son for the following rule? Е 


+++ Example 32: Here we multiply two numbers, each with 3 significant digits. 


12.1 x 15.6 = 189 
7 7 7 
three three three 
digits digits digits 22 


When the factors have different numbers of significant digits, keep the same num- 
ber of digits in your answer as is contained in the factor that has the fewest signifi- 
cant digits. 


өө Example 33: Here we multiply numbers that do not have the same number of 
significant digits. 


123.56 х 2.21 = 273 
Ї T Ї 

five three keep 

digits digits three 


digits oe 
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(-96 ж -85) 
a 


7368 


TI-83/84 screen for Example 31. On 
some calculators the multiplication 
symbol may be omitted, as the 
parentheses themselves indicate 
multiplication. 
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Do not confuse significant digits with decimal places. The number 
274.56 has five significant digits and two decimal places. 
Decimal places determine how we round after adding or sub- 


Common 


E tracting. Significant digits determine how we round after multi- 


plying and, as we will soon see, after dividing, raising to a power, 
or taking roots. 


өөө Example 34: An Application. Find the weight of 3.845 cubic feet of stone that 
has a density of 175 Ib/ft^. 


Solution: The weight equals the volume times the density, so, 


Weight = 3.845 X 175 = 673 lb 
after rounding to the three significant digits found in 175. ooo 


Multiplying Exact and Approximate Numbers 


When using exact numbers in a computation, treat them as if they had more signifi- 
cant figures than any of the approximate numbers in that computation. 


+++ Example 35: Multiplying the exact number 3 by the approximate number 6.836 
gives 


3 X 6.836 = 20.51 


We kept as many significant digits (4) as found in the approximate number. — *** 


eee Example 36: An Application. If a certain car tire weighs 32.2 Ib, how much 
will four such tires weigh? 


Solution: Multiplying, we obtain 
32.2(4) = 128.8 Ib 


Since the 4 is an exact number, we retain as many significant figures as contained 
in 32.2, and round our answer to 129 Ib. ooo 


Exercise 3 • Multiplication 


Multiplying Signed Numbers 
1. 4 x (—2) 9. (-5) X (3) 
3. (-24) х (—5) 4. (—41) х (—22) 


Multiplying Approximate Numbers Multiply each approximate number and 
retain the proper number of digits in your answer. 


5. 3.967 X 2.84 6. 4.900 x 59.3 
7. 93.9 X 0.0055908 8. 497 x 927 X 5.78 
9. 69.0 x (-258) 10. —385 x (—2.2978) 


11. 2.86 X (4.88 X 2.97) x 0.553 19. (5.93 X 7.28) X (8.26 X 1.38) 


Section 4 * Division 


Multiplying Exact and Approximate Numbers Multiply, and keep the proper 
number of significant digits in your answer. Take each integer as an exact number. 


13. 4 X 2.55 14. —146 x 3 
15. —4.273 х (—5) 16. (—5) х (—1.022) 
Applications 


17. What is the cost of 52.5 tons of cement at $63.25 a ton? 

18. If 108 tons of rail is needed for 1 mi of track, how many tons will be required 
for 476 mi, and what will be its cost at $925 a ton? 

19. Three barges carry 26.0 tons of gravel each, and a fourth carries 35.0 tons. 
What is the value, to the nearest dollar, of the whole shipment, at $12.75 per 
ton? 

20. What will be the cost of installing a telephone line 274 km long, at $5723 per 
kilometer? 

21. The current to a projection lamp is measured at 4.7 A when the line voltage is 
115.45 V. Using (power — voltage X current), find the power dissipated in 
the lamp. 

99. A gear in a certain machine rotates at the speed of 1808 rev/min. How many 
revolutions will it make in 9.500 min? 

23. How much will 1000 washers weigh if each weighs 2.375 g? 

24, One inch equals exactly 2.54 cm. Convert 385.84 in. to centimeters. 

25. If there are 360 degrees per revolution, how many degrees are there in 4.863 
revolutions? 


1-4 Division 


Definitions 
The dividend, when divided by the divisor, gives us the quotient. 
dividend — divisor — quotient 
Or 
dividend Р 
— — ——- = quotient 
divisor 


A quantity a/b is also called a fraction, where a is called the numerator and b is 
called the denominator. It can also be referred to as the ratio of a to b. Fractions and 
ratios are covered in detail in later chapters. 


Dividing by Calculator 


To divide by calculator, enter the dividend, then press | ~ |, then enter the divisor and 


press ENTER |, |=|, or | EXE |, depending on your particular calculator. 


+++ Example 37: Here is the screen for the division of 1305 by 145. 


When we multiplied two integers, we always got an integer for an answer. This is not 
always the case when dividing, as shown in the next example. ooo 


13657145 


TI-83/84 screen for Example 37. 
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өөө Example 38: When we divide 2 by 3, we get 0.666666666. . . . We must choose 
how many digits we wish to retain and round our answer. Rounding to, say, three 
significant digits, we obtain 


2 + 3 = 0.667 


Here it is appropriate to use the ~ symbol. +.. 


Dividing Signed Numbers 


We will now use the rules of signs for multiplication to get the rules of signs 
for division. 


(a) We know that the product of a negative number and a positive number is 
negative. For example, 


(=2)(+3) = —6 
If we divide both sides of this equation by (+3), we get 
gear 
+3 


From this we see that a negative number divided by a positive number gives a 
negative quotient. 


(b) Again starting with 
(—2)(+3) = —6 
we divide both sides by (—2) and get 
gin 
=2 


Here we see that a negative number divided by a negative number gives a posi- 
tive quotient. 


(c) We also know that the product of two negative numbers is positive. Thus 
(-2)(-3) = +6 
Dividing both sides by (—3), we get 
— TO 
=з 
Thus a positive number divided Ьу a negative number gives a negative quotient. 


We combine these findings with the fact that the quotient of two positive num- 
bers is positive and get our rules of signs for division. 


Section 4 * Division 


+++ Example 39: 
(a) 8-(-4)--2 (b -8 + 4 = -2 
(с) =8 = (=4) = 2 +.. 


Dividing Approximate Numbers 


The rule for rounding after division is almost the same as with multiplication, and 
is given for the same reason. 


+++ Example 40: Divide 937.5 by 4.75, keeping the proper number of significant 
digits in the quotient. 


Solution: Since 4.75 has fewer significant digits (three) than 937.5, we round our 
answer to three significant digits, getting 197. +.. 
+++ Example 41: Divide 846.2 into three equal parts. 


Solution: We divide by the integer 3, and since we consider integers to be exact, we 
retain in our answer the same number of significant digits as in 846.2. 


846.2 + 3 = 282.1 oo 


eee Example 42: Divide 85.4 by —2.5386 by calculator. 
Solution: You should get 
85.4 + (—2.5386) = —33.6, rounded +.. 


As with multiplication, the sign could also have been found by inspection. 


+++ Example 43: An Application. How fast would an airplane have to travel to go 
3895 miles in 5.25 hours? (rate — distance — time) 


Solution: Dividing gives 


3895 mi 
= = 742 mi 
rate 525h 742 mi/h 
We have rounded to the three significant digits found in 5.25. +.. 


Zero 
m Exploration: 
Try this. Using your calculator, do the following divisions. 
075 0 + 295 5-0 295 + 0 0-0 


From your results, can you deduce the rules for dividing zero by a number, and for 
dividing a number by zero? E 
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197.57 


TI-83/84 screen for Example 40. 


85.4/0-2,53862 
" “33. 


TI-83/84 screen for Example 42. 
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Reciprocals 

The reciprocal of any nonzero number n is 1 /n. Thus the product of a quantity and 
its reciprocal is equal to 1. 

+++ Example 44: 

(a) The reciprocal of 10 is 1/10. 

(b) The reciprocal of 1/2 is 2. 


(c) The reciprocal of -i is -$ 666 


Reciprocals by Calculator 


On the TI-83/84, simply enter the number and press the x key. On the TI-89 


this operation is found in | CATALOG | and is indicated by ^ —1. Keep as many dig- 
its in your result as there are significant digits in the original number. 


+++ Example 45: 
(a) The reciprocal of 6.38 is 0.157. 
(b) The reciprocal of —2.754 is —0.3631. +++ 


+++ Example 46: An Application. The unit of electrical conductance is the mho (ohm 
spelled backward) or Siemens. It is the reciprocal of resistance. Find the conductance 
of a circuit element having a resistance of 598 ohms. 


Solution: Taking the reciprocal, 


1 
—— = 0.00167 mh 
598 0.0016 OS 24 


Exercise 4 • Division 
Dividing Signed Numbers Divide, keeping the proper sign on your answer. 


1. 14 + (-2) 2. (-15) + (3) 
3. (-24) + (-4) 4. (—49) + (-7) 


Dividing Approximate Numbers Divide, and then round your answer to the 
proper number of digits. 


5. 947 — 5.82 6. 0.492 — 0.00478 
7. —99.4 + 286.5 8. —48 + —2.557 
9. 5836 — 8264 10. 5.284 + 3.827 
11. 94,840 + 1.33876 19. 3.449 — (—6.837) 


Reciprocals Find the reciprocal of each number, retaining the proper number of 
digits in your answer. 


13. 693 14. 0.00630 
15. —396 16. 39.74 


Section 5 * Powers and Roots 


17. —0.00573 18. 938.4 
19. 4.992 90. —6.93 
Applications 


91. A stretch of roadway 1858.54 m long is to be divided into 5 equal sections. Find 
the length of each section. 

29. At what rate must a person walk to go 24.5 km in 12.75 h? 
(rate = distance + time) 

23. If three masons can build 245 ft of wall in 4.50 days, how many feet of wall 
can one mason build in a day? Assume that each mason works at the same 
rate, and that the same length of wall is built each day. 

94, If 867 shares of stock are valued at $84,099, what is the value of each share? 

25. The equivalent resistance R of а 475-Q resistor and а 928-Q, resistor con- 
nected in parallel is given by 


R 475 Y 928 
Find R. 
26. When an object is placed 126 cm in front of a certain thin lens having a focal 
length f, the image will be formed 245 cm from the lens. The distances are 
related by 


f 126 * 245 
Find f. 
27. The sine of an angle 0 (written sin 0) is equal to the reciprocal of the cosecant 
of 0 (csc 0). Find sin 0 if csc 0 = 3.58. 
98. If two straight lines are perpendicular, the slope of one line is the negative 
reciprocal of the slope of the other. If the slope of a line is —2.55, find the 
slope of a perpendicular to that line. 


1-5 Powers and Roots 


Now that we know how to do the four basic arithmetic operations on signed and 
approximate numbers, let us learn how to find powers and roots. 


Powers 


m Exploration: 


Try this. Use your calculator to multiply 2 X 2 X 2. Then use it to evaluate 25. You 
сап do this using the | ^| key on your calculater, as shown on the screen. Then 
evaluate 2 X 2 X 2 X 2, as well as 25 

Can you summarize what you have found? L| 


In the expression 
24 


the number 2 is called the base, and the number 4 is called ће exponent. The 
expression is read "two to the fourth power.” Its value is 


2 5-—94249229 = 16 


To square a number means to raise it to the power 2. To cube a number means to 
raise it to the power 3. 


23 


TI-83/84 screens for the Exploration. 
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TI-83/84 screen for Example 48. 
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Stated as a formula, 


+++ Example 47: 

(а) 3®=3.3.3.3=81 

(5) 5%=5.5.5= 125 

(с) 4=4-4-4-4-4=1024 +.. 


When raising an approximate number to a power, round your answer to the number 
of significant digits in the base, not the exponent. 


+++ Example 48: Use your calculator to verify the following: 

(a) 1.652= 2.72 

(b) 1.52? =3.51 

(с) 1.365 = 4.65 +.. 


Negative Base 


A negative base raised to an even power gives a positive number. A negative base 
raised to an odd power gives a negative number. 


+++ Example 49: Here are some negative bases raised to various powers. 


(a) (-2P = (-2)(-2) = 4 

(b) (-2)° = (-2)(-2)(-2) = -8 

© (1) -1 

(d (-1)? = -1 +.. 
If you try to do these problems on your calculator, you may get an error indication. 
Some calculators will not work with a negative base, even though this is a valid 
operation. 


Then how do you do it? Simply enter the base as positive, find the power, and 
determine the sign by inspection. 


Negative, Fractional, and Approximate Exponents 


From our exploration we know the meaning of, say, 23. But what is the meaning of 
expressions like 
5-4 


23/5 2155 


or or 


The explanation will have to wait for later when we have a bit more background. But 
for now, we can use our calculators to evaluate expressions such as these, in case you 
need to for, say, your physics course. The keystrokes are no different than for integer 
exponents. 

+++ Example 50: See if you can verify the following: 

(a) 3.85? — 0.0675 

(b) 5.9225 = 3.27 

(с) 4.46.74 = 13.5 


Section 5 * Powers and Roots 


Note that we have rounded our answers to the three significant digits found in each 
base. If the exponent is approximate, round the result to the number of significant 
digits in the exponent or the base, whichever has the fewest. ooo 


When entering a negative base or negative exponent, be sure to use 
Common the key for entering a negative number, not the key for subtraction. 


Errors Use parentheses when entering a negative base, negative expo- 
nent, or a fractional exponent. 


eee Example 51: An Application. The volume V of a sphere of radius r is given by 


4 
ү = = т) 


where 7 = 3.142. Find the volume of a sphercial weather balloon having a radius of 
2.74 m. 


Solution: 


4 
pes m (2.74)? = 862m? +.. 


Roots 


m Exploration: 


Try this. Calculate 3 X 3. Then use your calculator to evaluate V9. Then calculate 
5 

3 x 3 х3 X 3 X 3. Then evaluate V 243. On the TI-83/84 you first type 5 and press 

ENTER , then select the 8 operation from ће | MATH | menu, type іп 243, апа 


press | ENTER | again. Can you summarize your results? E 
If a” = b, then 


Vs =a 


which is read “the nth root of b equals a.” The symbol № isa radical sign, b is 
the radicand, and n is the index of the radical. 


+++ Example 52: 

(a) VA — 2 because 27=4 

(b) V8 = 2 because 23=8 

(с) №81 = 3 because 3* = 81 “. 


Principal Root 


When we speak about the root of a number, we mean the principal root, unless oth- 
erwise specificed. The principal root of a positive number is defined as the positive 


root. Thus V4 = +2, not +2. 
The principal root is negative when we take an odd root of a negative number. 


+++ Example 53: 


because (—2)(—2)(—2) = —8. өөө 
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TI-83/84 screens for the Exploration. 
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TI-83/84 screen for Example 54. 


TI-83/84 screen for the Example 55. 
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TI-83/84 screen for Example 56. 
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TI-89 screen for Example 58. 
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Roots by Calculator 


To find square roots, we simply use the Мх key. Retain as many significant digits 
as in the radicand. 


eee Example 54: To find V 46.3 we use the keystrokes shown. ooo 


For roots other than square roots, your calculator may have a special key, marked 
something like Му. On the TI-83/84, first type the index and press | ENTER |, next 
select the V operation from the | MATH | menu, then type in the radicand and 
press | ENTER | again. 


eee Example 55: See if you get this result. 


V/46.8 = 2.62 


As with the TI-89, if you have no special root key, you can still find roots using the 
^ | key. There is a relationship between powers and roots that we will prove later, 


but for now we will just use it for computing roots by calculator. It is, 


In other words, taking the nth root of a number is the same as raising that number 
to the (I/n)th power. So, for example, to take a fifth root of a number, we simply 
raise that number to the 1/5 power. 


өөө Example 56: The keystrokes for finding V 28.4, the fifth root of 28.4, 
are shown. өөө 


In the preceding example, instead of raising 28.4 to the 1/5 power, we could also 
have raised it to the 0.2 power, because 0.2 = 1/5. In fact, we will show in the next 
chapter, that we can raise a base to any decimal or fractional power. 


eee Example 57: See if you can verify the following: 


(a) 446.74 = 13.5 
(b 5.9227 = 3.27 +.. 


+++ Example 58: An Application. A storage bin in the shape of a cube is to have 
a volume of 1550 cubic feet. Find the dimension of each side. 


Solution: The volume of a cube is equal to the cube of the side, so the side s is the 
cube root of the volume. 


s = Ny = \/1550 = 11.6 ft 


Odd Roots of Negative Numbers by Calculator 


An even root of a negative number is imaginary (such as V—4). We will study 
these later. But an odd root of a negative number is not imaginary. It is a real, nega- 
tive number. As with powers, some calculators will not accept a negative radicand. 
Fortunately, we can outsmart our calculators and take odd roots of negative num- 
bers anyway. 


Section 5 * Powers and Roots 


өө» Example 59: Find Y/—875. 


Solution: We know that an odd root of a negative number is real and negative. So we 


take the fifth root of +875, by calculator, 


Х/--875 = 3.88 (rounded) 


and we only have to place a minus sign before the number. 


Х/-875 = —3.88 


Exercise 5 • Powers and Roots 


Evaluate each expression. Retain the proper number of significant digits in your answer. 


Powers 

> $7 

4. 15 5. 10° 

7. 10? 8. 104 
Powers by Calculator 

9. (8.55)? 10. (1.07)? 
11. (9.55) 19. (842)? 
13. (3.95)? 14. (13.9) 
15. (1.65)4 16. (2.98)? 
17. (12.5? 18. (1.35) 
19. (2.26)6 90. (1.94) 
Negative Base 

21. (-ЗУ 29. (-2у 
24. (—3)! 25. (—8.01)? 
97. (—5.33)3 98. (—12.5? 
30. (—2.34)° 31. (—2.84)° 
Negative Exponent 

33. (^ 34. 2? 

36. 1074 37. (3.85)? 
39. (384) ? 40. (22.5)? 
49. (-224) 5 43. (-185) ? 


Fractional and Demical Exponents 


45. (8.55)!/3 46. (1.07)!/5 
48. (84.2)!/2 49. (2.85)?/3 
51. (1.84)2/3 59. (4.22)!/2 
54. (527) 55. (4.38)? 


3. 
6. 


23. 
26. 
29. 
32, 


35. 
38. 
41. 
44. 


47. 
50. 
53. 
56. 


92 
10! 


27 


35.8 cm 


3, 
58 ст 35 $ cm 


FIGURE 1-6 


FIGURE 1-7 


2.55 ft 


FIGURE 1-8 
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Applications Involving Powers 


57. The distance traveled by a falling body, starting from rest, is equal to 16/2, where 
t is the elapsed time. In 5.448 s, the distance fallen is 16(5.448)? ft. Evaluate this 
quantity. (Treat 16 here as an approximate number.) 

58. The power P dissipated in a resistance R through which is flowing a current / is 
P = PR. Therefore the power in a 365-0 resistor carrying a current of 0.5855 A 
is (0.5855)2(365) УУ. Evaluate this power. 

59. The volume of a cube of side 35.8 cm (Fig. 1-6) is (35.8). Evaluate this 
volume. 

60. The volume of a 59.4-cm-radius sphere (Fig. 1—7) is їт(59.4)5 cm’, Find this 
volume. 

61. An investment of $2000 at a compound interest rate of 61%, left on deposit 
for 7; years, will be worth 2000(1.0625)7? dollars. Find this amount, to the 
nearest cent. 


Roots 


Find each principal root without using your calculator. 


69. V25 63. 427 
64. V49 65. W—27 
66. /—8 67. 0—32 


Evaluate each radical by calculator, retaining the proper number of digits in your 
answer: 


68. V/49.2 69. V1.863 
70. N/883 745.772. 
79. 3875 73. W7295 
74. N/—386 75. N/.—184 
76. W-2.774 


Applications of Roots 
77. The period T (time for one swing) of a simple pendulum (Fig. 1—8) 2.55 ft 


long is 
12.55 
Т = 2r 320 seconds 
Evaluate T. 


78. The magnitude Z of the impedance in a circuit having a resistance of 3540 Q 
and a reactance of 2750 Q is 


Z = \/(3540)? + (2750)? ohms 


Find Z. 
79. The geometric mean B between 3.75 and 9.83 is 


В = М (3.75)(9.83) 


Evaluate В. 
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1-6 Combined Operations 


Order of Operations 


If the expression to be evaluated does not contain parentheses, perform the opera- 
tions in the following order: 


1. Powers and roots, in any order. 
2. Multiplications and divisions, from left to right. 
3. Additions and subtractions, from left to right. 


Our first group of calculations will be with integers only, and later we will do some 
problems that require rounding. We first show a problem containing both addition 
and multiplication. 


+++ Example 60: Evaluate 7 + 3 X 4. 
Solution: The multiplication is done before the addition. 
7+3X4=7+12=19 ooo 


Next we do a calculation having both a power and multiplication. 


өө» Example 61: Evaluate 5 x 32. 
Solution: We raise to the power before multiplying: 


5943 = 5 х9 = 45 +.. 


Parentheses 


When an expression contains parentheses, first evaluate the expression within the 
parentheses and then the entire expression. 


+++ Example 62: Evaluate (7 + 3) X 4. 


Solution: 
(7+ 3) х4= 0х4 = 40 ooo 


If the sum or difference of two or more numbers is to be raised to a power, those 
numbers must be enclosed in parentheses. 


+++ Example 63: Evaluate (5 + 2)”. 
Solution: We combine the numbers inside the parentheses before squaring. 


(5 + 2)2 = 72 = 49 eee 


+++ Example 64: Evaluate (2 + 6)(7 + 9). 
Solution: Evaluate the two quantities in parentheses before multiplying. 


(2 + 6)(7 + 9) = 8 X 16 = 128 ooo 


8 + 
+++ Example 65: Evaluate 0-3 
Solution: Here the fraction line acts like parentheses, grouping the 8 and 4, as well 
as the 9 and 3. Written on a single line, this problem would be 
(8 + 4) + (9 – 3) 
or 
12+6=2 +++ 


г+5ж4 
13 


T1-83/84 screen for Example 60. 


AI 
[] 


TI-83/84 screen for Example 61. 


CP +3244 
H 


T1-83/84 screen for Example 62. 


Cote je 
С2-63С7-439 


CS+4 9409-3) 


TI-83/84 screen for the Examples 63, 
64, and 65. 


30 


118. 9*4. 25 
RHns^T61365 


T1-83/84 screen for Example 66. 


33.74 ft 


У 21.8 ft 


FIGURE 1-9 A rectangular courtyard. 


[Fir Fer |Е3-| Fue Far 
[Tools|Al3ebrajCatc| Other Clean ШР 


172 
„((21.8)2 +(33.74)7] 
48.17 
(21.8^2133.74^20^(1725 


CONTACTS DEG AUTO FUNC 1230 


TI-89 screen for Example 67. 
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Combined Operations with Approximate Numbers 


Combined operations with approximate numbers are done the same way as those 
with exact numbers. However, we must round our answer properly using the rules 
given earlier in this chapter. 

If you do a calculation in steps, writing down the intermediate values, it is a 
good practice to carry one more digit in those intermediate values than permitted by 
our rules, and round the final result. 

Instead of writing down intermediate steps, you might keep the calculation 
entirely in the calculator, and round the final result. However, you will not have a 
"paper trail" to help check your work. A good compromise is to do the calculation 
in steps, by calculator, writing down the result of each step to provide a "trail" But 
instead of clearing the intermediate step from your calculator, use it for the next 
step. Finally, round the final result. We will show this procedure with an example. 


+++ Example 66: Evaluate the expression 
(uss + 23] 


V 136 


Solution: Let's do the calculation one step at a time, and write down the result of the 


intermediate steps. 
Ga + 23] (28) 
V 136 V 136 


(10.55)? 
1174.15 


Our calculator will give us as many digits as we want, but how many should 
we keep? In the numerator, we added a number with one decimal place to another 
with two decimal places, so we are allowed to keep just one. Thus the numerator, 
after addition, is good to one decimal place, or, in this case, four significant digits. 
The denominator, however, has just three significant digits, so we round our answer 
to three significant digits, getting 1170. ooo 


+++ Example 67: An Application. A rectangular courtyard (Fig. 1-9) having sides of 
21.8 ft and 33.74 ft has a diagonal measurement x given by the expression 


x = V1.8 + (33.74 


Evaluate the expression to find x. 


Solution: The screen shows the calculation on the TI-89 calculator. We round the 
answer to 3 significant digits contained in 21.8, and we get x = 40.2 ft. +.. 


Exercise 6 • Combined Operations 


Combined Operations with Exact Numbers 


Perform each computation by calculator. 
1. (37)(28) + (36)(64) 2. (22)(53) — (586)(4) + (47)(59) 
3. (63 + 36)(37 — 97) 4. (89 — 74 + 95)(87 — 49) 
219 194 228 78 364 


LRL 6. + 
73-07 38 26 9 
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9 


11 


13 


15 


17 


19 


21 


647 + 688 809 — 463 + 1858 
` 337 + 108 ` 958 — 364 + 508 
‚ (5 + 6)? 10. (422 + 113 — 533)4 
853 — 229 V? 
. (423 — 420) 9. | ————— 
(123 E 1 (= — =) 
141 \3 
Mu 14. V/434 + 466 
‚ VENTD) 16. N/651 + 553 — 1085 
2404 
. W(27)(768) 18. , ть 
11 
ЭЭ к= 90. V961 + V121 


. W625 + V961 — W216 99. W256 x V49 


Combined Operations with Approximate Numbers 


Per 


23. 
24. 
95. 
26. 


97. 


99. 


31. 


33. 


35. 


37. 


39. 


41. 


43. 


45. 


form each computation, keeping the proper number of digits in your answer. 
(7.37)(3.28) + (8.36)(2.64) 


(522)(9.53) — (586)(4.70) + (847)(7.59) 
(63.5 + 83.6)(8.37 — 1.72) 


(8.93 — 3.74 + 9.05)(68.70 — 64.90) 
583 946 673 5.97 8.63 
dp 98. | 
473 907 838 806 1.91 
6.47 + 8.604 35 809 — 463 + 744 
3.37 + 90.8 ' 758 — 964 + 508 
(5.37 + 2.36)? 39. (4.25 + 436 — 524)* 
45.3 — 8.34 7? 
423 + 1.05)? 4. | ————— — 
(orden 95) 4 (= = ын) 
8.90 V? A/T aia Wee 
=— . V4.4 + 4. 
( "m 2) 36 3 66 
N/651 + 553 — 842 38. V/(28.1)(5.94) 
653 
N/(9.06)(4.86)(7.93) ab. .1— 
601 
4. 
j 390 49. V 9.74 + V12.5 
7.81 
W528 + V/942 — N/284 A4. N/653 + V 553 


Writing: Suppose you have submitted a report that contains calculations in 
which you have rounded the answers according to the rules given in this chap- 
ter. Jones, your company rival, has sharply attacked your work, calling it “in- 
accurate" because you did not keep enough digits, and your boss seems to 
agree. 

Write a memo to your boss defending your rounding practices. Point out 
why it is misleading to retain too many digits. Do not write more than one page. 
You may use numerical examples to prove your point. 
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[EE 1-7 Scientific Notation and Engineering Notation 


m Exploration: 
Try this. On your calculator, multiply 


500,000,000 х 300,000,000 


What did your calculator show for this calculation? Can you explain the meaning of 
your display? Try multiplying some other very large or very small numbers and try 
to explain the display. 

E 
If our answers in the exploration have too many zeros for the display, the calculator 
will automatically switch into the kind of notation that we will study in this section. 
The display 


Your display might be different, partly 


depending on your | MODE | settings. 


1.5 E17 


contains two parts: a decimal number, here 1.5, and an integer, 17. We read this as 
the decimal number times 10 raised to the value of the integer, or 


L5 x 10!7 


Here, 10!” is called a power of ten. 


Powers of 10 
We did some work with powers in Sec. 1—5. We saw, for example, that 23 meant 


2=2.°2.2=8 


Here, the power 3 tells how many 2’s are to be multiplied to give the product. For 
powers of 10, the power tells how many 10’s are to be multiplied to give the product. 


+++ Example 68: Неге are some powers of ten expressed as decimal numbers. 
(a) 10? = 10 x 10 = 100 
(b) 10? = 10 x 10 x 10 = 1000 eee 


+++ Example 69: Here are some demical numbers expressed as powers of ten. 
(a) 10,000 — 10* (b) 1,000,000 = 10° 


We can evaluate 10 raised to a negative power using a formula that we will derive in 
the next chapter. 


өөө Example 70: Here are some examples of 10 raised to a negative power. 


1 1 
(4) 107? = — = — = 0.01 

10? 100 

1 1 
(b) 1075 — 0.00001 


10? 100,000 +.. 
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Some powers of 10 are summarized in the following table: 


1,000,000 = 10° 0.1 = 1/10 = 107! 
100,000 = 10° 0.01 = 1/10? = 107? 
10,000 = 10* 0.001 = 1/10? = 107° 
1,000 = 10? 0.0001 = 1/104 = 1074 
100 = 107 0.00001 = 1/10? = 1075 
10 = 10! 0.000001 = 1/106 = 1076 

1 = 10% 


Converting Numbers to Scientific Notation 

A number is said to be in scientific notation when it is written as a number whose 
absolute value is between 1 and 10, multiplied by a power of 10. 

өөө Example 71: The following numbers are written in scientific notation: 

(а) 2.74 x 107 (b) 8.84 x 108 

(c) 5.4 x 1077 (d —12 х 1077 eec 


To convert a decimal number to scientific notation, first rewrite the given number 
with a single digit to the left of the demical point, discarding any nonsignificant 
zeros. Then multiply this number by the power of 10 that will make it equal to the 
original number. 

+++ Example 79: Here we convert to scientific notation. 


346 = 3.46 х 100 
= 3.46 X 10? ooo 
өөө Example 73: Another example of conversion to scientific notation. 


2700 = 2.7 x 1000 
= 2.7 x10 


Note that we have discarded the two nonsignificant zeros. өөө 


When we are converting a number whose absolute value is less than 1, our power of 
10 will be negative, as in Example 74. 
өөө Example 74: Here is an example resulting in a negative power. 
0.00000950 = 9.50 х 0.000001 
= 9.50 х 1076 


Since the trailing zero is significant in our original number, it is retained in our 
answer. +.. 


The sign of the exponent has nothing to do with the sign of the original number. 
You can convert a negative number to scientific notation just as you would a posi- 
tive number. 


+++ Example 75: Convert —34,720 to scientific notation. 


Solution: Converting to scientific notation, we obtain 


—34,720 = —3.472 X 10,000 
= —3472 x 10* ooo 


33 


34 


Chapter 1 * Review of Numerical Computation 


өөө Example 76: An Application. A certain tract of land contains 39,700,000 ft? of 
land. Convert this to scientific notation. 


Solution: 39,700,000 ft? = 3.97 x 10,000,000 ft? 
= 3.97 x 10’ f P 


Converting Numbers to Scientific Notation 


To convert from scientific notation, simply reverse the process. 


өөө Example 77: Here we convert from scientific notation to decimal form. 


4.82 X 10° = 4.82 х 100,000 
— 482,000 +.. 


+++ Example 78: Another example of converting to decimal form. 


8.25 x 107? = 8.25 x 0.001 
= 0.00825 +++ 


+++ Example 79: An Application. The resistance of a certain transmission line is 
5.85 X 10 ^ Q (ohms). Write this resistance in decimal notation. 


Solution: 5.85 x 10 ^ О = 0.000585 О .. 


Converting Numbers to Engineering Notation 


Engineering notation is similar to scientific notation. The difference is that 


* the exponent is a multiple of three; and 
* there can be one, two, or three digits to the left of the decimal point, rather 
than just one digit. 
Having an exponent that is a multiple of 3 makes it easier to use the metric prefixes 
we will introduce later in this chapter. 


+++ Example 80: Some examples of numbers written in engineering notation are as 


follows: 
(a) 66.3 x 10? (b) 8.14 x 10? 
(с) 725 X 1075 (d) 28.72 x 10:12 eec 


Converting to engineering notation is simple if the digits of the decimal number are 
grouped by commas into sets of three, in the usual way. 


+++ Example 81: Here are some conversions to engineering notations. 

(a) 21,840 = 21.84 x 10° 

(b) 548,000 — 548 x 10? 

(c) 72,560,000 — 72.56 x 106 eee 


For numbers less than 1, it helps to first separate the digits following the 
decimal point into groups of three. 


+++ Example 82: Try to follow these conversions to engineering notation. 


(a) 0.87217 = 0.87217 = 872.17 х 1077 
(b) 0.000736492 = 0.000 736 492 = 736.492 х 10 
(c) 0.0000000472 = 0.000 000 047 2 = 47.2 X 107? ooo 
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өө» Example 83: An Application. A certain heating furnace is rated at 2.85 х 10° 
Btu/h (British thermal units per hour). Express this rating in engineering notation. 


Solution: 2.85 x 10° = 285,000 = 285 x 10? Btu/h +.. 


Converting Numbers from Engineering Notation 


As with converting from scientific notation, we simply reverse the process. 


+++ Example 84: Here are some conversions from engineering to decimal notation. 


(a) 48342 x 10? = 48.342 x 1000 = 48,342 

(b) 8.559 x 10° = 8.599 x 1,000,000 = 8,559,000 

(c) 8.352 x 1073 = 8.352 x 0.001 = 0.008352 

(d) 736 x 1076 = 736 х 0.000001 = 0.000736 .. 


eee Example 85: An Application. The weight of a certain punch press 15 
28.56 X 10? Ib. Express this weight in decimal notation. 


Solution: 28.56 x 10? — 28,560 Ib ээж 


Addition and Subtraction 


Let us turn now to computations using scientific and engineering notation. We will 
first do some simple problems by hand, to show how the powers of ten are com- 
bined, and then we will do similar problems by calculator. 

If two or more numbers to be added or subtracted have the same power of 10, 
simply combine the numbers and keep the same power of 10. 


+++ Example 86: Неге we combine numbers that have the same power of 10. 
(а) (2 х 10°) + (3 х 10°) = 5 x 10° 
(b) (8 x 10°) — (5 x 105) + (3 x 10°) = 6 x 10 22 


If the sum is greater than 10 or less than 1, it is no longer, strictly speaking, in scientific 
notation. We change it to scientific notation as we did earlier in this section. 


+++ Example 87: These show more examples with numbers having the same power 
of 10. 


(a) (84 x 10*) + (72 x 10^) = 15.6 x 104 


= 1.56 10 
(b) (5.822 x 10?) — (5.000 x 107) = 0.822 x 10? 
= 8.22 х 107 +.. 


If the powers of 10 are different, they must be made equal before the numbers 
can be combined. A shift of the decimal point of one place to the left will increase 
the exponent by 1. Conversely, a shift of the decimal point one place to the right 
will decrease the exponent by 1. 


+++ Example 88: Here are examples of combining numbers having different powers 
of 10. 


(a) (L5 x 10*) + (3 x 10°) 


(1.5 x 10*) + (0.3 x 10^) 
1.8 X 10° 


35 


36 


We are really using xê- x? = x2*^, This 
equation is one of the /aws of exponents 
that we will study later. 


We are using a law of exponents for 
quotients that we will study in Chapter 2. 
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(b) (1.25 x 10°) — (2.0 x 10^) + (4 x 10?) 
= (1.25 x 10°) — (0.20 x 10°) + (0.04 x 10°) 


— 1.09 x 10? 
(c) (884 x 10?) + (9.92 х 10°) = (0.884 х 10^) + (9.92 x 10°) 
= 10.80 x 104 
— 1.080 x 10? 


Note that in (c) we started with numbers each having three significant digits, and 
that our result has four significant digits. This is an example of significant digits 
being gained during addition. Similarly, significant digits can be lost during sub- 
traction. өөө 


өөө Example 89: An Application. Two resistors having resistances of 3.74 x 107 О 
and 9.37 х 10^ Q are wired in series. Find their combined resistance, which is the 
sum of the two, in engineering notation. 


Solution: 


(3.74 x 10°) + (9.37 x 10°) = (3.74 х 107) + (93.7 x 107) 
=974x 10 0 +.. 


Multiplication 

We multiply powers of 10 by adding their exponents. 

+++ Example 90: 

(а) 10^ «10^ = 104 107 

(b) 1072.105 = 10°47" = 10° oo 
To multiply two numbers in scientific notation, multiply the decimal parts and 

the powers of 10 separately. 

+++ Example 91: 


(а) (2 x 10°)(3 x 10?) = (2 x 3)(10 x 10?) 
= 6x10 *? = 6 x 10 

(b) (2.84 х 10°)(7.21 x 10^) = (2.84 x 721) (10? х 10°) 

= 20.5 х ИР" 

= 20.5 x 10’ 

= 2.05 х 10° +++ 
+++ Example 92: An Application. The dimensions of a rectangular tract are 
5.983 X 10? by 1.395 x 10° feet. Find the area of the field. 


Solution: Multiplying the two dimensions gives 
(5.983 x 10%)(1.395 х 10%) = 8.346 x 10775 
= 8.346 x 107 t£? .. 


Division 
We divide powers of 10 by subtracting the exponent of the denominator from the 
exponent of the numerator. 
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+++ Example 93: Here are some quotients of powers of 10. 


10° 

— = 10° > = 10° 
шат: 

107^ -4-(-2 -2 
® туз = 10 (3) = 10 


As with multiplication, we divide the decimal parts and the powers of 
10 separately. +.. 


+++ Example 94: These examples show how to divide numbers in scientific notation. 


8x10 8 10° 


a E 22x109*22»10 
а 4x10 4 107 
12. x 10° 
(b ———--3x10 5-23x10? 
4 x 10 
(c) (1.97 x 10°) + (2.52 x 10+) = 0.782 х 107! 


= 782 х 1072 


oo 
өөө Example 95: An Application. A truck with a capacity of 3.24 x 10? ft? con- 
tains a load of gravel which weighs 3.77 X 10 lb. Find the density of the sand by 
dividing the weight by the volume. 


Solution: 
| weight 3.77 x 10* 
density = = 2 
volume 3,24 х 10 
= 1.16 X 10° 
= 116 lb/ft? 94% 


Scientific and Engineering Notation on the Calculator 


Displaying Numbers: We can choose the way a number is displayed on a calcula- 
tor, either in decimal, scientific, or engineering notation. This choice is usually made 
from a menu. 


кїт 


делет. т.а 


CONTACTS RAD AUTO FUNC 


MODE | screen for the TI-83/84, MODE | screen for the TI-89 showing 
showing the Normal, Sci, and Eng the NORMAL, SCIENTIFIC, and 
modes. ENGINEERING modes. 


Entering Numbers: You can enter a number in any of these notations, regardless of 
the mode the calculator is in. However, the entered number will be displayed 
according to the chosen mode. The power of ten is entered using the enter exponent 
key, usually marked | EE |, EXP |, ог|ЕЕХ |. 


37 


38 


2.СОЕЗ 
2. f JEJ 


T1-83/84 screen for Example 96. 
Calculator is in Sci mode. 


3864-4 
3.864Е-1 


TI-83/84 screen for Example 97. To 
enter a negative exponent, we must be 
careful not to use the subtraction key, 
but the key used for entering a negative 
number. Calculator is in Sci mode. 


C638. 248. 11rE25^ 
Are BEES aR 


4.,.14Г7Е4 
E 


TI-83/84 screen for Example 98, with 
the calculator in scientific notation 
mode. 


TI-83/84 screen for Example 99. 


Chapter 1 * Review of Numerical Computation 


өө» Example 96: The keystrokes to enter the number 2.75 X 10? are shown. The 
number displayed will depend on the mode in which the calculator is set, 


275000 if in decimal mode 
2.75 ES if in scientific notation mode 
275 E3 if in engineering notation mode ooo 


The calculator will even accept numbers that are not strictly in scientific or engi- 
neering notation. 


өөө Example 97: The keystrokes to enter 3864 X 1074 are shown. ooo 


Calculating in Scientific Notation: The numbers you enter can be in any notation, 
and can even be mixed in the same calculation. 


+++ Example 98: Evaluate 
638.2 + (8.117 x 107) 
(27.86 x 107?)(1255 x 10°) 


Solution: Here we have some numbers in decimal, scientific, and engineering 
notation, and another that is in none of these. We key them in just as they appear. 
Note that the numerator must be enclosed in parentheses. Also be careful not to use 
the subtraction key to enter the negative exponent. We get, after rounding, 


41470 in normal mode 
4.147 EA in scientific notation mode 
41.47 E3 in engineering notation mode +.. 


Students often enter powers of 10 (such as 10*) incorrectly into 
their calculators, forgetting that 10^ is really 1 x 10%. 
Thus to enter 10*, we press 


1| EE 


and not 
Common 10 EE 
Errors 


Do not press the times key before the enter exponent key. Thus to 
enter 103, we do not enter 


1[ x |[EE|4 


EE 


but do enter 


өөө Example 99: An Application. The current in a resistor equals the voltage across 
the resistor divided by the resistance of that resistor. Find the current in a 4.55 x 10^ О 
resistor having a voltage across it of 8.25 Х 1077 volts. 


Solution: Dividing the voltage by the resistance we get, 
825 x 10? 


4.55 x 107 
= 1.81 X 107$ amperes ooo 


voltage 
Current = - = 
resistance 
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Exercise 7 » Scientific and Engineering Notation 
Powers of 10 


Write each power of 10 as a decimal number. 


110° 2. 10? 3. 1075 
4. 107! 5. 10° 

Write each number as a power of 10. 
6. 100 7. 1,000,000 8. 0.0001 
9. 0.001 10. 100,000,000 


Converting Numbers to Scientific Notation 


Write each number in scientific notation. 
11. 186,000 

12. 0.0035 

13. 25,742 

14. 8020 

15. 98.3 x 10? 

16. 0.0775 x 1072 


Converting Numbers from Scientific Notation 


Convert each number from scientific notation to decimal notation. 
17. 2.85 X 10° 18. 175 x 10 ? 19. 9 x 10* 
90. 9.05 x 10* 91. 3.667 x 10? 


Converting Numbers to Engineering Notation 


Convert each number to engineering notation. 


99. 34,382 93. 3.58 x 10? 
94. 26,940 95. 0.134 
96. 23.48 х 1072 97. 0.00374 


Converting Numbers from Engineering Notation 


Convert each number from engineering notation to decimal notation. 
98. 385 x 10? 29. 18,640 x 10? 30. 8488 x 1077 
31. 7739 x 10^ 39. 6.37 x 10? 33. 2.66 x 106 


Addition and Subtraction 


Combine without using a calculator. Give your answer in scientific notation. 
34. (3.0 x 10*) + (2.1 x 10°) 

35. (75.0 x 102) + 3210 

36. (1.557 x 102) + (9.000 х 107!) 

37. 0.037 — (6.0 x 1073) 

38. (72 x 10*) + (1.1 x 10*) 


40 


4.98 x10°Q 2.47х 10*Q 9.27x 10°Q 


FIGURE 1—10 Resistors in series. 


4.98 x 10°Q 
AW 


2.47 x 10* Q 


о 9 AN 9 о 


9.27 x 109 О 


AW 


FIGURE 1—11 Resistors in parallel. 
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Multiplication 


Multiply the following powers of 10. 
39. 107-102 40. 104-10? 41. 1077-1072 
49. 10 2-10? 49, 1077-1077 


Multiply without using a calculator. Give your answer in scientific notation. 


44. (3.0 x 10°)(5.0 x 102) 45. (5 х 10°)(8 х 1072) 

46. (2 x 107214 x 1075) 47. (2 х 10*)(30,000) 
Division 

Divide the following powers of 10. 

48. 10° + 10° 49. 10^ + 10° 50. 10° + 10? 
51. 10? + 10° 59. 1072 + 1074 

Divide without using a calculator. Give your answer in scientific notation. 
53. (8 x 104) + (2 х 107) 54. (6 x 10^) + 0.03 

55. (3 x 10°) + (6 x 10°) 56. (8 х 1074) + 400,000 
57. (9 x 105) + (3 x 1072) 58. 49,000 + (7.0 x 107?) 


Scientific and Engineering Notation on the Calculator 


Perform the following computations. Display your answer in scientific notation. 
59. (1.58 x 102)(9.82 x 107) 

60. (9.83 х 10°) + (2.77 x 10°) 

61. (3.87 x 1072)(5.44 x 105) 

69. (2.74 x 10°) + (9.13 x 10°) 

63. (5.6 x 10) (3.1 x 107!) 

64. (7.72 х 105) + (3.75 x 107?) 


Applications 


65. Three resistors, having resistances of 4.98 X 10? Q,2.47 X 10^ О, and 
9.27 х 10° О, are wired in series (Fig. 1-10). Find the total resistance, using 
the formula R = № + А + Rs. 


66. Find the equivalent resistance if the three resistors of problem 65 are wired in 
parallel (Fig. 1—11). Use the formula 


R В R R 


67. Find the power in watts dissipated in a resistor if a current J of 3.75 X 107? A 
produces a voltage drop V of 7.24 X 1074 V across the resistor. Use the 
formula P = VI. 


68. The voltage across an 8.35 X 10? Q resistor is 2.95 X 1077 V. Find the power 
dissipated in the resistor, using the formula P = y? / R. 


69. Three capacitors, 8.26 X 1076 farad (F), 1.38 х 1077 F, and 5.93 x 10? F, 
are wired in parallel. Find the equivalent capacitance using the formula 
C= Ci + C5 + C3 

70. A wire 4.75 X 10? cm long when loaded is seen to stretch 9.55 X 1072 cm. 
Find the strain in the wire, using the formula strain = elongation + length. 
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71. Writing: Study your calculator and its manual specifically on the different 
display formats (normal, scientific notation, and so forth). List the different for- 
mats available to you and explain the diferences between them. Write a few lines 
explaining how to switch from one format to another. 


79. Project: In a technical magazine or journal find several uses of scientific or 
engineering notation. Show why the author has chosen it over decimal notation. 


73. Internet: Surf the Web for data on the various planets. Find the mean distance 
of each planet from the sun. Tabulate this distance in decimal, scientific, and 
engineering notation, in both miles and kilometers. Make a number line, with 
the sun at zero, and mark the distance of each planet on that line. 


1-8 Units of Measurement 


Systems of Units 


A unit is a standard of measurement, such as the meter, inch, hour, or pound. The 
two main systems in use are the U.S. customary units (feet, pounds, gallons, etc.) 
and the SI or metric system (meters, kilograms, liters, etc.). SI stands for Le Sys- 
tème International d'Unites, or the International System of Units. In addition, 
some special units, such as a square of roofing material, and some obsolete units, 
such as rods and chains, must occasionally be dealt with. 

Most units have an abbreviated form or a symbol, so that we do not have 
to write the full word. Thus the abbreviation for millimeters is mm, and the 
symbol for ohms is Q (capital Greek omega). In this section we will usually 
give the full word and the abbreviation. 


Conversion of Units 


We convert from one unit of measurement to another by means of a conversion factor. 
Conversion factors for units of measurement, as well as the abbreviations for those 
units, are given in Appendix B. 
+++ Example 100: Convert 1.530 miles (mi) to feet (ft). 
Solution: From Appendix B we find the relation between miles and feet. 
5280 ft = 1 mi 
Dividing both sides by | mile, we get the conversion factor. 
5280 ft = 1 
1 mi 


We know that we can multiply any quantity by | without changing the value of that 
quantity. Thus if we multiply our original quantity (1.530 mi) by the conversion 
factor (5280 ft/mi), we do not change the value of the original quantity. We will, 
however, change the units. Multiplying yields 


280 ft 
1.530 mi = 1.530 mi X 0 


= 8078 ft 


Note that we have rounded our answer to four significant digits, because all numbers 
used in the calculation have at least four significant digits (the 5280 is exact). +.. 


Suppose that in the first step of Example 100, we had divided both sides by 5280 ft 
instead of by 1 mi. We could have gotten another conversion factor: 


Imi _ 
5280 ft 
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Thus each relation between two units of measurement gives us two conversion factors. 


But suppose, in the precending example, we had written 
isis iE. egy 
.530 mi = 7? 
5280 ft 


This is not incorrect but does us no good because miles does not cancel. 


Choose the conversion factor that will cancel the units you wish to 
eliminate. Write the units in the equation and make sure they 
cancel properly. 


Common 
Errors Be sure to write the original quantity as a built-up fraction, such 


a 
as p rather than on a single line, a/b. This will greatly reduce 


your chances of making an error. 


The use of conversion factors and making sure that the units in an expression are 
compatible and cancel properly is part of what is called dimensional analysis. 


Significant Digits 


You should try to use a conversion factor that is exact, or one that contains at least 
as many significant digits as in your original number. Then you should round your 
answer to as many significant digits as in the original number. 


+++ Example 101: Convert 934 acres to square miles (mi?). 


Solution: From Appendix B we find 
1 mi? — 640 acres 


where 640 is an exact number. We must write our conversion factor so that the un- 
wanted unit (acres) is in the denominator, so the acres will cancel. Our conversion 
factor is thus 


Im? -— 
640 acres 
Multiplying, we obtain 
934 acres = 934 aeres X cM. 
640 aeres 


1.46 mi? 


The conversion factor used here is exact, so we have rounded our answer to the 
three significant digits of the given number. 222 


Converting Areas and Volumes 


Length may be given in, say, centimeters (cm), but an area may be given in square 
centimeters (cm?). Similarly, a volume may be in cubic centimeters (cm?). So to get 
a conversion factor for area or volume, if not found in Appendix B, simply square or 
cube the conversion factor for length. For example, if we take the equation 


2.54 ст = lin. 
this conversion is exact, by international agreement. Squaring both sides we get 
(2.54 ст)? = (1 in. 


or 
6.4516 cm? = 1 in? 
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This gives us a conversion between square centimeters and square inches. Since 
2.54 is an exact number, we may keep all the significant digits in its square. 


өө» Example 102: An Application. A buliding lot is seen to contain 864 square 
yards. The deed requires that it be given in acres. Convert this quantity. 


Solution: Appendix B has no conversion for square yards. However, 
l yd = 3 ft 


Squaring yields 4 
1 yd? = (3 fO? = 9 f? 


Also from the table, 
l acre = 43,560 ft 


So 


9 £2 ] acre 
— 0.179 acre 


864 yd? — 864 yd? x x 
и ye Lyd? ^ 43,560 £2 .. 


Converting Rates to Other Units 


A rate is the amount of one quantity expressed per unit of some other quantity. 
Some rates, with typical units, are 


rate of travel (mi /h) or (km/h) flow rate (gal / min) or (m/s) 
application rate (Ib /acre) unit price (dollars ЛЬ) 


Each rate contains two units of measure; miles per hour, for example, has miles in 
the numerator and hours in the denominator. It may be necessary to convert either 
or both of those units to other units. Sometimes a single conversion factor can be 
found (such as 1 m/h — 1.466 ft/s), but more often you will have to convert each 
unit with a separate conversion factor. 


+++ Example 103: A certain chemical is to be added to a pool at the rate of 3.74 oz 
per gallon of water. Convert this to pounds of chemical per cubic foot of water. 


Solution: We write the original quantity as a fraction and multiply by the appropriate 
factors, themselves written as fractions. 


37402, 11 , 7.481 ваї 
gal 16 ez fe 


3.74 oz/gal — = 1.75 lb/ft? +.. 


Using More Than One Conversion Factor 


Sometimes you may not be able to find a single conversion factor linking the units 
you want to convert. You may have to use more than one. 


+++ Example 104: An Application. A map shows that the distance to a lighthouse is 
7375 yards. We want to lay out this distance on another chart, marked in nautical 
miles. Convert this quantity. 


Solution: In Appendix B we find no conversion factor between nautical miles and 
yards, but we see that. 
І nau mi = 6076 ft and 3ft= 1 yd 
So 
3 1 nau mi 


7375 yd = 7375 yd X iyd x 60768. 3.641 nautical mi ooo 


43 


44 


Chapter 1 * Review of Numerical Computation 


Metric Units 


The metric system is a system of weights and measures that was developed in 
France in 1793 and that has since been abopted by most countries of the world. It is 
widely used in scientific work in the United States. 

The basic unit of length in the metric system is the meter (m). The unit of area 
is the are, or 100 square meters (m^. The unit of volume is the liter (L), the volume 
of a cube one-tenth of a meter on a side. The unit of mass is the gram (g), the theo- 
retical weight of a cube of distilled water measuring is of a meter on a side. 


Metric Prefixes 


Converting between metric units is made easy because larger and smaller metric 
units are related to the basic units by factors of 10. These larger or smaller units are 
indicated by placing a prefix before the basic unit. A prefix is a group of letters 
placed at the beginning of a word to modify the meaning of that word. For example, 
the prefix kilo means 1000, or 10°. Thus a kilogram is 1000 grams. Other metric 
prefixes are given in Table 1-1. 


TABLE 1-1 Metric prefixes. 


1 000 000 000 000 ig^ tera T One trillion times 
1 000 000 000 10? giga G One billion times 
1 000 000 10° mega M* One million times 
1 000 10? kilo k* One thousand times 
100 107 hecto h One hundred times 
10 10 deka da Ten times 
0.1 107! deci d One tenth of 
0.01 10? centi c* One hundredth of 
0.001 1073 milli m* One thousandth of 
0.000 001 1076 micro ил One millionth of 
0.000 000 001 107° nano n One billionth of 
0.000 000 000 001 10 рїсо р One trillionth of 
0.000 000 000 000 001 jg femto f One quadrillionth of 
0.000 000 000 000 000 001 107!8 atto a One quintillionth of 


*Most commonly used. 


+++ Example 105: Here are some uses of metric prefixes. 


(a) A kilometer (km) is a thousand meters, because kilo means one thousand. 


] km = 1000 m 
(b) A centimeter (cm) is one-hundredth of a meter, because centi means 
one hundredth. 
l cm = 1/100 m 


(c) A millimeter (mm) is one-thousandth of a meter, because milli means 
one thousandth. 


1mm = 1/1000 т ooo 


Section 8 * Units of Measurement 


Converting Between Metric Units 


Converting from one metric unit to another is usually a matter of multiplying or 
dividing by a power of 10. Most of the time the names of the units will tell how 
they are related, so we do not even have to look them up. 


өөө, Example 106: Convert 72,925 meters (m) to kilometers (km). 


Solution: A Kilometer is a thousand meters, so our conversion factor is 


Ikm | 
1000 m 
So, as before, 
] km 
72,925 m = 72,925 mí X — 72.925 km ooo 
1000 иї 


For more unusual metric units, simply look up the conversion factor in a table. 


+++ Example 107: Convert 2.75 newtons (N) to dynes. 


Solution: These two metric units of force do not have any basic units in their names, 
or any prefixes. Thus we cannot tell just from their names how they are related to each 
other. However, from Appendix B we find that 


1 newton — 10? dynes 
Converting in the usual way, we obtain 
10? dynes 


— — — = 2.75 X 10? dynes 
] newton 


2.75 newtons — 2.75 newtons X 


or 275,000 dynes. өөө 


Converting Between Customary and Metric Units 


We convert between customary and metric units in the same way that we converted 
within each system. 


өөө Example 108: Convert 2.84 U.S. gallons (gal) to liters (L). 


Solution: From Appendix B we find 
1 gal (U.S.) = 3.785 L 
Converting gives 


3.785 L 
2.84 gal = 2.84 gal Х 


= 10.71. 


rounded to three significant digits. oe 


Angle Conversions 


The degree (°) is a unit of angular measure equal to 1/360 of a revolution; thus 
360? — one revolution. A fractional part of a degree may be expressed as a com- 
mon fraction (such as 367), as a decimal (28.74°), or as minutes and seconds. 

A minute (7) is equal to 1/60 of a degree; a second (") is equal to 1/60 of a 
minute, or 1/3600 of a degree. 


Another important unit of angular 
measure is the radian. We will learn 
about radians later. 
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өө Example 109: Some examples of angles written in degrees, minutes, and seconds 
are 
85918742” 62°12’ 75906703” ooo 


Note that minutes or seconds less than 10 are written with an initial zero. Thus 6’ 
is written 06’. 
We will sometimes abbreviate “degrees, minutes, and seconds” as DMS. 
Conversions involving degrees, minutes, and seconds require several steps. 
Further, to know how many digits to retain, we note the following: 


1 min = 1/60 degree ~ 0.02° 
and 
1 sec = 1/3600 degree ~ 0.0003° 


Thus an angle known to the nearest minute is about as accurate as a decimal angle 
known to two decimal places. Also, an angle known to the nearest second is about 
as accurate as a decimal angle known to the fourth decimal place. Therefore we 
would treat an angle such as 28217737” as if it had four decimal places and six 
significant digits. 


+++ Example 110: Convert 28217737” to decimal degrees. 


Solution: We separately convert the minutes and the seconds to degrees and add 
them. Since the given angle is known to the nearest second, we will work to four 


decimal places. 
( 1 deg ) 
37 sec| ———— | = 0.0103° 
3600 sec 


iTi ( ч: ) = 0.2833° 
E 60min/ | 


28° = 28.0000° 
Add: 28.2936° ooo 


+++ Example 111: Convert 105.2821? to degrees, minutes, and seconds. 


Solution: We first convert the decimal part (0.2821?) to minutes, 


ГА 


oasi( A 


j 


) = 16.93’ 


and convert the decimal part of 16.93’ to seconds, 


оз ( 22 ) = 56" 
1 min 


105.2821? = 105?16'56" өөө 


50 


When you are reading an angle quickly, it is easy to mistake dec- 
imal degrees for degrees and minutes. Don’t mistake 


28 590 for 25.50° 


28.50? is really 28?30', and 28°50’ is 


50} 
28°50' = 28° + | —) = 28.83° 
23 
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Angle Conversions by Calculator 


We can convert between decimal degrees and degrees, minutes, seconds by calculator. 


+++ Example 112: Convert 34?44'18" to decimal degrees. 
Solution: 
* Put the calculator into degree mode. 


* Enter the angle, including the degree, minute, and second symbols. On the 
TI-83/84, the degree symbol and the minute symbol are found in the ANGLE 
menu. The | " | second symbol is an alpha character on the | + | key. 


* Press| ENTER |. 


The angle will be displayed in decimal form, as shown. +.. 


eee Example 113: An Application. A surveyor calculates that the angle between two 
sides of a building site must be 62.8362°. Convert this to degrees, minutes, and sec- 
onds so that it can be laid out using a transit or theodolite. 


Solution: 
* Put the calculator into degree mode. 
* Enter the angle. 
* Choose > DMS from the ANGLE menu. 
e Press| ENTER |. +.. 


The angle will be displayed in DMS form, as shown. 


Substituting into Formulas 


A formula is an equation expressing some general mathematical or physical fact, 
such as the formula for the area of a circle of radius r. 


To substitute into a formula or other equation means to replace the letter (or lit- 
eral) quantities in the formula with their numerical values, and evaluate. With 
formulas, we carry the unit of measure along with each numerical value. We 
must often convert units so that they cancel properly, leaving the answer in the 
desired units. If the units to be used in a certain formula are specified, convert 
all quantities to those specified before substituting into the formula. 

Further, we usually substitute approximate values, so we must round our an- 
swer properly. 


+++ Example 114: An Application. A tensile load P of 4510 Ib is applied to a bar, 
Fig. 1—12. It is seen to stretch or elongate by 0.390 mm. Find the modulus of elastic- 
ity E, in pounds per square inch, using 

me 

^ ae 


E 


where P is the applied load, L is the length of the bar, a is the cross-sectional area 
of the bar, and e is the elongation. 
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34944118" 
34.7383 


TI-83/84 screen for Example 112. On 
the TI-89, the degree, minute, and second 
symbols are alpha characters on the 


LIT [=], and keys, respectively. 


TI-83/84 screen for Example 113. On 
the TI-89, > DMS is the МАТН 
Angle menu. 
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4510 Ib 


1.82 in2 


187 in. 


4510 Ib 


FIGURE 1-12 
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Solution: Let us first convert the elongation e so that all units of length will be in inches. 


] in. 
25.4 mm 
Then substituting, with P = 4510 Ib, L = 187 in. and a = 1.82 in, 

4510 lb X 187 in. 


— 182 in.2 X 0.01535 in. 
= 302 x 10° Ib/in2 


e — 0.390 21 ) = 0.01535 in. 


= 30,200,000 Ib/in.? 


in engineering notation. өөө 


Common Students often neglect to include units when substituting into a for- 


Error mula, with the result that the units often do not cancel properly. 


Exercise 8 * Units of Measurement 


Conversion of Units 


Convert the following customary units. 


1. 152 inches to feet 2. 0.153 mile to yards 

3. 7762.0 feet to inches 4. 627 feet to yards 

5. 29 tons to pounds 6. 88.90 pounds to ounces 
7. 89,600 pounds to tons 8. 8552 ounces to pounds 


Converting Between Metric Units 


Convert the following metric units. Write your answer in scientific notation if the 
numerical value is greater than 1000 or less than 0.1. 


9. 364,000 meters to kilometers 
10. 0.000473 volt to millivolts 
11. 735,900 grams to kilograms 
19. 7.68 X 107 kilowatts to watts 
13. 62 X 10? ohms to megohms 
14. 825 X 10^ newtons to kilonewtons 
15. 9348 picofarads to microfarads 
16. 84,398 nanoseconds to milliseconds 


Converting Between Customary and Metric Units 
Convert between the given customary and metric units. 
17. 364.0 meters to feet 

18. 6.83 inches to millimeters 

19. 7.35 pounds to newtons 

20. 2.55 horsepower to kilowatts 

21. 4.66 U.S. gallons to liters 

22. 825 X 10° dynes to pounds 

23. 3.94 yards to meters 

24, 834 cubic centimeters to gallons 


Converting Areas and Volumes 


Convert the following areas and volumes. 


25. 2840 square yards to acres 
26. 1636 square meters to ares 
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27. 24.8 square feet to square meters 
98. 3.72 square meters to square feet 
29. 0.982 square kilometer to acres 
30. 5.93 acres to square meters 

31. 7.360 cubic feet to cubic inches 
39. 4.83 cubic meters to cubic yards 


Converting Rates to Other Units 


Convert units on the following time rates. 


33. 4.86 feet per second to miles per hour 

34. 777 gallons per minute to cubic meters per hour 
35. 66.2 miles per hour to kilometers per hour 

36. 52.0 knots to miles per minute 

37. 953 births per year to births per week 


Convert units on the following unit prices. 


38. $1.25 per gram to dollars per kilogram 
39. $800 per acre to cents per square meter 
40. $3.54 per pound to cents per ounce 

41. $4720 per ton to cents per pound 


Angle Conversions 


Convert to degrees (decimal). 
49. 52°17' 43. 87?25' 44. 118?33' 
45. 72°12'22" 46. 29227741” 47. 275°18'35" 


Convert to degrees, minutes, and seconds. Round to the nearest second. 
48. 45.257° 49. 61.339° 50. 27.129° 
51. 177.344° 52. 185.972° 53. 128.259° 


Substituting into Formulas 
In the following exercises, substitute the given quantities into the indicated formula 
from technology and finance. 


54. Use the formula for simple interest y = a(1 + nt), to find, to the nearest dollar, 
the amount y to which a principal a of $3000 will accumulate in t= 5 years at a 
simple interest rate n of 6.596. 


55. Using the formula for uniformly accelerated motion, 
2 
at 


цаг 


find the displacement s after t= 1.30 8, of a body thrown downward with a 
speed vo of 12.0 ft/s. Take the acceleration a as 32.2 ft/s”. 


2 
56. Use the formula C — gE — 32) to convert 128°F to degrees Celsius 


57. A bar (Fig. 1-13) whose length L is 15.2 m has a cross-sectional area a of 12.7 
cm. It has an elongation e of 2.75 mm when it is subjected to a tensile load 


PL 
of 22,500 N. Use the equation E = —— to find the modulus of elasticity E, in 
ae 


newtons per square centimeter. 


P = 22,500 N 


L=15.2 m 


FIGURE 1-13 A bar in tension. 
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IH— 1.12 ft — 
@ E 0 
ii yd 0.615 ft dia 
0.385 ft — 
1.15 yd 
Y 
FIGURE 1-14 
FIGURE 1-15 
» 3.15 in. 4 
; | 
1.07 in. 
| 
31.5 mm 
0.437 ft 
ОШИ 


FIGURE 1-16 
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58. 


59. 


Use the formula for compound interest, y = a(1 + n, to find, to the nearest 
dollar, the amount y to which a principal a of $9570 will accumulate in t = 5 
years at a compound interest rate n of 6.75%. 


The resistance А of a copper coil is 775 О at t; = 20.0? C. The temperature 
coefficient of resistance a is 0.00393 at 20.0? C. Use the formula 
R = R,[1 + a(t — tj)] to find the resistance at 80.0? C. 


Applications 


60. 


61. 


69. 
63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


Convert all of the dimensions for the parts in Fig. 1—14 to inches. 


A jet fuel tank, in Fig. 1—15, has a volume of 15.7 cubic feet. How many gallons 
of jet fuel will it hold? 


A certain circuit board weighs 0.176 pound. Find its weight in ounces. 


A certain laptop computer weighs 6.35 kilograms. What is its weight in pounds? 


A generator has an output of 5.34 X 10° millivolts. What is the output in 
kilovolts? 


Convert all of the dimension in Fig. 1—16 to centimeters. 


The surface area of a certain lake, Fig. 1-17, is 7361 square yards. Convert this 
to square meters. 


A solar collector, Fig. 1-18, has an area of 8834 square inches. Convert this to 
square meters. 


The volume of a balloon, Fig. 1—19, is 8360 cubic feet. Convert this to cubic 
inches. 


The volume of a certain gasoline tank, Fig. 1—20, is 9274 cubic centimeters. 
Convert this to gallons. 


An airplane is cruising at a speed of 785 miles per hour. Convert this speed to 
kilometers per hour. 


Internet: On the Web, find today's currency exchange rates. Use them to con- 
vert $100 to 
(a) Euros (b) Japanese yen (c) Canadian dollars 


Project: Scan a newspaper or magazine, noting whether measurements are given 
in metric units, customary units, or both. Estimate the percent given in metric 
units. Repeat for a technical journal in your chosen field. 


FIGURE 1-17 FIGURE 1-18 
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Vol = 8360 ft? 


FIGURE 1-20 


FIGURE 1-19 


1-9 Percentage 


Our final topic in this long chapter is the very useful subject of percentage. 


Definition of Percent 
The word percent means by the hundred, or per hundred. A percent thus gives the 


number of parts in every hundred. 


өөө Example 115: If we say that a certain concrete mix is 12% cement by weight, 
we mean that 12 Ib out of every 100 Ib of mix will be cement. +.. 


The word rate is often used to indicate a percent, or percentage rate, as in “rejection 
rate,” “rate of inflation,” or “growth rate.” 


+++ Example 116: A failure rate of 2% means that, on average, 2 parts out of every 
100 would be expected to fail. өөө 


Percent is another way of expressing a fraction having 100 as the denominator. 


өөө Example 117: If we say that a builder has finished 75% of a house, we mean 
that he has finished B (or 2) of the house. ooo 


Converting to Percent 


Before working some percentage problems, let us first get some practice in converting 
decimals and fractions to percents, and vice versa. To convert decimals to percent, sim- 
ply move the decimal point two places to the right and affix the percent symbol (90). 


+++ Example 118: Here we convert decimals to percent. 


(a) 0.75 = 75% (b) 3.65 = 365% 
(c) 0.003 = 0.3% (d) 1.05 = 105% ooo 


To convert fractions or mixed numbers to percent, first write the fraction or mixed 
number as a decimal, and then proceed as above. 
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+++ Example 119: 


1 5 
(a) 7 = 025 = 25% (b 5 = 2.5 = 250% 
(с) 1$ = 125 = 125% .. 


Converting from Percent 


To convert percent to decimals, move the decimal point two places to the left and 
remove the percent sign. 


+++ Example 120: 


(a) 1396 = 0.13 (b) 4.596 — 0.045 
(c) 155% = 1.55 (d) 272% = 0.2775 
(е) 200% = 2 өөө 


To convert percent to a fraction, write a fraction with 100 in the denominator and 
the percent in the numerator. Remove the percent sign and reduce the fraction to 
lowest terms. 


+++ Example 121: Here we show some percents converted to fractions. 


75 3 
13552222 
уа 
875 875 7 
(b 87.5% = 100 = 1000 — 8 
125 5 1 
(с) 125% = 100 4^ 14 ooo 


Solving Percentage Problems 


Percentage problems always involve three quantities: 


1. The percent rate, Р. 

2. The base, B, the quantity we are taking the percent of. 

3. Theamount, A, that we get when we take the percent of the base, also called 
the percentage. 


In a percentage problem, you will know two of these three quantities (amount, base, 
or rate), and you will be required to find the third. This is easily done, for the rate, 
base, and amount are related by the following equation: 


Finding the Amount When the Base and the Rate Are Known 


We substitute the given base and rate into Eq. 16 and solve for the amount. 


++» Example 199: What is 35.0 percent of 80.0? 
Solution: In this problem the rate is 35.0%, so 
P = 0.350 


But is 80.0 the amount or the base? 
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Thus we look for the key phrase "percent of.” 
What is 35.0 percent of 80.02 


————— 


Since 80.0 immediately follows percent of, it is the base. So 


B — 80.0 
From Eq. 16, 
A = PB = (0.350)80.0 = 28.0 +.. 


Do not forget to convert the percent rate to a decimal when using 


Eq. 16. 


+++ Example 123: Find 3.74% of 5710. 
Solution: We substitute into Eq. 16 with 


P = 0.0374 and B = 5710 
So 
A = PB = (0.0374)(5710) = 214 


after rounding to three significant digits. +.. 
+++ Example 194: An Application. A proposed beam having a width of 8.50 in. is to 
have its width increased by 15%. How much width must be added? 

Solution: 


width added = 0.15 X 8.50 = 1.28 in. 22 


Finding the Base When a Percent of It Is Known 


We see from Eq. 16 that the base equals the amount divided by the rate (expressed 
as a decimal), or B = A/P. 


өө Example 195: 12% of what number is 78? 
Solution: First find the key phrase. 


12 percent of | What number| js 78? 
к=з = = base 


It is clear that we are looking for the base. So 
А = 78 and Р = 0.12 
By Eq. 16, 


A 78 
du 1 ат "T 


eee Example 126: 140 is 25% of what number? 
Solution: From Eq. 16, 


В = = = = = 560 .. 
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өөө Example 127: An Application. How much gravel must we start with if we 
remove 2.50 cubic yards, which is 35% of the original load? 


Solution: The original load is the base Р, the quantity removed is the amount A, and 
the rate P is 0.35. So, 
A 2.50 


Original amount B — P 035 = 7.14 cubic yards ooo 


Finding the Percent That One Number Is of Another Number 
From Eq. 16, the rate equals the amount divided by the base, or P = A/B. 


+++ Example 198: 42.0 is what percent of 405? 


Solution: By Eq. 16, with A — 42.0 and B — 405, 


A 42.0 
P 1 А 
B a 0.104 — 10.496 222 


+++ Example 129: What percent of 1.45 is 0.357? 


Solution: From Eq. 16, 


A 0.357 
P Б 145 0.246 = 24.6% +.. 


+++ Example 130: An Application. A steel beam that used to cost $885 now costs 
$65 more. By what percent did the cost increase? 
Solution: The base B is the old cost of the beam; the amount A is the amount of in- 
crease. The percent increase is then 

A 65 

Р =— = —— = 0.0734 

B 885 

or an increase of 7.34%. +.. 


Percent Change 


Percentages are often used to compare two quantities. You often hear statements 
such as the following: 


The price of steel rose 3% over last year’s price. 
The weights of two cars differed by 20%. 
Production dropped 5% from last year. 


When the two numbers being compared involve a change from one to the 
other, the original value is usually taken as the base. 


+++ Example 131: A quantity changed from 521 to 835. What was the percent 
change? 


Solution: 


835 — 521 А 
percent change = EE D X 100 = 60.3% increase +.. 


Section 9 * Percentage 


өөө Example 139: An Application. A certain price rose from $1.55 to $1.75. Find 
the percentage change in price. 


Solution: We use the original value, $1.55, as the base. From Eq. 17, 
1.75 — 1.55 


percent change — EET EN X 100 = 12.9% increase +.. 


Be sure to show the direction of change with a plus or a minus sign, or with words 
such as increase or decrease. 

A common type of problem is to find the new value when the original value is 
changed by a given percent. We see from Eq. 17 that 


new value = original value + (original value) X (percent change) 


өөө Example 133: An Application. The voltage across a certain power line dropped 
from 220 V to 215 V. What was the percent change in voltage? 


Solution: Using the original value, 220 V, as the base, we get, 


220 — 215 
percent change — 20 X 100 — 2.2796 decrease ooo 


+++ Example 134: An Application. Find the cost of a $356.00 suit after the price 
increases by 25%. 


Solution: The original value is 356.00, and the percent change, expressed as a 
decimal, is 0.025. So 


new value = 356.00 + 356.00(0.025) = $364.90 +.. 


Percent Efficiency 


The power output of any machine or device is always less than the power input, 
because of inevitable power losses within the device. The efficiency of the device is 
a measure of those losses. 


+++ Example 135: An Application. A certain electric motor consumes 865 W and 
has an output of 1.12 hp (Fig. 1-21). Find the efficiency of the motor. 
(1 hp = 746 W.) 


Solution: Since output and input must be in the same units, we must convert either 
to horsepower or to watts. Converting the output to watts, we obtain 


746 W 


output = 1.12 w( ) = 836 W 
By Eq. 20, 


Эр _ 836 Е 
percent efficiency = 865 X 100 = 96.6% — 


> 
Power in 
865 W 


FIGURE 1-21 
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Power out 
1.12 hp 


56 


FIGURE 1-22 
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Percent Error 


The accuracy of measurements is often specified by the percent error. The percent 
error is the difference between the measured value and the known or "true" value, 
expressed as a percent of the known value. 


өөө Example 136: An Application. А laboratory weight that is certified to be 500.0 g 
is placed on a scale (Fig. 1—22). The scale reading is 507.0 g. What is the percent error 
in the reading? 


Solution: From Eq. 18, 


507.0 — 500.0 


t = 
percent error 500.0 


X 100 = 1.4% high 666 


As with percent change, Бе sure to specify the direction of the error. 


Percent Concentration 


The following equation applies to a mixture of two or more ingredients: 


өөө Example 137: An Application: A certain fuel mixture contains 18.9 liters of 
alcohol and 84.7 liters of gasoline. Find the percentage of gasoline in the mixture. 


Solution: The total amount of mixture is 


18.9 + 84.7 = 103.6 liters 
So by Eq. 19, 
84.7 


t line = == X 100 = 81.8 
percent gasoline 103.6 % +.. 


The denominator in Eq. 19 must be the total amount of mixture, 
or the sum of all of the ingredients. Do not use just one of the 


ingredients. 


Exercise 9 » Percentage 


Converting to Percent Convert each decimal to a percent. 


Te 3.72 2. 0.877 3. 0.0055 4. 0.563 
Convert each fraction to a percent. Round to three significant digits. 
5 = 6 7 d 8 1 


5 4 10 7 


Section 9 * Percentage 


Converting from Percent 
Convert each percent to a decimal. 


9. 23% 10. 2.97% 11. 287196 19. 61% 
Convert each percent to a fraction. 
13. 37.5% 14. 125% 15. 150% 16. 3% 


Finding the Amount Find: 


17. 
19. 
21; 
23. 


24. 


95. 


26. 


41.1% of 255 tons. 18. 15.396 of 326 mi. 

33.3% of 662 kg. 90. 12.596 of 72.0 gal. 

35.096 of 343 liters. 22. 50.8% of $245. 

A resistance, now 7250 О, is to be increased by 15.0%. How much resistance 


should be added? 


It is estimated that 396 of the earth’s surface receives more energy than the total 
projected yearly needs. Assuming the earth’s surface area to be 1.97 X 105 mi?, 
find the required area in acres. 


As an incentive to install solar equipment, a tax credit of 4296 of the first $1100 
and 2596 of the next $6400 spent on solar equipment is proposed. How much 
credit, to the nearest dollar, would a homeowner get when installing $5500 worth 
of solar equipment? 


How much metal will be obtained from 375 tons of ore if the metal is 10.596 of 
the ore? 


Finding the Base Find the number of which 


97. 
29. 
31: 
33. 


34. 


35. 


36. 


86.5 is 16.7%. 28. 45.8 is 1.46%. 
1.22 is 1.86%. 30. 55.7 is 25.2%. 
66.6 is 66.6%. 39. 58.2 15 75.4%. 


A Department of Energy report on an experimental electric car gives the range 
of the car as 161 km and states that this is “49.5% better than on earlier electric 
vehicles.” What was the range of earlier electric vehicles? 


A man withdrew 25.0% of his bank deposits and spent 45.0% of the amount 


withdrawn on a car costing $31,100. How much money was originally in 
the bank? 

Solar panels provide 65.0% of the heat for a certain building. If $1560 per year 
is now spent for heating oil, what would have been spent if the solar panels 
were not used? 


If the United States imports 9.14 billion barrels (051) of oil per day, and if this 
is 48.2% of its needs, how much oil is needed per day? 


Finding the Percentage Rate What percent of 


37. 
39, 
41. 
43. 


26.8 is 12.3? 38. 36.3 is 12.7? 
44.8 is 8.27? 40. 844 is 428? 
455 his 152 h? 42. 483 tons is 287 tons? 


A 50,500-liter-capacity tank contains 5840 liters of water (Fig. 1—23). Express 
the amount of water in the tank as a percentage of the total capacity. 


57 


5840 liters 
of water 


58 


18.5 hp 


FIGURE 1-924 


12.4 hp 
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44. In a journey of 1560 km, a person traveled 195 km by car and the rest of the 
distance by rail. What percent of the distance was traveled by rail? 


45. A power supply has a dc output of 51 V with a ripple of 0.75 V peak to peak. 
Express the ripple as a percentage of the dc output voltage. 


46. The construction of a building costs $136,000 for materials and $157,000 for 
labor. What percentage of the total is the labor cost? 


Percent Change Find the percent change when a quantity changes 


47. from 29.3 to 57.6. 48. from 107 to 23.75. 
49. from 227 to 298. 50. from 0.774 to 0.638. 


51. The temperature in a building rose from 19.0°C to 21.0°C during the day. 
Find the percent change in temperature. 


52. A casting initially weighing 115 Ib has 22.0% of its material machined off. 
What is its final weight? 


53. A certain common stock rose from a value of $35 2 per share to $37 : per share. 
Find the percent change in value. 


54. A house that costs $635 per year to heat has insulation installed in the attic, 
causing the fuel bill to drop to $518 per year. Find the percent change in fuel 
cost. 


Percent Efficiency 
55. A certain device (Fig. 1-24) consumes 18.5 hp and delivers 12.4 hp. Find its 
efficiency. 


56. An electric motor consumes 1250 W. Find the horsepower it can deliver if it is 
85.0% efficient. (1 hp = 746 W.) 


57. A water pump requires an input of 0.50 hp and delivers 10,100 Ib of water per hour 
to a house 72 ft above the pump. Find its efficiency. (1 hp = 550 ft Ib/s.) 


58. A certain speed reducer delivers 1.7 hp with a power input of 2.2 hp. Find the 
percent efficiency of the speed reducer. 


Percent Error 
59. A certain quantity is measured at 125.0 units but is known to be actually 128.0 
units. Find the percent error in the measurement. 


60. A shaft is known to have a diameter of 35.000 mm. You measure it and get a 
reading of 34.725 mm. What is the percent error of your reading? 

61. A certain capacitor has a working voltage of 125.0 V dc, – 10%, +150%. Between 
what two voltages would the actual working voltage lie? 


62. A resistor is labeled as 5500 Q with a tolerance of +5%. Between what two 
values is the actual resistance expected to lie? 


Percent Concentration 
63. A solution is made by mixing 75.0 liters of alcohol with 125 liters of water. 
Find the percent concentration of alcohol. 


64. 8.0 cubic feet of cement is contained in a concrete mixture that is 12% cement 
by volume. What is the volume of the total mixture? 


Review Problems 


65. How many liters of alcohol are contained in 455 liters of a gasohol mixture that 


66. 


67. 


is 5.5% alcohol by volume? 


How many liters of gasoline are there in 155 gal of a methanol—gasoline blend 
that is 10.0% methanol by volume? 


Writing: We said, “Of all the mathematical topics we cover in this text, probably 
the one most used in everyday life is percentage.” Do you agree? Write a few 
paragraphs saying if you agree or not, and back your reasons up with specific 
examples from personal experience. 


+++ CHAPTER 1 REVIEW PROBLEMS ••6006000600060006000600000006006 


1. Combine: 1.435 — 7.21 + 9324 — 4.1116 
2. Give the number of significant digits in: 
(a) 9.886 (b) 1.002 (c) 0.3500 (d) 15,000 
3. Multiply: 21.8(3.775 X 1.07) 
4. Divide: 88.25 + 9.15 
5. Find the reciprocal of 2.89. 
6. Evaluate: -|-4 + 2 - |-9 - 7| + 5 
7. Evaluate: (9.73)? 
8. Evaluate: (7.75) ? 
9. Evaluate: V 29.8 
10. Evaluate: (123)(2.75) — (81.2)(3.24) 
11. Evaluate: (91.2 — 88.6)? 
19. Evaluate: PI eds 2) 
21.6 — 11.3 
13. Evaluate: y = 3x? — 2x when x = —2.88 
14. Evaluate: y = 2ab — 3bc + Дас when a = 5,b = 2,andc = —6 
15. Evaluate: y = 2x — 3w + 5z when x = 7.72, w = 3.14, and z = 2.27 
16. Round to two decimal places. 
(a) 7.977 (b) 4.655 (c) 11.845 (d) 1.004 
17. Round to three significant digits. 
(a) 179.2 (b) 1.076 (c) 4.8550 (d) 45,725 
18. A news report states that a new hydroelectric generating station will produce 
47 million kWh/yr and that this power, for 20 years of operation, is equivalent 
to 2.0 million barrels of oil. Using these figures, how many kilowatt-hours is 
each barrel of oil equivalent to? 
19. A certain generator has a power input of 2.50 hp and delivers 1310 W. Find its 
percent efficiency. 
20. Use the equation, с = Z, find the stress с, in pounds per square inch, for a force 
P of 1.17 X 10? N, distributed over an area a of 3.14 X 10? тт. 
21. Combine: (8.34 x 10°) + (2.85 x 10°) — (5.29 x 10°) 
22. A train running at 25 mi/h increases its speed by 125%. How fast does it then 


go? 
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23. 


24. 
25. 


26. 


27. 


28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 


36. 
37. 
38. 
39. 
40. 
41. 


49. 
43. 
44. 


45. 


46. 
47. 
48. 


49. 


50. 


51. 
59. 
53. 


The average solar radiation in the continental United States is about 0.206 kW 
per square meter. How many kilowatts would be collected by 15.0 acres of solar 
panels? 


An item rose in price from $29.35 to $31.59. Find the percent increase. 


Find the percent concentration of alcohol if 2.0 liters of alcohol is added to 
15 gal of gasoline. 


A bar, known to be 2.0000 inches in diameter, is measured at 2.0064 in. Find the 
percent error in the measurement. 


The Department of Energy estimates that there are 700 billion barrels (bbl) of 
oil in the oil shale deposits of Colorado, Wyoming, and Utah. Express this 
amount in scientific notation. 


Multiply: (7.23 x 10°) х (1.84 х 1077) 
Divide: —39.2 by —0.003826 

Convert 6930 Btu/h to foot-pounds per minute. 
Divide: 8.24 х 1077 by 1.98 x 107 

What percent of 40.8 is 11.3? 

Evaluate: V/82.8 

Multiply: (4.92 x 109) х (9.13 x 1073) 


Insert the proper sign of equality or inequality between -i and —0.660. 


Convert 0.000426 mA to microamperes. 

Find 49.296 of 4827. 

Combine: —385 — (227 — 499) — (—102) + (—284) 

Find the reciprocal of —0.582. 

Find the percent change in a voltage that increased from 111 V to 118 V. 


A homeowner added insulation, and her yearly fuel consumption dropped from 
628 gal to 405 gal. Her present oil consumption is what percent of the former? 


Write in decimal notation: 5.28 x 10^ 
Convert 49.3 pounds to newtons. 
Evaluate: (45.2) 9^5 
t 
Using the equation s = vot + 1 find the distance s (in feet) traveled by 
a falling object in t= 5.25 s, when thrown downward with an initial velocity vo 
of 284 m/min. Here a is the acceleration due to gravity, 32.2 ft/s”. 
Write in scientific notation: 0.000374 
8460 is what percent of 38,400? 


The U.S. energy consumption of 37 million barrels of oil equivalent per day 
is expected to climb to 48 million in 6 years. Find the percent increase in 
consumption. 


The population of a certain town is 8118, which is 12196 more than it was 
3 years ago. What was the population then? 


The temperature of a room rose from 68.0?F to 73.0?F. Find the percent 
increase. 


Combine: 4.928 + 2.847 — 2.836 
Give the number of significant digits in 2003.0. 
Multiply: 2.84(38.4) 


Review Problems 


54. 
55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 
71. 
79. 
73. 
74. 
75. 
76. 
71. 
78. 


Divide: 48.3 — 2.841 

Find the reciprocal of 4.82. 

Evaluate: |-2| — |3 — 5| 

Evaluate: (3.84)? 

Evaluate: (7.62) ? 

Evaluate: V/38.4 

Evaluate: (49.3 — 82.4)(2.84) 
Evaluate: x? — 3x + 2 when x = 3 
Round 45.836 to one decimal place. 
Round 83.43 to three significant digits. 
Multiply: (7.23 x 10°) x (1.84 x 1072) 
Convert 36.82 in. to centimeters. 

What percent of 847 is 364? 

Evaluate: V/746 

Find 35.8% of 847. 

746 is what percent of 992? 

Write 0.00274 in scientific notation. 
Write 73.7 X 1077 in decimal notation. 
Evaluate: (47.3) 926 

Combine: 6.128 4- 8.3470 — 7.23612 
Give the number of significant digits in 6013.00. 
Multiply: 7.184(16.8) 

Divide: 78.7 — 8.251 

Find the reciprocal of 0.825. 

Evaluate: |-5| — |2 — 7| + |-6| 


Introduction to Algebra 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Define common algebraic terms: variable, expression, term, polynomial, 
and so forth. 
Identify and define an equation. 


Separate a term into variables and constants. 


Simplify an expression by removing symbols of grouping. 


Add and subtract polynomials. 


Use the laws of exponents for multiplication, division, and raising to 
a power. 


Multiply monomials, binomials, and multinomials. 


Raise a multinomial to a power. 


Divide a polynomial by a monomial or by a polynomial. 


In Chapter 1 we showed how to raise a number to a power. For example, 3?, or 3 
raised to the power 2, means 


3° = (3)(3) 
In a similar way, х2, ог x raised to the power 2, means 
х? = (x(x) 


where x can stand for any number, not just 3. Going further, we can represent the 
exponent by a symbol, say n. Thus 


x" = (х)(х)(х)(х)...(х) 


n factors 
While 3? was an arithmetic expression, x" is an algebraic expression. We can 
| think of algebra as a generalization of arithmetic. Some knowledge of algebra is 
essential in technical work. Suppose, for example, you see in a handbook that the 
I | R V power P delivered to a resistor, Fig. 2-1, is equal to VI, the voltage times the current. 
| Then in another place you find that P is equal to V?/ R, the square of the voltage di- 
vided by the resistance. In a third book you see that the power is equal to /?R, the 
FIGURE 9—1 square of the current times the resistance! Which is it? Can they all be true? Even in 


this simple example you must know some algebra to make sense of such information. 

We will learn many new words in this chapter but since algebra is generalized 
arithmetic, some of what was said in Chapter 1 (such as rules of signs) will be re- 
peated here. 
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We will redo the basic operations of addition, subtraction, and so on, but now 
with symbols rather than numbers. Learn this material well, for it is the foundation 
on which later chapters rest. 


2-1 Algebraic Expressions 


Every field has its own special terms, and algebra is no exception. So let’s start by 
learning some new terms and new words that we’ll be using throughout our study 
of mathematics. 


Mathematical Expressions 


A mathematical expression is a grouping of mathematical symbols, such as signs of 
operation, numbers, and letters. 


+++ Example 1: The following are mathematical expressions: 

(а) х2 – 2х +3 

(b) 4sin 3x 

(c) 5logx + e* +.. 
Algebraic Expressions 


An algebraic expression is one containing only algebraic symbols and operations 
(addition, subtraction, multiplication, division, roots, and powers), such as in Ex- 
ample 1(a). All other expressions are called transcendental, such as Examples 1(b) 
and (c). We will study those later. 


Terms 
The plus and the minus signs divide an expression into terms. 
өө» Example 2: The expression 2x? + 5x + 3 has three terms. 
237 5x 3 
first term second term third term ooo 
Equations 


None of the expressions in Example | contains an equal sign (=). When two ex- 
pressions are set equal to each other, we get an equation. 


eee Example 3: The following are equations: 

(a) 222 + 35-5 = 0 

(D 6x -4= х +1 

(с) у = Зх — 5 өөө 
Constants and Variables 


A constant is a quantity that does not change in value in a particular problem. It is 
usually a number, such as 8, 4.67, or тг. 

A variable is a quantity that may change during a particular problem. A variable 
is usually represented by a letter from the end of the alphabet (x, y, z, etc.). 


өө, Example 4: The constants in the expression 
3x7 + 4x + 5 


are 3, 4, and 5, and the variable is x. ooo 
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A constant can also be represented by a letter. Such a letter is usually chosen 
from the beginning of the alphabet (a, b, c, etc.). The letter k is often used as a 
constant. An expression in which the constants are represented by letters is called 
a literal expression. 


+++ Example 5: The constants in the literal expression 
ax? + bx ^c 


are a, b, and c, and the variable is x. ooo 


Coefficient 


The coefficient of a term is the constant part of the term. It is usually written before 
the variable part of the term. 


+++ Example 6: 

(a) In the term 5x, 5 is the coefficient and x is the variable. 
(b) In the term 2аху?, 2а is the coefficient of xy’. 

(c) In the term — 3х, the coefficient is —3. 


(d) In the term x, the coefficient of x is 1. ooo 


Common 
Error 


Do not forget to include the negative sign with the coefficient. 


Symbols of Grouping 
Mathematical expressions often contain parentheses ( ), brackets | |, and braces { }. 


These are used to group terms of the expression together. 


+++ Example 7: The value of the expression 

2 + 3(4 + 5) 
is different from the value of 

(2 + 3)4 + 5 


Recall from our work on combined operations in Chapter | that we first evaluate 
the expression within parentheses and then the entire expression. Thus the first ex- 
pression has a value of 29, and the second expression has a value of 25. As you can 
see, the placement of symbols of grouping is important. ooo 


We will show how to remove parentheses, brackets, and braces later in this chapter 
and will also learn that any of these symbols can be used to indicate multiplication. 


The bar (—) is also used to group terms of an expression together. 


eee Example 8: The expressions 


x+y Z 
and 
2 x+y 
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show how the bar is used to group the terms x and y. Here the bar is also used to in- 
dicate division. Thus 


x+y 
=(x+y) +z 
Z 
and 
2 = (х + y) ooo 
=7 è (x 
X by ш У 
Factors 


Any divisor of a term is called a factor of that term. 
+++ Example 9: The factors of 3axy are 3, a, x, and y. 2 


өөө Example 10: The expression 2x + 3yz has two terms, 2x and 3yz. The first term 
has the factors 2 and x, and the second term has the factors 3, y, and z. ooo 


A prime factor of a number is one which has no divisor other than 1 or the number 
itself. A prime factor of an expression is one which has no divisor other than 1 or 
the expression itself. 


+++ Example 11: Here we show prime factors of a number and of an expression. 


(a) The prime factors of 12 are 2, 2, and 3. 


(b) The prime factors of X? are x and x. +++ 


Degree 


The degree of a term refers to the integer power to which the variable is raised. If 
no power is written, it is understood to be 1. 


+++ Example 12: This example shows terms of various degrees. 


(a) 2x is a first-degree term. 
(b) 3x7 isa second-degree term. 
(c) 5y? is a ninth-degree term. ooo 


If there is more than one variable, we can give the degree with respect to each variable, 
and the degree of the entire term, which is the sum of the degrees of each variable. 


+++ Example 13: Here we show the degree of a term having more than one variable. 


(a) х?у? is of degree two in x and degree three in у. The term as a whole is of degree 
five. 


(b) 3xy?z? is of degree one in x, degree two in y, and degree three in z. The term as 
a whole is of degree six. +.. 


The degree of an expression is the same as that of the term having the highest degree. 


өө» Example 14: 3x? — 2x + 4 is a second-degree expression. +.. 


Monomials, Multinomials, and Polynomials 
A monomial is an algebraic expression having one term. 
+++ Example 15: Some monomials are 


(a) 3x 
(b) 2xy* 


(c) Swz ooo 
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A multinomial is an algebraic expression having more than one term. 


+++ Example 16: Some multinomials are 
(a) 3x + 5 
(b 2x7 — 3х2 + 7 
1 
(c) — + 6x ooo 
x 
A polynomial is a monomial or multinomial in which the powers to which the 
variables are raised are all nonnegative integers. The first two expressions in Exam- 
ple 16 are polynomials, but the third is not. 
A binomial is a polynomial with two terms, and a trinomial is a polynomial having 


three terms. In Example 16, the first expression is a binomial, and the second is a trino- 
mial. The third expression is not a polynomial, so the term binomial does not apply. 


Exercise 1 • Algebraic Expressions 


Mathematical and Algebraic Expressions 

Which of the following mathematical expressions are also algebraic expressions? 
1. x + 2y 2. y — logx 
3. 3 sinx 4,7 - 2 

Literal Expressions 


Which of the following algebraic expressions are literal expressions? 


5. 5xy — 2x 6. ax + by 
7. 2az — 3bx 8. 4х2 + 4y? 
Terms 
How many terms are there in each expression? 
9. x — 2x 10. 5y + у? – 5 
11. ax? + bx + c 12. 5 – 28 — 7х + х? 
Factors 


Write the prime factors of each expression. 


13. 3ax 14. 9xyz 
15. 7x2y? 16. бах 
Coefficient 


Write the coefficient of each term. Assume that letters from the beginning of the 
alphabet (a, b, c, . . .) are constants. 


17. 6x? 18. x 
19. -х 90. 3cx? 
91. 2a? 

Degree 


State the degree of each term. 
99. 3x 93. 4y? 
24. 3xy 95. 5x2y? 
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State the degree of each expression. 

26. 3x + 4 07.5 — xy 
28. 32° = 2x +5 

99. 2xy? + xy — 4 


2-2 Adding and Subtracting Polynomials 


Now that we know some of the language of algebra, let’s go on to the basic opera- 
tions. We will start with addition and subtraction. We will see that much of what we 
learned in Chapter | about adding and subtracting numbers (rules of signs, commu- 
tative law, and so forth) applies here as well. 


Polynomials 
Recall that an algebraic expression in which the power of every variable is a posi- 


tive integer is called a polynomial. 


+++ Example 17: Some polynomials are 
3x4, 4x? — 5x — 4, 2xy + y, and 7 
Some expressions that are not polynomials are 


l/x, 3x75, 4x) — SV/x — 4, and 2xy + y! .. 


Combining Like Terms 


Terms that differ only in their coefficients are called like terms. Their variable parts 
are the same. 


+++ Example 18: Here are some like terms. 
(a) 4xz and —5xz are like terms. 
(b) 3x?y? and Ty are like terms. +++ 


We add and subtract algebraic expressions by combining like terms. Like terms are 
added by adding their coefficients. We also call this collecting terms. 


+++ Example 19: These examples show the combining of like terms. 

(a) 3y + 4y = 7y 

(b) 18z — 9z = 9z 

(с) wea eder e 


Don't forget that any term with no numerical coefficient has an unwritten coefficient 
of 1. 


+++ Example 20: More examples of combining like terms. 

(a) 4x + x = Ax + lx = 5x 

(b —3y + y = —3x — ly = —2y 

(с) 222 + 22 = 22? + 1z* = 32” eee 
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Commutative Law of Addition 


The commutative law for addition simply states that you can add quantities in 
any order. 


This law allows us to arrange the terms of an expression to make it easier to simplify. 


eee Example 21: Simplify the expression 
3x + 2y + 4x + y 


Solution: We use the commutative law to rearrange the expression to get like terms 
together. We can then easily combine those like terms. 


Зх + 2y+4x+y=3x+4x+2y+y 
= 7х + 3y өө. 
+++ Example 22: Simplify the expression 
8y + 5x — 5z + 2z — x — 4y 
Solution: Using the commutative law to rearrange the expression and combining like 
terms, we get 
8у + 5x —5z + 22 — x 4у = 5x — x + 8y — Ay = 5z + 2 
= 4x + 4y — 3z ooo 
The procedure is no different when the terms have decimal coefficients. Just be sure 
to round properly. 
+++ Example 23: 
3.92x — 4.02y — 2.24x + 1.85y = 3.92x — 2.24x — 4.02y + 1.85y 
1.68x — 2.17y +.. 


If there is an expression within parentheses preceded by a plus (+) sign, you 
may simply remove the parentheses. If the parentheses are preceded by a negative 
(—) sign, multiply each term within the parentheses by (— 1), and then remove the 
parentheses. Once the parentheses are gone, like terms may be combined. 


+++ Example 24: Combine and simplify, 
—(a = b) — (a + b) = -a+b-a-b= —2a ooo 

+++ Example 25: Combine and simplify, 

(4mx + ny) + (mx + 3ny) —(3mx + 2ny) 
Solution: We first remove parentheses and then rearrange so that like terms are to- 
gether. Finally we combine like terms. 

(4mx + ny) + (mx + 3ny) —(3mx + 2ny) 
= 4тх + ny + mx + 3ny -3mx — 2ny 
= 4mx + mx — 3mx + ny + 3ny — 2ny 


= 2mx + ny эөж 


+++ Example 26: Combine and simplify, 
(За + 5b — 2c) — (2a — b — 4c) — (a + 3b * c) 
= За + 5b —2c —2a + b + 4с - а – 3b — c 
= 3a — 2a - a + 5b + b – 3b —2c + 4c — c 
=3b+c ooo 
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Combining Polynomials by Calculator Пи ан БН | 
Polynomials can be added or subtracted on a calculator or computer that can do 
symbolic algebra. On the TI-89, for example, no special command is needed. Just 
enter the expression and it will automatically be displayed in simplified form. 


88:445:х-5-:242-2-Хх-4» 
eee Example 27: Repeat Example 22 by calculator. 4-x+4y-3-z 


: NIS . . Sut5x-5zt2z-x-4 
Solution: We enter the expression just as shown, and press | ENTER |. The simpli- MAIN RAD AUTO FUNC 1730 


fied expression is then displayed. 222 


TI-89 screen for Example 27. 


Vertical Addition and Subtraction 
It is often easier to arrange the expression vertically, with like terms in the same 
column. 
+++ Example 28: Combine 

(3x = 2у + 4z) — (Jy + 2w — 5x) — Gw + 2z + 4y – x) 
Solution: We first remove parentheses. 

(3x — 2y + 4z) — (Ty + 2w — 5x) — Bw + 2z + 4y — x) 
= 3x —2y+4z — Ty — 2w + 5x — Зу —2z — 4у + x 


We write the expressions one above the other, with like terms in the same colume, and 
then collect terms. 


Зх — 2y +4 

5x — Ty — 2w 

x — 4y — 2z — 3w 

9x — 13y + 2z — 5w өөө 


Instructions Given Verbally 


In preparation for verbal problems to come later, we give some problems in verbal 
form. 


+++ Example 29: Find the sum of x — 2y + zand3x + y + z. 
Solution: We have 
(x — 2y + х) + (3x + y + z) 
=x-2yt+zt+3xt+yt+z 
Xcbdy—3y ype zw ag 
= 4x — y + 2z 2 


өөө Example 30: Subtract 5a — 2b + бс from the sum of 8a — 4b — Зс and 
a — b + бс. 


Solution: We add the last two expressions, 
(8a — 4b — 3c) + (a — b + 6c) = 9a — 5b + 3c 
Then we subtract the first expression. 


9a — 5b + 3c — (5a — 2b + 6c) 
= 9a — 5b + 3c — 5a + 2b — 6c 
— 4a — 3b — 3c ooo 
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FIGURE 2-2 
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өөө Example 31: An Application. The rectangular building lot, Fig. 2-2, 15 to be sub- 
divided into smaller plots by fences, as shown. The total lengh of fence needed, in- 
cluding the outer perimeter, is found by adding together the length of each fence. 


w + [ + Зуу + 41 + Зу + 41 + Al 
Simplify this expression. 
Solution: Rearranging and combining like terms gives 


w + [ + Зуу + 4l + 3w + 41 + 4 =w + Зуу + Зу + [+ 414+ 41 + AI 
Tw + 131 666 


Exercise 2 • Adding and Subtracting Polynomials 


Combine as indicated and simplify. 
1. 8x + 2x 
2. 6y — 8y 
3. 5a + 2a 

4. —2m + 5m 

5. 8ab — 2ab 

6. —9xy + 2xy 

7. 2.8x + 3.2x 

8. 4.56y — 7.38y 
9. 53.5a + 21.6a 

10. —22.2m + 51.3m 

11. 8.5ab — 21.2ab 

12. —33.9xy + 58.2xy 

13. 5x — 8x + 2x 

14. 3y + 6y — 4y 

15. 9a — 4a + 2a 

16. 11т — 2m + бт 

17. 2ab — 8ab — 2ab 

18. 10xy — 9xy + 2xy 

19. 5.2x — 2.8x + 1.2x 

20. 22.5a — 13.5a + 41.6a 

91. 53.6m — 12.2m + 31.3m 

22. 3.73ab — 8.22ab — 1.25ab 

23. 38.3xy — 33.9xy + 58.2xy 

94, 5.88y — 3.56y — 7.18y 

95. 3x + 5x — 4x + 2x 

26. 7y — 6y — 5y + 2y 

27. 5a — Ya — 3a + 2a 

98. 6ab + 2ab — 4ab — 2ab 

99. 9.3x + 5.2x = 1.8x + 1.2% 

30. 2.88y — 5.88y — 2.56y — 5.18y 

31. 11.8m — 43.6m — 32.2m + 31.3m 

39. 22.6xy + 38.3xy — 33.9xy + 58.2xy 

33. бх — 3x + 7x — 4х + 2x 

34. 7a + 5a — 9a — 3a + 5a 

35. 9ab — ба + Sab — 4ab — 2ab 

36. 5.83y  2.48y — 5.18y — 2.56y — 3.18y 
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37. 32.5m — 11.8m — 23.6m — 32.2m + 11.3m 

38. 47.2ху + 12.6xy + 38.3xy — 39.9xy + 18.2xy 

39. (x + 2) + (3x — 4) 

40. (2.84x + 1.32) + (5.88x — 4.44) 

41. (22.7ab + 21.2) + (83.5 — 48.2ab) 

49. (Ax + 2) + Gx — 4) - (5х + 5) 

43. (8.33 + 1.05y) — (2.44y + 1.12) + (2.88y — 1.74) 
44, (28.3 + 1.19xy) — (12.5xy + 44.7) + (2.18xy — 11.6) 


Instructions Given Verbally 


45. Add:a — c + bandb + c — a. 
46. Find the sum: 6bc + n? + 3p and —5x + 3r. 
47. Subtract: 5a + 7d — 4b + 6c from 8b — 10c + 3a — d. 


48. Subtract: 2xy + 4y — 3x from 5x — 2xy + 8y. 


49, What is the sum of 
24by? — 14bx*, —72bx? + 2by? — ЗЬх* and 9bx^ + 23by* — 21by?? 


Challenge Problems 


50. (Ax + 2y + 4w) + (3w — 4y — 2x) — (Sx + 5w + 3y) 
51. (8.33a + 1.15y — 2.4b) — (2.44y + 5.0b — 1.12a) 
+ (3.8b + 2.88y — 1.74a) 


59. (28.3x + 4.6xy + 37.2y) — (12.5xy + 44.7y — 6.3x) 
+ (3.6y + 2.1xy — 11.6x) 2w 


53. (4x + 2y) + (Bw — 4y) — (5x + Sw) + (3x + 2y) 
54. (1.44a + y) — (2.44y + 1.12a) + (2.88y — 1.74a) — (3.84a — 6.82y) 


55. (5.22xy + 54.2x) — (28.3x + xy) — (12.5xy + 44.7y) + (2.18xy — 11.6x) FIGURE 2-3 


Applications 
56. The surface area of the box in Fig. 2—3 is 
2[2w? + 3w? + 6w?] 


Simplify this expression. 
57. If a person invests $5000, x dollars at 12% interest and the rest at 8% interest, 
the total earnings will be 


0.12x + 0.08(5000 — x) 


FIGURE 2-4 


Simplify this expression. 

58. The distance around the rectangular field, Fig. 2-4, is у + [+ у + I. 
Simplify this expression. 

59, The surface area of the can, Fig. 2-5, obtained by adding the area of the 
curved side to the area of each end, is zr? + 2arh + mr’. Simplify this h 
expression. 

60. The distance s; traveled by one falling body in time t is given by 
3.7417 + 5.831 + 4.22 ft and the distance s; traveled by another falling body in 
the same time is given by 9.7617 + 2.951 + 1.94 ft. Write an expression for the 
distance s2 — s, between the two bodies, and simplify. FIGURE 2-5 
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тэ 2-3 Laws of Exponents 


Definitions 


We have done some work with powers of numbers in Chapter 1. Now we will expand 
those ideas to include powers of algebraic expressions. Here we will deal only with 
expressions that have integers (positive or negative, and zero) as exponents. We will 
need the laws of exponents to multiply and divide algebraic expressions in the follow- 
ing sections. 

Recall from Chapter 1 that a positive exponent shows how many times the base 
is to be multiplied by itself. 


өө» Example 32: In the expression 2°, the base is 2 and the exponent is 5. 


4^ exponent 
25 
base 227 


Its meaning is 


25 = (2)(2)(2)(2)(2) = 32 ++. 


In general, 


An exponent applies only to the symbol directly in front of it. 
Thus, 


5y = 5(y°) 


5y? * gu 


but 


Multiplying Powers 


m Exploration: 
Try this. (a) Use Eq. 21 to expand x? into its factors, that is, (x)(x)(x). (b) Similarly 
expand x^ into its factors. (c) Form the product of x? and x^, with each in its fac- 
tored form. (d) Simplify your expression and use Eq. 21 again to write your result 
as x raised to a power. 

What did you find? Can you express your findings as a rule? E 


You should have found that the exponent in the product is the sum of the two origi- 
nal exponents. 


digi dd ag 


This gives our first law of exponents. 
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өөө Example 33: Here we show the use of Eq. 21. 
(x5) = х215 = х7 du 


If a quantity has no exponent, it is understood to be 1, even though it is not usually 


written. Thus 


x= x! 


+++ Example 34: Here are more uses of Eq. 21. 
(а) 09 = 2506596590 
(b) (b)(b*)(b) = (b )b5)0?) = (b! *5*?) = (p) 


(с) GO = у2+* = у 
(d) (m3)(m") = т?" eee 


Dividing Powers 


m Exploration: 
Try this. (a) Use Eq. 21 to expand х! into its factors. (b) Similarly expand x? into 
its factors. (c) Form the quotient of x^ divided by x? with each in its factored form. 
(d) Simplify your expression and use Eq. 21 again to write your result as x raised to 
a power. 

What did you find? Can you express your findings as a rule? B 


You should have found that the exponent in the quotient is the difference of the two 
original exponents. 


We state it as another law of exponents: 


өөө Example 35: These examples show the use of Eq. 23. 


2 
х = 
(a) mq. eq ew 
х 


yt 
(b) : = Гай = у? 
y 
Sn 
a = 
(c) z= а?" 2п _ ам" 
25 a+b 
X ЭР: ОР X —(ag— 
(d) L = gl ss = uud (e) E mE" | 48, 


ха-9 
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The “invisible 1” appears again. We saw it 
before as the unwritten coefficient of 
every term, and now as the unwritten 
exponent. It is also in the denominator. 

21х 

1 

Do not forget about those invisible 15. 
We use them all the time. 


74 


Chapter 2 * Introduction to Algebra 


Power Raised to a Power 


Now let us take a quantity which itself is raised to a power and raise that expression 
to another power. Let us raise x? to the power 2. 


(x)? 
m Exploration: 
Try this. (a) Use Eq. 21 to expand (x?)? into its factors, that is, (x?) (x°). (b) Simi- 
larly expand each x? into its factors. (c) Simplify your expression and use Eq. 21 


again to write your result as x raised to a power. What did you find? Can you 
express your findings as a rule? E 


You should have found that the exponent in the result is the product of the two orig- 
inal exponents. 
In general, 


+++ Example 36: Here we show the use of Eq. 24. 
(a) (п)? == n^ O) = n!2 (b) (102)* = 102(4) = 108 666 


We multiply the exponents, not add them. 


Ge: zx 


Product Raised to a Power 


Let us now find a rule for raising a product, such as xy, to a power, say 2. 
(ху)? 


m Exploration: 

Try this. As before, use Eq. 21 to expand this expression into its factors, simplify, 
and use Eq. 21 again to write x and y each raised to a power. Can you express your 
findings as a rule? L| 


You should have found that x and y can each be separately raised to the given 
power. In general, 


++» Example 37: These examples use Eq. 25. 

(a) (abc)* = a*p*c* 

( (Зуу = 3y = zi 

(с) (423 x 107)? = (423) х (102) = 257 x 10° 


Section 3 * Laws of Exponents 75 


(d) (2y^z^y = Sa rey = ву z” 


@ (322) = (C169) = г .. 


There is no similar rule for the sum of two quantities raised to A good way to test a “rule” that you are 
a power. 


not sure of is to try it with numbers. In 
this case, does (2 + 3)? equal 9? + 3°? 
(О) EB ae? mp ae Evaluating each expression, we obtain 
(55 24+9 

95 = 13 


Quotient Raised to a Power 


We can show, in a similar way to that used for products, that 


Q-o9-3 


Or, in general, 


өөө Example 38: These examples show the use of Eq. 26. 


3 3 2 2-29, 2 2 
(a) (2) € (b) (2) 27x 4x x 


a a a 4y 4y? 16y? 4y? 


(34) i a 2768 4 (5 (-1)*(x)4 x? 2 
© Uu) 2808 ud Oy) = Е 


Zero Exponent 


If we divide x” by itself we get, by Eq. 23 


But any expression divided by itself equals 1, so 


өөө Example 39: Here are some uses of Eq. 27. 
(а) (9626)° = (b) (abc)? = 
(с) (4x7 + 9x — 35) = 1 (d 74" = (0) 9 7 eee 
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Negative Exponent 
We now divide х? by x^. By Eq. 23 


Since x? = 1, we get 


+++ Example 40: Here we show how to write some given expressions with positive 
exponents only. 


1 1 1 1 2 
SE = =2 _. =3 = 
(a) 6 = 6! = 6 (b) x = 5 (с) 2х = (5) налж 


4 
== 8 (е) 4х2 + 2у 7? = — 
X X 


өөө, Example 41: Write with positive exponents only, 


Then by Law 28 for negative exponents 


573 3 3 
= = +.. 


x^? 53 125 


+++ Example 49: Write with positive exponents only, 
GE) 
2z 
Solution: We first apply Law 26 for a quotient raised to a power. 
3ax\~? — (Зах)? 
| 2z ) Шү 
Then by Law 28 for negative exponents 
Qax) ^ _ (027 
Q2? Bax? 
Finally we use Law 25 for a product raised to a power. 
028 2 ag 
(Зах)? 3242х2 9а?х? 


ooe 


+++ Example 43: These examples show how to use negative exponents to write an 
expression without fractions. 


1 _1 T 3 X^ _ 
(а) == х 1225: ийн (025239 +.. 
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Positive 
Integral 
Exponent n factors 


jp FEO TE OTE us ct 
——' 


= x4 +b 
Products When multiplying powers having the same base, 


add the exponents. 


(x # 0) 
Quotients 
When dividing powers having the same base, 
subtract the exponents. 


Powers aber А 
When а power is raised to а power, multiply 


the exponents. 


Product Raised 
to a Power When a product is raised to a power, each factor 
may be separately raised to the power. 


200005220) 

Quotient Raised 2 

to a Power When a quotient is raised to a power, the 
numerator and denominator may be separately 


raised to the power. 


Psl (#0) 
Zero Exponent Any expression (except 0) raised to the zero 
power equals 1. 


(x # 0) 
Negative 
Exponent When taking the reciprocal of a base raised to 
a power, change the sign of the exponent. 


As for addition and subtraction, we need no special instructions for simplifying ex- 
pressions like those in this section. Simply enter the expression and the calculator 
will automatically simplify it. 


Repeat Example 42 by calculator. 


On the TI-89, we enter the expression and press | ENTER |. Cat CET £ FE 


An Application. The volume v of a sphere of radius r is given by 


v = (4/3) qr? where т = 3.1416. If the radius is tripled, the volume becomes HE Seat Tor Rape ie tat 


we need a multiplication symbol 
between a and x in the numerator to 
obtain a correct result. 


А Gn? 
y = —7(5r 
3 


Simplify this expression. 
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Solution: 


4 4 
у= 3470 - 470r 


ы Qn? 
M r> 
3 


= 36ттг? +s+ 


Exercise 3 • Laws of Exponents 
Definitions: Evaluate each expression. 


1.2 42 3.27 
4,3 5. (3)° 6. (-2)4 
7. (-2) 8. (0.001)? 9. (-5) 


Multiplying Powers: Multiply. 


10. (3)(2) 11. (т?)(т2) 19. (pp? 
а) 14. (уубу?) 15. (а3)(а$) 
16. (10°)(10°) 17. (102)(108) 18. (211)(22) 


Dividing Powers: Divide and write your answer without negative exponents. 


„7 6 24 
19. 5 20.5; 91. 
106 109 B 
22.7; 83. 165 24, — 
рт“ acl 1027! 
25. — 26. — 27.53 
з y 


Power Raised to a Power: Simplify. 


98. (х2)2 29. (м)? 30. (тэ? 
31. (py 39. (а2)* 33. (25? 
34. (z^)* 35. (y 5? 36. (a*-!y 


Product Raised to a Power: Raise to the power indicated and remove 
parentheses. 


37. (2х)? 38. (Зу)? 39. (аху)? 
40. (abp*)* 41. (ас) 49. (За)? 
43. (4a°c*)* 44. (2xyz) 


Quotient Raised to a Power: Raise to the power indicated and remove 
parentheses. 


I (3) (-3) 
4512 46. |2 47. ( -2 
Ө 3 5 

3 2\2 3\3 

4 УАН 

48. (2) 49. (25) 50. ( Е ) 
b 3y 3c^d 
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Zero Exponent: Evaluate. 


51. (2x)° 59. (2x? — 8x + 32)? 53. 108а?с0 
82 —n 2 

54. 25 55. < se, C Ае) 
y y 2 


58. ау! 59. x^! 60. (—b) ? 
P us: 
61 (2) 69. ab ^c ? 
X 
-4 
63. 4» ^ — 3:27? 64. (2) 


E 
66. — 67. = 68. — 
х? d? 
4-2 2 -1,-4 
Wz y c d 
69 70. —— 71. 
478 si poe 


Challenge Problems: Simplify. 

72. (25)! 73. (2) ww} 
w z 
AGT в (eel 

Applications 


76. We can find the volume of the box in Fig. 2-6 by multiplying length by width 
by height, getting 


(3w)(w)(2w) 
Simplify this expression. 


77. A freely falling body, starting from rest, falls a distance of 16.11? feet in t 
seconds. In twice that time it will fall 


16.1(2r) ft 


Simplify this expression. 


2w 


FIGURE 2-6 
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78. The power in a resistor of resistance R in which a current i flows is i?R. If the 
current is reduced to one-third its former value, the power will be 


Simplify this expression. 


79. The resistance R of two resistors Ау and R, wired in parallel (Fig. 2-7) is 
Sr, Sr, found from the equation 
1 1 1 
R R Ro 
о e 
FIGURE 9-7 Write this equation without fractions. 


| 2-4 Multiplying а Monomial бу а Monomial 


From addition and subtraction of algebraic expressions we now move on to 
multiplication. We will start with the simplest types and then progress to the more 
complex. 


Symbols and Definitions 


Multiplication is indicated in several ways: by the usual X symbol; by a dot; or by 
parentheses, brackets, or braces. Thus the product of b and d could be written 


bd bxd һа) (b  (b)yd) 


We learned earlier that the symbols of grouping (parentheses, brackets, and braces) 
indicate that the enclosed terms are to be taken as a whole. Here we see that they 
also indicate multiplication. 


+++ Example 46: 
(a) m(n) means the product of m and n. 
(b) —3x(2y) means the product of —3x and 2y. +++ 


Most common of all is to use no symbol at all. The product of b and d would 
usually be written bd. Avoid using the X symbol when doing algebra because it 
could get confused with the letter x. 

We get a product when we multiply two or more factors. 


(factor) (factor) (factor) = product 


Rules of Signs 


When we multiply two factors that have the same sign, we get a product that is pos- 
itive. When we multiply two factors that have opposite signs, we get a product that 
is negative. Stated as a rule, if a and b are positive quantities, we have 


The product of two factors of like signs is positive, of unlike signs is negative. 


+++ Example 47: The rules of signs are shown in these examples. 


(a) (4+x)(+z) = xz 
(b) (+x)(—z) = —xz 
(c) (~—x)(4+z) = —xz +++ 
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When we multiply more than two factors, every pair of negative factors will 
give a positive product. Thus, if there is an even number of negative factors, the fi- 
nal result will be positive; if there is an odd number of negative factors, the result 
will be negative. 


+++ Example 48: More examples concerning the rules of signs. 


(a) (a)(—b)(—c) = abc 
(b (—-p)(-aq)(-r) = —par 
(c) (—w)(—x)(—y)(—Z) = wxyz ++. 


Commutative and Associative Laws for Multiplication 


The commutative law for multiplication states that the order of multiplication is not 
important. 


The associative law for multiplication allows us to group the numbers to be multi- 
plied in any order. 


+++ Example 49: Itis no surprise that 
(2)(3) = (3302) ы 


Multiplying Monomials 


Recall that a monomial is an algebraic expression having one term, such as the ex- 
pressions 3y? and (8x)?. To multiply monomials, we use the laws of exponents and 
the rules of signs. 


+%% Example 50: These examples illustrate how to multiply monomials. 
(a) х (х7) = x^*? e х5 

(5) 3у(2у?) = 390 ** = бу! 

(с) (-4а2)(3а?) = (—4)(3)a?*? = —12а% 


(d) (—5ху2)(2х3у2) = (—5)(2)(х)(х3)(у2)(у2) 
2 —10x! *52*? 


—10x*y^ +.. 


The procedure is no different when the quantities to be multiplied include approx- 
imate numbers. We must, however, retain the proper number of digits in our answer. 
Recall that when multiplying approximate numbers we retain as many significant digits 
in our product as contained in the factor having the fewest significant digits. 


+++ Example 51: This example shows the multiplication of monomials containing 
approximate numbers. 
(3.848х2)(5.24ху?) = 20.2: y? 
Since one of our numerical factors has four significant digits and the other has 
only three, we round our product to three significant digits. ee 


It is no harder to multiply three or more monomials than to multiply two 
monomials. 


81 


82 


FIGURE 2-8 
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өө, Example 52: Here are products of three monomials. 

(a) x(x2)\(03) = x1 +243 = 46 

(b) 2а2(4а)(За?) = 2(4)3)a?* ! *? = 24а® 

(с) 3m(2mn)(5n7) = 3(2)(5)т! * !n! *? = 30m?n3 

(d) —3a(2a?by(ab^c?) = –3(-2)(1)(а)(а?(а)(ь)(Ь?)(с?) 
= ба!+2+1Ь1+2{3 


= барс eee 


If there are literals (alphebatic letters) in the exponents, simply combine them using 
the laws of exponents we have already studied. 


өөө Example 53: These examples show terms with literals in the exponents. 
(a) x" (x2) на х"*? 
(b) 32t = (ууу! 
= 3(2)y TET! 
= буд! 
(c) 5a"x^(-3a?) = 5(-3)(а")(а?)(х?) 
= —15a”*?x? ee 
өө, Example 54: An Application. A cylindrical chemical storage tank, Fig. 2-8, 


whose height in feet is 4.50 times its base radius contains oil whose density is d 
Ib/f?. The weight of the liquid is the volume, 77a7(4.50a), times the density d or 


Weight = za^(4.50a)d 
where m = 3.142. Simplify this expression. 
Solution: Multiplying gives 
Weight = za^(4.50a)d 
(3.142)(4.50)а2 14 
14.1a?d eec 


Exercise 4 » Multiplying a Monomial by a Monomial 
Multiply and simplify. 
co) 

. Qa)y3a?) 
cde) 

. (5w)3w?) 

. (Оа)(зЬ?) 

‚ (Зху)(Зху?) 

. (5m? n) mm?) 

. ОаЬс?)(За?Ьс) 

. (12.5а)(3.26а?) 

. (15.9x2)(4.93x^) 
‚ (3.73ху)(1.77ху?) 
19. (3par?)Qp'qr) 

. Qab)(3b") 

14. (NA 


: со мч с (л FWN = 


-Ú à 
= O 


=à 
w 
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15. (1.55a")(2.36a") 
16. (2a*bc?)(3a*bc*) 
17. Qw^)5w)3w?) 


18. (2m7n)(mn)(3mn’) 3.75x 
19. (4a?b)Qab)(3b") 
90. (2.25a)(1.55a™)(2.36a") 141х 
Challenge Problems 
FIGURE 2-9 


91. (1.84ух2у)(2.44и2ху?)(1.65их?у)(2.33и?2ху) 

22. (3.91a7b)(1.94ab*)(2.93ab)(1.43b*) 

23. (3.82abc)(a*be?)(1.55a7be*)(ab°c) 

94. (2.24т“п)(2.96тп?)(1.52т2п)(1.15т“п)(1.83т*п?) 


Applications 


25. The area of the field, Fig. 2-9, if doubled, is equal to 2(1.41x)(3.75x). 
Simplify this expression. 

26. The volume of the shipping container, Fig. 2-10, is (73(1.58)(3.2Л). 
Simplify this expression. 


FIGURE 2-10 


2-5 Multiplying a Monomial and a Multinomial Des 


We will now use the things we have learned by multiplying monomials to multiply 
a monomial and a multinomial. 
A multinomial is an algebraic expression having more than one term. 


+++ Example 55: Some multinomials are 


(a) 6x — 8 (b) 7x? + 2x - 1 (с) х2 + 5 ooo 


Recall that a polynomial is a monomial or a multinomial in which the powers to 
which the variable is raised are all positive integers. The first two expressions in the 
preceding example are polynomials, but the third is not. The examples in this chapter 
will show multiplication of polynomials only, but the methods we show are valid for 
any multinomials. We have not yet covered the rules needed for multiplying other 
multinomials, such as those containing radicals, negative exponents, logarithms, and 
so forth. In later chapters we will show multiplication of such expressions. 

A binomial is a polynomial with two terms, and a trinomial is a polynomial 
having three terms. In Example 55, the first expression is a binomial and the second 
is a trinomial. 

To multiply a monomial and a multinomial, we use the distributive law (Eq. 10): 


өөө Example 56: These examples show the use of the distributive law. 

(а) x(x + 1) = x(x) + х1) = x? + x 

(b) 3m(m + т?) = 3m(m) + 3m(m?) = 3m? 3n? 

(c) 2x(x + 1) = 2x(x) + 2x(1) = 2x2 + 2x +.. 
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R13ebra Clean Ur 
resislersetralearclatner|ersrulcrean ue] | 


в expand! -4-y2-[2-y2+5-y-> 
-8-y4 - 20-05 + 52.0 


expandt -4u^2*C2u^2t5u-8)? 
MAIN RAD AUTO FUNC 1/30 


TI-89 screen for Example 62. Here the 
entered expression does not all fit on 
the screen. 


Chapter 2 * Introduction to Algebra 


Be especially careful when multiplying negative quantities. 


өөө Example 57: Here is an example where we multiply negative quantities. 
=y? = 3) = =y) — у(—3) = y + 3y .. 
өөө Example 58: Another example with negative quantities. 
5x(-2x? — 1) = 5x(-2x2) + 5x(-1) 
= —10х? — 5x +.. 


As usual, when the coefficients are approximate numbers we must round our answer 
to the proper number of significant digits. 


+++ Example 59: This example has approximate numbers. 


2.75w(3.85w + 1.73w?) = 10.6w? + 4.76w° eve 


Don't forget to multiply every term in the parentheses by 
the preceding factor. 


– (3х + 4) + -9x + 4 
Instead 
— (3x + 4) = (- (3x + 4) 
= (= 2 Cad) 
--3х-04 


Multiply the terms within the parentheses only by the factor 
directly preceding it. 


a — 3(x + y) € (a — 3)@ + y) 


We can extend the distributive law, which was written for a monomial times a 
binomial, to a monomial times a multinomial having any number of terms. We sim- 
ply multiply every term in a multinomial by the monomial. 


++» Example 60: Multiply (b + c + d) by a. 


Solution: 
a(b + c + d) = ab + ac + ad +++ 


+++ Example 61: Multiply 2y? + Sy — 8 by —4y?. 
Solution: 
—4у?(2у? + 5y — 8) = —4y*(2y?) + (—4y?)(Sy) + (—4y?)(-8) 
= —8y* — 20y? + 32у? +.. 


Multiplication by Calculator 

For simple products we usually need no special instructions; just enter the expres- 
sion and the calculator will automatically simplify it. Otherwise, on the TI-89, we 
use the expand operation from the | ALGEBRA | menu. 


өөө Example 69: Repeat Example 61 by calculator. 


Solution: On the TI-89, we select expand, enter the expression, and press | ENTER |. 


өө, 
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For more complicated problems having groupings within groupings, start simplify- FI ҮРЕ Fi 
ing with the innermost grouping and work outwards. ШО ЕУ RAE јела | 


+++ Example 63: 
(a) 4[2(x + 1) + 3] = 4[2x + 2 + 3] 


a expand(4-[2-(x + 1) + 3]) 


= A[x + 5] [8-х + 20] 
= pand¢4[2¢x+19+3 1) 
8x + 20 бам 3 eeni FUNC 1730 
(b) a + 4[3 + 2(b — 3)J = a + 4[3 + 2b — 6] 
TI-89 screen for Example 63(a). 
= a + 4[2b — 3] 
= a + 8b — 12 


(c) 2([(0 т) + (п + 3)] – 5) —4 = 2{11 -mt+n+3]-5} -4 
= 214 - т+ п] – 5} – 4 
=2{-m+n-1}-4 
= 2m + 2п – 2 —4 
= —2m + 2n — 6 +++ 


Exercise 5 » Multiplying a Monomial and a Multinomial 


Remove parentheses and simplify. 


1. —@ + 2) 
9. —(b — c) 
3.3— («х + 1) 
4. —(у – 3) +2 
5. a + (b + a) 
6. x + (2 – x) 
7. x - (x - y) 
8.3(—2— x) 
9. x(b + 2) 
10. 2(a + 3b) 
11. x(x = 5) 
19. 3.83b(b? + 1.27) 
13. 2.03x(1.27x — 2.36) 
14. 3x(—7 — 10x) 
15. b^(b? + 8) 
16. a?b(2a b — ab) 
17. —(a + 3.92) — (a — 4.14) 
18. (4z + 2) + (z — 5) 
19. 2x + 5) + (x - 2) 
90. (c — 5) — (6 t 3c) 
91. (2x + 6a) — (4x — a) 
22. (0.826c — 5.37) — (2.76 + 0.273c) 
93. (7262x + 1.26a) — (2844x — 8.23a) 
94. (5 — 2a? + 3a^) + (4a^ — ба? — 7) 
95.(y-z—-b)—-(bcty-cz 
96. (5bc + 6c — a) — (8c — 2a + 3bc) 
97. (2z + 5c — 3a) — (ба + 2c — 4z) 
98. x — 2.66[y — 3.02(x + 6.22y) + 4.98y] 
29. ([3 — (x + 7) — 3x) — (x + 7) 
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Challenge Problems 


30. —6x3y*(3xy + 5x2y? — 2xy?) 
31. 2ab(9a* + 6ab — 3b?) 
39. —4.271m^(2.83m^ + 6.82m* — 3.25m? + 2.47) 


33. —5.16ху(1.23х2у — 5.83xy? + 4.27х2у2 — 2.94xy) 


34. бтп2(5т?п + Amm? — 2т?п + mn) 
35. 6p — {3p + [24 — (бр + 4q) + p) - Gp + 2) — 2р} 
36. (2.25c — 9.28b + 3.82a) — ( — 3.92a — 1.72b — 8.33c) 


37. Q3y? + 4y? — 12) – (Пу? — 8y? + y) 
38. 24ab — (16ab — 3x? + 72 — 2у?) 

39. (18? — 12xy) — (6y? + xy — a) 

40. (4y + 2у2) — (Зу — 6b + 4y? + 5) 

41. (-6x — z) — {3y + [7x — (3z + 8y + х)]} 


Applications 
| Cold 42. When the temperature of a bar of initial length Lo (Fig. 2-11) rises by an amount 
At, the bar will elongate to a new length L, where L is given by 
- Lo >| L=Lo(1 + адд 


Here a is the temperature coefficient of expansion for the material from which 


Hot the bar is made. Simplify this expression by multiplying out. 
- L - 43. The equivalent resistance between two points in a certain circuit is found to be 
FIGURE 2-11 (Ri + R5) — (Кз = R4) — (Rs + Ro — R7) 


Simplify this expression by removing parentheses. 


2-6 Multiplying a Binomial by a Binomial 


To multiply any two multinomials, we multiply every term in one multinomial by 
each term in the other multinomial, and combine like terms. Here we apply this rule 
to binomials and later use it for multinomials having any number of terms. 


— 2 +++ Example 64: Here we multiply two binomials. 
55 838 а ал: шетав Ён 
(x = 2)(x + 3) = (x)(x) + 09) + (—2)(х) + (-2)8) 


x? + 3x — 2x – 6 


БЭЭ 2 
н expand((x — 2)-(x + 3)) zd d a T 
xX^*x-6 We can also multiply two multinomials by using the distributive rule. 
expand < (x—-29#*¢(x+3)) 
E €— da ын +++ Example 65: Repeating Example 64 using the distributive rule gives 
TI-89 screen for Example 64. (x — 2)(x + 3) = x(x + 3) — 2(x + 3) 
= х2 + 3x — 2x — 6 
= 2 +х- 6 


as before. ooo 
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FOIL Rule 


One way to keep track of the terms when multiplying binomials is by the FOIL 
rule. Multiply the First terms, then Outer, Inner, and Last terms. These products 
can, of course, be done in any order, but we can avoid getting mixed up if we al- 
ways follow the same FOIL order. 


+++ Example 66: Repeating Example 64, 


F O I L 
| 4 d d 


(x = 2)(х + 3) = х2 + 3x – 2x — 6 


=x +x-6 ooo 


The FOIL rule is only for multiplying binomials. 


Exercise 6 » Multiplying a Binomial by a Binomial 
Multiply and simplify. 


. (x + y)(x +z) 
(4a — 3)(a + 2) 

(4m  n)(2m? — n) 

(y + 2)» = 2) 

(2x — y)(x + у) 

(a? — 3b)(a? t 5b) 
(4xy? — 3d?b)(3xy? + Ad?b) 
( 

( 

( 

( 

( 


O M Se eS iS 


2n? — 2n*)(2m? + 20?) 
a — 7x)(2a + 3x) 

Зх — 22)(4х — 3:2) 

ах — 5b)(ax + 5b) 

5у2 + 3z)(5y? — 3z) 


Challenge Problems 


13. 
14. 
15. 
16. 


(2.93x — 1.11у)(х + y) 

(2.84а2 — 3.82b)(a? + 5.11b) 

(4.03у2 — 3.92aà?b)(3.26y? + 4.73a?b) 
(2.83m? — 2.1212) (2.83m? + 2.2?) 


Applications 


17. A rectangle has its length L increased by 2 units and its width W decreased by 
3 units. Write an expression for the area of the new rectangle (area — length 
times width) and multiply out. 

18. A car traveling at a rate R for a time T will go a distance equal to RT. If the rate 
is decreased by 8.5 mi/h and the time is increased by 2.4 h, write an expression 
for the new distance traveled, and multiply out. 
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19. Writing: Your friend refuses to learn the FOIL rule. “Т want to learn math, not 
memorize a bunch of tricks!" he declares. What do you think? Write a paragraph 
or so giving your opinion on the value or harm in learning devices such as the 
FOIL rule. 


2-7 Multiplying a Multinomial by a Multinomial 


We come now to the most general situation, multiplying an expression with any 
number of terms by another expression having any number of terms. 

We multiply multinomials in the same way that we multiplied other expres- 
sions. We make use of the distributive law for multiplication and multiply every 
term in one multinomial by every term in the other. Then combine like terms. 


өөө Example 67: Here is a binomial times a trinomial. 
(a + 1)(a? + a 1) = a(a?) + a(a)  a(1) + (а?) + 1(a) + 1(1) 
= а tractata ctacl 


а? + 242 + 2а + 1 +.. 


+++ Example 68: Here’s another similar to Ex. 67. 


(x + 2)(х2 + 4x — 3) = x(x?) + х(4х) + x(—3) + 2(x?) + 2(4x) + 2(-3) 
xX + 4х2 — 3x + 2х2 + 8x – 6 
= x? + бх? + 5х – 6 +++ 


+++ Example 69: This example shows a binomial times a polynomial with four 
terms. 


(w = x2w? + aw? + bx? — х?) 


= w* + aw? + bwx? — wx? — wix? — aw*x? — bx^ + x? 2222 


To multiply three multinomials, first multiply two of them. Then multiply that product 
by the third multinomial. This procedure can, of course, be extended to multiply 
any number of multinomials. 


a - +++ Example 70: Multiply (4 — x)(5 — x)(6 + x). 
занесут | 


Solution: Let us first multiply one pair of binomials, say, (5 — x)(6 + x). 


(5 – х)(6 + x) = 30 + 5x — 6x — x? = 30 – х – х? 


в expand((4 - x):(5- x): (6 + xb 
х5 - 3x7 - 34. x + 120 
рапс ‹4-х)жс5-х)ж(6+х)) _ 
НЯН RAB ATE FING 1/30 (4 = x)[(5 — x)(6 + x)] = (4 — x)(30 - x - x2) 
ЭР 2 2 3 
TI-89 screen for Example 70. 120 — 4x — 4x 30x + х +x 
= 120 — 34x — 3х2 + х? 22 


Then let us multiply that product by (4 — х). 


To multiply two multinomials that have three or more terms each, we again multiply 
every term in one multinomial by every term in the other multinomial. To avoid 
getting confused, try multiplying every term in the second multinomial by the first 
term in the first multinomial; then multiply every term in the second multinomial 
by the second term in the first multinomial, and so forth until all terms have been 
multiplied. 
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+++ Example 71: 
(х2 + 3x — 1)(х2 — 3x + 2) = xt — 3x3 + 2x? 
+3x? — 9x? + бх 
—-x)-3x-2 


= x4 — 8x? + 9x – 2 eee 


Exercise 7 » Multiplying a Multinomial by a Multinomial 


Multiply and simplify. 

«(x = 3)(х + 4 — y) 

. (a — d)(a — 2d + 5) 
‚ (Ww? + w — 5)(4w — 2) 
(a? — 5)(3a* — 7a — 4) 

(x + 3.88) (33 — 2.15x — 6.03) 
(1 + c?)(4c? + 7c — 3) 

(2x? — бху + 3у2)(3х + Зу) 

(b? — bx + x°)(b + x) 
( 
( 
( 
( 


оомоовоиьюсг 


a? + 2a — 2)(a + 1) 
a? + 5a — xy)(a + z) 


-— 
e 


c? — cm + cn + mn)(c — m) 


-— = 
po = 
H n 


y? — х2)(у + ay? — abxy + bx? — x?) 


Challenge Problems 


13. (x — y — z)(x * y + z) 

14. (557 + 2xy? — 2x)(5x? — 2x) 
15. (5x — y + 2x)(4x — y + 6) 
16. ( 

17. (a? — 5.93a + 314) (a? — 5.37a + 4.03) 
18. (т? — 4.83 + 32.4m)(m? — 3.37m + 226) 


19. (am — ym + yx)(am + ym — yx) 
90. (1.835? — 2.68bx + 3.82x2)(1.22b + 2.05x) 


Application 


21. A rectangular patio, Fig. 2-12, has a width w and a length / on an architec- 
tural drawing. The width is then increased by an amount x and the length 
by an amount y. In a subsequent change, the width is increased by an 
amount a and length decreased by an amount b. The resulting area is then 
(w+ x + a) (I + y — b). Simplify this expression by multiplying out. 


89 


w 


FIGURE 2-12 
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[EE 2-8 Raising a Multinomial to a Power 


We see from Eq. 21, 


that raising an expression to a power is the same as multiplying the expression by 
itself the proper number of times, provided that the power is a positive integer. We 
will show how to square a binomial, square a trinomial, and cube a binomial. The 
same method can, of course, be extended to raise any multinomial to any positive 
integer power. 


+++ Example 72: Square the binomial (x + 2). 


Solution: 


(x + 2)? = (x + 2)(x + 2) 
х2 + 2х + 2х + 4 
=x + 4х +4 T 


өөө Example 73: Square the trinomial x? — 2x + 1. 


Solution: 
(x? — 2x + 1)? = (х2 – 2x + IO? — 2x + 1) 
= х4 – 25 +x 
— 2x3 + Ax? — 2x 
+ x7 -2x +1 
= xt — 4x + 6x7 — 4x +1 ooo 
AEN LERRA CAN RR +++ Example 74: Cube the binomial (x + 1). 
Solution: 
(x + 1)? = (x + 1)(x + 1)(x + 1) 
в expand((x 4177) Let us first multiply out (x + 1)(x + 1). 
ee Sit (х+1)#=(х+1)(2+х+х+1) 
expandCOci»^ sp  _ 2 
MAIN RAD AUTO FUNC 1/30 = (x + I)(x^ + 2x + 1) 
TI-89 screen for Example 74. Then 


(x + 1) = x(x? + 2x +1) + U(x? + 2x +1) 
х + 202 + x + ax + 2х + 1 


= x? + 32 + 3х +1 eec 


Exercise 8 » Raising a Multinomial to a Power 


Square each expression. 
1. (x + y) 
2. (m + n) 
3. (a — d) 
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4. (z — w) 

5. (B + D) 

6. (C — D) 

7. (4.92y + 3.122) 

8. (2.45d — 1.93x) 
9. (5n + 6x) 

10. (d? + q?) 

11. (1 — w) 

19. (cy? — су) 

13. (b? — 13) 

14. (a^ + b?) 

15. (3.88х2 — 1.33? 

16. (3.84w + 2.14w?y 


Square each trinomial. 
17. (x+y + z) 

18. (x — y - х) 

19. (a + b — 1) 
20. (5а? — За + 16) 
21. (c? — cd + d?) 
22. (w? — 5w + 2) 


Challenge Problems 
23. (x = yy 

94. (1.93 — 324ay 
95. (3.02m + 2.16п)? 
96. (а? + 1)° 

97. (c + dy 

28. (4p — qy 

99. (3xy? + 2х2уу 
30. (a — b*)* 


Applications 


31. A square of side x has each side increased by 2 units. Write an expression for 
the area of the new square, and multiply out. 


32. When a current / flows through a resistance R, the power in the resistance is 
I?R. If the current is increased by 2.50 amperes, write an expression for the 
new power, and multiply out. 

33. If the radius r of a sphere is decreased by 2 units, write an expression for the new 


volume of the sphere, and multiply out. (Volume — frr’). Use 7 = 3.142 and 
work to three significant digits. 
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If division by zero were allowed, we 
could, for example, divide 2 by zero and 
get a quotient x: 
9 
тэх 
0 
or 
2-0-х 
but there is no number x which, when 
multiplied by zero, gives 2, so we cannot 
allow this operation. 
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2-9 Dividing a Monomial by a Monomial 


Our last basic operation with algebraic expressions is division. As always, we will 
start with the simplest kind, dividing a monomial by a monomial, and then progress 
to more difficult types. 


Symbols for Division 


Division may be indicated by any of the following symbols: 


б ara -— x 
y 5 /y 
The names of the parts are 
. dividend numerator 
quotient = —— = В 
divisor denominator 


The quantity - is also called a fraction. The horizontal line is the fraction bar. It is 


a symbol of grouping for multiple terms in the numerator or in the denominator. 


Reciprocals 


As we saw earlier, the reciprocal of a number is | divided by that number. The 
reciprocal of n is 1/n. We can use the idea of a reciprocal to show how division is 
related to multiplication. We may write the quotient of x + y as 


We see that to divide by a number is the same thing as to multiply by its reciprocal. 
This fact will be especially useful for dividing by a fraction. 

Division by Zero 

Division by zero is not a permissible operation. 

++» Example 75: In the fraction 


X 
X —2 


x cannot equal 2, or the illegal operation of division by zero will result. ooo 


Rules of Signs 


The quotient of two terms of like sign is positive. 


+a =å 


TA ын 
+b =b b 


The quotient of two terms of unlike sign is negative. 


=b +b b 


The fraction itself carries a third sign, which, when negative, reverses the sign of 
the quotient. These three ideas are summarized in the following rules: 
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These rules show that any pair of negative signs may be removed without changing 
the value of the fraction. 


ax? 
+++ Example 76: Simplify — = 


Solution: Removing the pair of negative signs, we obtain 


Removal of pairs of negative signs pertains only to negative signs 
that are factors of the whole numerator, the whole denominator, 
or the fraction as a whole. Do not try to remove pairs of signs that 


apply only to single terms. Thus 
Be 01:22 
X3 au 


Dividing a Monomial by a Monomial 

Any quantity (except 0) divided by itself equals one. So if the same factor appears 
in both the dividend and the divisor, it may be eliminated. 

+++ Example 77: Divide 6ax by 3a. 


Solution: 
6ax 6 ‚а 
За Зз а 


“x = 2х +.. 


When there are numerical coefficients that are approxiamte numbers, round the 
result as usual. 


+++ Example 78: This example has approximate coefficients. 


8.38bz 838 
S es 28 = 1.99b .. 
422) 422 "Az 


To divide quantities having exponents, we use the law of exponents for division. 


өө» Example 79: Divide y? by y^. 
Solution: By Eq. 23, 


93 


94 


Fir] Fer [F3- Far 
зе он шетав 


cee cage dort 
„!8-х у 2_ 5, E 5 6-х7-й-2 
MI 2 

we SHY ZZ 4 / CSET 2opkz ^3) 

MAIN RAD AUTO FUNC 1630 
TI-89 screen for Example 81. Here we 
simply entered the expression and did 
not need any special instruction. 
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+++ Example 80: Here we divide monomials having exponents. 


15х59 15 xê _ 
(а) B = 347 5x6 4 = 5x? 
835) 8.35 у? 
(122. = 2245571 = 224y* .. 


372y, 3.72 y 
If there is more than one unknown, treat each separately. 
+++ Example 81: Divide 18x?y?z^ by 3x?yz*. 


Solution: 
18x°y7z4 18 x5 y? z 
3x2yz? з 13 у б 


= 6x?yz 22 


Sometimes negative exponents will be obtained. 


+++ Example 82: This division results in a negative exponent. 


2 


x) 


I "S652 
We can leave the answer in this form, or use Eq. 28, x ^ = 1/х“, to eliminate the 
negative exponent. Thus, 

бх = — өөө 
The process of dividing a monomial by a monomial is also referred to as simplify- 
ing a fraction, or reducing a fraction to lowest terms. 


+++ Example 83: Simplify the fraction 


Solution: The procedure is no different than if we had been asked to divide 3x7yz? 
by 9хуќ2. 
3х2у2 3 2-1,1-4,5-2 
42 о X» z 
Oxy'z 9 


or 


= — ooo 


Do not be dismayed if the expressions to be divided have negative exponents. 
Apply Eq. 28, x ^ = 1/х5, as before. 


өө» Example 84: Divide 21х2у ?z !by 7x ~4y2z73. 


Solution: Proceeding as before, we obtain 


2: 3e 
2]x^y ve 2 21 2 ( ыг 3 2, 1 ( 3) 
ix ve 7 1 Ы 


= 3x$y 57? 
_ 3x67? 


уЎ 


oo 
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Exercise 9 » Dividing a Monomial by a Monomial 


Divide and simplify. 


1. x! Бух” 

3. 5xyz by xy 

5. 4a?d by (-2аа) 

7. 314aD? by 2.66ab* 

9. 8.31ad by 3.26a 
11. 42p?q^r? + Траг 
13. —32т2пх + 4mx 
15. —36а%Ь?с + 9ab 
17. -24т пс by 4m3z 
19. 25afbcxyz by 5a?bcxz 
91. 32a?bc + (—8ab) 
93. —36a?by) + 12a?y 
95. 64x7y" by 8xy 
97. х2уб2 by x2” 
99. a* by a 
31. —35а5Ь? + Tab? 
33. 95abc + Sa? bc 
Application 


. 21a^ by За? 

. mn by mn 

. —360x^y? by (-30х2у) 
. 54.Ах? by (-9.11х) 

‚ 49.6xyz by (—7.22y) 

‚ 50:992 + (—-10xy?22) 
. 48cd?) + (—24cd) 

. 45m?q by (—5mq) 

. -27а p? by (—9a3q’) 
. 18d? f? by 3d? f 

. -12n?r? + Ami? 

. 44a? b?c^ + Пас 

š 24pq^r^s by 8r 

. (a — x) by (a — х)? 
. ббс2ау? + (—22cy) 

. 19е2т2п? + (—em?n) 


. 45a?b?d? + 15abd 


35. The volume enclosed by the proposed spherical radome, Fig. 2—13, is Amr? 
and its surface area is 47r. The radome designer needs the ratio of its volume to 
area. Find it by dividing its volume by its surface area. 


2-10 Dividing a Polynomial by a Monomial 


We continue with division by a monomial, but now we will divide a polynomial by 
a monomial. 


To divide a polynomial by a monomial, we simply divide each the term of the poly- 
nomial by the monomial. 


өө» Example 85: Divide a? + a by a. 


Solution: Dividing gives 


ata 


өө» Example 86: Divide 6x? — 3x? by 3x. 


Solution: 


бх? — 3х2 = 


Зх 


FIGURE 2-13 
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2% 


Sears) 


a expand нэх 
4-х4 = =@ 
expand <( (8x*2-4x+4/C2x 3) 
MAIN RAD AUTO FUNC 1/30 
TI-89 screen for Example 87. Here we 
used expand from the | ALGEBRA 
menu. 
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өө» Example 87: Divide 8x? — 4x + 4 by 2x. 
Solution: 


8x? Ax +4 802 4x 4 
2x 2x 2х 2x 


This is really a consequence of the distributive law, Eq. 5. 


Each of these terms is now simplified as in the preceding section. 


8х2 Ax 4 2 
= + = 4-2 + = ooo 
2x 2х 2х x 


Keep in mind that the fraction bar is a symbol of grouping. It means that the whole 
polynomial is to be divided by the monomial, not just some of its terms. 


Do not to forget to divide every term of the polynomial by the 
monomial. 
4ш” = ES 


ze Die = ilar 5) 
2x 2 


Instead, 


++» Example 88: Divide 4xy — 8х2у + 3xy? — 2х2у? by 16xy. 
Solution: 
4ху — 8x?y + 3xy? = 2x?y? 4ху 8х2у " 3xy? Ixy" 
16ху lóxy 16ху  l6xy 16xy 


1 3 
х Зу NE. 
4 2 16 8 


We may also combine these terms over the common denominator 16, getting 


4 — 8x + 3y — 2xy 
16 


Alternate Solution: We can get the same result by canceling, noting that every 
term in both numerator and denominator contains an x and a y. 


4x — 8x7% 4E 3a* — 2x7 4 — 8x + 3y — 2xy 
177) Е 16 


When the expression contains approximate coefficients, round your answer 
properly. 


Section 10 Dividing a Polynomial by a Monomial 


өө» Example 89: Divide 68.4w? — 43.2w? by 2.84. 
Solution: 


68.4w? — 432w? 
E = 241 - 152w 
2.84w 


Exercise 10 Dividing a Polynomial oy a Monomial 
Divide and simplify. 

‚ 15x? + 3x? by x 

. 42m6 — 2m? by 2m 

. 36d? — 6d? by за 

. 22x? + My? by 11 

. 48c^ + 36 by 12c? 

27m — 9n?by (—3n) 

. 39р? + 52p? by (-13p?) 

. 40a? — 20a? by 10a 

‚ —25x3 — 15x? by 5x 

. —552a^d + 223a? by (-1.33а2) 

. -8277]bm?n? — 322bm?n by (—1.04m?n) 
. -15.5a°b + 122ab? by (—4.83ab) 

. —21.5а?Ь? + 312a? b? by (-14.8ab?) 
е 10x?y = 5xy4 by (—5xy) 

‚ х?у?д = хул by (— xyz) 

. 16aà?bc? + 12а?Ь°с by (—4аЬс) 
т?п? + mr — mn? by (—mn) 
ОРЧ = pq? = pa by pq? 
(ay — x y + xy* by (73) 

ab? — a?b? — ab by (—ab) 


о соох с л > ош юэ 


Ю > x: s 
О о оч с п> ою гә о 


№ 
-— 


‚ e — 404? + ау са? 


Challenge Problems 

99. (457 — ү252 + к°з? by (—r?s) 

23. a^ + 2a?b? — b* by ab? 

94. т?п? + т?п? — mn‘ by (—m?n) 

95. 4x3z + 2xz? — 37^ by (—xz) 

26. ab? + arc? — pc* by (—abc) 

97. pq? + pgr? — рғ by (—p’r) 

98. 7m^n? + Im^? — Tmn’ by (=7т2п?) 
99. Ac^d + 3c?d? — cd? by (сӣ?) 

30. За2х + 5a?x? — 2ax? by (-а2х2) 


31. 8Ь?с* + 4Ь?с — 12b? by (—b°c?) 
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Application 


32. The voltage between two points in a certain circuit is 
6.38R + 8.35R? — 3.17? 
Find the current by dividing this voltage by 1.55R. 


9-11 Dividing a Polynomial by a Polynomial 


Our final basic operation for this chapter is to divide an expression with two or 
more terms by another having two or more terms. 


To divide one polynomial by another polynomial, follow these steps: 


1. Write the divisor and the dividend in the order of descending powers of 
the variable. 

9. Supply any missing terms, using coefficients of zero. 

3. Setup the division in long-division form, as in the following example. 


Note that this method is used only for polynomials, expressions in which the expo- 
nents are all positive integers. 


+++ Example 90: Divide (4x + x? + 3) by (x + 1). 


Solution: 


(1) Write the dividend in descending order of the powers. 
x? + Ax + 3 


(2) There are no missing terms, so we go on to the next step. 
(3) Set up in long-division format, making sure that the divisor is written in 
descending order of the powers as well. 


(x + 0[2 + 4x + 3 


(4) Divide the first term in the dividend (x?) by the first term in the divisor (x). 
The result (x) is written above the dividend, in line with the term having the 
same power. It is the first term of the quotient. 

x 
(x + 1)[x2 + 4x +3 


(5) Multiply the divisor by the first term of the quotient. Write the result below 
the dividend. Subtract it from the dividend. 
x 
(x+1)| x2 + 4х +3 
—(х? + x 
| 8x +3 


(6) Repeat steps 4 and 5 until the degree of the remainder is /ess than the degree 
of the divisor. 
х +3 


(х + Dl х2 + 4х +3 
—(x?4 x) 

3x +3 

—(3x + 3) 

0 0 
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The result is written 


= х + 3 ooo 


Common Remember that the fraction bar is a symbol of grouping. Be sure to 
Error divide the dividend as a whole by the divisor as a whole. 


We now try a harder example; one having a remainder. 
e+e Example 91: Divide (2w? + бий — 2) by (w + 1). eM 


Solution: 


. jo i : 5 2.02+6:04- 2 
(1) Write the dividend in descending order of the powers. expand —— 47 
биќ + 2w? — 2 -É 63-6 u2«8.u-8 
M | : .Z9ndCC2u^2*6u^4-22 ^ Сы+1 >] 
(2) Supply the missing terms with coefficients of zero. MAIN RAD AUTO FUNC 1730 


бу? + Ow? + 2w? + Ow — 2 TI-89 screen for Example 91. We use 


| ims d from the Algeb : 
(3) Set up in long-division format. ER C M er 


(w  Dl6w^ + Ow? + 2w? + Ow — 2 


(4) Divide the first term in the dividend (буг) by the first term in the divisor (w). 
The result (6w? ) is written above the dividend, in line with the term having the 
same power. It is the first term of the quotient. 


6w? 
(w + D|[6w^ + 0w3 + 29? + Ow — 2 


(5) Multiply the divisor by the first term of the quotient. Write the result below 
the dividend. Subtract it from the dividend. 
6w3 
(и + D| би + Ow? + 2w? + Ow -2 
—(6w^ + би?) 


— би? -2w?-0w-2 
(6) Repeat steps 4 and 5, each time using the new dividend obtained, until the de- 
gree of the remainder is less than the degree of the divisor. 


6w? — бу? -8w-8 
(w+ D| би + Ow? + 2w2 + Ow — 2 


—(6w* + 6w?) 
- 6w? + 2w? + Ow – 2 
-(- 6w? — би?) 
8w2 + Ow = 2 
—(8w2 + 8w) 
—8w —2 
-(- 8w — 8) 
6 


The result is written 


би? + 2w? — 2 
is ы = би? — 6w° + 8w — 8 + 
w+1 м + 1 
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Errors are often made during the subtraction step (step 5 in 
Example 91). 


6w? 
(w+) бид? + Ow? + 202 + Ow — 2 
—(6w* + 6w?) 


6w? + 2w? + Ow — 2 
7 


No. Should be —6w? 


Exercise 11 » Dividing a Polynomial by a Polynomial 


Divide and simplify. 


Оо 0 ч с Un 8 WwW N = 


-=Ú ~ 
= O 


. a? + 15а + 56bya + 7 
. a^ + За? + 2bya? +1 
а? + а = 56ъуа – 7 

. 4x? + 23x + 15 by 4x + 3 
. 2x2 + Их + Sby2x +1 
. 6x? — 7х — 3by 2x — 3 
. а? — 15a + 56bya — 7 
а? – а – 56ъуа + 7 

‚ 3x? — 4х — Aby2 – x 

. a — 3af + 2bya^ — 1 


. а? — 8а – 3bya – 3 


Challenge Problems 


12 


13. 


14. 


15. 


16. 


17. 


. 27x3 — 8y by 3x — 2y 
x? — 4x + 3byx+2 
2+ 4х — x)by4- x 
4 + 2x — 5x*by3 – x 
2x? — 5x + Abyx +1 
Writing: Suppose your friend was sick and missed the introduction to algebra 
and is still out of class. Write a note to your friend explaining in your own 


words what you think algebra is and how it is related to the arithmetic that you 
both just finished studying. 


Review Problems 


+++ CHAPTER 9 REVIEW PROBLEMS ••6606000600060006000600000006006 


о со мч Сс (л B о ю = 


- 
o 


N хээ 
= O COON 0 00 5 WN = 


22. 


23. 
24, 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 
38. 


. Multiply: (b* + 52х7 + x+)(b? — х2) 

. Square: (x + y — 2) 

. Evaluate: (7.28 х 10%)? 

. Square: (xy + 5) 

. Multiply: (3x = т)(х2 + т2)(3х — m) 
. Divide: —x® — 2x° — х by (х) 


. Cube: (2x + 1) 


. Simplify: 7x = (—6x — [-5х — (—4x 
. Multiply: 3ax? by 2ax? 


3g2 M? 
. Simplify: | == 
шэг (2) 


. Divide: а2х — abx — acx by ax 

. Divide: 3x°y? — 3x5? — 3х2у! by 3х?у? 
. Square: (4a — 3b) 

. Multiply: (х? — xy + y2)(x + y) 

. Multiply: (xy — 2)(xy — 4) 

. Divide: x" *] + x" *2 + х”73 + ym*4^py x4 
. Square: (3x + 2y) 

. Multiply: (a? — 3a + 8)(a + 3) 

. Divide: ab? — a?b? — atb? by а?Ь 

. Multiply: (2x — 5)(x + 2) 

. Multiply: (2m — c)(2m + c)(4m? + c?) 


2 8х5у 2\3 
Simplify: (E) 
Divide: 2a by a* 
Multiply: (a? + а?у + ay? + y?)(a — y) 
Simplify: y — 3[y = 2(4 — y)] 
Divide: —a by a? 
Multiply: (2x? + xy — 2y?) (3x + Зу) 
Divide: x* — x? — $x? — 2x — 1 by 2x 
Simplify: -2[w — 3(2w — 1)] + 3w 
Multiply: (à? + b)(a + b°) 


Multiply: (a^ — 2а?с + 4a?c? — 8ac? + 16c*)(a + 2c) 


Divide: 16x? by 4x 

Divide: (a — c)" by (a — с)? 

Divide: 7 — 8c? + 5c? + 8c by 5с — 3 
Divide: —x?y — xy” by (—xy) 


Combine: (-2x? — x + 6) — (7х2 — 2x + 4) + (x? — 3) 


Cube: (b — 3) 
Simplify: (22у: !)? 


3x) 
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39. 
40. 
41. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
49. 
50. 
51: 
52. 
53. 
54. 
55. 
56. 
57. 
58. 
59. 


60. 


61. 


69. 


63. 


Divide: 2x ?y? by 4x уб 

Simplify: -(—[—(a — 3) — a]} + 2a 
Multiply: (x — 2)(x + 4) 

Square: (x? + 2) 

Divide: a?b? — 2ab — 3ab? by ab 

Divide: 3a?c? + За2с — 3ac? by Зас 

Divide: 6a°x? — 15a*x? + 30a?x? Бу(-За х?) 
Divide: 20x?y^ — 14xy? + 8x2? by 2х2у? 
Evaluate: (2.83 х 103)? 

Simplify: (x — 3) — [x — (2x + 3) + 4] 
Multiply: 2xy? by 5x?y 

Divide: 27xy?z? by 332yz? 

Multiply: (x = 1)(x? + 4x) 

Square: (22 — 3) 

Evaluate: (1.33 x 10*)? 

Simplify: (y + 1) = [y(y + 1) + (3y = 1) +5] 
Multiply: 2ab? by 3a7b 

Divide: 64ab^c? by 8a?bc? 

Divide: xë + х + 1 by xf — x 

Divide: 1 — aà?b?by 1 — ab 

To make 750 pounds of a new alloy, we take x pounds of alloy A, which contains 


85% copper, and for the remainder use alloy B, which contains 72% copper. The 
pounds of copper in the final batch will be 


0.85x + 0.72(750 — x) 


Simplify this expression. 

The area of a circle of radius r is zr. If the radius is tripled, the area will be 
ary 

Simplify this expression. 


A freely falling body, starting from rest, falls a distance of 16.102 feet in t sec- 
onds. In half that time it will fall 


16 (9) ft 
ҳо 


The power in а resistor of resistance А which has a voltage У across it is y? /R. 
If the voltage is doubled, the power will be 


Qv» 
R 


Simplify this expression. 


Simplify this expression. 


Writing: In the following chapter we will solve simple equations, something you 
have probably done before. Without peeking ahead, write down in your own 
words whatever you remember about solving equations. You may give a list of 
steps or a description in paragraph form. 


Simple Equations and 
Word Problems 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Solve simple equations. 


Check an apparent solution to an equation. 


Solve simple fractional equations. 


Solve equations by a graphics calculator and by a calculator that can do 
symbolic processing. 


Write an algebraic expression to describe a given verbal statement. 


Set up and solve simple word problems. 


Apply the above skills to simple applications in uniform motion, 
finance, mixtures, and statics. 


When two mathematical expressions are set equal to each other, we get an equa- 
tion. Much of our work in technical mathematics is devoted to solving equations. 
We start this chapter with the simplest algebraic types, and in later chapters we 
cover more difficult ones (quadratic equations, exponential equations, trigonometric 
equations, etc.). 

Why is it so important to solve equations? The main reason is that equations 
are used to describe or model the way certain things happen in the world. Solving 
an equation often tells us something important that we would not otherwise know. 
For example, the note produced by a guitar string is not a whim of nature but can be 
predicted (solved for) when you know the length, the mass, and the tension in the 
string, and you also know the equation relating the pitch, length, mass, and tension. 

Thousands of equations exist that link together various quantities in the physi- 
cal world—in chemistry, in finance, in manufacturing, and so on—and their number 
is still increasing. To be able to solve and to manipulate such equations is essential 
for anyone who has to deal with these quantities on the job. 
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FIGURE 3-1 
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We substituted into equations and formulas in Chapter 1, but here we solve 
equations. For example, the surface area of the silo, Fig. 3-1, is given by 


1 2 
А = ud + 2arh 


Given г and Л, you already know how to substitute into that equation to find the 
surface area. But given the surface area and the radius, could you then solve for h? 
We will show how in this chapter. 


3-1 Solving a Simple Equation 


Let’s start this chapter by learning how to solve a simple equation. Then we will be 
able to apply those skills to the verbal problems that come a bit later. 


Equations 

An equation has two sides and an equal sign. 
3x? — 4x = 2х + 5 
2 | S 


left side right side 


equal sign 
A conditional equation is one whose sides are equal only for certain values of the 


variable. 


+++ Example 1: The equation 
х-5-0 


is a conditional equation because the sides are equal only when x = 5. When we 
say “equation,” we will mean “conditional equation.” An equation that is true for any 
value of the variable, such as x(x + 2) = x? + 2x, is called an identity. The 
symbol = is often used for identities. We would write x(x + 2) = x? + 2x. ooo 


First-Degree Equations 


In this chapter we will limit ourselves to solving first-degree equations. Recall that 
a first-degree term is one in which the variable is raised to the power 1 (which is not 
written), and that a first-degree equation is one in which no term is higher than first 
degree. A first-degree equation is also called a linear equation. We also limit our- 
selves here to equations having just one variable. 


+++ Example 2: The equation 
3(x + 4) = 2(x — 5) 


is a first-degree equation in one variable, the type we will cover in this chapter. 999 


The Solution of an Equation 
The value of the variable that makes the sides of an equation equal to each other is 
called a solution to that equation. 
+++ Example 3: The solution of the equation 
x+1=4 


is x = 3. ooo 
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The solution of an equation is the value of x that makes the left side of the equation 
equal to the right side. We say that it satisfies the equation. The solution of an equa- 
tion is also called a root of the equation. 

The variable whose value we seek when we solve an equation is usually called 
the unknown quantity, or simply the unknown. 


Checking 


We should get into the habit of checking our work, for errors creep in everywhere. 
We can check the proposed solution to an equation by substituting it back into the 
original equation. 


+++ Example 4: Is 12 a solution of the equation 3(x — 4) = 2x? 


Solution: Substituting 12 for x in the equation, we get 


3(12 — 4) = 2(12) 
3(8) = 24 
24 = 24 checks 


Ї» 


The value x = 12 checks, so 12 is a solution of the given equation. +.. 


Common Check your solution only in the original equation. Later versions 


Error may already contain errors. 


Solving an Equation 


To solve an equation, we must get the variable standing alone on one side of the 
equal sign, with no variable on the other side. 


m Exploration: 


Try this. What would you do to get x to stand alone on one side of the equal sign in 
each of the following: 


(à) х-4-3 b x+4=3 
© 7=3 (d) 4x 23 


Based on your findings, can you give a general procedure that applies to all 
four of these examples? ш 


You may have concluded that to isolate the variable we perform the same mathe- 
matical operation on both sides of the equation. That is, we may add the same 
quantity to both sides, subtract the same quantity from both sides, multiply both 
sides by the same quantity, and so forth. This will be made clear by examples. 


+++ Example 5: Solve the equation 5x = 4x + 7. 
Solution: Subtracting 4x from both sides, we obtain 
5x — 4x = 4x + 7 — 4x 


Combining like terms yields 


Check: 
Substituting 7 for x in the original equation gives 
5(7) = 4(7) + 7 
35 = 28 +7 
35 = 35 checks 22 


l || 
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The equal sign with a question mark is 
not a standard mathematical symbol. 
However, we will find it useful when we 
question whether one side actually 
equals the other. 
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+++ Example 6: Solve the equation 2x — 3 = 7 — Зх. 


Solution: Adding 3 to both sides, 
2x —3 327 = 3x43 
2x = 10 — 3x 
Adding 3x to both sides, 


2x + 3x = 10 = 3x + 3x 
5x = 10 


Finally we divide both sides by 5. 


Sx _ 10 
5 5 
x=2 


With practice you will be able to combine some of the above steps, but don’t rush it. 


Check: 


Substituting 2 for x in the original equation yields 


2 


220—327 – 3(2) 
Жэ 
1-1 сїїесК8 66 


Equations Having Symbols of Grouping 

We showed earlier that parentheses, brackets, and braces are often used to group 
quantities within an expression. When the equation contains such symbols of 
grouping, remove them early in the solution. 

+++ Example 7: Solve the equation 2 — 4(x + 2) = 5 — 3(2x + 1). 

Solution: Removing the parentheses, we obtain 


2—4x—825—6x—3 


Combining like terms, 


—4x —6-— —6x + 2 
Adding 6x + 6 to both sides, 
6x +6= 6x + 6 
2x = 8 
Dividing by 2 gives 
x=4 
Check: 
2-44 +2) 2 5 – 3(8 + 1) 
2- 24 # 5 – 27 
—22 = —22 checks ooo 


Simple Fractional Equations 


An equation that contains one or more fractions is called a fractional equation. 


eee Example 8: Some fractional equations are 


x 2x 2 
= = 3х and — = = ooo 
5 5 
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Here we will solve some very simple fractional equations, and in a later chapter we 
will learn how to solve more complex types. 

If an equation contains a single fraction, that fraction can be eliminated by 
multiplying both sides by the denominator of the fraction. 


+++ Example 9: Solve 


Solution: Multiplying both sides by 2, 


(4 - 4) = 20 
2 = 020) 


Х 
(4) - 24 = 20) 


Adding 8 to both sides, 
x=8+14=22 


Check: 
22 5 
——427 
2 
1-4-7 
17-17 checks ooo 


When there are two or more fractions, multiplying both sides by the product of the 
denominators (called a common denominator) will clear the fractions. 


++» Example 10: Solve: 
+3= 2 
3 
Solution: Multiplying by 2(3), or 6, we have 
dz +s)=43) 
2 3 
х х 
6| — | + 6(3) = 6 = 
(3) +8945) 
3x + 18 = 2x 


Now that we have cleared denominators, we subtract 2x from both sides, and 
also subtract 18 from both sides. 


Зх 4:18 = 24 = 16 —2x — 2x — 18 


3x — 2x = —18 
x= —18 
Check: 
-18 32 18 
2 23 
-9 +3 = 
=6 = = checks ooo 


Equations with Approximate Numbers 


In technical work we usually solve equations that have approximate numbers. 
The method is no different than before. Just remember to round your answer to the 
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proper number of significant digits. And, of course, the letter representing the vari- 
able is not always x, but can be any letter from any alphabet, Greek, Hebrew, and so 
forth. 


+++ Example 11: Solve for t: 2.93(t + 4.28) = 24.2 — 5.821. 


Solution: Removing parentheses gives 


2.93t + 12.54 = 24.2 — 5.82t 
Combining like terms (collecting terms), 
2.931 + 5.821 = 24.2 — 12.54 


8.75t = 11.66 
Dividing, 
11.66 
= —— = 1.33 
8.75 


rounded to the three significant digits found in the numbers in the given equation. *** 


Strategy 


Remember that our objective when solving an equation is to get the variable by it- 
self on one side of the equation. To do this we can use any valid mathematical oper- 
ation, as long at it is applied to both sides of the equation. It is not possible to give a 
procedure that will work for every equation, but the following tips should help. You 
may have to do these operations in a different order than that shown. 


Students often forget that the mathematical operations you perform must 
be done to both sides of the equation in order to preserve the equality. 


+++ Example 12: Solve 


х-2 2x-4 


3 2 
Solution: We eliminate the fractions by multiplying both sides by 6, 


КЕ 


2(x — 2) = 3(2x — 4) 


Removing parentheses, 
2x — 4 = бх — 12 
We get all x terms on one side by adding 12 and subtracting 2x from both sides, 
2x — 4 + 12 — 2x = 6x — 12 + 12 — 2x 
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Let us now move all the x terms to one side of the equation, and the constants to the 
other side. 


2x = бх —4 — 12 


We now combine like terms, getting 


—4x = —8 
Dividing both sides by the coefficient of x gives 
x=2 
Check: 
2-2, 202) = 4 
3, 2 
0 = 0 checks +++ 


Simple Literal Equations 


A literal equation is one in which some or all of the constants are represented 
by letters. 


eee Example 13: The following is a literal equation: 
Зх +b=5 ooo 


where b is a constant. In this chapter we will solve only the simplest kinds of literal 
equations. Being able to solve a literal equation is important because most of the 
formulas in technology are literal equations. We often want to solve such a formula 
for a different quantity. We will do this for a great number of formulas later. 

To solve a literal equation for a given quantity means to isolate that quantity on 
one side of the equal sign. The other side of the equation will, of course, contain the 
other letter quantities. We do this by following the same procedures we used 
earlier. 


++» Example 14: Solve the equation 3x + b = 5 for x. 
Solution: Subtracting b from both sides gives 


3x =35-b 
Dividing both sides by 3, we obtain. 


ooo 


Solving an Equation Using a Calculator’s Equation Solver 
We can use any calculator’s built-in equation solver to solve the equations in this 
chapter and others. 
өөө Example 15: Solve the equation of Example 11, 
2.93(t + 42.8) = 242 — 5.82t 
using the TI-83/84 equation solver. 
Solution: 


(a) Make sure the calculator is in FUNC (function) mode. We select Solver from the 
MATH | menu and enter the equation, screen (a). It must be in explicit form, with 
0 on the left side and all other terms on the right. For the unknown, press the 
Х,Т,О,п | key. The equation solver uses X as the unknown, so we use it instead of 
T. (T is used when in parametric equation mode, which we will cover later.) 
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EQUATION SOLVER 
eqn: йг 2,93306844, 
829-24.24-5.82К8 
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(b) Press | ENTER |. А new screen appears showing a value for X, and a bound. 
Here you can enter a value which you think may be close to the actual value of 
the root, and a range of values between which the calculator will search for that 
root. You can accept the default values, or enter new ones. Let us enter a new 
value of X = 1 and a new bound of 0 to 5, screen (b). 


(c) Move the cursor to the line containing “x = " and press | SOLVE |. 
(This is | ALPHA | ENTER | on the ТЇ-83/84.) 


A root (x = 1.33, rounded) falling within the selected bound is shown in screen 
(c). If there is no root within that bound, or you suspect there is another root, 
change the initial value of x and the bound. +.. 


2,950 d. 285—-.. 
bound={8, 538 


(a) The given equation is entered in 
the TI-83/84 equation solver. 


Fir] Fer |For) Y Тае 771 
ToolsjAl3ebrajcalc Clean Ur 


TI-89 screen for Example 16. 


(b) An initial estimate for x and the (c) The computed value of x is shown, 

lower and upper bounds are chosen here. within the chosen bound. The last line 
says that the difference between the 
left and right sides of the equation is 
zero, showing that the equation is 
indeed balanced. 


Implicit or Literal Equations 


To solve an equation by the TI-83/84 equation solver, the equation must be in explicit 
form. If it is not, simply move all terms to one side of the equal sign, changing 
signs as appropriate, leaving zero on one side of the equation. However, some cal- 
culators that can do symbolic manipulation can solve an equation that is in implicit 
form. It can also solve literal equations. 


eee Example 16: Solve using the TI-89 equation solver: 
2.8х — 6.9a = 7.1x 
Solution: 


(a) We select solve from the ALGEBRA | menu. 
(b) Enter the equation, followed by the variable (x) that we want to solve for. 
Unlike the TI-83/84, the equation does not have to be in explicit form. 


Pressing | ENTER | gives the exact solution, while pressing L=] (located 
above the | ENTER | key) gives the approximate decimal solution, as shown. 
Note that it is not necessary to enter a first guess or bounding values. oe 


(b 


хи 


Exercise 1 • Solving а First-Degree Equation 


Solve and check each equation. Treat the constants in these equations as exact num- 
bers. Leave your answers in fractional, rather than decimal, form. 


1.x+9= 16 2. Зх – 2 = 10 
3. 30 + 5x = 20x 4. 7x — 29 = 6 
5. 4t +9 = 11t — 3t 6.20— y = 13 
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7. x -* 9-5 8. —6y — 4 = 2y 

9. 5x + 8 = 9x 10. 4x = 3x — 6 
11.10-S5y=1-y 19. w - 3 = 10 

13. х= 5 = 6б 14. 8y — 6 = 5y 

15. 7x —3 =5x+1 16. 25x – 5 = 3х + 6 
17.» 4= 0 18. 21x = —8 + 5х 

19. 4m — 5 = 10m — 2 90. 7х + 15 = 8 

91. бх + 4 = 3x + 19 22. 16у — 10 = 10у + 14 
23. 17 — 14x = 8 — Их 94, Зу — 15 + 4у = 6 
25. 5x — 10 + 13 = 18 26. 44 — 11р + 4p = —5 
97. 49 — 5y = Зу — 7 98. 5 +у= 1 + 15у 
29. 4x — 111 = 21 + 14x 30. 47x — 84 = 2х +6 
31. 16 + 2z = 11 — 5z 39, 15x —9 = 7x —5 


Equations Having Symbols of Grouping 
33. 3(у — 5) + 2(8 + y) = 21 34. 5(3x — 13) = 10 


35. 4(y — 5) = 2(y — 10) 36. 2x +1 = —2(2х + 5) 

37. 305 — 1) = 36 + 0) 38. 4(3x + 20) = 2(x — 5) 

39. 3(2x +1) =7 40. 3(x — 5) = 4(x — 1) 

41. 5 +6 = 6(x -3) +2 49. 6(2x — 3) + 2(6x + 2) = 2(x + 1) 
43. 19y — 60 = 4(y + 15) 44. S(2x — 8) = 2(10 — 5x) 

45. 5 + 3(x — 2) = 58 46. 3(3m + 13) = 5(m — 1) 


47. 4(x — 5) - 2(6x + 3) = 22 

48. 5(y — 1) + 4(3y + 3) = 3(4y — 6) 

49. 2(4w — 3) = 3(5w + 2) 

50. 3(4x — 2) = 9x 

51. 5a = —2(13 — 9a) 52. 5 —3(x —2) = 43x — 1) 
53, 6x 5 = 0-3) 54. 3(7 — 2x) + 2 = 30s — 1) 


Simple Fractional Equations 


1 y 
55, ——7 56. -—4 
3a 5 
X yb X 
.—— 3 = 11 .54---- 
57. 3 58. 5 3 2 
i eg 8) a 7—5 
4 5 2 4 
2х = 4 2 = 2х 
61. = 
7 4 


Equations with Approximate Numbers 


Solve for x. Round your answer to the proper number of significant digits. 
62. 8.27x = 4.82 63. 24.8x — 28.4 = 0 

64. 2.84x + 2.83 = 83.7 65. 3.82 = 29.3 + 3.28x 

66. 3.82x — 3.28 = 5.29x + 5.82 
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Where did these equations come from, 


thin air? They are actually from the applica- 


tions given later in this chapter. There we 
will learn how to write equations such as 
these to describe technical applications. 


FIGURE 3-2 
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67. 382x + 827 = 625 — 846x 

68. 2.94(x + 827) = 3.27 

69. 9.38(5.82 + x) = 23.8 

70. 234(x — 4.27) = 5.27(x + 3.82) 
71. 92.1(x — 2.34) = 82.7(x — 2.83) 


Simple Literal Equations 


Solve for x. 
79. ax +4=7 73.6+ bx =b-3 
74. c(x — 1) = 5 75. ax+4=b-3 


76. c — bx = a — ЗЬ 


Challenge Problems 


77. 6 — 30x + 4) — 2x = 7x + 4(5 — 2x) – 8 

78. 3(6 — x) + 2(х - 3) = 5 + 20x + 1) – x 

79. 3x — 2 + x(3 — x) = (x — 3)(х + 2) — x(2x + 1) 

80. (2x — 5)(х + 3) — 3x = 8 — x + (3 — x) — 2x) 

81. x + (1 + x)3x + 4) = (2х + 3)2x — 1) — x(x — 2) 

89. 3 — 6(x — 1) 2 9 — 2(1 + 3x) + 2x 

83. 7x + 62 x) +3 = 4 + 3(6 + x) 

84. 3 — (4 + 3х)(2х + 1) = 6x — (3х — 2)(x + 1) — (6 — 3x) — x) 
85. 7r - 2r(2r - 3) - 2227 — (r — 228 + 6 - 8 

86. 2w — 3(w — 6)2w — 2) + 6 = 3w — (2w — D3w + 2) + 6 


Applications 


87. In order to find the tons x of steel containing 5.25% nickel to be combined with 
another steel containing 2.8446 nickel to make 3.25 tons of steel containing 
4.15% nickel, we must solve the equation 


0.0525x + 0.0284(3.25 — x) = 0.0415(3.25) 

Solve this equation, 

88. To find the time t it takes for a car traveling at 108.0 km/h to overtake a truck 
traveling at 72.5 km/h with a 1.25 h head start, we must solve the equation 
108.0; = 72.5(t + 1.25) 

Solve for t. 

89. A hydroelectric generating station, Fig. 3—2, producing 17 MWh (megawatthours) of 
energy per year adds, after 4.0 months, another generator which, by itself, can 
produce 11 MWh in 5 months. It takes an additional x months for a total of 25 
MWh to be produced, where x can be found from the equation, 

17 11 
122° + x) + x = 25 


5.0 
Solve this equation for x. 


90. A consultant had to pay an income tax of $12,386, which was $4867 plus 15% 
of the amount by which her taxable income x exceeded $32,450. Find x by solv- 
ing the equation 

4867 + 0.15(x — 32,450) = 12,386 
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3-2 Solving Word Problems 


In this section we will be asked to 
Math skills are important, but so are 


* read a short statement, the so-called word problem reading skills. Most students find word 
* then decide exactly what is being asked for problems difficult, but if you have an 
* then write an equation that describes how the unknown quantity is related to the unusual amount of trouble with them 
given quantities you should seek out a reading teacher 
and get help. 


* and finally, solve that equation to obtain the quantity that was asked for. 


Keep in mind that we are not solving these problems for their own sake. We 
don't really care how long it takes runner A to reach city Q. What we are trying to 
do is to help you to read a technical statement, to extract the important information, 
and to use simple mathematics to find a missing quantity. These skills will also help 
you to deal with the mountains of technical material in written form with which we 
are all faced: instruction manuals, textbooks, specifications, contracts, insurance 
policies, building codes, handbooks, and so forth. 

It is not possible to give a step-by-step procedure that will enable someone to 
solve any word problem, but we can give some good tips that are almost always 
helpful. We first give some general tips on how to approach any word problem and 
later show how to set up specific types. 


Study the Problem 


Read the problem carefully, more than once if necessary. Be sure you understand 
the words used. A technical problem will often have unfamiliar terms. Look up 
their meanings in a dictionary, handbook, or textbook. 


+++ Example 17: Word problems may contain words or phrases like 


simply supported beam angular velocity groundspeed 
concentrated load center of gravity kinetic energy 


It goes without saying that you must know the meanings of these words before you 
can solve a problem in which they appear. ooo 


Picture the Problem 


Try to visualize the situation described in the problem. Form a picture in your mind. 
Draw a diagram showing as much of the given information as possible. 


+++ Example 18: Suppose that part of a word problem states that “а car goes from 
city P to city Q, which is 236 miles away, at an average rate of 55 miles per hour.” 

At this point you should see not just dead words on paper, but a car moving 
along a road (perhaps a red sports car cruising down the interstate, stereo playing, 
you at the wheel). Make a sketch something like Fig. 3—3 showing the road as a line 
with cities P and Q at either end, 236 miles apart. Show the car with an arrow giv- 
ing the direction of travel and the speed. 

Of course, we have not solved the problem yet (it isn't even fully stated), but at 
least we have a good grip on the information given so far. 


55 mi/hr 


Г 236 mi Ч 


FIGURE 3-3 Tet 
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Base perimeter = 150 in. 


FIGURE 3-4 Aircraft nose cone. 
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Identify the Unknown(s) 


Look for a sentence that asks a question (it may end in a question mark). Find a 
sentence that starts with Find... or Calculate . . . or What is . . . or How much... 
or similar phrases. Such a sentence will usually contain the unknown quantity, the 
thing we want to solve for. Then label this unknown with a statement such as 


Let x — cost of each part, dollars 


Be sure to include units of measure when defining the unknown. 


+++ Example 19: Suppose one sentence in a word problem says, “Find the speed of 
train B." You may be tempted to label the unknown in one of the following ways: 


*** 


Define Other Unknowns 


If there is more than one unknown, you will often be able to define the additional 
unknowns in terms of the original unknown, rather than introducing another symbol. 


+++ Example 20: A word problem contains the following statement: “Find two num- 
bers whose sum is 80 and, .. . ." 


Solution: Here we have two unknowns. We can label them with separate symbols. 


Let x — first number 
Let y — second number 


But a better way is to label the second unknown in terms of the first, thus avoiding 
the use of a second variable. Since the sum of the two numbers x and y is 80, 
x + y = 80 
from which 
у= 80 = х 
This enables us to label both unknowns in terms of the single variable х. 
Let x = first number 
Let 80 — x = second number +.. 


Estimate the Answer 


A valuable skill to develop is the ability to estimate the answer before starting the 
problem. Then you will be able to see if the answer you get is reasonable or not. 
One way to estimate an answer is to make simplifying assumptions. 


+++ Example 21: To estimate the surface area of the aircraft nose cone in Fig. 3—4, 
we could assume that its shape is a right circular cone (shown by dashed lines) rather 
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than the complex shape given. This would enable us to estimate the area using the fol- 
lowing simple formula (Eq. 96): 


Lateral area = +(perimeter of base) X (slant height) 


For the nose cone, 
area ~ 3(150)(122) = 9150 in? 


We would expect our final answer to be a bit greater than 9150 in.” and should be 
suspicious if our “exact” calculation gives an answer much different from this. 999 


+++ Example 22: Suppose we want to find the volume of the spindle in Fig. 3-5. 
To get an estimate, we can find the volume of a cylinder of the same length as the 
spindle, but that has a diameter somewhere between the largest and smallest dia- 
meters of the spindle, say, 17 mm. This will not give us the exact answer, of course, 
but will put us in the ballpark. If our final answer is very different than our estimate, 
we would be suspicious. +.. 


Another technique is to bracket the answer. To “bracket” an answer means to find 
two numbers between which your answer must lie. Don’t worry that your two values 
are far apart. This method will catch more errors than you may suppose. 


+++ Example 23: We can bracket the volume of the spindle by noting that it must be 
less than that of a cylinder 19.00 mm in diameter but greater than that of a cylinder 
15.00 mm in diameter. ooo 


өөө Example 24: It is clear that the length of the bridge cable of Fig. 3-6 must be 
greater than the straight line distances AB + BC, but less than the straight line dis- 
tances AD + DE + ЕС. So the answer must lie between 894 ft and 1200 ft. +++ 


Estimation is not always easy. It takes some time to develop this skill, but it is 
well worth it. We will show estimation in most of the word problems in this chapter. 


Write and Solve an Equation 


The next step is to write an equation to relate the given quantities to the unknown 
quantity. Sometimes the equation will be a formula from mathematics, such as the 
relationship between the volume of a sphere and its radius. At other times you will 
need a formula from technology, such as the one relating the strength of a steel rod 
to its diameter. The relationships you will need for the problems in this book can be 
found in Appendix A, “Summary of Facts and Formulas.” Problems that use some of 
these formulas are treated later in this chapter. But first, we will solve simple number 
puzzles, in which the formula is given verbally right in the problem statement. 

When you have an answer, label it with the same words you used in defining 
the unknown. 


Check Your Answer 


First see if your answer is reasonable. Did you come up with a bridge cable 1 mm in 
diameter or a person walking at a rate of 54 mi/h? Does your answer agree, within reason, 
with your estimate? Then you should check your answer in the original problem state- 
ment. Do not check the answer in your equation, which may already contain an error. 


Don’t Give Up 


Be persistent. If you don’t “get it” at first, keep trying. Take a break and return to 
the problem later. Read the problem again. Perhaps try a different approach. You 
know that the “school problems” that you encounter in a mathematics class all have 
solutions, so keep at it. 


17.00 mm 
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FIGURE 3-5 А spindle. 


19.00 mm 


A 77 
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800 ft | 


FIGURE 3-6 Suspension bridge. 
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Here is a summary of the usual steps followed in solving a word problem. 


Study the Problem. Look up unfamiliar words. Make a sketch. Try to vi- 
sualize the situation in your mind. 

Identify the Unknown(s). Give it a symbol, such as “Let x = ..." If there 
is more than one unknown, try to label the others in terms of the first. In- 
clude units. 

Estimate the Answer. Make simplifying assumptions or try to bracket the 


answer. 
Write and Solve an Equation. Look for a relationship between the un- 
known and the known quantities that will lead to an equation. Write and 
solve that equation for the unknown. Include units in your answer. If there 
is a second unknown be sure to find it also. 

Check Your Answer. See if the answer looks reasonable. See if it agrees with 
your estimate. Be sure to do a numerical check in the problem statement itself. 


Number Puzzles 


The number puzzles that follow may not have practical value in themselves, but 
they have great value as our first word problems. They will give us practice in set- 
ting up and solving a word problem and prepare us for the applications that will 
come later. They can also be worked just for fun. 

In word problems, mathematical operations are often indicated by words such 
as the following: 


Addition (+) more, plus, sum, total, add, increased by 
Subtraction (—) less, difference of, diminished by, decreased by 
Multiplication (X) or (+) product, times, increased by a factor of 
Division (+) quotient, ratio, divided by, per 

Equality (=) is, equals, is equal to, gives, results in 


This is not a complete list. The English language is so flexible that the same idea 
can be given in a great variety of forms. What we must do is to locate such words 
and replace them with mathematical symbols. 


+++ Example 25: If two times a number is increased by seven, the result is equal to 
five less than four times the number. Find the number. 


Solution: Let x = the number. Then, 
2x = two times the number 
From the problem statement, 
2х +7 = 4х —-5 
Solving for х, 
7+5 = 4х —2x 
2х = 12 


х= 6 ooo 


eee Example 26: Let us check the answer from Example 25. Using the words of the 
problem statement, we get, 


Twice six increased by sevenis 2(6) + 7 = 12+ 7 = 19 


Five less than four times 51х 15 4(6) — 5 = 24-5 = 19 checks ¢¢¢ 
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Checking an answer by substituting into the equation is not good 
enough. The equation may already contain an error. Check your 
answer in the problem statement. 


Common 


Error 


Define Other Unknowns 

If there is a second unknown, you will often be able to define it in terms of the orig- 
inal unknown, rather than to introduce a new symbol. 

өөө Example 27: Find two numbers whose sum is 50 and whose difference is 30. 


Solution: This problem has two unknowns. We could choose to label each with a 
separate symbol, 
Let x = larger number 
and 
y = smaller number 


but a better way would be to label the second unknown in terms of the first: 
Let x = larger number 
Then, since the sum of the two numbers is 50, we get 
50 — x = smaller number 


We get the difference of the two numbers by subtracting the smaller number from 
the larger. 
x = (50 — x) 
We are told that this equals 30, so our equation is, 
x — (50 — x) = 30 
Removing parentheses gives 


х-5-4х-30 


Collecting like terms we get, 


2x — 50 = 30 
Adding 50 to both sides gives 
2x = 80 
x = 40 = the larger number 
50 — x = 10 = the smaller number 22 


Exercise 2 Solving Word Problems 


Identify an unknown and rewrite each expression as an algebraic expression. 


1. Ten more than three times a number. 

2. Two numbers whose sum is 17. 

3. Two numbers whose difference is 42. 

4. The amounts of antifreeze and water in 4 gallons of an antifreeze-water 
solution. 

. A fraction whose denominator is 4 more than 6 times its numerator. 

. The angles in a triangle, if one angle is three times the other. 

. The number of gallons of antifreeze in a radiator containing x gallons of a 
mixture that is 11% antifreeze. 


моил 
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These “impractical” number puzzles 
provide practice in reducing a verbal 
statement to a mathematical equation, 
without the complications of the 
technical settings that will come later. 
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8. The distance traveled in x hours by a car going 78 km/h. 
9. If x equals the length of a rectangle, write an expression for the width of the 
rectangle if (a) the perimeter is 64; or (b) the area is 320. 


Number Puzzles 


Solve each problem for the required quantity. 

10. Four less than 6 times a number is 32. Find the number. 

11. Find a number such that the sum of 16 and that number is 3 times that number. 

19. Six less than 5 times a number is 19. Find the number. 

13. The sum of 45 and some number equals 6 times that number. Find it. 

14. Tenless than three times a certain number is 29. Find the number. 

15. When three is added to seven times a number, the result is equal to the same as 
when we subtract seven from nine times that number. Find that number. 


3-3 Uniform Motion Applications 


Number puzzles were a good warm-up, but now we will do some problems having 
more application to technology. 

Everything you need to solve these problems is given right here. However, with 
these and others throughout the text, you may search in vain for an example that 
exactly matches. That is what makes them difficult but also what makes them valu- 
able. Instead of just plugging new numbers into an already worked example, you 
must dig a bit deeper and apply the basic ideas from the example to the new 
situation. 

Do not be reluctant to try problems outside your chosen field. Some familiarity 
with other branches of technology will make you more valuable on the job. 

We will start with uniform motion problems. The ideas here should be familiar; 
you already know that if you walk at a rate of 3 miles per hour for 2 hours you will 
travel 6 miles. The problems in this section are based on that one simple idea. 

Motion is called uniform when the speed does not change. The distance trav- 
eled at constant speed is related to the speed (the rate of travel) and the elapsed 
time by 


rate X time = distance 
or 
RT =D 


Be careful not to use this formula for anything but uniform motion. 

Also, when using this formula or any other, we must be careful with units of 
measure. The units must be consistent. Do not mix feet and miles, for example, or 
minutes and hours. You may have to convert units, as we did in Chap. 1, so that 
they cancel properly, and further, leave your answer with the desired units. 


eee Example 28: A plane flies for 2.45 h at 325 km/h. How far does it travel? 
Solution: From the equation above, 


D = 325(2.45) = 796 km .. 


We now do a typical motion problem, in which we will organize our infor- 
mation in table form, to help in the solution, and use the equation (rate X time = 
distance). 
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+++ Example 29: A truck leaves a city traveling at a speed of 72.5 km/h, and a car 
leaves the same city 1.25 h later to overtake the truck. If the car’s speed is 108.0 km/h, 
how long will it take for the car to overtake the truck? 


Estimate 

The truck has a head start of 1.25 hours and goes at 72.5 km/h, so it is about 91 km 
ahead when the car starts. But the car goes about 36 km/h faster than the truck, so 
each hour the truck’s lead is cut by 36 km. Thus it would take between 2 and 3 
hours to reduce the 91-km lead to zero. 


Solution: Let us follow the list of steps suggested for solving any word problem. 


Make a Sketch 
A simple sketch, Fig. 3—7, shows the city, the road, the meeting point, and the rates 
of the truck and the car. 


Truck, 72.5 km/h 
—— 


: Meeting 
city 232: point 
——À- 
Car, 108.0 km/h 


(1.25 h later) 


FIGURE 3-7 


Identify the Given Information 
Let us write down the formula for uniform motion, 


rate X time — distance 


Under each of the three quantities we write the given value of that quantity, 
both for the truck and for the car. Reading the problem statement, we see that the 
speeds of the truck and of the car are given. 


Truck 72.5 
Car 108.0 
Define the Unknown 


What are we looking for? We seek the time for the car to overtake the truck, so we write 
Lett — time traveled by car (hours) 


and enter this information into our table 


Truck 72.5 
Car 108.0 t 
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Define the Other Unknowns 
We have three empty boxes in our table. First, the time for the truck can be written 
in terms of t by noting that the truck travels for 1.25 hours longer than the car. 


We complete the table by noting that distance = rate X time. 


Truck 72.5 t + 1.25 72.5 (t + 1.25) 
Car 108.0 t 108.0/ 


Write and Solve an Equation 

An equation says that something is equal to something else. What quantities are 
equal in this problem? Since, at the instant that the car overtakes the truck, they 
have both gone the same distance, we set the distance gone by the truck equal to the 
distance gone by the car. 


Distance by car = Distance by truck 
108.0; = 72.5(t + 1.25) 


Solve the Equation 
108.07 = 72.5t + 72.5(1.25) 
108.07 — 72.5t = 90.63 
35.51 = 90.63 


t = 2.55 hours = time for car 


Check Your Answer 

We first note that the answer (2.55 h for the car) agrees with our estimate, which 
was between 2 and 3 hours. Next, for a more accurate check, let’s find the distance 
traveled by the truck and by the car. 


Time for truck = т + 1.25 = 3.80h 
Truck distance = (72.5 km/h)(3.80 h) = 275.5 km 
Car distance = (108.0 km/h)(2.55 h) = 275.4 km 


These distances agree to three significant digits, the precision to which we are 
working in this problem. Since most of our original numbers are known only to 
three significant digits, we cannot expect our answers to check to more significant 
digits than that. 22 


In the preceding example we got our equation from the fact that both vehicles 
traveled the same distance. This, of course, will not be true for every motion prob- 
lem, and you may have to look for other relationships in order to write an equation. 
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Exercise 3 • Uniform Motion Applications 


1; 


Two planes start from the same city at ће same time. One travels at 252 mi/h 
and the other at 266 mi/h, in the opposite direction. How long will it take for 
them to be 1750 miles apart? 


. The pointer of a certain meter can travel to the right at the rate of 10.0 cm/s. 


What must be the minimum return rate if the total time for the pointer to 
traverse the full 12.0-cm scale and return to zero must not exceed 2.00 
seconds? 


. A train travels from P to Q at a rate of 22.5 km/h. After it has been gone 2.75 


hours, an express train leaves P for Q traveling at 85.5 km/h, and reaches Q 
1.50 hours ahead of the first train. Find the distance from P to Q, and the time 
taken by the express train. 


. A freight train leaves A for B, 175 miles away, and travels at the rate of 31.5 


mi/h. After 1.50 hours, a train leaves B for A, traveling at 21.5 mi/h. How 
many miles from B will they meet? 


. Two submarines start from the same spot and travel in opposite directions, one 


at 115 km/day and the other at 182 km/day. How long will it take for the sub- 
marines to be 1470 km apart? 


. A bus travels 87.5 km to another town at a speed of 72.0 km/h. What must be 


its return rate if the total time for the round trip is to be 2.50 hours? 


. An oil slick from a runaway offshore oil well is advancing toward a beach 354 


miles away at the rate of 10.5 mi/day. Two days after the spill, cleanup ships 
leave the beach and steam toward the slick at a rate of 525 mi/day. At what 
distance from the beach will they reach the slick? 


. A certain shaper has a forward cutting speed of 115 ft/min and a stroke of 


10.5 in. It is observed to make 429 cuts (and returns) in 4.0 minutes. What is 
the return speed? 


. Spacecraft A is over Houston at noon on a certain day and traveling at a 


rate of 275 km/h. Spacecraft B, attempting to overtake and dock with A, 
is over Houston at 1:15 P.M. and is traveling in the same direction as A, at 
444 km/h. At what time will B overtake A? At what distance from Houston? 


3-4 Money Problems 


Our next group of applications is in an area that concerns us all, on the job and 
especially in our private lives: money. 


We usually work financial problems to the nearest dollar or nearest penny, regardless 
of the significant digits in the original numbers. 


+++ Example 30: A consultant had to pay income taxes of $4867 plus 15% of the 
amount by which her taxable income exceeded $32,450. Her tax bill was $12,386. 
What was her taxable income? Work to the nearest dollar. 


Solution: Let x — taxable income (dollars). The amount by which her income 
exceeded $32,450 is then 


x — 32,450 


Her tax is 1596 of that amount, plus $4867, so 


tax = 4867 + 0.15(x — 32,450) = 12,386 
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Financial problems make heavy use of 
percentage, so you may want to review 
that material. 
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Solving for x we get 


0.15(x — 32,450) — 12,386 — 4867 — 7519 
751 
x — 32,450 = 2219 = 50,127 
0.15 


50,127 + 32,450 = $82,577 


X 


Check: Her income exceeds $32,450 by ($82,577 — $32,450) or $50,127. A 1596 
tax on that amount is 0.15($50,127) or $7,519. Her total tax is then $7,519 + $4867 
or $12,386, as required. ooo 


+++ Example 31: A person invests part of his $10,000 savings in a bank, at 6%, and 
part in a certificate of deposit, at 896, both simple interest. He gets a total of $750 per 
year in interest from the two investments. How much is invested at each rate? 


Solution: We first define our variables. Let 


x = amount invested at 6% 
and 
10,000 — x = amount invested at 8% 
If x dollars are invested at 6%, the interest on that investment is 0.06x dollars. Simi- 
larly, 0.08(10,000 — x) dollars are earned on the other investment. Since the total 
earnings are $750, we write 
0.06x + 0.08(10,000 — x) = 750 
0.06x + 800 — 0.08x = 750 
—0.02x = —50 
x = $2500 at 6% 


and 
10,000 — x = $7500 at 896 


Check: Does this look reasonable? Suppose that half of his savings ($5000) were 
invested at each rate. Then the 6% deposit would earn $300 and the 8% deposit 
would earn $400, for a total of $700. But he got more than that ($750) in interest, so 
we would expect more than $5000 to be invested at 8% and less than $5000 at 6%, 
as we have found. oe 


Exercise 4 + Money Problems 


1. The labor costs for a certain project were $3345 per day for 17 technicians and 
helpers. If each technician earned $210/day and each helper $185/day, how 
many technicians were employed on the project? 

2. A company has $86,500 invested in bonds and earns $6751 in interest annually. 
Part of the money is invested at 7.4%, and the remainder at 8.1%, both simple 
interest. How much is invested at each rate? 

3. How much, to the nearest dollar, must a company earn in order to have 
$895,000 left after paying 27% in taxes? 

4. Three equal batches of fiberglass insulation were bought for $408: the first for 
$17 per ton, the second for $16 per ton, and the third for $18 per ton. How 
many tons of each were bought? 

5. A water company changed its rates from $1.95 per 1000 gal to $1.16 per 1000 
gal plus a service charge of $45 per month. How much water (to the nearest 
1000 gal) can you purchase before your new monthly bill will equal the bill 
under the former rate structure? 
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6. What salary should a person receive in order to take home $40,000 after deduct- 
ing 23% for taxes? Work to the nearest dollar. 

7. A student sold used skis and boots for $210, getting 4 times as much for the 
boots as for the skis. What was the price of each? 

8. A used truck and a snowplow attachment are worth $7200, the truck being 
worth 7 times as much as the plow. Find the value of each. 

9. A person spends 1/4 of her annual income for board, 1/12 for clothes, and 1/2 
for other expenses, and saves $10,000. What is her income? 

10. How much must a person earn to have $45,824 after paying 28% in taxes? 

11. A carpenter estimates that a certain deck needs $4285 worth of lumber, 
if there were no waste. How much should she buy, if she estimates the waste 
at 7%? 

12. The labor costs for a certain brick wall were $1118 per day for 10 masons and 
helpers. If a mason earned $125/day and a helper $92/day, how many masons 
were on the job? 

13. A company has $173,924 in bonds and from them earns $13,824 in simple 
interest annually. Part of the money is invested at 6.75% and the remainder at 
8.24%. How much is invested at each rate? 

14. A company had $528,374 invested, part in stocks that earned 9.45% per year, 
and the remainder in bonds that earned 6.12% per year, both simple interest. 
The amount earned from both investments combined was $42,852. How much 
was in each investment? 

15. A student sold a computer and a printer for a total of $995, getting 14 times as 
much for the printer as for the computer. What was the price of each? 


3-5 Applications Involving Mixtures P| 


We turn now to mixture problems, a term which at first may seem very narrow. 
However, we will not only consider mixtures of liquids, like the oil/gasoline mix- 
ture in a snowmobile or chain saw but will also include the mixture of metals in an 
alloy like brass, the mixture of sand, stone, cement, and water in concrete, the mix- 
ture of solids and solvent in paint, and so forth. 


Basic Relationships 


The total amount of mixture is, obviously, equal to the sum of the amounts of the 
ingredients. 


These two ideas are so obvious that it may seem unnecessary to even write them 
down. However, it is because they are obvious that they are often overlooked. They 
state, in other words, that the whole is equal to the sum of its parts. 


+++ Example 39: From 100.0 Ib of solder, half lead and half zinc, 20.0 Ib is removed. 
Then 30.0 Ib of lead is added. How much lead is contained in the final mixture? 
Solution: 
initial weight of lead — 0.5(100.0) — 50.0 Ib 
amount of lead removed — 0.5(20.0) — 10.0 Ib 
amount of lead added — 30.0 Ib 
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By Eq. 1001, 
final amount of lead = 50.0 + 30.0 — 10.0 = 70.0 Ib +.. 


Percent Concentration 


The percent concentration of each ingredient is given by the following equation: 


+++ Example 33: The total weight of the solder in Example 32 is 
100.0 — 20.0 + 30.0 = 110.0 Ib 


so the percent concentration of lead (of which there is 70.0 Ib) is 


70.0 
1 = —— X 100 = 63. 
percent lead 110.0 00 = 63.6% 


where 110.0 is the total weight (Ib) of the final mixture. ooo 


Two Mixtures 


When two mixtures are combined to make a third mixture, the amount of any ingre- 
dient A in the final mixture is given by the following equation: 


+++ Example 34: One hundred liters of gasohol containing 12% alcohol is mixed 
with 200 liters of gasohol containing 8% alcohol. The volume of alcohol in the final 
mixture is 


final amount of alcohol = 0.12(100) + 0.08(200) 


= 12 + 16 = 28 liters 22 


A Typical Mixture Problem 


We now use these ideas about mixtures to solve a typical mixture problem. 


+++ Example 35: How much steel containing 5.25% nickel must be combined with 
another steel containing 2.84% nickel to make 3.25 tons of steel containing 4.15% 
nickel? 


Estimate: The final steel needs 4.15% of 3.25 tons of nickel, about 0.135 ton. If we 
assume that equal amounts of each steel were used, the amount of nickel would be 
5.25% of 1.625 tons or 0.085 ton from the first alloy, and 2.84% of 1.625 tons or 0.046 
ton from the second alloy. This gives a total of 0.131 ton of nickel in the final steel. 
This is not enough (we need 0.135 ton). Thus more than half of the final alloy must 
come from the higher-nickel alloy, or between 1.625 tons and 3.25 tons. 


Solution: Let x = tons of 5.25% steel needed. Fig. 3-8 shows the three alloys and 
the amount of nickel in each, with the nickel drawn as if it were separated from the 
rest of the steel. The weight of the 2.84% steel is 


3.25 = xX 
The weight of nickel that it contains is 
0.0284(3.25 — x) 
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5.2596 Nickel 
steel 


2.8496 Nickel 
steel 
Nickel 
0.0525 x tons Nickel 


0.0284(3.25 — x) tons 


x tons 3.25 — x tons 
4.1596 
Nickel steel Nickel 


0.0415(3.25) tons 


3.25 tons 
FIGURE 3-8 


The weight of nickel in x tons of 5.25% steel is 
0.0525x 
The sum of these must give the weight of nickel in the final mixture. 
0.0525x + 0.0284(3.25 — x) = 0.0415(3.25) 


Clearing parentheses, we have 


0.0525x + 0.0923 — 0.0284x = 0.1349 
0.0241x = 0.0426 
x = 1.77 tons of 5.25% steel 
3.25 — x = 1.48 tons of 2.84% steel 
Check: First we see that more than half of the final alloy comes from the higher- 
nickel steel, as predicted in our estimate. Now let us see if the final mixture has the 
proper percentage of nickel. 
final tons of nickel = 0.0525(1.77) + 0.0284(1.48) 
= 0.135 ton 
А 0.135 
percent nickel = 325 X 100 — 0.0415 
or 4.15%, as required. 


Alternate Solution: This problem can also be set up in table form, as follows: 


Steel with 5.2596 nickel 5.2596 x 0.0525x 
Steel with 2.84% nickel 2.84% 325 = x 0.0284(3.25 — x) 
Final steel 4.15% 3.25 0.0415(3.25) 


We then equate the sum of the amounts of nickel in the original steels with the 
amount in the final steel, getting 


0.0525x + 0.0284(3.25 — x) = 0.0415(3.25) 
as before. ooo 
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If you wind up with an equation that looks like this: 


( )lb nickel + ( )lb iron = ( )lb nickel 


you know that something is wrong. When you are using Eq. 1002, 
all the terms must be for the same ingredient. 


Exercise 5 • Applications Involving Mixtures 


Treat the percents given in this exercise as exact numbers, and work to three signifi- 
cant digits. 


1. 


10. 


11. 


19. 


Two different mixtures of gasohol are available, one with 596 alcohol and the 
other containing 12% alcohol. How many gallons of the 12% mixture must 
be added to 252 gal of the 5% mixture to produce a mixture containing 9% 
alcohol? 


. How many metric tons of chromium must be added to 2.50 metric tons of 


stainless steel to raise the percent of chromium from 11% to 18%? 


. How many kilograms of nickel silver alloy containing 1896 zinc and how many 


kilograms of nickel silver alloy containing 31% zinc must be melted together to 
produce 706 kg of a new nickel silver alloy containing 22% zinc? 


. A certain bronze alloy containing 4% tin is to be added to 351 Ib of bronze 


containing 1846 tin to produce a new bronze containing 1596 tin. How many 
pounds of the 4% bronze are required? 


. How many kilograms of brass containing 63% copper must be melted with 


1120 kg of brass containing 7296 copper to produce a new brass containing 
67% copper? 


. A certain chain saw requires a fuel mixture of 5.596 oil and the remainder 


gasoline. How many liters of 2.5% mixture and how many of 9.0% mixture 
must be combined to produce 40.0 liters of 5.5% mixture? 


. A certain automobile cooling system contains 11.0 liters of coolant that is 1596 


antifreeze. How many liters of mixture must be removed so that, when it is 
replaced with pure antifreeze, a mixture of 25% antifreeze will result? 


. A vat contains 4110 liters of wine with an alcohol content of 10%. How 


much of this wine must be removed so that, when it is replaced with wine 
with a 1796 alcohol content, the alcohol content in the final mixture will be 
1296? 


. A certain paint mixture weighing 315 Ib contains 2096 solids suspended in 


water. How many pounds of water must be allowed to evaporate to raise the 
concentration of solids to 2596? 


Fifteen liters of fuel containing 3.2% oil is available for a certain two-cycle 
engine. This fuel is to be used for another engine requiring a 5.596 oil mixture. 
How many liters of oil must be added? 


A concrete mixture is to be made which contains 35% sand by weight, and 
642 Ib of mixture containing 29% sand is already on hand. How many 
pounds of sand must be added to this mixture to arrive at the required 3596? 


How many liters of a solution containing 1896 sulfuric acid and how many 
liters of another solution containing 25% sulfuric acid must be mixed together 
to make 552 liters of solution containing 23% sulfuric acid? (All percentages 
are by volume.) 
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3-6 Statics Applications 


The following section should be of great interest to students who expect to be 
involved in structures of any kind, buildings, bridges, trusses, and so forth. 


Moments 


The moment of a force about some point a (written М,) is the product of the force F 
and the perpendicular distance d from the force to the point. The moment of a force 
is also referred to as torque. In Fig. 3—9 it is 


+%% Example 36: The moment of the force in Fig. 3-10 about point a is 
M, = 2751b(1.45 ft) = 399 ft-lb +.. 


Equations of Equilibrium 


If the wagon, Fig. 3-11a, is pushed from the left, it will, of course, move to the 
right. If it does not move, it means there must be an equal force pushing it to the 
left, Fig. 3-11b. In other words if the wagon does not move, the sum of the horizon- 
tal forces acting on the wagon must be zero. When a body is at rest (or moving with 
a constant velocity) we say that it is in equilibrium. 

What we said about horizontal forces also applies to vertical forces, and to 
moments tending to rotate the body. These are formally stated as the equations of 
equilibrium. For a body in equilibrium, 


өөө Example 37: A horizontal uniform beam of negligible weight is 6.35 m long and 
is supported by columns at either end. A concentrated load of 525 N is applied to the 
beam. At what distance from one end must this load be located so that the vertical force 
(called the reaction) at that same end is 315 N? What is the reaction at the other end? 


Estimate: If the 525-N load were applied at the middle of the beam (the midspan), 
the two reactions would have equal values of 1(525) or 262.5 N. Since the left reac- 
tion (315 N) is greater than that, we deduce that the load is to the left of the midspan 
and that the reaction at the right will be less than 262.5 N. 


Solution: We draw a diagram (Fig. 3-12) and label the required distance as x. 
By Eq. 1014, 


R + 315 = 525 
R = 210N 


\ 
\ 
\ 


\ 
FIGURE 3-9 


275 1 


FIGURE 3-10 Moment of a force. 


О 


(b) 
FIGURE 3-11 


525N 


| 6.35 m | 


FIGURE 3-12 
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I— 1.72 ft 

Ry 
125 Ib 
Uniform bar, weight = 25.0 Ib 
| 4.14 ft | 
FIGURE 3-13 
2.07 ft ——} 

1.72 ft 

1 R, 
Weightless 


125 Ib 25.0 lb 


4.14 ft 
FIGURE 3-14 
2350 Ib 
Ri R, 
|< 13.1 ft >| 
|< 17.3 ft >| 
FIGURE 3-15 
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Taking moments about p, we set the moments that tend to turn the bar in a 
clockwise (CW) direction equal to the moments that tend to turn the bar in the 
counterclockwise (CCW) direction. By Eq. 1015, 


525x = 210(6.35) 


210(6.35) 
x = = 254m ooo 
525 


өөө Example 38: Find the reactions А and А in Fig. 3-13. 


Estimate: Let's assume that the 125-Ib weight is centered on the bar. Then each 
reaction would equal half the total weight (150 Ib + 2 = 75 1b). But since the weight 
is to the left of center, we expect R} to be a bit larger than 75 Ib and R; to be a bit 
smaller than 75 Ib. 


Solution: In a statics problem, we may consider all of the weight of an object to 

be concentrated at a single point (called the center of gravity) on that object. For a 

uniform bar, the center of gravity is just where you would expect it to be, at the mid- 

point. Replacing the weights by forces gives the simplified diagram, Fig. 3-14. 
The moment of the 125-Ib force about p is, by Eq. 1012, 


125(1.72)ft-Ib clockwise 
Similarly, the other moments about p are 


25.0(2.07)ft-Ib clockwise 
and 
4.14 К ft-lb counterclockwise 


But Eq. 1015 says that the sum of the clockwise moments must equal the sum of 
the counterclockwise moments, so 
4.]4R» = 125(1.72) + 25.0(2.07) 
= 266.8 
Ry = 64.416 
Also, Eq. 1014 says that the sum of the upward forces (Ау and R5) must equal 
the sum of the downward forces (125 Ib and 25.0 Ib), so 
Ri + R5 = 125 + 25.0 
ЕК, = 125 + 25.0 — 64.4 
= 85.6 Ib ooo 


Exercise 6 • Statics Applications 


1. A horizontal beam of negligible weight is 18.0 ft long and is supported by 
columns at either end. A vertical load of 14,500 Ib is applied to the beam at a 
distance x from the left end. (a) Find x so that the reaction at the left column is 
10,500 Ib. (b) Find the reaction at the right column. 

2. A certain beam of negligible weight is "built-in" at one end and has an addi- 
tional support 13.1 ft from the left end, as shown in Fig. 3-15. The beam is 
17.3 ft long and has a concentrated load of 2350 16 at the free end. Find the 
vertical reactions А and А. 

3. A horizontal bar of negligible weight has a 55.1-Ib weight hanging from the 
left end and a 72.0-Ib weight hanging from the right end. The bar is seen to 
balance 97.5 in. from the left end. Find the length of the bar. 
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4. A horizontal bar of negligible weight hangs from two vertical cables, one at 
each end. When a 624-N force is applied vertically downward from a point 
185 cm from the left end of the bar, the right cable is seen to have a tension of 
34] N. Find the length of the bar. 

5. A uniform horizontal beam is 9.74 ft long and weighs 386 Ib. It is supported 
by columns at either end. A vertical load of 3814 Ib is applied to the beam at a 
distance x from the left end. Find x so that the reaction at the right column is 
2000 Ib. 

6. A uniform horizontal beam is 19.80 ft long and weighs 1360 Ib. It is supported 
at either end. A vertical load of 13,510 Ib is applied to the beam 8.450 ft from 
the left end. Find the reaction at each end of the beam. 

7. A bar of uniform cross section is 82.3 in. long and weighs 10.5 Ib. A weight of 
27.2 lb is suspended from one end. The bar and weight combination is to be sus- 
pended from a cable attached at the balance point. How far from the weight 
should the cable be attached, and what is the tension in the cable? 


8. Project: Fig. 3-16 shows three beams, each carrying a box of a given weight. 
The weight of each beam is given, which can be considered to be at the midpoint 
of each beam. The right end of each of the two upper beams rests on the box on 
the beam below it. A force of 3150 Ib is needed to support the right end of the 
lowest beam. 

Find the reactions Rj, А, and Аз, and the distance x. 


[————————— 121.3" [E 
i 132.7" >| 


9 94.8 I ЇГ 73.8 - 
2370 Ib 
“| 982 Ib 
937 Ib 
| 1020 Ib " 65.0" П БЕКЕ ОБО 
R, 624 Ib 
3150 Ib 
FIGURE 3-16 


3-7 Applications to Work, Fluid Flow, and Energy Flow 


Solving Rate Problems 


We already considered word problems involving constant rates when we learned about 
uniform motion. This will now make it easier for us to solve other problems in which 
the quantities are related in the same way. These are work, fluid flow, and energy flow. 


Uniform motion: amount traveled = rate of travel X time traveled 
Work: amount of work done = rate of work X time worked 
Fluid flow: amount of flow = flow rate Х duration of flow 
Energy flow: amount of energy = rate of energy flow X time 


Notice that these equations are mathematically identical. Many applications involving 
motion, flow of fluids or solids, flow of heat, electricity, solar energy, mechanical 
energy, and so on, can be handled in the same way. 
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To convince yourself of the similarity of all of these types of problems, con- 
sider the following work problem: 


If worker M can do a certain job in 5 h, and N can do the same amount in 8 h, how 
long will it take M and N together to do that same amount? 


Are the following problems really any different? 


do : 
worker job 
: generate 
machine : amount of energy | . 
If . М сап |consume | acertain A in 5h 
vehicle distance 
ipe ave amount of liquid 
Pip deliver Ч 
40 
generate 
апа N can | сопѕите | the same amount in 8 h, 
travel 
deliver 
do 
generate 
how long will it take M and N together to | consume | that same amount? 
travel 
deliver 


Work 


To tackle work problems, we need one simple idea. 


Here we require that the rate of work is constant. We often use this equation to find 
the rate of work for a person or a machine. 

In a typical work problem, there are two or more persons or machines doing 
work, each at a different rate. For each worker the work rate is the amount done by 
that worker divided by the time taken to do the work. That is, if a person can stamp 
9 parts in 13 min, that person's work rate is A part per minute. 


өөө Example 39: Crew A can assemble 2 cars in 5 days, and crew B can assemble 
3 cars in 7 days. If both crews together assemble 100 cars, with crew B working 10 days 
longer than crew A, how many days (rounded to the nearest day) must each crew work? 


Estimate: Working alone, crew A does 2 cars in 5 days, or 100 cars in 250 days. Sim- 
ilarly, crew B does 100 cars in about 231 days. Together they do 200 cars in 
250 + 231 or 481 days, or about 100 cars in 240 days. Thus we would expect each 
crew to work about half that, or about 120 days each. But crew B works 10 days 
longer than A, so we estimate that they work about 5 days longer than 120 days, 
whereas crew A works about 5 days less than 120 days. 


Solution: Let 
x = days worked by crew A 
and 
x + 10 = days worked by crew B 


The work rate of each crew is 


crew A: rate = 5 car per day 


3 
crew B: rate — 3 car per day 
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The amount done by each crew equals their work rate times the number of days 
worked. The sum of the amounts done by the two crews must equal 100 cars. 


2 3 
=x + =(x + 10) = 100 
5 7 
We clear fractions by multiplying by 35 
14x + 15(x + 10) = 3500 
14x + 15x + 150 = 3500 


29x = 3350 
x = 116 days for crew A 
x + 10 = 126 days for crew B өөө 


Fluid Flow and Energy Flow 
For flow problems, we use the simple equation 
amount of flow = flow rate X time 


Here we assume, of course, that the flow rate is constant. 


өөө Example 40: A certain small hydroelectric generating station can produce 
17 megawatthours (MWh) of energy per year. After 4.0 months of operation, another 
generator is added which, by itself, can produce 11 MWh in 5.0 months. How many 
additional months are needed for a total of 25 MWh to be produced? 


Solution: Let x — additional months. The original generating station can produce 
17/12 MWh per month for 4.0 + x months. The new generator can produce 11/5.0 
MWh per month for x months. The problem states that the total amount produced 
(in MWh) is 25, so 

17 


11 20:44:25 ri 
jp "ag 


Multiplying by 60 to clear fractions, we obtain 
5.0(17)(4.0 + x) + I2(11)x = 25(60) 
340 + 85x + 132x = 1500 


217x = 1160 
1160 
x= 217 = 5.3 months 53322 


Exercise 7 » Applications to Work, Fluid Flow, 
and Energy Flow 


Work 


1. A laborer can do a certain job in 5 days, a second in 6 days, and a third in 8 days. 
In what time can the three together do the job? 

2. Three masons build 318 m of wall. Mason A builds 7.0 m/day, B builds 
6.0 m/day, and C builds 5.0 m/day. Mason B works twice as many days as A, 
and C works half as many days as A and B combined. How many days did 
each work? 

3. If a carpenter can roof a house in 10 days and another can do the same in 
14 days, how many days will it take if they work together? 
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4. 


A technician can assemble an instrument in 9.5 h. After working for 2.0 h, she 
is joined by another technician who, alone, could do the job in 7.5 h. How 
many additional hours are needed to finish the job? 


. A certain screw machine can produce a box of parts in 3.3 h. A new machine is 


to be ordered having a speed such that both machines working together would 
produce a box of parts in 1.4 h. How long would it take the new machine alone 
to produce a box of parts? 


Fluid Flow 


6. 


7. 


8. 


10. 


A tank can be filled by a pipe in 3.0 h and emptied by another pipe in 4.0 h. How 
much time will be required to fill an empty tank if both are running? 

Two pipes empty into a tank. One pipe can fill the tank in 8.0 h, and the other 
in 9.0 h. How long will it take both pipes together to fill the tank? 

A tank has three pipes connected. The first, by itself, could fill the tank in 2 2 h, 
the second in 2.0 h, and the third in 1 h 40 min. In how many minutes will the 
tank be filled? 


. A tank can be filled by a certain pipe in 18.0 h. Five hours after this pipe is 


opened, it is supplemented by a smaller pipe which, by itself, could fill the 
tank in 24.0 h. Find the total time, measured from the opening of the larger 
pipe, to fill the tank. 

At what rate must liquid be drained from a tank in order to empty it in 1.50 h 
if the tank takes 4.70 h to fill at the rate of 3.50m? /min? 


Energy Flow 


11. 


12. 


13. 


14. 


15. 


16. 


A certain power plant consumes 1500 tons of coal in 4.0 weeks. There is a 
stockpile of 10,000 tons of coal available when the plant starts operating. Af- 
ter 3.0 weeks in operation, an additional boiler, capable of using 2300 tons in 
3.0 weeks, is put on line with the first boiler. In how many more weeks will 
the stockpile of coal be consumed? 

A certain array of solar cells can generate 2.0 megawatthours (MWh) in 
5.0 months (under standard conditions). After this array has been operating 
for 3.0 months, another array of cells is added which alone can generate 
5.0 MWh in 7.0 months. How many additional months, after the new array 
has been added, is needed for the total energy generated from both arrays to 
be 10 MWh? 

A landlord owns a house that consumes 2100 gal of heating oil in three win- 
ters. He buys another (insulated) house, and the two houses together use 1850 
gal of oil in two winters. How many winters would it take the insulated house 
alone to use 1250 gal of oil? 

A wind generator can charge 20 storage batteries in 24 h. After the generator 
has been charging for 6.0 h, another generator, which can charge the batteries 
in 36 h, is also connected to the batteries. How many additional hours are 
needed to charge the 20 batteries? 

A certain solar panel can collect 9000 Btu in 7.0 h. Another panel is added, 
and together they collect 35,000 Btu in 5.0 h. How long would it take the new 
panel alone to collect 35,000 Btu? 

Writing: Write down the reasons why you think the word problems in this 
book are stupid and hardly worth studying, and e-mail them to the authors. We 
promise to answer you. If you don't want to mail your observations, just file 
them in your portfolio. If, on the other hand, you think the problems are stupid 
but still worth studying, state your reasons. Those too can be sent to the author 
or filed with your notes. 


Review Problems 


+++ CHAPTER 3 REVIEW PROBLEMS «оо.» л л» 


Solve each equation. 


1 


2x — (3+4х—3х+5)=4 


2. 5(2 = х) + 7х - 21 = х +3 
3. 3(x — 2) + 2(x – 3) + (x — 4) 23x – 1 
4. хХ+І+х+2 + х +4 = 2х + 12 
5. (2х —5) – (х - 4) + (х- 3) = х - 4 
6.4 —5w — (1 – 8») = 63 – у 
7. 3z — (z + 10) – (:- 3) = 14 -z 
8. (2x — 9) – (x - 3) = 0 
9. 3x + 4(3х – 5) = 12 – x 
10. 6(x — 5) = 15 + 5(7 — 2x) 
11. 32—-2x -32 x2 - 3x +1 
19. 10x — (x — 5) = 2х + 47 
13. 7x — 5 — (6 — 8x) +2 = 3x — 7 + 106 
p 
14. 3p +2 = = 
15. ы =3 
2x 3x 
16. Cus as ^ 
17. 5.90x — 2.80 = 2.40x + 3.40 
18. 4.50(x — 120) = 2.80(x + 3.70) 
x — 4.80 
19. 15 — 6.20x 
20. 6x + 3 — (3x + 2) = (2x -1) + 9 
91. 3(x + 10) + 4(x + 20) + 5x — 170 = 15 
22. 20— x + 4(x - 1) - (x - 2) = 30 
93. 5x + 3— (2x — 2) + (1 — x) = 6(9 — x) 
24. 3х-(х-4) 4(х +1) 2x- 7 
95. 4(x — 3) = 21 + 7(2x — 1) 
26. 8.20(x — 2.20) = 1.30(x + 3.30) 
97. 5(x — 1) - 3x + 3) = 12 
98. 3.25x + 4.11(х — 3.75) = 112 
99, 5x + (2x - 3) + (x +9) x1 
30. 1.20(x — 5.10) = 7.30(х — 1.30) 
31. 2(x — 7) = 11 + 2(4x — 5) 
32. 4.40(x — 1.90) = 830(x + 1.10) 
33. 8x — (x — 5) + (8x +2) = x — 14 
34. I(x + 1) = 13 + 4(3x — 2) 
Solve for x. 
35. bx +8 22 


36. 


ct+ax=b-—T7 


133 


134 


|р 728 lb 


oT R, 
5.31 ft 
9.26 ft 


15.4 ft 


FIGURE 3-17 
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37. 
38. 
39. 
40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 
48. 


49. 


50. 


51. 


59. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


2(x-3)=4+a 

3x t+a=b-—5 

8-ах=с-— 5а 

Subdivide a meter of tape into two parts so that one part will be 6 cm longer than 
the other part. 

A certain mine yields low-grade oil shale containing 18.0 gal of oil per ton of 
rock, and another mine has shale yielding 30.0 gal/ton. How many tons of each 
must be sent each day to a processing plant that processes 25,000 tons of rock 
per day, so that the overall yield will be 23.0 gal/ton? 

A certain automatic soldering machine requires a solder containing half tin and 
half lead. How much pure tin must be added to 55 kg of a solder containing 61% 
lead and 39% tin to raise the tin content to 50%? 

A person owed to A a certain sum, to B four times as much, to C eight times as 
much, and to D six times as much. A total of $570 would pay all of the debts. 
What was the debt to A 

A technician spends ? 3 of his salary for board and 2 of the remainder for cloth- 
ing, and saves $5000 per year. What is his salary? 

Find four consecutive odd numbers such that the product of the first and third 
will be 64 less than the product of the second and fourth. 

The front and rear wheels of a tractor are 10 ft and 12 ft, respectively, in cir- 
cumference. How many feet will the tractor have traveled when the front wheel 
has made 250 revolutions more than the rear wheel? 

Find the reactions А; апа А in Fig. 3-17. 

A carpenter estimates that a certain porch needs $3875 worth of lumber, if there 
is no waste. How much should he buy, if he estimates the waste on the amount 
bought is 6%? 

How many liters of olive oil costing $4.86 per liter must be mixed with 136 liters 
of corn oil costing $2.75 per liter to make a blend costing $3.00 per liter? 

The labor costs for a certain wall were $1760 per day for 8 masons and helpers. 
If a mason earned $280/day and a helper $120/day, how many masons were on 
the job? 

According to a tax table, for your filing status, if your taxable income is over 
$38,000 but not over $91,850, your tax is $5700 plus 2896 of the amount over 
$38,100. If your tax bill was $8126, what was your taxable income? Work to the 
nearest dollar. 

A casting weighs 875 kg and is made of a brass that contains 87.5% copper. How 
many kilograms of copper are in the casting? 

How much must a person earn to have $60,000 after paying 25% in taxes? 

235 gallons of fuel for a two-cycle engine contains 3.15% oil. To this is added 
186 gallons of fuel containing 5.05% oil. How many gallons of oil are in the final 
mixture? 

How much steel containing 1.15% chromium must be combined with another 
steel containing 1.50% chromium to make 8.00 tons of steel containing 1.25% 
chromium? 

Two gasohol mixtures are available, one with 6.3596 alcohol and the other with 
11.2896 alcohol. How many gallons of the 6.3596 mixture must be added to 25.0 gal- 
lons of the other mixture to make a final mixture containing 8.0096 alcohol? 

How many tons of tin must be added to 2.75 tons of bronze to raise the per- 
centage of tin from 10.5% to 16.0%? 

A student sold a computer and a printer for a total of $825, getting half as much 
for the printer as for the computer. What was the price of each? 

How many pounds of nickel silver containing 12.5% zinc must be melted with 
248 kg of nickel silver containing 16.4% zinc to make a new alloy containing 
15.0% zinc? 
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60. A company has $223,821 invested in two separate accounts and earns $14,817 in 
simple interest annually from these investments. Part of the money is invested at 
5.94%, and the remainder at 8.56%. How much is invested at each rate? 

61. From 12.5 liters of coolant containing 13.4% antifreeze, 5.50 liters are removed. 
If 5.50 liters of pure antifreeze is then added, how much antifreeze will be con- 
tained in the final mixture? 

62. A person had $125,815 invested, part in a mutual fund that earned 10.25% per 
year and the remainder in a bank account that earned 4.25% per year, both sim- 
ple interest. The amount earned from both investments combined was $11,782. 
How much was in each investment? 

63. The labor costs for a certain project were $3971 per day for 15 technicians and 
helpers. If a technician earned $325/day and a helper $212/day, how many tech- 
nicians were on the job? 

64. 15.6 gallons of cleaner containing 17.8% acid is added to 25.5 gallons of cleaner 
containing 10.3% acid. How many gallons of acid are in the final mixture? 

65. How much brass containing 75.5% copper must be combined with another brass con- 
taining 86.3% copper to make 5250 kg of brass containing 80.0% copper? 

66. A person walks a certain distance at a rate of 3.8 mi/h. Another person takes 
2.1 hours longer to walk the same distance, at a rate of 3.2 mi/h. What distance 
did they walk? 

67. A certain submarine can travel at a rate of 31.5 km/h submerged and 42.3 km/h 
on the surface. How far can it travel submerged, and return to the starting point on 
the surface, if the total round trip is to take 8.25 hours? 

68. A mixture is made where 50.5 gallons of cleaner containing 18.2% acid is added 
to 31.6 gallons of cleaner containing 15.2% acid. How many gallons of acid are 
in the final mixture? 

69. A certain space probe traveled at a speed of 1280 km/h, and then, by firing retro- 
rockets, slowed to 950 km/h. The total distance traveled was 75,300 km in a time 
of 63.5 hours. Find the distance from the starting point at which the retro-rockets 
were fired. 

70. How many pounds of copper are in a brass ingot that weighs 1550 Ib and 
contains 73.296 copper? 

71. A ship leaves port at a rate of 24.5 km/h. After 8.25 hours a launch leaves the 
same port to overtake the ship and travels at a rate of 35.2 km/h. Find the time 
traveled by the ship before being overtaken, and the distance from the port at 
which this occurs. 

79. Writing: Make up a word problem. It can be very similar to one given in this 
chapter or, better, very different. Try to solve it yourself. Then swap with a class- 
mate and solve each other's problem. Note down where the problem may be un- 
clear, unrealistic, or ambiguous. Finally, if needed, each of you should rewrite 
your problem. 

73. Writing: You probably have some idea what field you plan to enter later: busi- 
ness, engineering, and so on. Look at a book from that field, and find at least one 
formula commonly used. Write it out; describe what it is used for; and explain 
the quantities it contains, including their units. 

74. Internet: In this chapter we have dealt with equations, that is, where one 
expression is equal to another expression. For some applications, we must deal 
with inequalities, where two expressions are not equal but where one is greater 
or less than the other. An example of an inequality is x + 7 > x — 5. The so- 
lution to an inequality is not a single number, but a range of values. In our sup- 
plementary material on the Web, we give a chapter on how to graph inequalities 
and how to solve them. Go to www.wiley.com/college/calter 
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Functions 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Distinguish between relations and functions. 


Recognize different forms of a function: equation, table of point pairs, 
verbal statement, graph. 


Use functional notation. 


Distinguish between implicit and explicit forms of an equation. 


Rewrite a simple implicit equation in explicit form. 


Substitute into a function. 


Manipulate a function. 


Manipulate functions by calculator. 


Write a composite function. 


Find the inverse of a function. 


Find the domain and range of a function. 


The equations we have been solving in the last few chapters have contained only 
one variable. For example, 


x(x- 3) = х2 +7 


contains the single variable x. 

But many situations involve two (or more) variables that are somehow related 
to each other. Look, for example, at Fig. 4-1, and suppose that you leave your 
campsite and walk a path up the hill. As you walk, both the horizontal distance x 
from your camp, and the vertical distance y above your camp, will change. You 
cannot change x without changing y, and vice versa (unless you jump into the air or 
dig a hole). The variables x and y are related. 

In this chapter we study the relation between two variables and introduce the 
concept of a function. The idea of a function provides us with a different way of 
speaking about mathematical relationships. We could say, for example, that the for- 
mula for the area of a circle as a function of its radius is А = тг. 
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It may become apparent as you study this chapter that these same problems 
could be solved without ever introducing the idea of a function. Does the function 
concept, then, merely give us new jargon for the same old ideas? Not really. 

A new way of speaking about something can lead to a new way of thinking 
about that thing, and so it is with functions. It also will lead to the powerful and 
convenient functional notation, which will be especially useful if you study calcu- 
Ius and computer programming. In addition, this introduction to functions will pre- 
pare us for the later study of functional variation. 


4-1 Functions and Relations 


We noted in the introduction that a function or relation is a way of relating two 
quantities, such as relating the area of a circle to its radius. We will soon see that a 
function or relation can take several forms (graphs and tables, for example) but we 
will usually work in the form of an equation. So for now let's define relations and 
functions in terms of equations, and expand our definition later. 


An equation that enables us to find a value of y for a given value of x is called a re- 
lation. 


+++ Example 1: The equation 
у = 3x – 5 


is а relation. For any value of x, say x = 2, there is a value of у (in this case, 
y = 1). +++ 


An equation that enables us to find exactly one value of y for a given value of x is 
called a function. Thus while the equation of Example 1 is a relation, it is also a 
function, because it gives just one value of y for any value of x. 

Thus a function may be in the form of an equation. But not every equation is a 
function. 


+++ Example 2: The equation y = + V/ x is not a function. Each value of x yields 
two values of y. This equation is a relation. 223 


We see from Examples | and 2 that a relation need not have one value of y for each 
value of x, as is required for a function. Thus only some equations that are relations 
can also be called functions. 

The fact that a relation is not a function does not imply second-class status. 
Relations are no less useful when they are not functions. 


Domain and Range 


A more general definition of a function is usually given in terms of sets. A set is a 
collection of particular things, such as the set of all automobiles. The objects or 
members of a set are called elements. 


f 
Here, set A is called the domain and set B is called the range. Domain Range 
We can picture a function as in Fig. 4—2. Each set is represented by a shaded FIGURE 4-2 A similar diagram for 
area, and each element by a point within the shaded area. The function f associates a relation would show more than one 


exactly one y in the range B with each x in the domain A. y for some values of x. 
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+++ Example 3: The equation from Example 1, 
y-73x-5 


can be thought of as a rule that associates exactly one y with any given x. The domain 
of х is the set of all real numbers, and the range of y is the set of all real numbers. *** 


Not every real number may be allowed in the domain or the range. 


+++ Example 4: For the function 
y= Vx 


the domain cannot contain any negative values of x, since we are restricting ourselves to 
the real numbers only. As a result, the range will not contain negative numbers. +++ 


We will show how to find the domain and range of functions later in this chapter. 


Different Forms of a Function or Relation 


We will deal with a function or relation mostly in the form of an equation. But other 
ways of relating two variables are as a table of values, a verbal statement, a set of or- 
dered pairs, or a graph, as shown in Fig. 4—3. We will learn about these other forms 
later in this chapter, except for graphing, which is covered in the next chapter. 


Different forms of a relation or function 


Equation: Table of values: 


Verbal statement: 


“y is equal to the square of x diminished by 3.” 


Set of ordered pairs: Graph: 
(1, 22). (3, 6), 
(0, -3), (2, 1), 


FIGURE 4-3 


Implicit and Explicit Forms 


When one variable in an equation is isolated on one side of the equal sign, the 
equation is said to be in explicit form. 


+++ Example 5: The following equations are all in explicit form: 


y=2x +5 
z=y+14 
х-3242:-2 ooo 


When a variable is not isolated, the equation is in implicit form. 
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eee Example 6: The following equations аге all in implicit form: 
y= х? + 4у 
х? + у? = 25 
wrx=yrzZ 
хул хус y? ooo 


Dependent and Independent Variables 


In the equation 
у=х+5 


y is called the dependent variable because its value depends on the value of x, and x is 
called the independent variable. Of course, the same equation can be written 
x = y — 5, so that x becomes the dependent variable and y the independent variable. 

The terms dependent and independent are used only for an equation in explicit form. 


өөө Example 7: In the implicit equation y — x = 5, neither x nor y is called 
dependent or independent. 22 


Functional Notation 


Just as we use the symbol x to represent a number, without saying which number 
we are specifying, we use the notation 


f(x) 
to represent a function without having to specify which particular function we are 


talking about. 
We can also use functional notation to designate a particular function, such as 


f(x) = х? – 2x? - 3x + 4 


Thus а functional relation between two variables x апа у, in explicit form, such as 


y= 5х2 — 6 
could be written 
f(x) = 5х2 - 6 
or as 
y = f(x) 


It is read “y is a function of x.” 


Common 
Error 


The expression y = f(x) does not mean *y equals f times x.” 


The independent variable x is sometimes referred to as the argument of the function. 


+++ Example 8: An Application. We may know that the horsepower P of an engine 
depends (somehow) on the engine displacement d. We can express this fact by 


P — f(d) 
We are saying that P is a function of d, even though we do not know (or perhaps 
even care, for now) what the relationship is. oe 


The letter f is usually used to represent a function, but other letters can, of 
course, be used (g and Л being common). Subscripts are also used to distinguish 
one function from another. 
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+++ Example 9: You may see functions written as 
y = fi(x) y = g(x) 
y = f(x) y = h(x) 
y = f(x) 


The letter y itself is often used to represent a function. 


+++ Example 10: The function 
y= x? — 3x 
will often be written 
у(х) = x? – 3x 


to emphasize the fact that y is a function of x. 


Implicit functions can also be represented in functional notation. 


oe 


oe 


+++ Example 11: The equation x — 3xy + 2y = 0 can be represented in functional 


notation by f(x, y) = 0. 


ooo 


Functions relating more than two variables can be represented in functional nota- 


tion, as in the following example. 


++» Example 12: 


y = 2x + 3z can be written y = f(x, z) 
z=x – 2у + м? can be written z = f(w,x, y) 
х + у + 2 = 0 can be written f(x, y,z) = 0 


Changing from Implicit to Explicit Form 


We often need to rewrite an equation given in the implicit form, 


f(x,y) =0 


in the explicit form, 


y = f(x) 


oe 


This is necessary, for example, to make a graph of the equation. To rewrite in ex- 


plicit form, we have to solve the given function for y. 


+++ Example 13: Rewrite this implicit equation in the explicit form, y = f(x). 


3x + 2y-4=0 


Solution: Solving for y we get, 


+++ Example 14: Rewrite this implicit equation in the explicit form, y = f(x). 


y—-x=0 


Solution: Solving for y we get, 


ха 
Il 
= 


ooo 
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Taking the square root of both side gives 
у= + Vx 


Note that we must keep both the positive and negative values of Vx, because both 
values will satisfy the original equation. Since there are two values of y for each x, 
our resulting equation is a relation, but not a function. oe 


Substituting into a Function 


If we have a function, say, f(x), then the notation f(a) means to replace x by a in 
the same function. 


+++ Example 15: Given f(x) = x? — 5x, find f(2). 


Solution: The notation f (2) means that 2 is to be substituted for x in the given func- 
tion. Wherever an x appears, we replace it with 2. 


Рх) = x -5x 
1 i 1 


FD = (2) - 52) 
= 8- 10 = -2 ooo 


+++ Example 16: Given у(х) = 3x? — 2x, find y(5). 


Solution: The notation y(5) means to substitute 5 for x, so 


y(5) = 3(5)? — 2(5) 
75 — 10 = 65 +++ 


+++ Example 17: An Application. The displacement s, in feet, of an object thrown 
downward with an initial velocity vo is a function of time, given by 
2 


t 
s = f(t) = v + = 
where а = 32.2 ft/s?. If vo = 12.5 ft/s, find f (2.00). 


Solution: The notation f (2.00) means that we are to find s when t = 2.00 s. 
Substituting gives 


nA 
II 


Та) = f(2.00) 


12.5 ft 1 32.2 ft 
= (2.00 s) + = 225 
8 2 s 


(2.00 s? 


1 
12.50.00) ft + = (32.2)(2.00) ft 


89.4 ft +++ 


Functions by Calculator 


We can define functions on both the TI-83/84 and TI-89 calculators. We can substitute 
numbers into a function on the TI-83/84, and substitute both numbers and letters on 
the TI-89. We will show both. 
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өөө Example 18: Define the function y = 2x + 5 on the TI-83/84. Then find y(3). 


Solution: Screen 1: Press the | Y= | key. Enter 2x + 5 for Y1, with X obtained by 
pressing the | X, T,0,7 | key. Screen 2: Press| QUIT | to return to the main screen. Press 
VARS | and select Y-VARS and 1: Function. Screen 3: Select Y1. Screen 4: Then 
enter (3) following Y1. The value of y(3) will then be given. 


Floti Flotz Plots 
„т В24+95 
Мүсж 

ic :Palar.. 
xum Ün Df f... 
rc 
gc 
oh Анн 


TI-83/84 Screen 1. TI-83/84 Screen 2. 


1651 ШҮ ИНИ ДЕ ШЕ! | n 1 С 3 3 1 1 na 
ч 


RAD AUTO FUNC 1730 
TI-83/84 Screen 3. TI-83/84 Screen 4. ooo 


+++ Example 19: To define the function, say, f(x) = x’, on the TI-89, we select 
Define from the| CATALOG | menu. We then type f(x) = x ^ 2, as shown. Here, 
fis simply an alpha character. +.. 


+++ Example 20: On the TI-89: 


(a) To substitute a value into the function f(x), say x = 5, we simply enter f (5). 


RAD AUTO FUNC 2220 


(b) To substitute a literal into the function f(x), say x = a, we simply enter f(a). 
TI-89 screen for Example 20. These substitutions are shown. ooo 


Fir Fèr [FS] Fur F5 Fer 4 5 
Tooislarsebralcatelatner [re ојл us| | We can combine functions as well. 


+++ Example 21: For the function of the preceding example, evaluate 


a £65) = (3) f(5) - 70) 

f Мун 
FEFA f(2) 
MAIN RAD AUTO FUNC 1220 


Solution: After defining the function as before, we enter 


(75) — FONI 
ҮЕ TES VRS IES as shown. We get the result of 4. +.. 
Tooislarsebralcatelatner [re Эшле us| | 


Functions of more than one variable can be defined. 


TI-89 screen for Example 21. 


"Define a(x,u)72.: 


+++ Example 22: The screen shows the definition of g(x, y) = 2x — 3y. 


"3(5.34, 1.88) $ Then we show the substitution of the values, say 


(5. 354, 1.88) 
MAIN RAD AUTO FUNC 2730 x = 534 y = 1.88 


TI-89 screen for Example 22. giving a result of 5.04. өөө 
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Exercise 1 • Functions and Relations 


Functions vs. Relations 


Which of the following relations are also functions? Explain. 

1. у = 3х2 – 5 2. у= V2x 

3. у= £V2x 4. у\=3Зх—5 

5. 2x? = 3y? — 4 6. х2 – 2y? -3 = 0 

7. Is the set of ordered pairs (1, 3), (2, 5), (3, 8), (4, 12) a function? Explain. 
8 


. Is the set of ordered pairs (0, 0), (1, 2), (1, 22), (2, 3), (2, —3) a function? 
Explain. 


Implicit and Explicit Forms 


Which equations are in explicit form and which in implicit form? 
9. у= 5х – 8 

10. х = 2ху + у? 

11. 3х2 + 2y? = 0 

19. y = wx + wz + xz 


Dependent and Independent Variables 


Label the variables in each equation as dependent or independent. 
13. y = 3x? + 2x 

14. x = Зу - 8 

15. w = 3x + 2y 

16. xy 2x + у 

17. 24 у =z 


Changing from Implicit to Explicit Form 


Rewrite the following implicit equations in the explicit form, y = f (x). 
18.x+y=5 

19. 2x -y+4=0 

20. x + 2y = 3x — 4y 

91. 2(3х + у) = х +2 


Substituting into a Function 


Substitute the given numerical value into each function. 
99. If f(x) = 2x? + 4, find f(3). 


23. If f(x) = 5x + 1, find f(1). 

24. If f(x) = 15x + 9, find f(3). 

95. If f(x) = 5 — 13x, find f(2). 

26. If g(x) = 9 — 3x’, find g( —2). 

27. I h(x) = x? — 2x + 1, find h(2.55). 
98. If f(x) = 7 + 2x, find f(3). 

29. If f(x) = x? — 9, find f(—2). 

30. If f(x) = 2x + 7, find f(—1). 
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FIGURE 4-4 This may seem trivial, 
but the same method is used to measure 
the elasticity of a spring, a steel girder, 
or other structural member. 
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Applications 
31. The distance traveled by a freely falling body is a function of the elapsed time t: 
ГО) = v +5 612 Ж 
where Up is the initial velocity and g is the acceleration due to gravity (32.2 ft/s”). 
If vo is 55.0 ft/s, find f(10.0), f(15.0), and f (20.0). 


32. The resistance R of a conductor is a function of temperature: 
ТО) = Ro + at) 


where Ко is the resistance at 0°C and a is the temperature coefficient of resist- 
ance (0.00427 for copper). If the resistance of a copper coil is 9800 Q at 0°C, 
find f (20.0), f(25.0), and f (30.0). 


33. The maximum deflection in inches of a certain cantilever beam, with a con- 
centrated load applied r feet from the fixed end, is a function of r: 


f(r) = 0.000030r7(80 — r) in. 


Find the deflections f(10) and f(15). 
34. The length of a certain steel bar at temperature t is given by 


L = f(t) = 96.0[1 + 15.0 x 10 $(r — 75.0)] іп. 
Find (155). 


35. The power P in a resistance R in which a current J flows is given by 
Р = fü) = PR watt (W) 
If R = 25.6 Q, find f (1.59), f (2.37), and f (3.17). 


36. Writing: The word “function” is used in everyday speech, such as, “The rate 
of advance in cancer research is a function of the amount of money invested." 
Find other examples such as this, and relate their meaning to the mathematical 
meaning of function that we have given here. 


4-9 More on Functions 
In this section we will cover a few more ideas connected with functions that will be 
useful in later chapters. 


A Function as a Set of Point Pairs 


We have said that a function or relation can be given in forms other than an equation, 
such as a set of point pairs, a verbal statement, or a graph. Here we will have another 
look at sets of point pairs and verbal statements, and do graphing in the next chapter. 


m Exploration: 
Try this. Suppose you want to describe how "strong" or how “weak” a certain rub- 
ber band is. Hang the band from a shelf, as in Fig. 4—4, tape a ruler alongside, and 
use a paper clip to attach a plastic bag. Put some pennies into the bag and record 
the change in length of the band. Then change the number of pennies and record the 
length. Repeat for different numbers of pennies. 

When finished, how did you report your findings? You probably expressed your 
results not as single numbers, but as pairs of numbers, something like the following. 


Number of Pennies 10 20 30 40 50 
Inches Stretched 1.2 24 3.5 4.9 6.1 


Data such as this, resulting from observation or experiment, is called empirical data. 
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In technical work, we must often deal with pairs of numbers, rather than single 
values. If 10 pennies caused a stretch of 1.2 inches, then 10 and 1.2 in. are called 
corresponding values. Neither number has significance without the other; they only 
have significance as a pair. Further, if we always write the pair in the same order 
(say, number of pennies first, followed by inches stretched) it is called an ordered 
pair of numbers. The ordered pair is written (10, 1.2). 

We have seen earlier that a function is often given in the form of an equation. 
However, a table of point pairs is another way of giving a function. B 


eee Example 23: Suppose that a similar experiment gave the following results: 


Load (kg) 0 1 2 3 4 5 6 7 8 


Stretch (cm) | 0 0.5 0.9 1.4 2.1 2.4 3.0 3.6 4.0 


This table of ordered pairs is a function. The domain is the set of numbers (0, 1, 2, 
3, 4, 5, 6, 7, 8), and the range is the set of numbers (0, 0.5, 0.9, 1.4, 2.1, 2.4, 3.0, 
3.6, 4.0). The table associates exactly one number in the range with each number in 
the domain. 5333 


A set of ordered pairs is not always given in table form. 


+++ Example 24: The function of Example 23 can also be written as the set of 
ordered pairs 


(0, 0), (1, 0.5), (2, 0.9), (3, 1.4), (4, 2.1), (5, 2.4), (6, 3.0), (7, 3.6), (8, 4.0) өөө 


A relation can also be given as a set of point pairs. But for each value of the inde- 
pendent variable, we may have two values of the dependent variable. 


өөө Example 25: An Application. A rocket, Fig. 4—5, is fired upward with an initial 
velocity of 200 ft/s. The times t at which it reaches a height h are given by the table, 


h (ft) tı (s) t; (s) 
0 0.00 7.03 
100 0.52 6.97 
200 1.10 6.89 
300 1.74 6.81 
400 2.50 6.72 
500 3.45 6.60 
600 5.00 6.41 


For each height there are two times (except when the rocket is at maximum height): 
one for the rocket on the way up, and the other when it reaches the same height on 
the way down. ooo 


A Function as a Verbal Statement 
A function may also be given in verbal form. 


+++ Example 26: “The shipping charges are 55¢/Ib for the first 50 and 45¢ thereafter.” 
This verbal statement is a function relating the shipping costs to the weight of the 
item. өөө 
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We sometimes want to switch from verbal form to an equation, or vice versa. 
+++ Example 27: Write y as a function of x if y equals twice the cube of x diminished 


by half of x. 


Solution: We replace the verbal statement by the equation 


х 
-2p-- 
y x 2 


+++ Example 28: The equation у = 5x? + 9 can be stated verbally as “y equals the 
sum of 9 and 5 times the square of x.” өөө 


өөө Example 29: Express the volume V of a cone having a base area of 75 units as 
a function of its altitude H. 


Solution: This is another way of saying, “Write an equation for the volume of a cone 
in terms of its base area and altitude.” 

The formula for the volume of a cone is given in Appendix A, “Summary of 
Facts and Formulas.” 


1 1 
Ү = 3 (base area)(altitude) = 3 (75)H 
So 
V = 25H 
is the required expression. ooo 
Substituting into a Function 


We previously substituted numerical values into a function. We can substitute literal 
values into a function in the same way. 


өө» Example 30: Given f(x) = 3х2 — 2x + 3, find f(5a). 
Solution: We substitute 5a for x. 


f(5a) = 3(5a)? — 2(5a) + 3 
= 3(25a*) — 10a + 3 
= 75a? — 10a + 3 +.. 
+++ Example 31: If f(x) = x? — 2x, find f(w?). 


Solution: 


fiw?) = (и2)2 2(w?) w^ — 2X? +.. 
Sometimes we must substitute into a function containing more than one variable. 


+++ Example 32: Given f(x, y, z) = 2y — 3z + x, find f(3, 1, 2). 

Solution: We substitute the given numerical values for the variables. Be sure that 
the numerical values are taken in the same order as the variable names in the func- 
tional notation. 


f(x,y, z) 
111 
f(3, 1,2) 
Substituting, we obtain 
Р(х, у, х) = 2y – 3z + x 
fG, 1,2) = 20) — 30) +3 = 2 – 6 +3 


= -] ooo 
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Manipulating Functions 


Functional notation provides us with a convenient way of indicating what is to be 
done with a function or functions. This includes solving an equation for a different 
variable, changing from implicit to explicit form, or vice versa, combining two or 
more functions to make another function, or substituting numerical or literal values 
into an equation. 


+++ Example 33: Write the equation y = 2x — 3 іп ће form x = f(y). 


Solution: We are being asked to write the given equation with x, instead of y, as the 
dependent variable. Solving for x, we obtain 


2x — y -3 


+++ Example 34: Write the equation x = 27 — 3y in the form y = f(x). 


Solution: We are asked to write the equation with y as the dependent variable, so we 
solve for y. Rearranging gives 


Зу = 27 – х 
Dividing by 3 we get 
== 
í 3 
өөө Example 35: Write the equation y = 3x? — 2x in the form f(x, y) = 0. 


Solution: We are asked here to go from an explicit to an implicit form. Rearranging 
gives us 


3х2 – 2х - у= 0 ooo 


Composite Functions 
Just as we can substitute a constant or a variable into a given function, so we can 


substitute a function into a function. 


+++ Example 36: If g(x) = x + 1, find 

(а) g(2) (b) g(z?) €) &[/(х)] 
Solution: 

(a) g(2) =2+1=3 

(Ы) (22) = +1 

(РО) = fix) +1 +e 


Being made up of the two functions g(x) and f(x), the function g[f(x)], 
which we read “g of fof x,” is called a composite function. If we think of a function 
as a machine, it is as if we are using the output f(x) of the function machine f as 
the input of a second function machine g. 


x>] f(x) A [8| [/(х)] 


We thus obtain g[ f (x) | by replacing x in g(x) by the function f (x). 
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өөө Example 37: Given the functions g(x) = x + land f(x) = x, write the com- 
posite function g| f (x). 


Solution: In the function g(x), we replace x by f(x). 
g(x) = х+1 


since f(x) = x*. ooo 


As we have said, the notation g[ f(x) | means to substitute f(x) into the function 
g(x). On the other hand, the notation f[g(x) | means to substitute g(x) into f(x). 


x [8] g(x) >[f]> /[8(х)] 
In general, f[ g(x) | will not be the same as g| f(x)]. 


өө» Example 38: Given g(x) = x? and f(x) = x + 1, find the following: 


(a) 71809 (b) glf(x)] 

(с) f[g(2)] (d) gLf(2)] 

Solution: 

(а) f[g(x)) = (x) +1= х2 +1 €) g[f(x)] = (f(x) P = (+ 1)? 
© f[e2) = 2+1=5 (9) 8[7(2)] = (2 +1} = 9 

Notice that here f| g(x) ] is not equal to g[ f(x) ]. ooo 


Inverse of a Function 


Consider a function f that, given a value of x, returns some value of y. 


xf wy 


If y is now put into a function g that reverses the operations performed in f so that 
its output is the original x, then g is called the inverse of f. 


x|filyg-x 


The inverse of a function f(x) is often designated by / ! (x). 
х /-»у xf > Х 


Соттоп 


Error Do not confuse f ' with 1/f. 


+++ Example 39: Two such inverse operations are “cube” and “cube root.” 


x — [cube x| > x? — [take cube root! > х ooo 


Thus if a function f(x) has an inverse f~!(x) that reverses the operations in 
f(x), then the composite of f (x) and f~!(x) should have no overall effect. If the 
input is x, then the output must also be x. In symbols, if f(x) and f~!(x) are 
inverse functions, then 


and 
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Conversely, if g[f(x)] = x and f[g(x)] = x, then f(x) and g(x) are inverse 
functions. +.. 


+++ Example 40: Using the example of the cube and cube root, if 
f(x) = x? and g(x) = We 


then 
ауа = Уур) = Vx =x 
and 
FION = BOP = (Vx? = х 
This shows that here f(x) and g(x) are indeed inverse functions. ooo 


To find the inverse of a function y = f(x): 


1. Solve the given equation for x. 
2. Interchange x and y. 


+++ Example 41: We use the cube and cube root example one more time. Find the 
inverse g(x) of the function 


у= До) = х? 
Solution: We solve for x and get 
r=% 


It is then customary to interchange variables so that the dependent variable is 
(as usual) y. This gives 


у= fla = Vx 
Thus f 7x) = We is the inverse of f(x) = x^, as verified earlier. ooo 


+++ Example 42: Find the inverse f “Цх) of the function 


у = f(x) = 2x + 5 


Solution: Solving for x gives 


y= 5 
x = —— 
2 
Interchanging x and y, we obtain 
у= ГО) = — E 


Sometimes the inverse of a function will not be a function itself, but it may be a 
relation. 


+++ Example 43: Find the inverse of the function y = х2. 


Solution: Take the square root of both sides. 
х= + Vy 


Interchanging x and y, we get 


Vx 


= 
Il 
I+ 
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The inverse trigonometric functions and 
the exponential function and its inverse, 
the logarithmic function, are covered 
later. 
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Thus a single value of x ( say, 4) gives two values of y (+2 and —2), so our inverse 
does not meet the definition of a function. It is, however, a relation. +++ 


Sometimes the inverse of a function gets a special name. The inverse of the 


sine function, for example, is called the arcsin, and the inverse of an exponential 
function is a logarithmic function. 


Finding Domain and Range 


To be strictly correct, the domain should be stated whenever an equation is written. 
However, this is often not done, so we follow this convention: 


+++ Example 44: The function 
2 


ус х 
gives a real y value for every real x value. Thus the domain is ай of the real num- 
bers, which we can write 
Domain: —00 < x <% 


But notice that there is no x that will make y negative. Thus the range of y includes 
all the positive numbers and zero. This can be written 


Range: y=0 +++ 


Our next example is one in which certain values of x result in a negative number 
under a radical sign. 


+++ Example 45: Find the domain and the range of the function 
у= мх = 2 


Solution: Our method is to see what values of x and у “do not work” (give a non-real 
result or an illegal operation); then the domain and the range will be those values that 
“do work.” 

Any value of x less than 2 will make the quantity under the radical sign nega- 
tive, resulting in an imaginary y. Thus the domain of x is all the positive numbers 
equal to or greater than 2. 

Domain: x22 
An x equal to 2 gives a y of zero. Any x larger than 2 gives a real y greater than 
zero. Thus the range of y is 

Range: у2 0 222 


Our next example shows some values of x that result in division by zero. 
eee Example 46: Find the domain and the range of the function 


кы 


Solution: Неге any value of x but zero will give a real у. Thus the domain is 
Domain: x #0 


Notice here that it is more convenient to state which values of x do not work, rather 
than those that do. 
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Now what happens to y as x varies over its domain? We see that large x values 
give small y values, and conversely that small x values give large y values. Also, 
negative x's give negatives y's. However, there is no x that will make y zero, so 


Range: y #0 ooo 


Our final example shows both division by zero and negative numbers under a radical 
sign, for certain x values. 


+++ Example 47: Find the domain and the range of the function 
9 


y = —— 
V4—*x 


Solution: Since the denominator cannot be zero, x cannot be 4. Also, any x greater 
than 4 will result in a negative quantity under the radical sign. The domain of x is then 


Domain: x<4 


Restricted to these values, the quantity 4 — x is positive and ranges from very 
small (when x is nearly 4) to very large (when x is large and negative). Thus the 
denominator is positive, since we allow only the principal (positive) root and we 
can vary from near zero to infinity. The range of y, then, includes all the values 
greater than zero. 


Range: у> 0 ooo 
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A Function as a Verbal Statement 


For each of the following, write y as a function of x, where the value of y is equal to 
the given expression. 

1. The cube of x 

2. The square root of x, diminished by 5 

3. x increased by twice the square of x 

4. The reciprocal of the cube of x 

5. Two-thirds of the amount by which x exceeds 4 


Write the equation called for in each of the following statements. Refer to Appen- 
dix A, “Summary of Facts and Formulas,” if necessary. 
6. Express the area A of a triangle as a function of its base b and altitude h. 
7. Express the hypotenuse c of a right triangle as a function of its legs, a and b. 
8. Express the volume V of a sphere as a function of the radius r. 
9. Express the power P dissipated in a resistor as a function of its resistance R 
and the current / through the resistor. 
10. A car is traveling at a speed of 55 mi/h. Write the distance d traveled by the 
car as a function of time f. 
11. To ship its merchandise, a mail-order company charges 65e /Ib plus $2.25 for 
handling and insurance. Express the total shipping charge s as a function of 
the item weight w. 
19. A projectile is shot upward with an initial velocity of 125 m/s. Express the height 
H of the projectile as a function of time. 


Substituting into a Function 


Substitute the literal values into each function. 
13. If f(x) = 2x? + 4, find f(a). 
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1 
14. If f(x) = 2x — = + 4, find f(2a). 

15. If f(x) = 5x + 1, find f(a + b). 

16. If f(x) = 5 — 13x, find f(—2c). 

Substitute the sets of values into each function. 

17. If f(x, y) = 3x + 2y? — 4, find f (2,3). 

18. If f(x, y, z) = 3z — 2x + y?, find f(3, 1, 5). 
19. If g(a, b) = 2b — 3a’, find g(4, —2). 

20. If f(x, y) = y — 3x, find 3f(2, 1) + 2f(3,2). 


Manipulating Functions 
21. If y = 5x + 3, write x = f(y). 


2 
99. If x = ——\, write y = f(x). 


у-3 
1 1 : 
23. Ify = a write x = f(y). 


94. If x? + y =x — 2y + 3х2, write y = f(x). 


95. If5p — q = q — p°, write q = f(p). 
26. The power P dissipated in a resistor is given by P = 128. Write R = (РТ). 


27. Young's modulus Е is given by 


Write e — f(P, L, a, E). 


Composite Functions 


28. Given the functions g(x) = 2x + 3and f(x) = x?, write the composite func- 
tion g[f(x)]. 


29. Given the functions g(x) = x? — 1 and f(x) = 3 + x, write the composite 


function f[ g(x) ]. 

30. Given the functions g(x) = 1 — 3x and f(x) = 2x, write the composite 
function g| f(x) ]. 

31. Given the functions g(x) = x — 4 and f(x) = х2, write the composite func- 
tion f[ g(x) ]. 

Given g(x) = x? and f(x) = 4 — 3x, find 

32. f[g(x)] 33. fl g(3)] 

34. g[f(x)] 35. gl f(3)] 


Inverse of a Function 
Find the inverse of 

36. y = 8 – 3x 

37. y = 5(2x — 3) + 4x 
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38. 


39 
40 
41 


49. 


43 


Fin 


y = 7x + 2(3 — x) 
ey = (1 + 2x) + 2( 
ey = 3x — (Ax + 3) 
.y22(4x-3) - 3 
y = 4х + 2(5 — x) 
ey = 3(x — 2) - 4(x + 3) 


3x — 1) 


X 


ding Domain and Range 


State the domain and the range of each function. 


44 


45 


‚ (0,2), (1, 4), (2, 8), (3, 16), (4, 32) 


‚ (—10, 20), (5, 7), (—7, 10), (10, 20), (0, 3) 


Fin 


47 


48. 


49. 


50. 


21. 


59. 


53. 
54. 


55, 


d the domain and the range for each function. 
y= Vx—7 
3 
у=———— 
Vx—2 
1 
yur 
x 
у = Vx? – 25 
4 
у= 
L= 
oati 
цас 
y=Vx-1 
Find the range of the function y = 33? — 5 whose domain is 0 = x = 5. 


Writing: State, in your own words, what is meant by “function” and “relation,” 
and describe how a function differs from a relation. You may use examples to 
help describe these terms. 
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+++ CHAPTER 4 REVIEW PROBLEMS +++9+99999999999999999999%9%9%99%9%9%%%% 


1. 


23. 


24. 


25. 


Which of the following relations are also functions? 
(а) у = 5х3 — 2x? (b х2 + y? = 25 
(c) y= +V2x 


. Write y as a function of x if y is equal to half the cube of x, diminished by twice x. 


. Write an equation to express the surface area S of a sphere as a function of its 


radius r. 


. Find the domain and range for each function. 


5 1+х 


кертел тээ © y=; 


. Label each function as implicit or explicit. If it is explicit, name the dependent 


and independent variables. 
(a) w= Зу – 7 
(Б) x — 2у = 8 


. Given у = 3x — 5, write x = f(y). 

. Given x? + y? + 2w = 3, writew = f(x, y). 

. Write the inverse of the function y = 9x — 5. 

. If y = 3x? + 2z and z = 2x”, write y = f(x). 

. If f(x) = 5x? — 7x + 2, find f(3). 

. If f(x) = 9 — 3x, find 2f(3) + 3f(1) — 4f(2). 
) 


x) = 7x + 5and g(x) = х2, find 3f(2) — 5g(3). 
x,y,z) = x? + 3xy + 23) find f (3, 2, 1). 
= 8x + 3and g(u) = i? — 4, write f[g(u)]. 
= 5x, g(x) = 1/x, and h(x) = x°, find 
5h(1) — 2g(3) 
3/ (2) 


. Is the relation x? + 3xy + у? = 1 а function? 


. Replace the function у = 53-7 by a verbal statement. 


. What are the domain and the range of the function (10, —8), (20, —5), (30, 0), 


(40, 3), and (50, 7)? 


. Ify = 6 — 3x’, write x = f(y). 

. If x = 6w — 5y and y = 3z + 2w, write x = f(w, 2). 
. Write the inverse of the function y = 3x + 4(2 — x). 
. If 7p — 2q = 3q — p), write q = f(p). 


Given the functions g(x) = x + x? and f(x) = 5x, write the composite func- 


tion g[/(x)]. 


2h(1, 1, 1) — 3h(2, 2, 2) 
If h(p,q, r) = 5r + p + 74, find h(1, 2,3) + 


h(3, 3, 3) 


If g3(w) = 1.74 + 9.25w, find g3(1.44). 


Review Problems 


26. 


27. 


28. 
29. 


30. 


31 


n 


32. 


33. 


Write the inverse of the function y = 5(7 — 4x) — x. 


+ 3m 


k 
If (Кт) = ‚ find g(4.62, 1.39, 7.26). 


Write the inverse of the function y = 9x + (x + 5). 


The length of a certain steel bar at temperature f 15 given by 
L = f(t) = 112 (1 + 0.06550) in. 


Find f(112), f(176), and f (195). 

If fi(z) = 3.8222 — 2.46, find f,(5.27). 

The power P in a resistance R in which flows a current / is given by 
P-fü)2PR W 

If R = 325 Q, find f (11.2), f (15.3), and f (21.8). 

Given the functions g(x) = 3x — 5 and f(x) = 7x?, write the composite func- 

tion f[gQo. 

Given g(x) = 5x? and f(x) = 7 — 2x find 

(a) fiso] 

(b) 81700) 


(c) flgG)] 
(d) 817(5)] 
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OBJECTIVES 
When you have completed this chapter, you should be able to 


Graph a table of point pairs or an empirical function. 


Graph any function given in explicit form. 


Graph some functions given in implicit form. 


Graph a relation. 


Use the graphing calculator to make a complete graph of a function. 


Find the slope of a straight line. 


Graph a straight line given its slope and y-intercept. 


Write the equation of a straight line, given its slope and y-intercept. 


Write the equation of a line given two points on the line. 


Solve equations graphically. 


It’s said that “а picture is worth a thousand words,” and in this chapter we will show 
how to make a picture of an equation, that is, how to draw a graph. After introduc- 
ing the rectangular coordinate system, we will plot points, and then data derived 
from an experiment. We will go on to graph functions and relations, given in both 
explicit and implicit form, first manually, and then with the graphing calculator. 
The idea of a complete graph will be stressed. 

Next we will examine the straight line in more detail, giving a quick way to 
graph it given the equation, and to find its equation, given some information about 
the line. 

Finally covered are methods to approximately solve any equation graphically. 
This is very important because many equations cannot be solved in any other way. 

There will be more on graphing later. For example, we will draw other kinds of 
graphs in our chapter on statistics: bar charts, pie charts, scatter plots, and so forth. 
Also, our companion Web site shows how to make graphs on logarithmic and 
semilogarithmic graph paper. 


Section 1 * Rectangular Coordinates 


5-1 Rectangular Coordinates 
In Chapter 1 we plotted numbers on the number line. Suppose, now, that we take a 
second number line and place it at right angles to the first one, so that each 
intersects the other at the zero mark, as in Fig. 5-1. We call this a rectangular coor- 
dinate system. 

The horizontal number line is called the x axis, and the vertical line is called 
the y axis. They intersect at the origin. These two axes divide the plane into four 
quadrants, numbered counterclockwise, as shown. 


ya 
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Quadrant Quadrant 
I 4T I 
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A 
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Origin 
=] + 
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Ш IV 
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FIGURE 5-1 The rectangular coordinate system. Rectangular 


coordinates are also called Cartesian coordinates, after the French 
mathematician René Descartes (1596—1650). Another type of 
coordinate system that we will use later is called the polar 
coordinate system. 


Figure 5—2 shows a point P in the first quadrant. Its horizontal distance from 
the origin, called the x coordinate or abscissa of the point, is 3 units. Its vertical 
distance from the origin, called the y coordinate or ordinate of the point, is 2 units. 
The numbers in the ordered pair (3, 2) are called the rectangular coordinates (or 
simply coordinates) of the point. They are always written in the same order, with 
the x coordinate first. The letter identifying the point is sometimes written before 
the coordinates, as in P(3, 2). 


Graphing Point Pairs 
To plot any ordered pair (h, k), simply place a point at a distance h units from the 
y axis and k units from the x axis. Remember that negative values of x are located 
to the left of the origin and that negative y values are below the origin. 
+++ Example 1: The points 

P(4, 1), Q( -2, 3), R(- 1,-2), S, —3), T(1.3, 2.7), U(3, 0), and У(0, 2) 


are shown plotted in Fig. 5-3. 
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Oven temperature (°F) 
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500 T 


FIGURE 5-4 


Oven temperature vs. time 


FIGURE 5-5 Note the use of different 
scales on each axis. 


Chapter 5 * Graphs 


Notice that the abscissa is negative in the second and third quadrants and that 
the ordinate is negative in the third and fourth quadrants. Thus the signs of the coor- 
dinates of a point tell us the quadrant in which the point lies. ooo 


өөө Example 2: The point (—3, —5) lies in the third quadrant, for that is the only 
quadrant in which the abscissa and the ordinate are both negative. +.. 


Graphing a Table of Point Pairs 


If the function to be graphed is in the form of a table of point pairs, simply plot 
each point and connect. We usually connect the points with a smooth curve unless 
we have reason to believe that there are corners, breaks, or gaps in the graph. 


+++ Example 3: Graph the function 


Solution: We plot each point, Fig. 5-4, and connect the points with a smooth 
curve. өөс 


Applications: Graphing Empirical Data 


Data obtained from an experiment or by observation is called empirical data. Such 
data is graphed just as any other set of point pairs. Be sure to label the graph com- 
pletely, including 


* Units on the axes 
* The quantity represented by each axis 
* The title of the graph 


өөө Example 4: (a) Graph the following data for the temperature rise in a certain oven: 


Time (h) 0 1 2 3 4 5 6 7 8 9 10 


Temperature (°F) 102 463 748 1010 1210 1370 1510 1590 1710 1770 1830 


From the graph, estimate 

(b) The oven temperature at 7.5 h. 

(c) The time at which the oven temperature is 1000°F. 

(d) The time it takes for the oven to heat from 500°F to 1000°F. 

(e) The time it takes for the oven to heat from 1000°F to 1500°F. 

(f) Is the rate of temperature rise increasing or decreasing with time? 


Solution: (a) We plot each point, connect the points, and label the graph, as shown 
in Fig. 5-5. 


From the graph, Fig. 5—5, we read, as closely as we can, 

(b) Approximately 1600°F at 7.5 h. 

(c) Approximately 2.9 h to reach 1000°F. 

(d) Approximately (2.9 — 1.1 = 1.8 h) to heat from 500°F to 1000°F. 

(e) Approximately (5.9 — 2.9 = 3.0 h) to heat from 1000°F to 1500°F. 

(f) Decreasing. It took 1.2 h longer to heat from 1000?F to 1500°F than for 500°F 
to 1000?F. +++ 


Section 1 * Rectangular Coordinates 


Exercise 1 » Rectangular Coordinates 


If h and k are positive quantities, in which quadrants would the following points lie? 


1. (h, =) 9. (А, К) 

3. (—h, К) 4. (—h, —K) 

5. Which quadrant contains points having a positive abscissa and a negative 
ordinate? 


6. In which quadrants is the ordinate negative? 

7. In which quadrants is the abscissa positive? 

8. The ordinate of any point on a certain straight line is —5. Give the coordinates 
of the point of intersection of that line and the y axis. 


9. Find the abscissa of any point on a vertical straight line that passes through the 
point (7, 5). 


Graphing Point Pairs 
10. Write the coordinates of points A, B, C, and D in Fig. 5-6. 


11. Write the coordinates of points Е, Б G, and H in Fig. 5-6. 


УА 
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Н 
2 Ф 
FIGURE 5-6 
12. Graph each point. 
(a) (3,5) (b) (4, -2) (c) (-24,-38) 
(d) (—3.5, 1.5) (e) (74.3) ®© (—1,—3) 


Graph each set of points, connect them, and identify the geometric figure formed. 
13. (0.7, 2.1), (2.3, 2.1), (2.3, 0.5), and (0.7, 0.5) 

14. (2, —D), (3, —11), (15, —3), and (1, -2) 

15. (15,3), (725,5), and (75,5) 

16. (—3, -1), (-1, -3), (-2, —3), and (-4, —37) 


17. Three corners of a rectangle have the coordinates ( —4, 9), (8, 3), and ( —8, 1). 
Graphically find the coordinate of the fourth corner. 


18. The diagonal of a square has the coordinates (— 15, 3) and (5, —3). Graphically 
find the coordinates of the other corners of the square. 
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Graphing a Table of Point Pairs 


Graph each set of ordered pairs. Connect them with a curve that seems to you to 
best fit the data. 


19. (—3, —2), (9,6), (3,2), (—6, —4) 
90. (-7, 3), (0, 3), (4, 10), (^6, 1), (2, 6), (—4, 0) 


91. 


(—10, 9), (8, 7), (—6, 5), (74, 3), (72, 4), (0, 5), (2, 6), (4, 7) 


22. (0, 4), (3, 3.2), (5, 2), (6, 0), (5, —2), (3, –3.2), (0, —4) 


Applications: Graphing Empirical Data 


Graph the following experimental data. Label the graph completely. Take the first 
quantity in each table as the abscissa, and the second quantity as the ordinate. Con- 
nect the points with a smooth curve. 


23. 


24. 


25. 


26. 


The current / (mA) through a tungsten lamp and the voltage V (V) that is applied 
to the lamp, which are related as shown in the following table: 


V 10 20 30 40 50 60 70 80 90 100 110 120 


I 158 243 306 367 420 470 517 559 598 639 676 710 


(a) Graph this table of data. (b) Estimate the voltage V at which the current J is 
500 mA. 


The melting point T(°C) of a certain alloy and the percent of lead P in the alloy, 
which are related as shown in the following table: 


P 40 50 60 70 80 90 


T 186 205 226 250 276 304 


(a) Graph this table of data. (b) Estimate the melting point when the percent lead 
is 65%. 


A steel wire in tension, with the stress o (Ib/in.?) and the strain є(1п.Лп.), are 
related as follows: 


€ 0 0.00019 0.00057 0.00094 0.00134 0.00173 0.00216 0.00256 


ос | 5000 10,000 20,000 30,000 40,000 50,000 60,000 70,000 


(a) Graph this table of data. (b) Estimate the change in stress when the strain in- 
creases from 25,000 to 40,000 in./in. 


The modulus of elasticity E of rubber, in Ib/in.?, is related to its durometer hard- 
ness number D as follows: 


D|27 33 38 43 47 51 53 56 59 62 66 68 69 


129 150 180 210 240 270 300 330 360 390 450 480 510 


(a) Graph this table of data. (b) Estimate the durometer hardness number that 
will give a modulus of elasticity of 420 Ib/in.?. 


Section 2 • Graphing an Equation 


5-2 Graphing an Equation 


In the preceding section we graphed a function that was given in the form of a table 
of point pairs. Now we will graph a function given in the form of an equation. Our 
first example will be an equation in explicit form and our second example will be an 
equation in implicit form. Then we will graph a relation given in the form of an 
equation. 

To graph an equation, we first obtain a set of point pairs by substituting values 
of x into the equation, one at a time, and computing the corresponding values of y. 
We then plot each point pair. We connect these with a smooth curve, unless we have 
reason to believe that there are corners, breaks, or gaps in the curve. Our first graph 
will be of the straight line. 


+++ Example 5: Graph the equation 


у= f(x) = 2x - 1 


for integer values of x from —2 to +2. 

Solution: We first obtain a table of point pairs. Substituting into the equation we get, 
IFJ = 20-2) – 1 = -5 
fOD = =) = 1 = -3 


0) = 200) – 1 = -1 
А) =20)-1=1 
РО) = 22) - 1 = 3 


We plot these point pairs and connect with a smooth curve, Fig. 5—7. Had we 
known in advance that the graph would be a straight line, we could have saved time 
by plotting just two points, with perhaps a third as a check. Later in this chapter we 
will cover the straight line in more detail and show another way to graph it. ooo 


Common Be especially careful when substituting negative values into an 


Error equation. It is easy to make an error. 


Graphing an Equation Given in Implicit Form 


If the equation to be graphed is in implicit form, we must first rewrite it in explicit 
form, as was shown in the preceding chapter. 


өө» Example 6: Graph the equation x? — 4x — y — 3 = 0 for integer values of x 
from —5 to 45. 


Solution: We rewrite this implicit function in explicit form by solving for y, and get 
у= х2 – 4х – 3 


Next we make a table of point pairs. Substituting into the equation we get 


f(-l) = (-1% – 4-1) —-3 =14+4-3=2 
f0) =0? -0-3=-3 

К) = 12 - 40) -3=1-4-3=-6 
РО) = 22 – 42) -3=4-8-3=-7 
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FIGURE 5-7 А first-degree equation 
will always plot as a straight line—hence 
the name linear equation. 
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FIGURE 5-8 If we had plotted many 
more points than these—say, billions of 
them—they would be crowded so close 
together that they would seem to form a 
continuous line. The curve can be 
thought of as a collection of all points 
that satisfy the equation. Such a curve 
(or the set of points) is called a /ocus of 
the equation. 
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FIGURE 5-9 
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РЗ) = 32 – 48) -3 = 9 – 12-3 = -6 
f() = 42 – 44) –- 3 = 16 – 16 — 3 = -3 
f(5) = 52 – 4(5) – 3 = 25 – 20 – 3 = 2 


These points аге plotted in Fig. 5—8 and connected with a smooth curve. Note that 
we have used different scales for the x and y axes to make the graph more compact. 

This particular curve is called a parabola, a very useful and interesting curve 
that we will study in detail in a later chapter. The parabola is symmetrical about a 
line called the axis of symmetry. That means that any point on one side of that axis 
has its mirror image on the other side of that axis. The axis of symmetry cuts the 
parabola at a point called the vertex. ooo 


Graphing a Relation 


Graphing a relation is not much different than graphing a function. But here we will 
get more than one y for each value of x. Simply plot them both. 


+++ Example 7: Graph the relation y = + Vx, for integer values of x from —5 to 
t5. 


Solution: We make a table of points, and immediately notice that a negative value of 
x will give the square root of a negative number and is not permitted. We start, then, 
with x = 0. 


x 0 1 2 3 4 5 
у lo 1 141 173 2 224 
» |0 =1 pd 2173 -2 224 


Plotting each of the two y values for each x, we get the curve shown in Fig. 5-9. 
Note that it is also a parabola, as in our preceding example, but it now opens to the 
right. өөө 


+++ Example 8: An Application. The formula for the power P dissipated in a resis- 
tor carrying a current of / amperes (A) is 


P — PR watts (W) 


where R is the resistance in ohms. Graph P versus / for a resistance of 10,000 О. Take 
I from 0 to 10 A. 


Solution: A formula is graphed the same way we graph any equation. But here we 
must be careful to handle the units properly and to label the graph more fully. 

Let us choose values of J of 0, 1, 2, 3,..., 10 and make a table of ordered pairs 
by substituting these into the formula. 


I(A) 0 1 2 3 


P(W) 0 10,000 40,000 90,000 


At this point we notice that the figures for wattage are so high that it will be more 
convenient to work in kilowatts (kW), where 1 kW = 1000 W. 
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I(A) 0 1 2 3 4 5 6 7 8 9 10 


P(kW) | O 10 40 90 160 250 360 490 640 810 1000 


These points are plotted in Fig. 5—10. Note the labeling of the graph and of the axes. 


Exercise 2 » Graphing an Equation 


For each equation make a table of point pairs, taking integer values of x from —3 to 
3, plot these points, and connect them with a smooth curve. 


1. у= 3х * I 0. у= 2х - 2 
3. у= 3 – 2x 4. у= —x +2 
ур 6. у= 4 – 2x’ 

x? 2 
nci 8. у= x^ — 7х + 10 
9. у= 42-1 10. у = 5х – x? 

11. у= 19. у= 332-2 


Graphing an Equation Given in Implicit Form: Rewrite each equation in explicit 
form and graph for integer values of x from —3 to 3. 


13. x * y 5 = 0 14. 2x + 3y = 10 

15. х2 +y-4=0 16. у + х2 = 12 

Graphing a Relation: Graph each relation for integer values of x from —3 to 3. 
17. y = £2Vx 18. у = Мх 

19. y=44V2x 20. y= +3V5x – 3 

Applications 


21. A milling machine having a purchase price P of $15,600 has an annual depre- 
ciation A of $1600. Graph the book value y at the end of each year, for 
t — Oto 10 years, using the equation y = P — At. 

29, The force f required to pull a block along a rough surface is given by f = uN, 
where N is the normal force and и is the coefficient of friction. Plot f for values 
of N from 0 to 100 N, taking u as 0.45. 

23. A 2580-0 resistor R, is wired in parallel with a resistor R,. Graph the equiva- 
lent resistance R for values of А from 0 to 5000 О. Use the equation 

RıR2 
Ri + R 


24. Use the equation P = PR to graph the power P in watts dissipated in a 2500-Q 
resistor for values of current J from 0 to 1A. 

25. А resistance of 5280 Q is placed in series with a device that has a reactance of 
X ohms, Fig. 5-11. Using the equation Z = V R + Х?, plot the impedance 
Z for values of X from 0 to 10,000 ©. 


5280 Q 
li ” 


J 


Y 


Z 
FIGURE 5-11 
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Power P (kW) 


Current / in resistor (A) 


FIGURE 5-10 Power dissipated in a 
10,000-© resistor calculated using 
P = PR with R = 10,000 О. 
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5-3 Graphing a Function by Calculator 


Sci Eng We can quickly graph a function with a graphing calculator. The steps are 
ЯНГ, 1 25456789 . From the} MODE | menu, select the FUNC ог mode. 
астап Enter the function. 


1 
9 
ERE Par 3. Setthe viewing window. 
annected 4. Graph. 


We will show these steps using the equation from Example 6. The screens shown 
will be for the TI-83/84, but are essentially the same for the TI-89. 


өө» Example 9: Graph the function y = x? — 4x — 3. 


Solution: 


(1) We enter the function by first pressing the | Y = | key, screen (1). Enter the 
function on the first line. Note that there is room for several functions, but for 
now we will just enter one. 


id 4: SEGUENCE (2) Next set the viewing window by pressing the | WINDOW | key. You will get a screen 

2: БТЕЕ EQUATIONS that looks something like screen (2). Here Xmin and Xmax give the left and right 

boundaries of the window, and Xscl gives the spacing of the tick marks along the 

HINTACISPOURBEGRUTE x axis. The window is set in a similar way for the vertical direction. The values shown 


here are the default values on some calculators. Yours may show other values or 
none at all. You can either accept these, to start, or change them to suit your graph. 


(3) To graph the function press | GRAPH | to get screen (3). 


Ploti Fletz Flot? 
мг Be 4-3 


“үгэ 


(1) TI-83/84 screen for Example 9. (2) On TI calculators these values can (3) Tick marks аге one unit apart on 
also be obtained using ZOOM both axes. 
Standard. 


Graphing an Equation Given in Implicit Form 


To graph an equation given in implicit form, we must first put it into explicit form 
by solving for one variable. 


+++ Example 10: Graph the equation 


T1-83/84 screen for Example 10. 


х? – 5у – 15 = 0 
Solution: We go to explicit form by solving for у. 


5y = x? — 15 


T1-83/84 screen for Example 10. Standard 
viewing window, with tick marks | unit apart. We enter this equation, as shown in the screen, and graph. +.. 
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Complete Graph and the Zoom Feature 


By complete graph we mean that all features of interest are shown. These features 
include but are not limited to 


Peaks, or maximum points, such as A, Fig. 5-12. 
Valleys, or minimum points, such as point B. 
Intercepts on the x axis, such as C, D, and E. 


In the preceding examples the graph appeared to fit nicely into the standard viewing 
window, with nothing “interesting” occurring outside that window. Further, once 
you become familiar with the parabola, you can be certain that there are no other 
points of interest outside of those shown. But if you are not sure that you have a 
complete graph, you can 


* repeatedly increase the size of the viewing window, while looking for such points. 
e use the | ZOOM |capability of the calculator to zoom out repeatedly. 


Then adjust the viewing window to best display all the features of interest. 


өө» Example 11: Graph the function y = x? + 15 and adjust the viewing window 
to best display the curve. 


Solution: The graphing of this function is shown in the following four TI-83/84 screens. 


(1) The graph in the standard (2) The graph after zooming (3) New values for the 
viewing window. Tick marks out. Tick marks are 10 units viewing window. 
are | unit apart. apart. Some points of interest 

seem to be above y — 10. 


Exploring Your Graph: Special Operations on the Calculator 


Using | TRACE | and | ZOOM | to find points of interest is time consuming, and 
many calculators have built-in operations for quickly finding such points. Some 
typical operations are 


value gives the value of y at a chosen value of x 

zero gives a root, that is, the value of x at which y = 0 

maximum gives the coordinates of a maximum point, a point that has a 
higher y value than any others in its vicinity 

minimum gives the coordinates of a minimum point, a point that has a lower 
y value than any others in its vicinity 

intersect gives the coordinates of the point of intersection of two curves 


As a curve may have more than one of any of these points, (two maximums, for ex- 
ample), the calculator will prompt you to give the approximate location of the point 
you seek. 


өөө Example 12: Find the minimum point for the curve of Example 9; 

y= x? — 4x — 3. 
Solution: We graph the curve as before, and then choose minimum (located in the 
CALC | menu on TI calculators). When prompted, we enter the left and right bounds, 
those values of x between which we expect to find our minimum, enter a guess, and 


press | ENTER |. The coordinate of the minimum point is then displayed on the screen. 
oe 
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FIGURE 5-12 


(4) The graph in the new 

viewing window. Tick 

marks are 1 unit apart in x 

and 5 units in y. 544 


Hiniraura 
КЫз 


TI-83/84 screen for Example 12. Tick 
marks are one unit apart. 
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Table of Point Pairs and Split Screen Display 


Some calculators will display a table of values for a function entered in the | Y = 
screen. This feature is very useful if you wish to make a manual plot on ordinary 
graph paper. You must give the starting value for x and the increment between suc- 
cessive values. 


өө» Example 13: For the parabola in Example 9, y = x? — 4x — 3, we have set the 
starting value for x at 0 and the increment to 1. We get the table of screen (1). Notice 
how the y values decrease towards the minimum point and then begin to increase. 

Calculators with a split screen capability allow the table and the graph to be 
displayed side-by-side. The wonderful display in screen (2) shows all three main 
forms of a function: equation, graph, and table! It also shows the trace cursor and 
its coordinates. 


(1) TI-83/84 screens for Example 13. (2). ooo 


Exercise 3 • Graphing Functions by Calculator 


Graph each function. Set the viewing window for x and y initially from —5 to 5, 
then resize if needed. 


4. yx 9. у= 4 – 2%? 

3. у = 3х -2 4. у= 1 2х 

5. у= х2 – 2х - 1 6. у= х2 + 3х +1 

7. у= х? – х 8. у= 2х – x? 

9. у= х3 – 2 10. y = 3.73 — 1.77x? 
11. у = 1.74x? — 235x + 1.84 12. х2 – 2х - у+2 = 0 
13. y - 2x? — 3х = 3 


Graph each function. Resize the viewing window or use the Zoom feature, if 
needed, to obtain a complete graph. Then use TRACE and ZOOM or built-in opera- 
tions to locate any zeros, maximum points, or minimum points. 


14. y = 2x? — 14x + 22 
15. y = 7x? + 9x — 14 
16. y = 4? — 4x? + 11х — 24 
17. у = 5x4 + 1332 — 31 
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5-4 The Straight Line ee 


We already learned how to graph any equation, including that for a straight line, by 
computing and plotting a set of point pairs. But by looking for special features on 
some curves, such as the straight line and the parabola, our work gets much easier. 
We will give just an introduction to the straight line here, and we will examine it 
and the parabola in more detail in our chapter on analytic geometry. 


Slope 


As a particle moves from point P, Fig. 5-13, to point Q, the horizontal distance 
moved is called the run, and the increase or decrease of the vertical distance 
between the same points is called the rise. For points P and Q in Fig. 5-13, the rise 
is 6 in a run of 3. The rise divided by the run is called the s/ope of the line and is 
usually denoted by the letter т. 

rise 


slope m = —— 
P run 


өөө Example 14: The slope of the line in Fig. 5-13 is 
= 


m= -ш--2 
run 3 ooo 


We can find the slope if given the coefficients of two points on the line. Let the two 
points be P(x;, y1) and Q(x, у») as shown in Fig. 5-13. Then the rise from P to О is 
y2 — yı in a run of х — xj. As before, the slope m is the rise divided by the run, so, 


The slope of a straight line equals its rise, in a given run, divided by that run. 
+++ Example 15: Find the slope of the straight line connecting the points (3, —2) and 
C714 
Solution: It doesn't matter which we call point 1 and which we call point 2. Let's 
choose. 

X1 = 3 yS =2 

х = —1 ур = 4 
Then from the equation for slope, 


m 
X2 — Xi -1-3 
ES эг. 
—4 2 
Thus the line drops by 3 units in a run of 2 units, Fig. 5-14. ooo 


+++ Example 16: Find the slope of the straight line connecting the points (—4.23, 
3.22) and (1.75, —3.84), Fig. 5-15. 


Solution: Let's choose 


-423 у; = 3.22 
1.75 уз = —3.84 


XI 


X2 


FIGURE 5-13 


(4.23, 3.22) 


(1.75, —3.84) 


FIGURE 5-15 
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y intercept 


(0, b) 


P(x, y) 


FIGURE 5-16 
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Then from the equation for slope, 


Уг у — 3.84 — 3.22 
m= = 
X52 ХІ 1.75 — ( — 4.23) 
— 7.06 
= = —].18 
5.98 606 


Be careful not to mix up the subscripts. 


Зон 


Xi х2 


Equation of a Straight Line 


m Exploration: 


Try this. Graph the function y = f(x) = 2x — 1 for values of x from —2 to 2, by 
computing a table of ordered pairs, plotting each pair, and then connecting them. 
Then compare your graph with the numbers in the given equation, which are 2 
and (— 1). 


у=2х— 1 


Are these numbers prominent on your graph? Does this suggest another, faster, way 
to graph a straight line? a 


We see from our exploration that the slope and y intercept can be read directly 
from the given equation when the equation is written in explicit form. But will this 
always be true, or is it true just for the equation we used in the exploration? To see, 
let’s derive the equation of a straight line. 

Suppose that P(x, y) is any point on a straight line, Fig. 5-16. We seek an 
equation that links x and y in a functional relationship so that, for any x, a value 
of y can be found. We can get such an equation by applying the definition of 
slope to our point P and some known point on the line. Let us use the y intercept 
(0, b) as the coordinates for the known point. For P, a general point on the line, 
we use coordinates (x, y). 

For a line that intersects the y axis b units from the origin (Fig. 5-16), the rise 
is y — binarun of x — 0, so by the equation for slope, 


БУ лс 
х= 0 


m 


Simplifying, we have mx = y — b, which is usually written in the following 
form: 


Not surprisingly, this is called the slope-intercept form of the equation of a straight 
line. Note that it is of first degree because neither x nor y has a degree higher than 1. 
A first degree equation is also called a linear equation. 


This form of the equation gives us a fast and easy way to graph a straight line. 
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Graphing the Straight Line 


өө, Example 17: Find the slope and the y intercept of the line y = 3x — 4. Make a 
graph. 


> 
Solution: By inspection, we see that the slope is the coefficient of x and that the y in- x 
tercept is the constant term. So 
m — 3 and b= —4 
We plot the y intercept 4 units below the origin, and through it we draw a line 
with a rise of 3 units in a run of 1 unit, as shown in Fig. 5-17. ooo 
Writing the Equation of a Line Given the y Intercept and Slope 
Let’s now Teverse the process. Given the slope and y intercept, we will write the FIGURE 5-17 
equation of the line. 
yA 
eee Example 18: Write the equation of the straight line, in slope-intercept form, 54 (1,5) 
that has a slope of 2 and a y intercept of 3. Make a graph. - 
Solution: Substituting m = 2 and b = 3 into Eq. 289 (y = mx + b) gives 41 
y72x +3 3 
To graph the line, we first locate the y intercept, 3 units up from the origin. The „| 
slope of the line is 2, so we get another point on the line by moving 1 unit to the 
right and 2 units up from the y intercept. This brings us to (1, 5). Connecting this | Е 
point to the у intercept gives us our line as shown in Fig. 5—18. +.. O s 
+++ Example 19: The equation of a straight line having a slope of —2.75 a y inter- 5 E fal 6c x» “т 
cept of —3.44 is T 
y = -2.75x — 3.44 Б; 
FIGURE 5-18 
Its graph is shown in Fig. 5-19. +.. T 
Writing the Equation Given Two Points on the Line T 
m--2. 
Now we will show how to write the equation of a straight line if we know the coor- 
dinates of two points through which it passes. 
Let Р(х], y1) and Q(x2, y2) be the two known points on the line, and P(x, y) be 
any other point on the line, Fig. 5—13. The slope of the line, as before, is 0 I 
|.32 У 
m = ——— 
Хэ X 
But the slope is also equal to 
_ 37M 
mme. 
Х — ХІ 


(0, —3.44) 
By equating these two expressions we can write the equation of the line, as in the 
following example. 


+++ Example 20: Write the equation, in slope-intercept form, of the straight line 
passing through the points (—4, —3) and (—2, 5), and make a graph. FIGURE 5-19 
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2у-0(33) 5-(3) 
x — (-4) 2—(-4 
Ї y*3 8 


84 тг m ed 
1 x+4 2 


y = 4x +13 


+ y * 3-2 4(х + 4) 


Solution: Let's let the first given point be point 1 and the other point 2. Then 


+ We now solve for y to put the equation into slope-intercept form. 


1 y=4x + 16-3 


FIGURE 5-90 


I | 
3.12 ft | 
6.88 ft 


9.07 Н 


FIGURE 5—91 


a = 4x + 13 
Figure 5-20 shows the graph of this line, having a slope of 4 and a y intercept of 13. +++ 


+++ Example 21: An Application. А rafter having a slope of 3/4 supports a horizon- 
tal beam by means of three cables, Fig. 5-21. (a) Write an equation for the centerline 
of the beam, taking the origin at O. (b) Find the lengths of the three cables. 


Solution: (a) The slope of the beam is 3/4 and the y intercept is 2.55 ft, so the equa- 
tion is 
mx + b 


y 


Bu + 2.55 
4 


(b) We get the lengths of the cables by substituting x values into this equation. 


3 
hy = 1G12) + 255 = 4.89 ft 


hy 


3 
4 (6:88) + 2.55 = 7.71 ft 


hy 


3 
4 (9.07) + 2.55 = 9.35 ft +++ 


Exercise 4 • The Straight Line 


Slope: Find the slope of each straight line. 


. Rise = 4; run = 2 

. Rise = 6; run = 4 

. Rise = —4.25, run = 5.33 

Rise = 7.93, run = —2.66 

. Connecting (2, 4) and (5, 7) 

. Connecting (5, 2) and (3, 6) 

. Connecting (—2.84, 5.11) and (5.23, —6.22) 
. Connecting (3.88, —3.64) and (—6.93, 2.69) 


очоовоиюэ 


Graphing the Straight Line: Find the slope and y intercept of each straight line 
and make a graph. 
9. у = 3х – 5 10. y = 7x + 2 
1 1 


(oce pu 19. y = —1.75x — 544 


Writing the Equation Given y Intercept and Slope: Write the equation of each 
straight line and make a graph. 

13. Slope = 4; y intercept = —3 

14. Slope = —1; y intercept = 2 
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15. Slope = 3; y intercept = —1 
16. Slope = —2; y intercept = 3 
17. Slope = 2.30; y intercept = —1.50 
18. Slope = —1.50; y intercept = 3.70 


Writing the Equation Given Two Points on the Line: Write the equation of each 
straight line passing through the given points and make a graph. 

19. (2, 3) and (—1, 4) 90. (—3, 5) and (1, 3) 

21. (1.22, 2.43) and (2.11, 3.24) 99. (3.22, 2.53) and (3.51, —2.54) 


Applications 
23. A rafter, Fig. 5—22, has a rise of 9.3 ft and a run of 15.5 ft. What is its slope? 


94. Roadway Grade: The word grade is often used instead of slope. Grade, ex- 
pressed as a percent, is 100 times the slope. Thus a 10% grade has a slope 
of 0.1, or a rise of 10 ft in every 100 ft of run. For the road in Fig. 5-23 hav- 
ing a 5.096 grade, find the horizontal distance traveled for a 6.0 ft vertical 
drop. 


9.3 ft 


15.5 ft 
FIGURE 5-29 FIGURE 5-23 


25. Spring Constant: The force F needed to stretch the spring, Fig. 5—24, from its 
unstretched length Lp to a distance L from the wall is given by F = kL — КШ) 
where k is called the spring constant. Graph this equation. Graphically find the 
force needed to stretch the spring whose unstretched length is 4.85 in. to a length 
of 10.5 in. from the wall, using k = 18.5 Ib/in. 


96. Uniformly Accelerated Motion: For an object moving with constant accelera- 
tion, such as a freely falling body, the velocity v at any time f is given by the 
equation of a straight line, v = vo + at, where vo is the initial velocity and a is 
the acceleration. Graph this equation for a ball thrown downward with an initial 
velocity of 5.83 m/s, Fig. 5-25. Use a — 9.81 m/s”. Graphically find the speed 
at 3.25 s. 


——>Е 
- L = | 


FIGURE 5-24 FIGURE 5-925 


1 v = 5.83 m/s 


O22 222255 


172 


уд 


х intercepts or zeros of 
the function y = f(x) 


FIGURE 5-26 


TI-83/84 screen for Example 22. Tick 
marks are one unit apart. 
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5-5 Solving an Equation Graphically 


m Exploration: Try this. 


(a) Solve the equation x? — 1 = 0. What roots do you get? 


(b) Graph the equation y — x? — 1 for values of x from —3 to +3. What do you 
observe? Can you draw a tentative conclusion from your findings from steps 
(a) and (b)? E 


We can use our knowledge of graphing functions to solve equations of the form 
f(x) = 0. We mentioned earlier that a point at which a graph of a function 
y = f(x) crosses or touches the x axis is called an x intercept. 

In Fig. 5—26 there are two zeros, since there are two x values for which y = 0, 
and hence f(x) = 0. Those x values for which f(x) = 0 are called zeros, roots or 
solutions to the equation f(x) = 0. 

Thus if we were to graph the function y = f(x), any value of x at which y is 
equal to zero would be a solution to f(x) = 0. So to solve an equation graphically, 
we simply put it into the form f(x) = 0 and then graph the function y = f(x). 
Each x intercept is then an approximate solution to the equation. 


+++ Example 22: Graphically find the approximate root(s) of the equation 


41x? — 59x? — 38x + 7.5 = 0 (1) 


Solution: Let us represent the left side of the given equation by f (x). 


f(x) = 41x? — 59x? — 3.8x + 7.5 


Any value of x for which f(x) — 0 will be a solution to Equation (1), so we 
simply graph f(x) and look for the x intercepts. The graph can be made manually 
as was shown earlier, or by calculator, as shown here. 

We can then find the zero using | TRACE | and ZOOM, or by using the built- 
in Zero operation. On TI calculators, choose Zero from the |CALC | menu. Then 
enter the left and right bounds between which you expect to find a root, and a 
guess. Press | ENTER | to display the root. +.. 


Exercise 5 • Solving an Equation Graphically 


Each of the following equations has at least one root between x = —10 and x = 10. 
Graphically find the approximate value of the root(s). 

1. 24x? — 7.2x° — 33 = 0 2. 9.4x = 48x? — 7.2 

3. 253? — 19 = 48x + x? 4. 12x + 34x? = 28 

5. 6Ax* — 38x = 5.5 6. 621x* — 28432 — 25 = 0 
Applications 


7. Forauniform motion problem in Chapter 3, we solved the equation 


108t = 72.5(t + 1.25) 


and got = 2.55. Now solve this equation graphically. 


Review Problems 


8. For a financial problem in Chapter 3, we solved the equation 
276x + 120(12 — x) = 2220 


and got x = 5.00. Verify this solution graphically. 


9. For a mixture problem in Chapter 3, we solved the equation 
0.0525x + 0.0284(3.25 — x) = 0.0415(3.25) 
and got x = 1.77. Solve this equation graphically. 


+++ CHAPTER 5 REVIEW PROBLEMS ••6606000600060000000600000006006 


1. Graph the following points and connect them with a smooth curve: 


2. Plot the function y = x? — 2x for x = —3 to +3. Label any roots or 
intercepts. 

3. Graph the function y = 3x — 2x? from x = —3to x = 3. Label any roots or 
intercepts. 


4. Graphically find the approximate value of the roots of the equation 
(x +3)? = х = 2x7 +4 


5. Find the slope of the straight line 
(a) having a rise of 8 in a run of 2 
(b) connecting (—3, 5) and (2, 7) 

6. Make a graph of the pressure p (Ib/in.”) vs. v in an engine cylinder, where v is 
the volume (in.?) above the piston. 


р | 39.6 44.7 53.8 19:5 85.8 113.2 135.8 178.2 


v 10.61 9.73 8.55 7.00 6.23 5.18 4.59 3.87 


7. Write the equation of the line connecting (—2, 5) and (1, —3). 
8. Write the equation of the line connecting (3.22, — 1.43) and (2.51, 4.24). 


For problems 9 through 12, make a complete graph of each function, choosing 
domain and a range that include all of the features of interest. 


9. y = 5x? + 24x — 12 
10. y = 9x? + 22x — 17 
11. y = 68 + 3x? — Mx — 21 
19. y = 3x4 + 21x? + 21 
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For problems 13 and 14, write the equation of each straight line, and make a graph. 


13. Slope — —2; y intercept — 4 
14. Slope = 4; y intercept = —6 


For problems 15 and 16, find the slope and the y intercept of each straight line, and 
make a graph. 

15. y= 12x — 4 

16. y= – 2х + 11 

17. Resistance Change with Temperature: The resistance of a coil of wire is 


10.4 Q at 10.5°C and increases to 12.7 Q at 91.1°C. Assuming the graph of 


resistance vs. temperature is a straight line, make this graph. Graphically find 
the resistance at 42.7°С. 


Geometry 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Find the angles formed by intersecting straight lines. 


Solve practical problems that require finding the sides and angles of 
right triangles. 


Solve practical problems in which the area of a triangle or a 
quadrilateral must be found. 


Solve applications problems involving the circumference, diameter, 
and area of a circle, or the tangent to a circle. 


Compute surface areas and volumes of spheres, cylinders, cones, 
and other solid figures. 


Geometry is a very old branch of mathematics. The word geometry, or geo-metry, 
means earth measure and probably refers to the ancient Egyptians’ use of knotted 
ropes to measure the land so that boundary markers could be replaced after the an- 
nual flooding of the Nile. Geometry was developed by Pythagoras, Euclid, 
Archimedes, and many others and was included in the quadrivium, the four subjects 
needed for a bachelor's degree in the Middle Ages. We can only hint at that rich 
history here, confining ourselves mostly to the practical and very important compu- 
tation of dimensions, areas, and volumes of the plane and solid geometric figures 
that we encounter in technical work. For example, how would you compute the vol- 
ume, and hence the weight, of the bored hexagonal stock of Fig. 6-1? Here we will 
show how. 

Further, our introduction to angles and triangles will prepare us for our later 
study of trigonometry. We will touch only on Euclidean geometry in this chapter 
and cover some analytic geometry later. Other geometries, those of more than three 
dimensions, non-Euclidean geometries, projective geometry, fractal geometry, and 
more, are subjects for other texts. 


i diameter 


FIGURE 6-1 
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Line segment 


(a) 


Initial side 


FIGURE 6-4 An angle 
formed by rotation. 
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6-1 Straight Lines and Angles 


The straight line is not new to us, for we studied it in some detail in the last chapter. 
Here we will add a second straight line which intersects the first at an angle. 


Angles 


A line segment is that portion of a straight line lying between two endpoints 
[Fig. 6-2(a)]. A ray, or half-line, is the portion of a line lying to one side of a point 
(end-point) on the line [Fig. 6—2(b)]. 

An angle is formed when two rays intersect at their endpoints, Fig. 6-3. The 
point of intersection is called the vertex of the angle, and the two rays are called 
the sides of the angle. 

The angle shown in Fig. 6—3 can be designated in any of the following ways: 


angle ABC | angle СВА angle В angle 0 


The symbol Z means angle, so Z B means angle B. 

An angle can also be thought of as having been generated by a ray turning from 
some initial position to a terminal position (Fig. 6—4). We adopt the usual convention 
that an angle is positive when formed by a counterclockwise rotation, as in the figure, 
and negative when formed by a clockwise rotation. 

One revolution is the amount a ray would turn to return to its original position. 

The units of angular measure in common use are the degree and the radian. 

The measure of an angle is the number of units of measure it contains. Two an- 
gles are equal if they have the same measure. For brevity we will usually say, for ex- 
ample, that “angle A equals angle В,” rather than the more correct “the measure of 
angle A equals the measure of angle B." 

The degree (°) is a unit of angular measure equal to 1/360 of a revolution. Thus 
there are 360? in one complete revolution. Recall that we learned how to convert 
between degrees, minutes, and seconds and decimal degrees in Chap. 1. 

Figure 6—5 shows a right angle G revolution, or 90?), usually marked with a 


small square at the vertex; an acute angle (less than я revolution); an obtuse angle 


Right angle Obtuse angle 
(a) (c) 


Acute angle Straight angle 
(b) (d) 


Reflex angle 
(e) 


FIGURE 6-5 Types of angles. 
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(greater than : revolution but less than I revolution); and a straight angle G revolu- 
tion, or 180°). Also shown is a reflex angle (greater than 5 revolution but less than 
one revolution). 


Two lines at right angles to each other are said to be perpendicular. 

Two lines that never intersect are said to be parallel. 

Two angles are called complementary if the sum of their measures is a right angle. 
Two angles are called supplementary if the sum of their measures is a straight 


angle. 


Two more words we use in reference to angles are intercept and subtend. In 
Fig. 6-6 we say that the angle 0 intercepts the section PQ of the curve. Conversely, 
we say that angle 0 is subtended by PQ. 


Angles Between Intersecting Lines 


m Exploration: 

Try this. Draw two intersecting lines as in Fig. 6-7, either by hand or with a CAD 
(computer-assisted drawing) program. Measure the angles A, B, C, and D (or have 
them displayed if using CAD). How do they appear to be related? Change the angle 
between the lines (or drag, if using CAD) and again observe the angles. What do 
you conclude? ш 


Angles А and В in Fig. 6-7 are called opposite angles or vertical angles. You may 
have concluded from your exploration that A and B are equal. Angles C and D are 
also opposite angles. 


Two angles are called adjacent when they have a common side and a common 
vertex, such as angles A and C of Fig. 6-7. When two lines intersect, the adjacent 
angles are supplementary; that is, their sum is 180°. 


өөө Example 1: An Application. Find (in degrees) angles A and B in the structure 
shown in Fig. 6-8. 


Solution: We see from Fig. 6-8 that RQ and PS are straight intersecting lines. Since 
angle A is opposite the 34° angle, angle A = 34°. Angle B and the 34° angle are sup- 
plementary, so 

B = 180° — 34° = 146° oe 


Families of Lines and Transversals 


A family of lines is a set of lines that are somehow related to each other. Exam- 
ples include a family of lines that are parallel, or a family of lines that meet at 
a point. 

A transversal is a line that intersects a family of lines. In Fig. 6-9, two parallel 
lines L; and L, are cut by transversal T. Angles A, B, С, and Н are called exterior 
angles, and C, D, E, and F are called interior angles. Angles A and E are called cor- 
responding angles. Other corresponding angles in Fig. 6-9 are C and G, B and F, 
and D and H. Angles C and F are called alternate interior angles, as are D and E. 
We have the theorem: 
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FIGURE 6-6 


FIGURE 6-7 


FIGURE 6-8 
T 
ASB 
C/D 14 
E/F 
H L 
FIGURE 6-9 
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Avenue A 


FIGURE 6-10 


FIGURE 6-11 


R 4th St. 
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Thus in Fig. 6-9, ZA = ZE, ZC = ZG, ZB = ZF,and ZD = ZH. 
Also, ZD = ZEand ZC = ZF. 


өөө Example 2: An Application. The top girder РО in the structure of Fig. 6—8 is 
parallel to the ground, and angle C is 73°. Find angle D. 


Solution: We have two parallel lines, PQ and RS, cut by transversal PS. By state- 
ment 65, 


ZD= ZC = 73° 666 


Another useful theorem applies when a number of parallel lines are cut by two 
transversals, such as in Fig. 6-10. The portions of the transversals lying between 
the same parallels are called corresponding segments. (In Fig. 6-10, a and b are 
corresponding segments, c and d are corresponding segments, and e and f are corre- 
sponding segments.) 


In Fig. 6-10, 


өөө Example 3: An Application. A portion of a street map is shown in Fig. 6-11. 
Find the distances РО and QR. 


Solution: From statement 66, 


РО _ 402 
172 355 
402 
РО = —-(172) = 195 ft 
Q = 35572) 
Similarly, 
QR _ 402 
448 355 
402 
R = —~(448) = 507 ft ooo 
OR = X55 (448) 


Exercise 1 • Straight Lines and Angles 


1. Find angle 0 in Figs. 6-12 (a), (b), and (c). 
2. Find angles A, B, C, D, E, F, and G in Fig. 6-13. 
3. Find distance x in Fig. 6-14. 
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FIGURE 6-12 


Applications 


4. Find angles A and B in Fig. 6-15. Assume that each beam is of uniform 
width. 

5. On a certain day, the angle of elevation of the sun (the angle that the sun's rays 
make with the horizontal) 18 46.32, as shown in Fig. 6-16. Find the angles A, B, 
C, and D that a ray of sunlight makes with a horizontal sheet of glass. Assume 
the glass to be so thin as to not bend the ray. 

6. Three parallel steel cables hang from a girder to the deck of a bridge (Fig. 6-17). 
Find distance x. 


2.16 2.01 
FIGURE 6-14 FIGURE 6-15 
bud Т1 
FIGURE 6-16 FIGURE 6-17 


7. Project: The Framing Square. A framing square, Fig. 6-18, consists of a 
24-in.-long blade set at a right angle to an 18-in.-long tongue. Both arms are 
graduated in inches both on the inside edge and outside edge and are engraved 
with various scales for board feet, rafter lengths, and so forth. Obtain a framing 
square and figure out how to use it to 


(a) bisect an angle 
(b) subdivide a line into a given number of equal parts 


We will have more uses for the framing square later in this chapter. 


Parallel 


$ 
X 


FIGURE 6-13 
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180 


FIGURE 6-18 The framing square is 
sometimes called the steel square, even 
when made of another material. 


Vertex 


РД 


Interior 
angle 


Side 


FIGURE 6-19 A polygon. 


Аан 


Equilateral triangle Square 
Pentagon Hexagon 


FIGURE 6-20 Some regular polygons. 
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6-2 Triangles 


Polygons 


A surface is a geometric figure consisting of those points that satisfy a particular 
condition. For example, a plane is a surface in which a straight line connecting any 
two of its points lies entirely in the surface. Figures lying entirely in a plane surface 
are called plane figures. 

A polygon is a plane figure formed by three or more line segments, called the 
sides of the polygon, joined at their endpoints, as in Fig. 6-19. The set of all points 
inside the polygon is called its interior. The points where two sides meet is called a 
vertex. An interior angle is the angle at a vertex, measured from one side to the 
adjoining side, through the interior of the polygon. 

The length of a side is given in units of length (inches, meters, etc.) and the 
area of an interior is given in square units (square inches, square meters, etc.). 

If the sides of the polygon are equal and its interior angles are equal, it is called 
a regular polygon, Fig. 6—20. 


Triangles 


A triangle is the simplest polygon, having three sides. The angles between the sides are 
the interior angles of the triangle, usually referred to as simply the angles of the triangle. 

As shown in Fig. 6-21, a scalene triangle has no equal sides; an isoceles trian- 
gle has two equal sides; and an equilateral triangle has three equal sides. 

An acute triangle has three acute angles; an obtuse triangle has one obtuse angle and 
two acute angles; and a right triangle has one right angle and two acute angles. A trian- 
gle that has no right angle is called an oblique triangle. All the triangles shown are 
oblique, except for the right triangle. 


Scalene triangle 


Acute triangle 


Isosceles triangle Obtuse triangle Equilateral triangle Right triangle 


FIGURE 6-21 Types of triangles. 
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Altitude and Base 
The altitude of a triangle is the perpendicular distance from a vertex to the opposite 
side, called the base, or an extension of that side (Fig. 6-22). 


Base b Base b 


FIGURE 6-22 


Area of a Triangle 
m Exploration: 7ry this. 


(a) Draw a rectangle of width b and height Л, Fig. 6-23(а). The area of this rectangle is, 
of course, its width times its height, or bh. Bisect the rectangle with a diagonal. What 
is the area of triangle ABC? 

(b) Ina new sketch, draw oblique triangle DEF, Fig. 6—23(b), with base b and altitude 
h. Using your conclusion from (a), subtract the area of triangle EFG from that of 
triangle DEG. What do you conclude about the area of triangle DEF? E 


From your exploration, you probably arrived at the familiar formula for the area of 
a triangle: 


+++ Example 4: Find the area of the shaded triangle in Fig. 6-23(b) if its base b is 
52.0 and the altitude h is 48.0. 


Solution: By Eq. 102, 


52.0(48.0) ' 
a = ————~ = 1250 sq. units (rounded) ээж 


If the altitude is not known but we have instead the lengths of the three sides, 
we may use Hero’s formula. If a, b, and c are the lengths of the sides, we can find 
the area using the following formula: 


(a) 


(b) 
FIGURE 6-23 


This formula is named for Hero 

(or Heron) of Alexandria, a Greek 
mathematician and physicist of the 
1st century c.t. 
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FIGURE 6-94 Ап exterior angle. 
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FIGURE 6-26 Сопегиеш triangles. 
Angles marked with the same number 
of small arcs are equal. 
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FIGURE 6-97 Similar triangles. 
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өөө Example 5: Find the area of a triangle having sides of lengths 3.25, 2.16, and 5.09. 


Solution: We first find s, which is half the perimeter. 
3.25 + 2.16 + 5.09 
22 Е 
2 


5.25 
Thus the area is 


area = \/'5.25(5.25 — 3.25)(5.25 — 2.16)(5.25 — 5.09) = 2.28 sq. units *** 


Sum of the Angles 


m Exploration: 

Try this. Draw any triangle, by hand or by CAD. Measure the three interior angles 
with a protractor, and add, or have their sum displayed in CAD. Try again with a dif- 
ferent triangle, or drag a vertex in CAD. What do you see? E 


Your exploration may have led you to the extremely useful relationship among the 
interior angles of any triangle. 


+++ Example 6: Find angle A in a triangle if the other two interior angles are 38° 
and 121°. 


Solution: By Eq. 104, 
A = 180 — 121 — 38 = 21? ooo 


Exterior Angles 


m Exploration: 

An exterior angle is the angle between the side of a triangle and an extension of 
an adjacent side, such as angle theta in Fig. 6—24. Try this. Using the facts that 
the sum of the interior angles is 180° and that the sum of theta and angle C is 
180°, see if you can verify this formula: 


eee Example 7: An Application. Find angle ¢ in the section of truss, Fig. 6-25. 
Solution: Angle ¢ is an exterior angle to triangle РОК, so 


ф = 78° + 63° = 141° ooo 


Congruent and Similar Triangles 


Two triangles (or any other polygons, for that matter) are said to be congruent if the 
angles and sides of one are equal to the angles and sides of the other, as in Fig. 6-26. 
Two triangles are said to be similar if they have the same shape, even if one triangle 
is larger than the other. This means that the angles of one of the triangles must 
equal the angles of the other triangle, as in Fig. 6-27. Sides that lie between the 
same pair of equal angles are called corresponding sides, such as sides a and d. 
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Sides b and e, as well as sides c and f, are also corresponding sides. We have the 
following two theorems: 


We will see in a later chapter that relationship 109 holds for similar figures other 
than triangles, and for similar solids as well. 


eee Example 8: An Application. Two beams, AB and CD, in the framework of 
Fig. 6—28 are parallel. Find distance AE. 


Solution: By statement 64, we know that angle AEB equals angle DEC. Also, by 
statement 65, angle ABE equals angle ECD. Thus triangle ABE is similar to triangle 
CDE. Since AE and ED are corresponding sides, the ratio of one pair of correspon- 
ding sides must equal the ratio of another pair of corresponding sides. 


AE _ 54 
587 7.25 
5.14 
AE = 5.87 (=) = 416m +++ 


Right Triangles 


In a right triangle ABC, Fig. 6-29, the side opposite the right angle is called the hy- 
potenuse, and the other sides are called the legs. Since the sum of the interior angles 
must be 180°, angles A and B must add up to 90°; that is, they are complementary. 


m Exploration: 

Try this. Using a computer drawing program, draw any right triangle. Then con- 
struct a square on each side. Have the computer display the area of the square on 
the hypotenuse, and the sum of the areas of the squares on each leg. How are they 
related? Then drag a corner of the triangle (making sure it stays a right triangle) to 
different positions. What can you say about the areas? E 


Your exploration may have led you to the well-known Pythagorean theorem: 


+++ Example 9: A right triangle has legs of length 6.00 units and 11.0 units. Find the 
length of the hypotenuse. 
Solution: Letting c — the length of the hypotenuse, we have 
c? = 600? + 11.0 = 36.0 + 121 = 157 
c = V157 = 12.5 units (rounded) +++ 


Remember that the Pythagorean theorem applies only to right 
triangles. Later we will use trigonometry to find the sides and 


angles of oblique triangles (triangles with no right angles). 
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C 7.25 m D 
FIGURE 6-28 
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с 
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a+b? = с? 


FIGURE 6-29 The Pythagorean 
theorem is named for the Greek 
mathematician Pythagoras 

(ca. 580—500 в.с.Е.). 
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FIGURE 6-30 Some special right triangles. 
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FIGURE 6-31 


Special Right Triangles 


In a 30-60-90 right triangle [Fig. 6—30(a)], the side opposite the 30° angle is half 
the length of the hypotenuse. 

A 45° right triangle [Fig. 6-30(b)] is also isosceles, and the hypotenuse is v2 
times the length of either side. 

A 3-4—5 triangle [Fig. 6—30(c)] is a right triangle in which the sides are in the 
ratio of 3 to 4 to 5. 


A 30-60-90 triangle — «ee Example 10: By inspection, we can say that 


(a) Side xin Fig. 6—31(a) is 12.3 in. 
(b) Side y in Fig. 6-31(b) is 3.55 m. 
(c) Side z in Fig. 6-31(c) is 6.00 ft. +.. 


The 30-60-90 triangle is useful in solving problems involving the regular hexagon, 
which can be subdivided into 30-60-90 right triangles, Fig. 6-32. 


өөө Example 11: An Application. A hex-head bolt measures 0.750 in. across the flats, 
Fig. 6—33. Find the shortest distance x from the center of the bolt to an obstruction 
that will just allow the bolt to turn. 


FIGURE 6-32 Solution: We note that x is the hypotenuse of a 30—60—90 triangle whose long leg is 
0.750 + 2 or 0.375 in. The short leg of a 30—60—90 triangle is half the hypotenuse, or 
x/2. Then by the Pythagorean theorom, 


x 2 
zz х? = (3) + (0.375 
2 
= т = 0.1406 
0.750 
3 2 
X 
—— = 0.1406 
4 
Е Е 4(0.1406 
х? = T) — 0.1875 


FIGURE 6-33 x — 0.433 in. oe 
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Exercise 2 • Triangles 


. Find angles Ө and ф in Fig. 6—34. 

. Find the area of the triangle in Fig. 6—35. 

. Find the area of the triangle in Fig. 6—36. 

. Find the area of the triangle in Fig. 6—37. 

. The two triangles in Fig. 6—38 are similar. Find sides a and b. 
. Find the hypotenuse in the right triangle of Fig. 6—39. 

. Find side a in the right triangle of Fig. 6—40. 

. Find side b in the right triangle of Fig. 6-41. 


ONAOUPWN = 


( 156 

| 

| 18.6 121 

ЧАК п ЖАНЕ 
25.3 108 
FIGURE 6-36 FIGURE 6-37 
a 65.1 
205 586 b 
315 30.6 712 
FIGURE 6-39 FIGURE 6-40 FIGURE 6-41 
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FIGURE 6-43 FIGURE 6-44 Note: Angle B is nota 
right angle. 
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Applications 


To help you solve each problem, draw a diagram and label it completely. Look for 
special triangles or right triangles contained in the diagram. Be sure to look up any 
word that is unfamiliar. 


9. What is the cost, to the nearest dollar, of a triangular piece of land whose base 
is 828 ft and altitude is 412 ft at $1125 an acre? (1 acre = 43,560 ft?) 

10. A vertical pole 45.0 ft high stands on level ground and is supported by 
three guy wires attached to the top and reaching the ground at distances of 
60.0 ft, 108.0 ft, and 200.0 ft from the foot of the pole. What are the lengths 
of the wires? 

11. A ladder 39.0 ft long reaches to the top of a building when its foot stands 
15.0 ft from the building. How high is the building? 

19. Two streets, one 16.2 m and the other 31.5 m wide, cross at right angles. What 
is the diagonal distance between the opposite corners? 

13. A rectangular room is 20.0 ft long, 16.0 ft wide, and 12.0 ft high. What is 
the diagonal distance from one of the lower corners to the opposite upper 
corner? 

14. What is the side of a square whose diagonal is 50.0 m? 

15. A rectangular park 125 m long and 233 m wide has a straight walk running 
through it from opposite corners. What is the length of the walk? 

16. A ladder 32.0 ft long stands flat against the side of a building. How many feet 
must it be drawn out at the bottom so that the top may be lowered 4.00 ft? 

17. The slant height of a cone (Fig. 6—42) is 21.8 in., and the diameter of the base 
is 18.4 in. How high is the cone? 

18. Find the distance AB between the centers of the two rollers in Fig. 6-43. 

19. A highway (Fig. 6—44) cuts a corner from a parcel of land. Find the number of 
acres in the triangular lot ABC. (1 acre — 43,560 ft’) 

20. A surveyor starts at A in Fig. 6—45 and lays out lines AB, BC, and CA. Find the 
three interior angles of the triangle. 

21. Find dimension x on the beveled end of the shaft in Fig. 6—46. 

22. A hex head bolt, Fig. 6-47, measures 0.500 in. across the flats. Find the distance 
x across the corners. Hint: You can solve problems involving a regular polygon 
by subdividing it into triangles. 

23. An octagonal wall clock, Fig. 6—48, is to be 16.0 in. wide. Find the dimen- 
sion x. 

24. Diagonal Brace: Find the length AB of the diagonal brace in Fig. 6-49. 

25. Diagonal Brace: A brace A is to join rafter B (width — 3.25 in.) at an angle of 
45°, Fig. 6—50. Find the distance PQ by which A must be shortened to allow for 
the thickness of B. 

26. Cross-Bridging: Find the length AB of the cross-bridging member in 
Fig. 6-51. 

27. A beam AB is supported by two crossed beams (Fig. 6—52). Find distance x. 

28. Common Rafters: Figure 6—53 shows several kinds of roof rafters. A com- 
mon rafter is one that runs from the ridge to the plate. It is common practice 
to figure rafter lengths from the building line to the centerline of the ridge 
board. This distance is called the line length, PQ in Fig. 6-54. This is later 
shortened by half the thickness of the ridge board and lengthened by the 
amount of overhang. 

Find the line length of a rafter that has a run of 14.0 ft and a slope of 8.0 in. 
per foot. 
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29. Project: Framing Square: Obtain a framing square and figure out how to use 
it to 
(a) lay out a miter cut (a cut of 45°) 
(b) draw an equilateral triangle B 
(c) locate the center of a triangle 
(d) lay out an angle of 30° or 60°. 


. . | . E" FIGURE 6-51 
30. Project: A dissection proof is one in which a geometric figure is dissected or cut 


up, and the pieces rearranged to prove something. There are many dissection 
proofs of the Pythagorean theorem. Find a few of these, and choose one on 
which to make a classroom presentation. 

31. Project: There are various kinds of "centers" of a triangle, including the cen- 
troid, the incenter, the circumcenter, and the orthocenter. Research and de- 
scribe how each is found. Can you find a use for any of them? 


Valley rafter Valley jack 
Ridge rafters 


Plate 
Common 
rafter Common rafters Overhang 
Hip jack rafters 
FIGURE 6-52 FIGURE 6-53 Types of rafters. 


Ridge board 


Building line 


Bird's mouth 


Run of roof 2-3 
Half-span of 
roof 


FIGURE 6-54 


Overhang 
or 
projection 


6-3 Quadrilaterals 


A quadrilateral is a polygon having four sides. They are the familiar figures 
shown in Fig. 6-55. The formula for the area of each interior is given right on the 
figures (b)-(f). 

For the parallelogram, opposite sides are parallel and equal. Opposite angles 
are equal, and each diagonal cuts the other diagonal into two equal parts (they 
bisect each other). 
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(a) Quadrilateral 


Area = ab 


(d) Parallelogram 


a 


(e) Rhombus 


a 


b 
(f) Trapezoid 


FIGURE 6-55  Quadrilaterals. 


FIGURE 6-56 One solar panel. 
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The rhombus is also a parallelogram, so the previous facts apply to it as well. 
In addition, its diagonals bisect each other at right angles and bisect the angles of 
the rhombus. 

The trapezoid has two parallel sides, which are called the bases, and the alti- 
tude is the distance between the bases. 


+++ Example 12: The area of a 

* square of side 5.84 m is 
Area = (5.84 = 34.1 m? 

* rectangle measuring 3.85 ft by 7.88 ft is 
Area = (3.85)(7.88) = 30.3 ft? 

* parallelogram having a height of 6.22 cm and a base of 9.36 cm is 
Area = (6.22)(9.36) = 58.2 cm? 

* rhombus of altitude 2.81 m and a base of 4.25 m is 
Area = (2.81)(4.25) = 11.9 m? 


* trapezoid with bases 17.4 in. and 22.6 in. and altitude 12.9 in. is 
(17.4 + 22.6)(12.9) 
i 2 


ФФ Ф 


Area = 258 in? 


өөө Example 13: An Application. A solar collector array consists of six rectangu- 
lar panels, each 45.3 in. X 92.5 in., Fig. 6-56. The collecting area of each panel is 
reduced by a connection box measuring 4.70 in. X 8.80 in. Find the total collecting 
area in square feet. 


Solution: 
area of each panel — (45.3)(92.5) — 4190 in? 


blocked area = (4.70)(8.80) = 41.4 in? 


Subtracting yields 


collecting area per panel — 4190 — 41.4 — 4149 in? 
There are six panels, so 
total collecting area = 6(4149) = 24,890 in? 


Converting now to square feet, there are 144 square inches in a square foot so 


2 


1 ft 
24,890 in.” = 24,890 in? х — = 173 ft’ +.. 
144 in. 


Sum of the Interior Angles 


m Exploration: Try this. 


(a) Draw any quadrilateral. Then select a point P inside the quadrilateral and 
connect it to each vertex, Fig. 6-57. The sum of the angles in each triangle 
is 180°, so the four triangles contain a total of 4 X 180°, or 720°. From this 
subtract the four angles around P to get the sum of the interior angles of the 
quadrilateral. What do you get? 

(b) Try this again with a pentagon, a polygon of 5 sides. 

(c) Try this again with a polygon of n sides. Can you generalize your result? El 
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You may have found that for a quadrilateral the sum of the interior angles is 360°, 
for a pentagon it is 540°, and for a polygon of n sides it is 


+++ Example 14: Find angle 0 in Fig. 6-58. 
Solution: The polygon shown has seven sides, so n = 7. By Eq. 72, 
sum of angles = (7 — 2)(180°) = 900° 
Adding the six given angles gives us 
278° + 62° + 123° + 99° + 226° + 43° = 831° 
So 
9 = 900° — 831° = 69° өөө 


өө Example 15: An Application. The miter angle is the angle at which a saw ог miter 
box must be set to cut a piece of stock to form a joint. It is equal to half the angle 
between the pieces to be joined. Find the miter angle 0 for the pentagonal window in 
Fig. 6-59. 


Solution: The sum of the angles of the pentagon are, with n — 5, 
sum of angles — (n — 2)180? 
= (5 — 2)180° = 540? 
Each interior angle is then 540/5 = 108°. The miter angle is half of that, or 
0 = 54° +.. 


Exercise 3 + Quadrilaterals 


1. Find the area and perimeter of 
(a) a square of side 5.83 in. 
(b) a square of side 4.82 m. 
(c) arectangle measuring 384 cm X 734 cm. 
(d) arectangle measuring 55.4 in. by 73.5 in. 


2. Find the area of 
(a) a parallelogram whose base is 4.52 ft and whose altitude is 2.95 ft. 
(b) a parallelogram whose base is 16.3 m and whose altitude is 22.6 m. 
(c) a rhombus whose base is 14.2 cm and whose altitude is 11.6 cm 
(d) arhombus whose base is 382 in. and whose altitude is 268 in. 
(e) atrapezoid whose bases are 3.83 m and 2.44 m and whose altitude is 1.86 m. 
(f) atrapezoid whose bases are 33.6 ft and 24.7 ft and whose altitude is 15.3 ft. 


Applications 


3. What will be the cost, to the nearest dollar, of flagging a sidewalk 312 ft long 
and 6.5 ft wide, at $13.50 per square yard? 

4. How many 9-in.-square tiles will cover a floor 48 ft by 12 ft? 

5. What will it cost to carpet a floor, 6.25 m by 7.18 m, at $7.75 per square meter? 

6. How many rolls of paper, each 8.00 yd long and 18.0 in. wide, will paper the 
sides of a room 16.0 ft by 14.0 ft and 10.0 ft high, deducting 124 ft? for doors 
and windows? 
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FIGURE 6-57 


FIGURE 6-58 


FIGURE 6-59 


190 


20.0 ft 


FIGURE 6-61 
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7. 


10. 


11. 


19. 


13. 


What is the cost of plastering the walls and ceiling of a room 40 ft long, 36 ft 
wide, and 22 ft high, at $8.50 per square yard, allowing 1375 ft? for doors, 
windows, and baseboard? 


. What will it cost to cement the floor of a cellar 25.3 ft long and 18.4 ft wide, 


at $3.50 per square foot? 


. Find the cost of lining a topless rectangular tank 68 in. long, 54 in. wide, and 48 in. 


deep with zinc, weighing 5.2 Ib per square foot, at $1.55 per pound installed. 

A parcel of land lies between two parallel streets, Fig. 6-60. How many acres will 
remain in the parcel after the strip shown is taken for a new street? (1 acre — 
43,560 12) 


—— 720 ft 


Street | 


7 Street 
дан 75.0 ft 


” 845 ft 


FIGURE 6-60 


Brick Requirement. Estimate the number of bricks needed for a wall 13 Х 18 ft, 
having one door 4 ft X 9 ft and two windows each 3 ft X 6 ft. Each brick has faces 
measuring 8 X 2 !/, inches, with half-inch joints between bricks. 

Squares of Roofing Material. Roofing material is often specified in squares, 
where one square equals 100 ft?. How many squares of shingles are needed to 
cover the roof of Fig. 6—61, neglecting waste? 

Miter Angles: Calculate the miter angle 0 for a 

(a) triangular window (equilateral) 

(b) square or rectangular frame 

(c) hexagonal window 

(d) octagonal wall clock 
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-4 The Circle 


A circle, Fig. 6-62, is a plane curve in which all points are at a given distance 
(called the radius) from a fixed point (called the center). The diameter is twice the 
radius. The diameter cuts the circle into two semicircles. 


Circumference and Pi (77) 


The circumference of a circle is its total length, or the distance around. 


m Exploration: 


Try this. Wrap a strip of paper around a circular object, such as a jar lid, and mark 
the point where it starts to overlap. The length from the mark to the end of the strip 
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is the circumference of the circular object. Next measure the diameter of the lid, 
divide that number into the circumference, and record. Repeat for several circular 
objects. What did you find? Ei 


You should have gotten a quotient a bit larger than three, regardless of the size of 
the lid. The ratio of the circumference C of a circle to its diameter d is the same for 
all circles. It is denoted by the Greek letter т (pi). 


Pi (7) is an irrational number with the approximate value 3.1416. It is stored in 
your calculator to more decimal places than you will probably ever need. Look for 
a key marked [т]. 

We can use the definition of т to find the circumference of a circle. If 
т = C/d, then 


+%% Example 16: The circumference C of a circle having a diameter of 5.54 in. is 
С = 5.547 = 17.4 in. 3 


өөө Example 17: The radius r of a circle having a circumference of 854 cm is 
854 


r= — = 136cm 2 
2m 


Area of a Circle 


For a circle of radius r, 


+++ Example 18: The area of a circle having a radius of 3.75 in. is 
А = т(3.75 їп)? = 442 in? +.. 
+++ Example 19: The area of a circle is 583 cm”. Find its radius. 


Solution: By Eq. 75 2 
2 583 
r= СС 185.6 cm? 


r = N 185.6 = 13.6 cm ooo 


Center 


FIGURE 6-62 


A circle. 
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FIGURE 6-63 A circle. 
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Arc and Sector 
At this point we need a few more definitions, Fig. 6—63. 


(a) A central angle is one whose vertex is at the center of the circle. 

(b) An inscribed angle is one whose vertex is on the circle. 

(c) Anarc is a portion of the circle between two points on the circle. 

(d) A sector is a plane region bounded by two radii and one of the arcs intercepted 
by those radii. 


We have the following relationship between a central angle and an inscribed 
angle, Fig. 6—64. 


Tangent, Secant, and Chord 
Let us now add some straight lines touching our circle. 


* Atangent to a circle is a line that touches the circle in just one point. 
* Asecant to a circle is a line that intersects the circle in two points. 
• A chord is that portion of a secant joining two points on the circle. 


These terms are the same when applied to curves other than the circle. 

In Fig. 6—65, the tangent T touches the circle at P; the secant line 5 cuts the cir- 
cle at two points A and В. Line segment AB is a chord. A segment of a circle is that 
portion cut off by a chord. We will show how to compute areas of segments in our 
chapter on radian measure. 

We have two theorems about chords and tangents. 


+++ Example 20: An Application. A roller in a printing press hangs from a link of 
length x and touches an inclined plate, Fig. 6—66. Find x. 


Solution: By statement 83 we know that the angle between the plane and the ra- 
dius drawn to the point of contact is a right angle. This enables us to use the 
Pythagorean theorem. 


x? = (24.3)? + (58.3)? = 3989 
x = 63.2 mm ooo 
eee Example 21: An Application. Find the distance OP in Fig. 6-67. 
Solution: By statement 83, we know that angle PQO is a right angle. Also, 
PQ = 340 — 115 = 225 ст 
So, by the Pythagorean theorem, 


OP = (115)? F (225)? = 253 cm +.. 
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Our second theorem concerns two tangents to a circle drawn from an external 
point, Fig. 6—68. 


Turning now from tangents to chords, Fig. 6—69, we have the theorem 


+++ Example 22: Find x in Fig. 6-70. 


Solution: By theorem 85 we can write 
16.3x = 10.1(12.5) 
_ 10.1(12.5) 


= 7.75 666 
16.3 


x 


Semicircle 


+++ Example 23: Find the distance x in Fig. 6-71. 


Solution: By statement 82, we know that 0 = 90°. Then, by the Pythagorean theorem, 


x = \/ (250)? — (148)? = 201 +.. 


Exercise 4 • The Circle 

1. Find the circumference and area of a circle of radius 4.82 cm. 

2. Find the circumference and area of a circle of radius 2.385 in. 

3. Find the radius and area for a circle whose circumference is 74.8 in. 

4. Find the radius and area for a circle whose circumference is 2.73 m. 

5. Find the radius and circumference of a circle whose area is 39.5 ft’. 

6. Find the radius and circumference of a circle whose area is 2.74 m?. 

7. Inscribed and Circumscribed. A polygon is said to be inscribed in a circle if 
every vertex of the polygon lies on the circle. The circle is then said to be cir- 
cumscribed about the polygon. A polygon is said to be circumscribed about a 


circle if the circle is tangent to each side of the polygon. The circle is then said 
to be inscribed in the polygon. 
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FIGURE 6-68 


FIGURE 6-69 


FIGURE 6-70 


Semicircle of radius = 125 


? 


FIGURE 6-71 
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A square circumscribed 
about a circle 


A square 


inscribed 
in a circle 


FIGURE 6-79 
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FIGURE 6-73 
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8. 


9. 
10. 
11. 


How much larger is the side of a square circumscribing a circle 155 cm in 
diameter than a square inscribed in the same circle, Fig. 6-72? 

The radius of a circle is 5.00 m. Find the diameter of another circle containing 
4 times the area of the first. 

Find the distance x in Fig. 6—73. 

In Fig. 6—74, distance OP 1s 8.65 units. Find the distance PQ. 

Figure 6-75 shows a semicircle with a diameter of 105. Find distance PQ. 


Applications 


19. 
13. 
14. 
15. 
16. 


17. 


18. 


19. 


k 4.12 >| 
А 
Q 
Q 
3.16 
6.35 diameter 


In a park is a circular fountain whose basin is 22.5 m in circumference. What 
is the diameter of the basin? 

The area of the bottom of a circular pan is 196 in.?. What is its diameter? 

Find the diameter of a circular solar pond that has an area of 125 m?. 

What is the circumference of a circular lake 33.0 m in diameter? 

The distance around a circular park is 2.50 mi. How many acres does it contain? 
(1 sq. mi — 640 acres) 

A woodcutter uses a tape measure and finds the circumference of a tree to be 
95.0 in. Assuming the tree cross-section to be circular, what length of chain- 
saw bar is needed to fell the tree? (By cutting from both sides, one can fell a 
tree whose diameter is twice the length of the chain-saw bar.) 

What must be the diameter d of a cylindrical piston so that a pressure of 
125 Ib/in.” on its circular end will result in а total force of 3610 Ib? Hint: The f 
a surface is equal to the area of that surface times the pressure on that surface. 


Find the length of belt needed to connect the three 15.0-cm-diameter pulleys 
in Fig. 6-76. Hint: The total curved portion of the belt is equal to the circum- 
ference of one pulley. 


FIGURE 6-74 FIGURE 6-75 


52.0 cm 


FIGURE 6-76 


ese 0.1000 in. diameter 


FIGURE 6-78 Measuring a screw 
FIGURE 6-77 thread “over wires.” 
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20. 


21; 


22. 


23. 


24. 
95. 


26. 


97. 


28. 


E 
2.04 m A C 
dia. 
D 
4.55m 


Seven cables of equal diameter are contained within a circular conduit, as in 
Fig. 6-77. If the inside diameter of the conduit is 25.6 cm, find the cross- 
sectional area not occupied by the cables. 


A 60° screw thread is measured by placing three wires on the thread and 

measuring the distance Т, as in Fig. 6—78. Find the distance D if the wire di- 

ameters are 0.1000 in. and the distance T is 1.500 in., assuming that the root of 

the thread is a sharp V shape. Hint: In a right triangle whose angles are 30° 

and 60°, the hypotenuse is twice the length of the shortest side. 

Figure 6—79 shows two of the supports for a hemispherical dome. Find the 

length of girder AB. 

A certain car tire is 78.5 cm in diameter. How far will the car move forward 

with one revolution of the wheel? 

Figure 6-80 shows a circular window under the eaves of a roof. Find the distance x. 

Figure 6-81 shows a round window in a dormer the shape of an equilateral 

triangle. Find the radius r of the window. 

Figure 6-82 shows a circular design, 2.04 m in diameter, located in the angle of 

a roof. Find distances AB, AD, and AC. 

Figure 6—83 shows some of the internal framing in a rose window. Find AB, 

given that BC — 7.38 ft, DB — 4.77 ft, and BE — 5.45 ft. 

Figure 6—84 shows a square window surmounted by a circular arch. Find the 

following: 

(a) The radius r of the arch 

(b) The length s of the curved underside of the arch 

(c) The total open area of the window, including the area of the square and the 
area under the arch 

Hint: Note that four of the arcs s would form a complete circle. 


FIGURE 6-82 A Circular Design. FIGURE 6-83 А Rose Window. 


FIGURE 6-85 FIGURE 6-86 
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A 


75.2 ft 


FIGURE 6-79 


FIGURE 6-80 Design fora 
Circular Window. 


2.84 m 


FIGURE 6-81 А Window in a Dormer. 


FIGURE 6-84 A Square Window 
Topped by a Circular Arch. 


Saw Blade 
Saw kerfs 


FIGURE 6-87  Kerfing. 
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FIGURE 6-88 
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29, Find the radius r of the cutter needed to machine a circular arc having a depth 
of 0.300 in. and a width of 1.200 in., as shown in Fig. 6—85. 


30. You buy a used band saw, Fig. 6-86, but the blade and owner's manual are miss- 
ing. You measure the wheels at 12.8 in. in diameter and the distance between 
their centers at 20.0 in. Calculate the length of band saw blade needed. 

31. Framing Square: It is sometimes difficult to locate the center of a circle, say, a 
circular hoop. Using the fact that “any angle inscribed in a semicircle is a right 
angle," how would you use a framing square to quickly find the ends of a diam- 
eter of a circle (provided that the circle is 26 inches or less in diameter)? How 
would you then locate the center of the circle? 

39. Kerfing: A kerf is the notch or groove left by a saw. Kerfing is a carpentry 
method for bending a board into a curve by cutting equally spaced, parallel kerfs 
along one face, as in Fig. 6-87, and then bending the board until the kerfs just 
close. A board 48.0 in. long and 0.750 in. thick is to be bent into a semicircle. 
How many cuts, each 0.100 in. wide, are needed? 


33. Project: Calculate the kerfing needed to bend a board into a circular arc, then 
actually do it in a woodworking shop. Demonstrate your results to your class. 

34. Writing: Write a section in an instruction manual for machinists on how to find 
the root diameter of a screw thread by measuring “over wires" (Fig. 6—78). Your 
entry should have two parts: first, a "how-to" section giving step-by-step 
instructions, and then a "theory" section explaining why this method works. 
Keep the entry to one page or less. 

35. Project: A ventilation system, Fig. 6—88, consists of circular ducts with rectan- 
gular vents. Each vent measures 8 in. by 15 in. The diameter of each circular 
duct is chosen so that its cross-sectional area is equal to that of the preceding 
duct, minus the area of the preceding vent. Find the diameters of ducts A and B. 


6-5 Polyhedra 


By geometric solid we mean a closed surface in space. Sometimes the word solid is 
taken to mean the surface, and sometimes the surface itself together with its inte- 
rior. Keep in mind that we are talking about geometric figures and not real objects, 
and the word solid should not be taken here in its usual sense to imply rigidity, as in 
"solid as a rock." We will refer to a soap bubble, for instance, as a spherical solid 
even though the soap film and the enclosed air are far from rigid. 


Volume and Area of a Solid 


The volume of a solid is a measure of the space it occupies or encloses. A cube of 
side 1 unit has a volume of 1 cubic unit, and we can think of the volume of any 
solid as the number of such cubes it contains. This may not be a whole number or 
even a rational number, as we will see with the volumes of cylinders and spheres. 

We will speak about three different kinds of areas in connection with solids: 
(a) the surface area will mean the total area of the solid, including any ends; (b) the 
lateral area which does not include the area of the ends or base(s), which we will 
define for each solid; and (c) the cross-sectional area, which is obtained when a 
solid is sliced in a certain way. 


Polyhedra 


We saw earlier that a polygon is a plane figure bounded by line segments. Now 
we define a polyhedron as a solid bounded by polygons, now called faces. Two faces 
meet in an edge, and the point where three or more edges meet is called a vertex 
(Fig. 6-89). We will discuss the polyhedra one at a time. 
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Prism 


A prism is a polyhedron with two parallel, identical faces (called bases), and whose 
remaining faces (called /ateral faces) are parallelograms, Fig. 6—90, The lateral 
faces are formed by joining corresponding vertices of the bases. The altitude of a 
prism is the perpendicular distance between the bases. 

A prism is named according to the shape of its bases (i.e., triangular prism, quad- 
rangular prism, and so forth). A prism is also called right if its bases are perpendicu- 
lar to its lateral edges and the lateral faces are all rectangles, otherwise it is called 
oblique. 


өөө Example 24: Find the volume and lateral area of a prism whose altitude is 
22.8 mm and whose bases are triangles, each with a perimeter of 16.9 mm and area 
of 147 mm?. 


Solution: Using the prism formulas gives 
Volume = base area X altitude 
147(22.8) = 3350 mm? 


Lateral area = base perimeter X altitude 
= 16.9(22.8) = 385 mm? eee 


Rectangular Parallelepiped and Cube 


A rectangular parallelepiped is a right rectangular prism (Fig. 6—91). All six faces 
are rectangles. It is often called a rectangular solid. It is simply the familiar square- 
cornered box. 


+++ Example 25: Find the volume and surface area of a crate measuring 2.70 ft by 
3.40 ft by 5.90 ft. 


Solution: We get 
Volume = length X width X height 
= 2.70(3.40)(5.90) = 54.2 f 


Surface area = 2[2.70(3.40) + 2.70(5.90) + 3.40(5.90)] 
= 90.3 f 066 


The сире is a rectangular parallelepiped having all sides equal (Fig. 6-92). It has 6 
square faces, 12 equal edges, and 8 vertices. Unlike the other solids we have cov- 
ered so far, it is a regular polyhedron, so-called because all its faces are identical 
regular polygons. 
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FIGURE 6-89 A polyhedron. The 
name polyhedron is from poly = many and 
hedron = faces. 
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Y 


FIGURE 6-90 A right triangular prism. 
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FIGURE 6-929 Cube. 
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FIGURE 6-93 Regular 
pentagonal pyramid. 
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Base 


FIGURE 6-94 Frustum of a regular 
pentagonal pyramid. 
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+++ Example 26: An Application. Find the volume and surface area of a cubical room 
that is 10.5 ft on a side. 


Solution: By Eq. 87, 


Volume = (10.5)? = 1160 ft? 
and by Eq. 88, 
Surface area = 6(10.5)? = 662 ft? +.. 


The Pyramid 


A pyramid is a polyhedron whose base is a polygon, and whose other faces are 
triangles formed by connecting vertices of the base to a common point (the vertex 
of the pyramid) (Fig. 6—93). 

A pyramid is named for the shape of its base: triangular pyramid, quadrangu- 
lar pyramid, and so forth. A regular pyramid is one whose base is a regular poly- 
gon and whose altitude passes through the center of that polygon. A frustrum of a 
pyramid is the portion of the pyramid between its base and a plane section parallel 
to its base (Fig. 6-94). 

The altitude of a regular pyramid is the perpendicular distance from base to 
vertex. The altitude of the frustum of a regular pyramid is the perpendicular dis- 
tance between its base and that plane section. 

The slant height of a regular pyramid is the altitude of each triangular face. 
The slant height of the frustum of a regular pyramid is the perpendicular distance 
between one edge of the base and one edge of the plane section. 


+++ Example 27: Find the volume of a pyramid having a square base 4.51 cm on a 
side and an altitude of 3.72 cm. 


Solution: The area of the base is (4.51)? = 20.3 cm”. The volume of the pyramid is 
then 


(3.72)(20.3) 
e — = 


Volum 25.2 cm? ooo 
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Exercise 5 • Polyhedra 


The Prism 


1. 


2. 


An oblique prism has a base area of 5.63 in.? and an altitude of 4.72 in. Find 
its volume. 

The base of a right prism is an equilateral triangle 3.74 mm on a side. Its alti- 
tude is 8.35 mm. Find its volume and lateral area. 


. Find the volume of the triangular prism in Fig. 6-95. 
. Find the lateral area, total area, and volume of each prism in Fig. 6-96. As- 


sume that each base is a regular polygon. 


Prism Applications 


5. 


6. 


The support strut shown in Figure 6—97 has a rectangular base that is 12 in. 
wide and 18 in. deep. Find the lateral area and volume of the strut. 

A roof, shown simplified in Figure 6—98, is in the shape of a triangular 
prism. Find the area of the shingled surface and the volume enclosed by the 
roof. 


. Two intersecting roofs are simplified in Figure 6—99. Find the area of the shin- 


gled surface and the volume enclosed by the roofs. Make sure you count the 
portion contained under both roofs only once and not twice. 


Rectangular Parallelepiped and Cube 


8. 


9. 


10. 


Find the lateral area, total area, and volume of each rectangular parallelepiped 
in Figure 6-100. 


Find the surface area and volume of a cube with the following sides: 
a. 3.75 in. b. 26.3 cm c. 2.24 ft 


Find the volume and surface area of a rectangular parallelepiped that measures 
26.8 cm X 83.4 cm X 55.3 cm. 


Rectangular Parallelepiped and Cube Applications 


11. 


12. 


13. 


14. 


A 1.00-in. cube of steel is placed in a surface grinding machine, and the ver- 
tical feed is set so that 0.0050 in. of metal is removed from the top of the 
cube at each cut. How many cuts are needed to reduce the volume of 
the cube by 0.50 in.?? 
A rectangular tank is being filled with liquid, with each cubic meter of liquid 
increasing the depth by 2.0 cm. The length of the tank is 12.0 m. 
(a) What is the width of the tank? 
(b) How many cubic meters will be required to fill the tank to a depth of 

3.0 m? 
How many loads of gravel will be needed to cover 2.0 mi of roadbed, 35 ft wide, 
to a depth of 3.0 in. if one truckload contains 8.0 уй? of gravel? 
Board Feet. A board foot of lumber is the volume of wood contained in a board 
1 in. thick, 1 ft long, and 1 ft wide. How many cubic inches and cubic feet are 
in a board foot? 


772 in. 


925 in. 


FIGURE 6-95 


100.0 cm 
m >| 


FIGURE 6-97 A support strut. 


32.0 ft 
21.0 ft 


FIGURE 6-98 A prismatic roof. 


FIGURE 6-99  Intersecting roofs. 
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4.80 in. 


2.60 in. 


3.50 m 
A 20.0 mm 


(5) 


FIGURE 6-100 Some rectangular 
parallelepipeds. 


Plate 
Plate 
Common 14’ 
rafter Ridge 
] 

Hip ү Ї 
гайег ; 
SS | 

SS’ Plate 


Common rafters 


FIGURE 6-101 Top view of roof 


showing placement of hip rafters. 


FIGURE 6-102 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


Board Feet. How many board feet are in a plank that is 2!/ in. thick, 15 in. wide, 
and 18 ft long? 


Board Feet. How many board feet are contained by 12 two-by-fours, each 8 ft long? 
(Board feet calculations normally use the rough or unplaned dimensions, so here 
use the nominal 2 X 4 dimensions rather than the actual ones). 


Volume of Excavations. How many cubic yards of earth must be removed for a 
rectangular cellar hole dug on level ground, 48 ft long, 36 ft wide, and 12 ft 
deep? 

Mortar Requirement. Estimate the cubic feet of mortar needed for a 1000 
square foot wall made of brick, each 33/4 deep and with faces measuring 8/5 X 
2'/4 inches, with half-inch-joints. 

Cords of Firewood. A standard cord of wood is a “ well-stacked" pile measur- 
ing 4 ft by 4 ft by 8 ft. How many cubic feet of wood are in a cord? 


Truck Capacity. The bed of a certain pickup truck measures 58 in. by 74 in. and 
is 16 in. deep. How many cubic feet of sand can it hold, filled level with the 
sides, allowing 1.2 ft? for each wheel well? 


Truck Capacity. Using the pickup truck of Problem 20, determine how many 
truckloads of firewood are needed to make a cord, if the wood is *well stacked" 
level with the sides of the truck. 


Find the volume of packed gravel (weighing 110 Ib/ft^) needed to cover a drive- 
way that is 15 ft wide and 30 ft long to a depth of 3.0 inches. 


How much /oose gravel (weighing 100 Ib/ft?) is needed (before packing) for 
the driveway in the preceding problem, to be spread and then packed to a 
depth of 3.0 in? 


Hip Rafters. A hip rafter runs from the ridge to a corner of the roof. Find the line 
length of the hip rafter in Fig. 6-101. The common rafters on one side of the hip have 
a run of 16.0 ft and a slope of 8.00 in. per foot, and on the other side have a run of 
14.0 ft. Hint: The length of the hip rafter is the diagonal of a box whose base is 16.0 ft 
by 14.0 ft, and whose height is equal to the rise of the roof, as in Fig. 6-102. 


Project: At a country fair in Vermont a prize was given to whoever most closely 
guessed the weight of a rough block of marble. It was a prism, more or less, 
whose ends were roughly parallelograms with bases of about 5 ft and with a 
height of about 4 ft. Its lateral edges averaged about 7 ft in length. Estimate its 
weight, assuming the density of marble to be 170 Ib/ft?. Try doing the compu- 
tation in your head, as you would have to at a fair, before using your calculator. 


The Pyramid 


26. 
97. 


28. 


29. 


Find the volume and lateral area of each pyramid or frustum in Figure 6-103. 
Find the volume and lateral area of a regular pyramid having a square base 
6.83 in. on a side and an altitude of 7.93 in. 

The frustum of a regular pyramid has square bases, one 4.83 mm on a side 
and the other 2.84 mm on a side. Its altitude is 3.88 mm. Find its volume and 
lateral area. 

The slant height of a right pyramid is 11.0 in., and the base is a 4.00-in. 
square. Find the area of the entire surface. 


Pyramid Applications 


30. 


31. 


How many cubic feet are in a piece of timber 30.0 ft long, one end being a 

15.0-in. square and the other a 12.0-in. square? 

a. Find the volume enclosed by the pyramidal roof on a square tower. Take the base 
as 22.0 ft on a side and the height as 24.5 ft, and ignore the overhang. 

b. Find the lateral area of the roof. 
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32. The pyramidal roof shown in Figure 6-104 has an octagonal base of 4.50 ft on 
a side and a slant of 14.0 ft. How many square feet of shingles are needed to 
cover the roof, not counting any waste? 

33. A house that is 50.0 ft long and 40.0 ft wide has a pyramidal roof whose height 
is 15.0 ft. Find the length of a hip rafter that reaches from a corner of the build- 
ing to the vertex of the roof. 

34. A simplified hip roof is shown in Figure 6-105. Find the area of the shingled 
surface and the volume enclosed by the roof. 


35. Project: A certain rain gauge is in the shape of an inverted frustum of a square pyra- 
mid. The lower end is 5 inch on a side (inside dimension), the upper end is 2 inches 
on a side, and its height is 5 inches. Calculate where to place marks on the gauge 
so that it gives the same readings as would a gauge with parallel vertical sides. 


4.0 ft 


(c) 
FIGURE 6-103 Some pyramids. 


FIGURE 6-104 A pyramid roof. FIGURE 6-105 A hip roof. 


6-6 Cylinder, Cone, and Sphere 


Let us turn now from the polyhedra, solids bounded by planes, to solids bounded by 
curved surfaces. They are the cylinder, cone, and sphere. 


The Cylinder 


A cylinder is a solid with two parallel, identical faces (called bases), whose lateral sur- 
face is formed by joining corresponding points on the bases (Fig. 6-106). A cylinder 18 
named according to the shape of its bases (1.е., circular cylinder, elliptical cylinder, and 
so forth). The axis of a cylinder is the line connecting the centers of its bases. A cylin- 
der is called right if its bases are perpendicular to its axis; otherwise it is called В 
oblique. The altitude of a cylinder is the perpendicular distance between the bases. FIGURE 6-106 Right circular cylinder. 


eprinpy 


+++ Example 28: Find (a) the volume and (b) the lateral area of a right circular cylinder 
having a base radius of 5.73 units and an altitude of 8.24 units. 


Solution: (a) The area of the circular base is 
A = 1(5.73)2 = 103 square units 
So the volume of the cylinder is 


V = (area of base)(altitude) 
= 103(8.24) = 849 cubic units 
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FIGURE 6-108  Frustum of right 


circular cone. 


FIGURE 6-109 
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(b) The perimeter of the base is 
P = 27(5.73) = 36.0 units 


so the lateral area is then 
Lateral area = (perimeter of base)(altitude) 


= 36.0(8.24) = 297 square units. ooo 


eee Example 29: An Application. A cylindrical form for a right circular concrete col- 
umn is 22.5 in. in diameter and 18.5 ft high. How many cubic yards of concrete are 
needed to fill this form? 


Solution: The column diameter in feet is 


22.5 
—— = 1.875 ft 
12 
Then by Eq. 91, 


1.875)2(18.5 
Volume ш : ( ) = 51.1 ft? 


Since there are 27 cubic feet in a cubic yard, 


Vol SLL 2 1 9 ye? .. 
m = = 2 
olume 7 y 


The Cone 


A cone is a solid bounded by a plane region (the base) and the surface formed by 
line segments joining a point (the vertex) to points on the boundary of the base. 
If the base is circular and a perpendicular through its center passes through the 
vertex, we have a right circular cone (Fig. 6-107). Otherwise it is called oblique. 
A frustum of a cone is defined just like the frustum of a pyramid (Fig. 6-108). 


+++ Example 30: An Application: (a) Find the volume of the conical cupola atop a 
round tower, Fig. 6-109. (b) How many square feet of shingles are needed to cover 
the cupola? 


Solution: 
(a) The area of the cone’s base is 7(7.30)2 = 167 ft?. 
Then by Eq. 95, 


_ (22.8)(167) 


Volume = 1270 ft? 
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(b) We find the slant height s by the Pythagorean theorem 
52 = (7.30 + (22.8)? = 573 


so 
s = 23.9 ft 


The circumference of the base is 14.677 = 45.9 ft, so by Eq. 96, 


23.9(45.9) 2 
Lateral area — — x — 549 ft 


which is the square footage of shingles needed (not accounting for waste). +++ 


The Sphere 


A sphere is the set of points in space at a given distance from a fixed point 
(Fig. 6-110). The given point is, of course, the center of the sphere and the fixed dis- 
tance is the radius r. The diameter d is twice the radius. 

A section of a sphere cut by a plane is a circle. If the plane passes through the 
center of the sphere, we get a great circle, whose radius equals that of the sphere. A 
great circle divides the sphere into two hemispheres. 

The surface area and volume of a sphere of radius r are given by 


өөө Example 31: For a sphere of radius 2.55 cm, 


Surface area = 41(2.55)2 = 81.7 cm? 


4 3 3 
Volume = 3 7(2.55)' = 69.5 cm +.. 


Exercise 6 • Cylinder, Cone, and Sphere 


Cylinder 


1. Find the lateral area, total area, and volume of each of the following right cir- 
cular cylinders: 
(a) Base diameter = 34.5 in., height = 26.4 in. 
(b) Base diameter = 134 cm, height = 226 cm 
(c) Base diameter = 3.65 cm, height = 2.76 m 

2. Find the volume and the lateral area of a right circular cylinder having a base 
radius of 128 and a height of 285. 

3. Find the volume of the cylinder in Fig. 6-111. 


Cylinder Applications 


4. A 7.00-ft-long piece of iron pipe has an outside diameter of 3.50 in. and the vol- 
ume of iron in the pipe is equal to 449 in.?. Find the wall thickness. 

5. A certain steel bushing is in the shape of a hollow cylinder 18.0 mm in 
diameter and 25.0 mm long, with an axial hole 12.0 mm in diameter. Find the 
volume of steel in one bushing. 
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FIGURE 6-110 Sphere. 


11.2 in. 


Area = 18.2 in.? 


N 


FIGURE 6-111 


Perimeter — 15.4 in. 
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FIGURE 6-112 Some cones. 


FIGURE 6-113 
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6. 


11. 


19. 


A steel gear is to be lightened by drilling holes through the gear. The gear is 
3.50 in. thick. Find the diameter d of the holes if each is to remove 12.0 oz. 
Use a density of 485 Ib/ft? for iron. 


. А certain gasoline engine has four cylinders, each with a bore of 82.0 mm and 


a piston stroke of 95.0 mm. Find the engine displacement in liters. (The engine 
displacement is the total volume swept out by all of the pistons.) 


. Find the lateral area and the volume enclosed by a cylindrical tower having a 


round base 18.0 ft in diameter and a height of 31.5 ft. 


‚ A cylindrical chimney has a round base with a 2.55 m outside diameter, a 2.00 


m inside diameter, and a height of 7.54 m. Find the volume of masonry in the 
chimney. 


. A circular hole for a wading pool, 3.00 ft deep and 32.0 ft in diameter, is to be dug 


in level ground. How many cubic yards of earth must be removed? 

A cylindrical oil tank is 4.50 ft in diameter and 7.20 ft long. Find its capacity, in 
gallons. (1 ft? = 7.48 gal) 

Archimedes on the Cylinder: Archimedes stated that the lateral area of a cylin- 
der is equal to the area of a circle with a radius that is the mean proportional be- 
tween the cylinder's height and its base diameter. Verify this using modern 
notation. 


Cone 


13. 


14. 


15. 


Find the lateral area, total area, and volume of each right circular cone or frustum 
in Fig. 6-112. 

The circumference of the base of a right circular cone is 40.0 in., and the slant 
height is 38.0 in. What is the area of the lateral surface? 

Find the volume of a circular cone whose altitude is 24.0 cm and whose base 
diameter is 30.0 cm. 


Cone Applications 


16. 


17. 


18. 


19. 


20. 


21. 


How many cubic feet are in a tapered timber column 30.0 ft long if one end 
has an area of 225 sq. in. and the other end has an area of 144 sq. in.? 
Estimate the volume of a conical pile of sand that is 12.5 ft high and has a 
base diameter of 14.2 ft. 

Tapered wooden columns are used to support a tent-like structure at an 
exposition. Each column is 50 ft high and has a circumference of 5.0 ft at 
one end and a circumference of 3.0 ft at the other. Find the volume of each 
column. 

Find the volume of a tapered steel roller 12.0 ft long and having end diameters 
of 12.0 in. and 15.0 in. 

A certain support column for a wind generator is 65.5 ft tall and has diameters 
of 8.55 ft at its base and 4.17 ft at its upper end, Fig. 6-113. It is made of steel, 
1.25 in. thick. Find the volume of steel in the column. 

Writing: A cylindrical surface and a conical surface can each be generated by 
means of a straight line that moves in a certain way. Find out how this is done 
and describe it in a short paper. 


Sphere 


22. 
23. 


Find the volume and the radius of a sphere having a surface area of 462. 
Find the surface area and the radius of a sphere that has a volume of 
5.88. 


Review Problems 


24. Find the volume and surface area of a sphere having each radius: 


a. 744 in. 
b. 1.55 m 


25. Find the volume and radius of a sphere having a surface area of 46.0 cm?. 
26. Find the surface area and radius of a sphere that has a volume of 462 ft^. 


Sphere Applications 


27. How many great circles of a sphere would have the same area as that of the 


28. 


99, 


surface of the sphere? 

Find the weight in pounds of 100 steel balls each 2.50 inches in diameter 

(density = 485 lb/ft’). 

A spherical radome encloses a volume of 9000 m?. Assume that the sphere 

is complete, 

(a) Find the radome radius, r. 

(b) If the radome is constructed of a material weighing 2.00 kg/m), find its 
weight. 


ooo CHAPTER 6 REVIEW PROBLEMS *99999999999999999999999999999999 


1. 


о м 


A rocket ascends іп a straight path at constant velocity at an angle of 60.0° with 
the horizontal. After 1.00 min, it is directly over a point that is a horizontal dis- 
tance of 12.0 mi from the launch point. Find the speed of the rocket. 


. Arectangular beam 16 in. thick is cut from a log 20 inches in diameter. Find the 


greatest depth beam that can be obtained. 


. A cylindrical tank 4.00 m in diameter is placed with its axis vertical and is par- 


tially filled with water. A spherical diving bell is then completely immersed in 
the tank, causing the water level to rise 1.00 m. Find the diameter of the diving 
bell. 


. Two vertical piers are 240 ft apart and support a circular bridge arch. The highest 


point of the arch is 30.0 ft higher than the piers. Find the radius of the arch. 


. Two antenna masts are 10 m and 15 m high and are 12 m apart. How long a wire 


is needed to connect the tops of the two masts? 


. Find the area and the side of a rhombus whose diagonals are 100 and 140. 
. Find the area of a triangle that has sides of length 573, 638, and 972. 


. Two concentric circles have radii of 5.00 and 12.0. Find the length of a chord of 


the larger circle which is tangent to the smaller circle. 


. A belt that does not cross goes around two pulleys, each with a radius of 4.00 in. 


10. 


11 


n 


12. 


and whose centers are 9.00 in. apart. Find the length of the belt. 


A regular triangular pyramid has an altitude of 12.0 m, and a base 4.00 m on a 
side. Find the area of a section made by a plane parallel to the base and 4.00 m 
from the vertex. 


A fence parallel to one side of a triangular field cuts a second side into segments 
of 15.0 m and 21.0 m long. The length of the third side is 42.0 m. Find the length 
of the shorter segment of the third side. 


When the design in Fig. 6-114 is rotated about axis AB, we generate a cone 
inscribed in a hemisphere which is itself inscribed in a cylinder. Show that the 
volumes of these three solids are in the ratio 1:2:3. (Archimedes was so pleased 
with this discovery, it is said, that he ordered this figure to engraved on his tomb.) 


B 


FIGURE 6-114 
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FIGURE 6-116 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 
20. 


21. 
99. 


23. 
24, 


95. 


26. 


Four interior angles of a certain irregular pentagon are 38°, 96°, 112°, and 133°. 
Find the fifth interior angle. 


Find the area of a trapezoid whose bases have lengths of 837 m and 583 m and 
are separated by a distance of 746 m. 


A plastic drinking cup has a base diameter of 49.0 mm, is 63.0 mm wide at the 
top, and is 86.0 mm tall. Find the volume of the cup. 


A spherical balloon is 17.4 ft in diameter and is made of a material that 
weighs 2.85 1b per 100 ft? of surface area. Find the volume and the weight of 
the balloon. 


Find the area of a triangle whose base is 38.4 in. and whose altitude is 53.8 in. 
Find the volume of a sphere of radius 33.8 cm. 
Find the area of a parallelogram of base 39.2 m and height 29.3 m. 


Find the volume of a cylinder with base radius 22.3 cm and height 
56.2 cm. 


Find the surface area of a sphere having a diameter of 39.2 in. 

Find the volume of a right circular cone with base diameter 2.84 ft and height 
5.22 ft. 

Find the volume of a box measuring 35.8 in. X 37.4 in. X 73.4 in. 


Find the volume of a triangular prism having a length of 4.65 cm if the area of 
one end is 24.6 cm?. 


To find a circle diameter when the center is inaccessible, you can place a scale 
as in Fig. 6-115 and measure the chord c and the perpendicular distance h. Find 
the radius of the curve if the chord length is 8.25 cm and Л is 1.16 cm. 


A circular pool, Fig. 6-116, is surrounded by a concrete apron 4.50 in. thick. 
Find the number of cubic yards of concrete needed. 


Right Triangles and Vectors 


OBJECTIVES 

When you have completed this chapter, you should be able to 
* Find the trigonometric functions of an angle. 

* Find the acute angle that has a given trigonometric function. 
* Find the missing sides and angles of a right triangle. 

* Solve practical problems involving the right triangle. 


* Resolve a vector into components and, conversely, combine components 
into a resultant vector. 


* Solve practical problems using vectors. 


With this chapter we begin our study of trigonometry, the branch of mathematics 
that enables us to solve triangles. The trigonometric functions are introduced here 
and are used to solve right triangles. Other kinds of triangles (oblique triangles) 
are discussed in Chapter 8 and more applications of trigonometry are given later. 

We also build on what we learned about angles and triangles in Chapter 6, 
mainly the Pythagorean theorem and the fact that the sum of the angles of a tri- 
angle is 180°. Briefly introduced in this chapter are vectors, the study of which 
will be continued in Chapter 8. 

Triangles are everywhere: those we can see, like the triangles in a steel truss or 
formed by the support cables for an antenna, and those we cannot see, like the tri- 
angles a surveyor uses for triangulation, or the impedance triangle used to solve 
problems in electronics. For dealing with a wide range of applications you must 
become proficient in the material of this chapter. For example, you might be called 
upon to compute the lengths of the diagonal struts in the framework of Fig. 7-1. In 
this chapter we will show how to do such calculations. 


11.8' 


9.8 


FIGURE 7-1 
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[E 7-1 The Trigonometric Functions 


We introduced the right triangle in our chapter on geometry and continue with it 
here. The difference is that now we will work with the angles of a triangle, and not 
just the sides, as we did before. 


Sine, Cosine, and Tangent 


m Exploration: 
Try this. Draw a right triangle with sides of any length. Do this with drafting 
instruments or with a CAD program. Then 


* Find the ratio of any two sides by measuring them and dividing one by the other. 
Recall that a ratio of two quantities is their quotient, that is, one divided by the 


other. 
* Next, enlarge the triangle on a photocopier and find the ratio of the same 
two sides. 
* Then, reduce the triangle on a photocopier and find the ratio of the same 
two sides. 
* Rotate, move, or flip your triangle, without changing the magnitude of the angles, 
and again find the ratio of the same two sides. EI 


What do you conclude? Repeat by taking the ratio of two other sides. Are your con- 
clusions the same? 

You may have found that if you do not change the angles of a right triangle, 
the ratios of the sides are always the same, regardless of how long the sides are. 

For the right triangle of Fig. 7—2, we first note that one side is opposite to acute 
angle 0 and the other side is adjacent to 0, and we recall that the hypotenuse is 


© 
E» Opposite always the side opposite the right angle. There are six ways to form ratios of the 
$ side three sides. The three most important are defined as follows: 
Ш \ 2 * The sine of angle 0 (sin 0) is the ratio of the opposite side to the hypotenuse. 
Adjace i * The cosine of angle 0 (cos 0) is the ratio of the adjacent side to the hypotenuse. 
FIGURE 7:9 * The tangent of angle 0 (tan 0) is the ratio of the opposite side to the adjacent 


side. 


(We will cover the remaining three ratios, the cotangent, secant, and cosecant in the 
next chapter.) 

We have just defined the sine, cosine, and tangent as the ratios of sides of a 
right triangle, and these are often called the trigonometric ratios. But we have seen 
in our exploration that the value of sin Ө, for example, depends only on 0 and not on 
the size or orientation of the sides. In fact, we will see that the value of sin 0 does 
not even require that we draw a right triangle. Further, for any 0 there is one and 
only one value for sin 0. That is exactly our definition of a function. Hence we refer 
to the sine, cosine, and tangent as trigonometric functions. 
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өө, Example 1: Find the sine, cosine, and tangent of angle 0 in Fig. 7-3. 


Solution: By their definitions, we get 


1 opposite side 123 
sing = = = 0.600 
hypotenuse 205 


adjacent side 164 
cos 0 = = = 0.800 
hypotenuse 205 


opposite side 123 
tang = — Z= = 0.750 +++ 
adjacent side 164 


Common Do not omit the angle when writing a trigonometric function. To 


Error write “sin = 0.543,” for example, has no meaning. 


Trigonometric Functions by Calculator 


Since the trigonometric functions are always the same for a given angle, they can 
be built into calculators. On most calculators, we simply press the key for the 


desired ratio, | sin |, | cos |, ог | tan |, enter the angle, and press | ENTER |. 


We can enter an angle in either degrees or radians, so be sure that the calculator 
MODE | is set for the angular units you wish to use. In this chapter we will work 
only in degrees and do radians later. 


Common It is easy to forget to set your calculator in the proper Degree/ 


Error Radian mode. Be sure to check it each time. 


+++ Example 2: To find sin 53.4°, we first check that we are in DEGREE mode. 
Then press | sin | 53.4 | ENTER |. The screen is shown. 

Finding a trigonometric function is usually an intermediate step in a calculation 
and not the final answer. If so, we follow the usual practice of rounding intermedi- 
ate values to one more significant digit than in the original data. Here we would 
usually write 


sin 53.4? — 0.8028 +++ 


Tf the angle is given in degrees, minutes, and seconds, it can either be converted 
to decimal degrees as was shown in Chapter 1, or entered directly. On the TI-83/84, 
the symbols (°) and (7) are found in the |ANGLE} menu. The (") symbol is entered 
as an ALPHA | character found on the +] key. 


+++ Example 3: The screen for finding cos 482277 is shown. +++ 


Finding the Angle 


The operation of finding the angle when a trigonometric function is given is the 
inverse of finding the function when the angle is given. There is special notation to 
indicate the inverse trigonometric function. If 


sin @ = x 
we write 
Ө = arcsin x 
or 


Ө = sin х 


209 


205 
123 


164 


FIGURE 7-3 


T1-83/84 screen for Example 2. 


coscd892r7'2) 
633 


TI-83/84 screen for Example 3. On the 
TI-89, the degree, minute, and second 
symbols are alpha characters on the 


| | =|, апа | 1 |Кеуѕ, respectively. 


210 


sin’. 75572 
47.1975 


TI-83/84 screen for Example 4. 


3.84 


231 | 


5.63 
FIGURE 7-4 
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TI-83/84 screen for Example 6. 


FIGURE 7-5 
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which is read “0 is the angle whose sine is x.” Similarly, we use the symbols 
arccos x, cos !x, arctan x, and so on. 


On the calculator, we use the inverse trigonometric function keys, sin 1, 
cos 1, or tan |. 


eee Example 4: If sin Ө = 0.7337, find Ө in degrees to four significant digits. 


Solution: Switch the calculator into Degree mode. Then the keystrokes are: sin! 


.7337 | ENTER | and we get the screen shown. So, to four significant digits, 
Ө = sin 10.7337 = 4720? +. 


+++ Example 5: Find angle 0 in Fig. 7—4 to three significant digits. 


Solution: We note that we are given the sides opposite and adjacent to 0. The 
trigonometric function linking the opposite and adjacent sides is the tangent, so 


3.84 
tang = 77— = 0.68206 
ME кез 


We using the TAN Топ the calculator and get 


Ө = tan! 0.68206 = 34.3° rounded. 


The TI-89 screen for this operation is shown. oe 


If your calculator is in Degree mode, the angle will be displayed in decimal de- 
grees. If you want the angle in degrees, minutes, and seconds, first find the angle in 
decimal degrees and then convert it using » DMS from ће ANGLE, menu. 


+++ Example 6: The screen shows the steps for finding the angle, in DMS, whose 
cosine is 0.5834. Here, we would round our answer to the nearest minute. ooo 


Do not confuse the inverse with the reciprocal. 
The inverse of sin 0 is: sin ! 0. 


Common 
Error 


1 
The reciprocal of sin Ө is: ——~ = (sin ду”! 
sin 0 


They are not equal! 


sin! 0 # (sin 0)! 


+++ Example 7: An Application. Fig. 7-5 shows a gusset plate for a prefabricated 
roof truss whose rafter has a rise of 8 in a run of 12. Find the angle 0. 


Solution: We need to find the angle that has a tangent equal to 8/12. By 
calculator, 


8 
Ө = (ап! — = 33.7° ++. 
12 


Section 1 * The Trigonometric Functions 911 


Exercise 1 • The Trigonometric Functions 


Sine, Cosine, and Tangent 


1. Write the sine, cosine, and tangent of angle 0 for each triangle in Fig. 7-6. Keep 
four decimal places. 


7.51 30.5 О 
17.1 185 3.15 
4.75 25 
2 


116 
5.82 25.3 18 3.66 
(a) (b) (c) (d) 


FIGURE 7-6 


2. Find the missing side for each triangle in Fig. 7-7. Then write the sine, cosine, 
and tangent of angle 0, keeping four decimal places. 


3. Find the sine, cosine, and tangent. Keep four decimal places. 


(a) 49.3? (b) 38.9? (c) 18.3? (d) 2.07? 

(e) 85.3? (f) 28.79 (g) 73.79 (h) 43.9? 

(i) 3.345? (j 58.49? (k) 78.37? 0) 22.05? 

(m) 83°43’ (n) 78?27' (0) 33247” (р) 63229” 
Finding the Angle 


Find the angle in decimal degrees whose trigonometric function is given. Keep three 
significant digits. 


4. sin A = 0.500 5. tan D = 1.53 6. sin G = 0.528 

7. cos K = 0.770 8. sin B = 0.483 9. cos E = 0.847 
Evaluate the following, giving your answer in decimal degrees to three signifi- 
cant digits. 
10. arcsin 0.635 11. arccos 0.862 19. tan 1 2.85 
13. sin 10.175 14. соз 10.229 15. агсїап 4.26 
16. Find angle 6 for each triangle in Fig. 7—6. Keep three significant digits. 


304 


15.2 


[S 13 2201 [| 22-21 [| /\ C 


127 a 118 221 FIGURE 7-7 
(a) (b) (c) (d) 


212 


FIGURE 7-8 


Chapter 7 * Right Triangles and Vectors 


Applications 


A certain roof has a rise of 9 in a run of 12. What angle does it make with the 


17. 


18. 
19. 
20. 


horizontal? 


Find the angle 0 in the machined plate shown in Fig. 7-8. 


Find the angle Ө in the truss shown in Fig. 7-9. 


Project: The Framing Square: Figure 
out how to use the framing square to 


(a) Lay out any angle. 
(b) Measure any angle. 
Demonstrate these to your class. 


10.6 ft 
FIGURE 7-9 


C 2 B 
FIGURE 7-10 А right triangle. We will 
usually /abel a right triangle as shown 
here. We label the angles with capital 
letters A, B, and C, with C always the 
right angle. We label the sides with 
lowercase letters a, b, and c, with side a 
opposite angle A, side P opposite angle 
B, and side c (the hypotenuse) opposite 
angle C (the right angle). 


7-9 Solving a Right Triangle 


We will soon see that a great number of applications require us to solve a right 
triangle. It is an essential skill for technical work. Our tools for solving right 
triangles consist of the trigonometric functions just introduced and, from 
Chapter 6, the Pythagorean theorem and the fact that, for a right triangle, the 
sum of the two acute angles must be 90?. 


Solving a Right Triangle When One Side and One Angle Are Known 


To solve a triangle means to find all missing sides and angles (although in most 
practical problems we need find only one missing side or angle). We can solve any 
right triangle if (a) one side and one acute angle are known, or (b) two sides are 
known. 


po — 


To solve a right triangle when one side and one angle are known, 


Make a sketch, as in Fig. 7-10. 
Find the missing angle by subtracting the given angle from 90°. 

Relate the known side to one of the missing sides by one of the trigonometric 
functions. Solve for the missing side. 
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4. Repeat step 3 to find the second missing side. 
5. Check your work with the Pythagorean theorem. 


eee Example 8: Solve right triangle ABC if A = 18.6? and c = 135. 


Solution: 


(1) We make a sketch as shown in Fig. 7-11. 
(2) Then, since the sum of the acute angles must be 90°, 


B = 90? — 18.6? = 71.4? 


(3) Let us now find side a. We must use one of the trigonometric functions. But 
how do we know which one to use? And further, which of the two angles, A or 
B, should we write the trig function for? 

It is simple. First, always work with the given angle, because if you made a 
mistake in finding angle B and then used it to find the sides, they would be 
wrong also. Then, to decide which trigonometric function to use, we note that 
side a is opposite angle A and that the given side is the Aypotenuse. Thus, our 
trig function must be one that relates the opposite side to the hypotenuse. Our 
choice is the sine. 

opposite side 


sin А = 
hypotenuse 


Substituting the given values, we obtain 


in 18.6? = — 
sin 5 = 
135 


Solving for a yields 
a = 135 sin 18.6° 
= 135(0.3190) = 43.1 


(4) We now find side b. Note that side b is adjacent to angle A. We therefore use 
the cosine. 


18.6° _ 
cos 18.6° = —— 
135 


so 
b = 135 cos 18.6° 


= 135(0.9478) = 128 
We have thus found all missing parts of the triangle. 
(5) For a check, we see if the three sides will satisfy the Pythagorean theorem. 
Check: 
(43.1 + (128 = (135? 
18,242 # 18,225 


Since we are working to three significant digits, this is close enough fora check. + 


As a rough check of any triangle, see if the longest side is opposite the largest 
angle and if the shortest side is opposite the smallest angle. Also check that the 
hypotenuse is greater than either leg but less than their sum. 


eee Example 9: In right triangle ABC, angle B = 55.2? and a = 207. Solve 
the triangle. 


Solution: 
(1) We make a sketch as shown in Fig. 7-12. 
(2) Then 
A = 90? — 55.22 = 34.8? 


213 


A 


FIGURE 7-11  Realize that either of 
the two legs can be called opposite or 
adjacent, depending on which angle we 
are referring them to. Here b is adjacent 
to angle A but opposite to angle B. But 
there is no doubt about the hypotenuse. 
It is always the longest side. 


a = 207 


FIGURE 7-12 


214 Chapter 7 * Right Triangles and Vectors 


(3) Using the cosine gives 


207 
cos 55.2° = ЕИ 


2207 207 
cos 55.2° 0.5707 


= 363 


(4) Then using the tangent, 


tan 55.2° ee 
п 5 = e 
a 207 
b = 207 tan 55.2° = 207(1.439) = 298 


(5) Checking with the Pythagorean theorem, we have 
(363)? 2 (207)? + (298)? 
131,769 = 131,653 (checks to within three significant digits) +.. 


Solving a Right Triangle When Two Sides Are Known 


1. Draw a diagram of the triangle. 

2. Write the trigonometric function that relates one of the angles to the two given 
sides. Solve for the angle. 

Subtract the angle just found from 90° to get the second angle. 

Find the missing side by the Pythagorean theorem. 

Check the computed side and angles with trigonometric functions, as shown in 
the following example. 


©з = (0 


eee Example 10: Solve right triangle ABC if а = 1.48 and b = 2.25. 


Solution: 
(1) We sketch the triangle as shown in Fig. 7-13. 
(2) To find angle A, we note that the 1.48 side is opposite angle A and that the 
2.25 side is adjacent to angle A. The trig function relating opposite and 
adjacent is the tangent 


1.48 
tan A = —— = 0.6578 
c Б:= 2.25 2.25 


from which 
A = 33.3° 


(3) Solving for angle B, we have 
я ас148 С В = 90° – А = 90 — 33.3 = 56.7° 
FIGURE 7-13 (4) We find side c by the Pythagorean theorem. 
c? = (1.48)? + (225) = 7.253 
c = 2.69 
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Check: 
А o 2 148 
sin 33.3° = 2.69 
0.549 == 0.550 (checks) 
and 
mses 
2.69 


0.836 = 0.836 (checks) 


(Note that we could just as well have used another trigonometric function, such as 
the cosine, for our check.) E 


+++ Example 11: An Application. Fig. 7-14 shows a swampy area in a park. To 
order materials for an elevated footpath across the swamp the distance x must be 
found by calculation, because it cannot be measured directly. A surveyor at S sights 
a stake at A, turns the transit 90°, and locates a stake at B. The distance SB is meas- 
ured. Then after moving the transit to B, Angle ABS is measured. Find x. 


Solution: In right triangle SAB we know the side adjacent to the known angle and 
seek the side opposite the known angle, so we use the tangent function. 


tan 68.3? = —— 
x — 55.2 tan 68.3? 


We have given just one application here. We will have many more in the next 
section. 


Exercise 2 • Solving a Right Triangle 


Right Triangles With One Side and One Angle Known 


Sketch each right triangle and find all of the missing parts. Assume the triangles to 
be labeled as in Fig. 7-10. Work to three significant digits. 


1. а = 155 А = 42.9° 2. р = 82.6 В = 61.4° 
3. a = 174 В = 31.9° 4. b = 774 А = 22.5° 
5. а= 284 А = 64.7° 6. b = 73.2 В = 37.5° 
7. b= 9.26 В = 55.2° 8. а= 173 А = 39.3° 
9. р = 824 А = 31.4° 10. а = 18.3 В = 44.1° 


Right Triangles With Two Sides Known 


Sketch each right triangle and find all missing parts. Work to three significant digits 
and express the angles in decimal degrees. 


11. а = 382 b=274 19. а = 3.88 с = 5.37 
13. b = 3.97 с = 4.86 14. а = 63.9 b = 84.3 
15. a = 274 с = 375 16. b = 746 с = 957 
17. а= 413 с = 63.7 18. а = 4.82 b = 328 
19. р = 228 c = 473 20. а = 274 с = 429 


FIGURE 7-14 
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FIGURE 7-15 
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21. Challenge Problem: Referring to Fig. 7-15, prove the following: 


29. Team Project: We mentioned that the ancient Egyptians had probably used 
stretched ropes to do simple surveying. Demonstrate how a long loop of rope 
marked to form a 3—4—5 right triangle (called the Egyptian triangle or rope- 
stretcher's triangle) can be used to lay out right angles. Check it against a cor- 
ner of a basketball court or some other right angle on campus. Take pictures or 
videos of your work and show them in class. 


23. Computer: Using CAD, (1) draw a right triangle, and label one acute angle as 
0; (2) have the program measure each side, and compute and display the ra- 
tios of the sides, as related to 0; (3) using the built-in trigonometric functions, 
compute and display the sine, cosine, and tangent of 6; (4) compare these to 
the ratios of the sides computed in step 2; (5) drag a vertex of the triangle, 
making sure it stays a right triangle, and observe the new values. What do you 
conclude? 


02 7-3 Applications of the Right Triangle 


FIGURE 7-16 
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(b) Angle of depression 


FIGURE 7-17 Angles of elevation 


and d 


epression. 


There are, of course, a huge number of applications for the right triangle, a few 
of which are given in the following examples and exercises. A typical application 
is that of finding a distance that cannot be measured directly, as shown in the 
following example. 


өө Example 12: To find the height of a flagpole (Fig. 7—16), a person measures 35.0 ft 
from the base of the pole and then measures an angle of 40.8? from a point 6.00 ft 
above the ground to the top of the pole. Find the height of the flagpole. 


Estimate: If angle A were 45°, then BC would be the same length as AC, or 35 ft. 
But our angle is a bit less than 45?, so we expect BC to be less than 35 ft, say, 30 ft. 
Thus our guess for the entire height is about 36 ft. 


Solution: In right triangle ABC, BC is opposite the known angle, and AC is adjacent. 
Using the tangent, we get 
x 


tan 40.8° = ——— 
m 35.0 


where x is the height of the pole above the observer. Then 
x — 35.0 tan 40.8? — 30.2 ft 


Adding 6.00 ft, we find that the total pole height is 36.2 ft, measured from 
the ground. өөө 


+++ Example 13: From a plane at an altitude of 2750 ft, the pilot observes the angle 
of depression of a lake to be 18.6°. How far is the lake from a point on the ground 
directly beneath the plane? 


Solution: We first note that an angle of depression, as well as an angle of elevation, 
is defined as the angle between a line of sight and the horizontal, as shown in 
Fig. 7-17. We then make a sketch for our problem (Fig. 7-18). Since the ground and 
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the horizontal line drawn through the plane are parallel, angle A and the angle of 
depression (18.62) are alternate interior angles. Therefore A = 18.6°. Then 


2 
tan 18.6? — E 
x 
2750 
х= tan 186° = 8170 ft ААА 


+++ Example 14: A frame is braced by wires АС and BD, as shown in Fig. 7-19. 
Find the length of each wire. 


Estimate: We can make a quick estimate if we remember that the sine of 30° is 0.5. 
Thus we expect wire AC to be a little shorter than twice side CD, or around 30 ft. 


Solution: Noting that in right triangle ACD, CD is opposite the given angle and AC 
is the hypotenuse, we choose the sine. 


in 31.6° 15.4 
sin 31.6° = —— 
AC 
15.4 
C = ——— = 29.4 ft +++ 
sin 31.6° 


Exercise 3 * Applications of the Right Triangle 


In this group of exercises you may assume that lines that appear vertical or horizon- 
tal in the figures are so, unless otherwise noted. 

As with other applications and verbal problems, don’t expect to find an 
example in the text that exactly matches. Instead, you must apply the ideas from the 
text to each new situation. 


Measuring an Inaccessible Distance 


1. From a point on the ground 255 m from the base of a tower, the angle of eleva- 
tion to the top of the tower is 57.6°. Find the height of the tower. 

2. A pilot 4220 m directly above the front of a straight train observes that the angle 
of depression of the end of the train is 68.2°. Find the length of the train. 

3. From the top of a lighthouse 156 ft above the surface of the water, the angle of 
depression of a boat is observed to be 28.7°. Find the horizontal distance from 
the boat to the lighthouse. 

4. An observer in an airplane 1520 ft above the surface of the ocean observes 
that the angle of depression of a ship is 28.8°. Find the straight-line distance 
from the plane to the ship. 

5. The distance PQ across a swamp is desired. A line PR of length 59.3 m is 
laid off at right angles to PQ, Fig. 7-20. Angle PRQ is measured at 47.6°. 
Find the distance PQ. 

6. The angle of elevation of the top of a building from a point on the ground 275 
ft from its base is 51.3°. Find the height of the building. 

7. The angle of elevation of the top of a building from a point on the ground 75.0 
yd from its base is 28.0?. How high is the building? 

8. From the top of a hill 125 ft above a stream, the angles of depression of a 
point on the near shore and of a point on the opposite shore are 42.3? and 
40.6°. Find the width of the stream between these two points. 

9. From the top of a tree 15.0 m high on the shore of a pond, the angle of depres- 
sion of a point on the other shore is 6.70?. What is the width of the pond? 


| 
| 
2750 | 
| 
| 
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59.3 m 
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Ship 


27912 


S Buoy 


FIGURE 7-21 A compass direction of 
S 27°12' E means an angle of 27212” 
measured from due south to the east. 
Also, remember that 1 minute of arc (17) 
is equal to 1/60 degree, or 60' = 1°. 


FIGURE 7-22 
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FIGURE 7-24 
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Navigation 


10. 


11. 


12. 


13. 


14. 


15. 


A passenger on a ship sailing due north at 8.20 km/h noticed that at 1 P.M., a buoy 
was due east of the ship. At 1:45 P.M., the bearing of the buoy from the ship was 
S 27°12’ E (Fig. 7-21). How far was the ship from the buoy at 1:00 Р.м.? 

An observer at a point P on a coast sights a ship in a direction N 43?15' E. 
The ship is at the same time directly east of a point Q, 15.6 km due north of P. 
Find the distance of the ship from point P and from Q. 

A ship sailing parallel to a straight coast is directly opposite one of two lights 
on the shore. The angle between the lines of sight from the ship to these lights 
is 27°50’, and it is known that the lights are 355 m apart. Find the perpendicu- 
lar distance of the ship from the shore. 

An airplane left an airport and flew 315 mi in the direction N 15?18' E, then 
turned and flew 296 mi in the direction S 74?42' E. How far, and in what di- 
rection, should it fly to return to the airport? 

A ship is sailing due south at a speed of 7.50 km/h when a light is sighted with 
a bearing S 35?28' E. One hour later the ship is due west of the light. Find the 
distance from the ship to the light at that instant. 

After leaving port, a ship holds a course N 46?12' E for 225 mi. Find how far 
north and how far east of the port the ship is now located. 


Structures 


16. 


17. 


18. 


19. 


20. 
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22. 


A guy wire from the top of an antenna is anchored 53.5 ft from the base of the 
antenna and makes an angle of 85.2? with the ground. Find (a) the height Л of 
the antenna and (b) the length L of the wire. 

Find the angle 0 and length AB in the truss shown in Fig. 7—22. 

A house is 8.75 m wide, and its roof has an angle of inclination of 34.0? 
(Fig. 7-23). Find the length L of the rafters. 

A guy wire 82.0 ft long is stretched from the ground to the top of a telephone 
pole 65.0 ft high. Find the angle between the wire and pole. 

Common rafter AB in Fig. 7-24 makes an angle of 35.0? with the level. Find the 
angle that hip rafter AC makes with the level. Hint: First find the rise of the com- 
mon rafter, which is also the rise of the hip rafter. Then use the Pythagorean 
theorem twice, first in the horizontal plane and then in the vertical. 


. A quantity of gusset plates, Fig. 7—25, are to be prefabricated for a construc- 


tion job. Find (a) angles A and B, (b) length AB, and (c) the area of the 
gusset. 


A 4.00-ft diameter cylindrical water tank is to be located in a crawl space under 
a roof, as in Fig. 7—26. Find the distrance x. 
0.750 m 
5 | |о о о о о о о A 
0.975 m 
B 
FIGURE 7-25 FIGURE 7-26 
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Geometry 


23. What is the angle 6, to the nearest tenth of a degree, between a diagonal AB of 
a cube and a diagonal AC of a face of that cube (Fig. 7-27)? 

24. 'Two of the sides of an isosceles triangle have a length of 150 units, and each of 
the base angles is 68.0°. Find the altitude and the base of the triangle. 

25. The diagonal of a rectangle is 3 times the length of the shorter side. Find 
the angle, to the nearest tenth of a degree, between the diagonal and the 
longer side. 

26. Find the angles between the diagonals of a rectangle whose dimensions are 
580 units X 940 units. 

27. Find the area of a parallelogram if the lengths of the sides are 255 units and 
482 units and if one angle is 83.2°. 

28. Find the length of a side of regular hexagon inscribed in a 125-cm-radius FIGURE 7-97 
circle. 

29, Find the length of the side of a regular pentagon circumscribed about a circle of 
radius 244 in. Hint: Draw lines from the center of the pentagon to each vertex and 
to the midpoints of each side, to form right triangles. 


СҮ 


сз 


Shop Trigonometry 


Trigonometry finds many uses in the machine shop. Given here are some standard 
shop calculations. 


| 

30. Bolt spacing: Find the dimension x in Fig. 7—28. L 5.875 in 

31. Bolt circle: A bolt circle (Fig. 7—29) is to be made on a jig borer. Find the 
dimensions x, yj, хо, and у. 

32. Bolt circle: A bolt circle with a radius of 36.000 cm contains 24 equally 
spaced holes. Find the straight-line distance between the holes. 

33. Tapered shaft: A 9.000-in.-long shaft is to taper 3.500° and be 1.000 inch in 
diameter at the narrow end (Fig. 7—30). Find the diameter d of the larger end. 
Hint: Draw a line (shown dashed in the figure) from the small end to the large, 
to form a right triangle. Solve that triangle. 

34. Tapered groove: A groove machined in a block, Fig. 7-31, is inspected by 
measuring the protrusion of a cylindrical pin. Find the dimension x. 

35. Pulley fragment: A measuring square having an included angle of 60.0° is placed 
over the pulley fragment of Fig. 7-32. The distance d from the corner of the 
square to the pulley rim is measured at 5.53 in. Find the pulley radius z: 


FIGURE 7-28 


FIGURE 7-99 A bolt circle. 


1.000 in. dia x cH 


1.000 


FIGURE 7-30 FIGURE 7-31 FIGURE 7-39 Measuring the 
Tapered shaft. radius of a broken pulley. 
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А 2 | 36. 


0.750 cm 


——— ЖЭ 


FIGURE 7-34 39. 
| 
| 
X 
40. 
59.09 
M. 
FIGURE 7-35 


37. 


38. 


Oe 


< 2.000 in. 1 


FIGURE 7-33 Measuring a dovetail. 


Dovetail: A common way of measuring dovetails is with the aid of round 
plugs, as in Fig. 7-33. Find the distance x over the 0.5000-in.-diameter 
plugs. Hint: Find the length of side AB in the 30-60—90 triangle ABC, and 
then use AB to find x. 


Hexagonal stock: A bolt head (Fig. 7-34) measures 0.750 cm across the flats. 
Find the distance p across the corners and the width r of each flat. 


Twist drill: For general work, twist drills are sharpened to a point angle of 
59.07, Fig. 7—35. Find the distance x for a drill having a diameter of 0.875 in. 


Sine bar: A sine bar, Fig. 7—36, is used to position a workpiece at a precise 
angle for cutting or for inspection. Its length is commonly 5 or 10 inches, and is 
usually used with gage blacks. For a 5-inch sine bar (distance between plugs = 
5.000 in.), (a) what height of gage block stack is needed to produce an angle 
of 25.60? and (b) what angle is produced by a gage block stack of 1.554 in.? 
(c) A tapered wedge is placed on a sine bar and the gage blocks inserted so 
that its upper surface is parallel to the surface plate, Fig. 7-37. Find the wedge 
angle 0. 


Team Project: Make a device for measuring angles in the horizontal plane, us- 
ing a sighting tube of some sort and a protractor. Use this “transit” and a rope 
of known length to find some distance on your campus, such as the distance 
across a ball field, using the methods of this chapter. Compare your results 
with the actual taped distance. Give a prize to the team that gets closest to the 
taped value. 


Project: In The Musgrave Ritual, Sherlock Holmes calculates the length of 
the shadow of an elm tree that is no longer standing. He does know that the 
elm was 64 ft high and that the shadow was cast at the instant that the sun was 
grazing the top of a certain oak tree. 


Gage blocks 


FIGURE 7-36 FIGURE 7-37 
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Holmes held a 6-ft-long fishing rod vertical and measured the length of its 
shadow at the proper instant. It was 9 ft long. He then said, “О? course the cal- 
culation now was a simple one. If a rod of six feet threw a shadow of nine, a 
tree of sixty-four feet would throw one of 2 How long was the shadow 
of the elm? 


49. Team Project: Actually use the method that Sherlock Holmes used in The 
Musgrave Ritual to find the height of a flagpole or building on your campus. 
Find some way of checking your result. 
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7-4 Ап Angle in Standard Position Ер 


Early in this chapter we defined the trigonometric funcions in terms of the sides of a 
right triangle. For many purposes, such as the vectors we will work with in the next 
section, it is more useful to define the trig functions in terms of an angle 0 drawn on 
coordinate axes, as shown in Fig. 7—38. When drawn in this way, with the vertex at 
the origin O and with one side along the x axis, the angle is said to be in standard 
position. We may think of an angle as being generated by a line rotating counter- 
clockwise from an initial position on the x axis to some terminal position. 

Next we select any point P on the terminal side of the angle, with rectangular 
coordinates x and y. We form a right triangle OPQ by dropping a perpendicular 
from P to the x axis. This side OQ is adjacent to angle 0 and has a length x. Simi- 
larly side PQ is opposite to angle 0 and has a length y. The side OP is the 
hypotenuse of the right triangle, and we label its length r. Note that by the Pythago- 
ran theorem, r=x + y^. 

As before, we define the sine of 0 as the ratio of opposite to hypotenuse. But 
here it is also the ratio of the distance y to the distance r. Similarly the cosine and 
tangent can be defined in terms of x, y, and r. Our three trignometric functions, de- 
fined both as ratios of the sides of a right triangle and as the coordinates of a point 
on the terminal side of an angle in standard position, are then 


+++ Example 15: A point on the terminal side of angle 0 has the coordinates (2.75, 
3.14). (a) Find r, (b) write the sine, cosine, and tangent of ө, and (c) find ө, all to three 
significant digits. 


Solution: (a) We have x = 2.75 and y = 3.14. We find r using the Pythagorean 
theorem. 

P -(235y + G.My = 174 

r= 4.17 


YA S 


y 
(Opposite) 


он 


[0] Initial х 


X 
(Adjacent) side 


FIGURE 7-38 An angle in standard 
position. 
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FIGURE 7-39 
Representation of a vector. 
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(b) Then by the definitions of the trigonometric functions, 


. y 3.14 
sin 0 " 417 0.753 
0 X 2:753 0.659 

COS SSS SS ee aJ. 

r 4.17 

14 
абе = ай 

x 2:75 


(c) Since tan 0 — 1.14, 


0 = tan! 1.14 = 48.8? 


ooo 


Exercise 4 » Angles in Standard Position 


The terminal side of an angle in standard position passes through the given point. 
Sketch the angle, compute the distance r from the orgin to the point, write the six 
trigonometric functions of the angle, and find the angle. Work to three significant 
digits. 


. (2.25, 4.82) 
‚ (1.74, 2.88) 
. (8.72, 5.49) 
. (7.93, 827) 
. (1.93, 4.83) 
(7.27, 3.77) 


солро мю = 


7-5 Introduction to Vectors 


Vector and Scalar Quantities 


Many quantities in technology cannot be described fully without giving their di- 
rection as well as their magnitude. It is not always useful to know how fast some- 
thing is moving, for example, without knowing the direction in which it is mov- 
ing. Velocity is called a vector quantity, having both magnitude and direction, as 
opposed to, say, weight, which is called a scalar quantity. The weight of a foot- 
ball is a scalar quantity, but its velocity at any instant is a vector quantity. Other 
vector quantities include force and acceleration; other scalar quantities include 
time and volume. 


Representation of a Vector 


A vector is represented by an arrow whose length is proportional to the magnitude 
of the vector and whose direction is the same as the direction of the vector quantity 
(Fig. 7—39). 


Section 5 * Introduction to Vectors 


Vectors are represented differently in different textbooks, but they are usually 
written in boldface type. Here, we'll use the most common notation: boldface Ro- 
man capitals to represent vectors, and nonboldface italic capitals to represent scalar 
quantities. So in this textbook, B is understood to be a vector quantity, having both 
magnitude and direction, while B is understood to be a scalar quantity, having mag- 
nitude but no direction. Boldface letters, however, are not practical in handwritten 
work. Instead, it is customary to place an arrow over vector quantities. 

In practical problems we usually have to 


(a) replace a single vector by two other vectors, called components, that produce the 
same effect as the original vector, or 

(b) replace two or more vectors by a single vector, called the resultant, that produces 
the same effect as the original vectors. 


We will first show how to find components, and then the resultant. 


Components of a Vector 


m Exploration: 

Try this. Hang an object, say a stapler, from two long rubber bands attached to a 
single point. Note the length of each rubber band. Now separate the ends of the two 
rubber bands, as shown in Fig. 7-40. What happens to the lengths of the rubber 
bands as their ends are moved farther apart? Can you explain what has happened? m 


In general, any vector can be replaced by two or more vectors which, acting to- 
gether, exactly duplicate the effect of the original vector. They are called the com- 
ponents of the vector. Thus the single vector (the force exerted by the two rubber 
bands when together) was replaced by two components (the forces exerted by the 
rubber bands when apart) that duplicated the effect (the supporting of the stapler) of 
the single vector. 

Replacing a vector by its components is called resolving a vector. If the two 
components are perpendicular to each other (not the case with our rubber bands) 
they are called rectangular components. In this chapter we will resolve a vector 
only into rectangular components, saving other cases for later. 

We can represent a vector and its components by means of a vector diagram. 
There are two ways to do this, the fip-to-tail (or head-to-tail) method and the paral- 
lelogram method. With the tip-to-tail method, we simply draw the vectors A and B 
with the tail of one starting at the tip of the other, Fig. 7-41(a). The resultant R is 
the vector that completes the triangle. 

In the parallelogram method, Fig. 7-41(b), we draw the vectors A and B tail-to- 
tail and complete the parallelogram by drawing lines from the tip of each vector 
parallel to the other vector. The resultant R is then the diagonal of the parallelo- 
gram. For rectangular components, the parallelogram is a rectangle. 

Either way, vectors A, B, and R form a triangle. If A and B are perpendicular, 
we have a right triangle. Thus we can resolve a vector into its rectangular compo- 
nents using the right triangle trigonometry of this chapter, as shown in the follow- 
ing example. 


+++ Example 16: A vector has a magnitude of 248 units and makes an angle of 38.2? 
with the horizontal. Find the magnitudes of its horizontal and vertical components. 


Solution: We complete the parallelogram, Fig. 7—42, by drawing a horizontal and 
a vertical line from the tip of the given vector, drawing the horizontal and verti- 
cal components, and choosing labels for the three vectors. 


"c GO 
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FIGURE 7-40 


A 
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FIGURE 7-41 (a) and (b) 
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TI-89 screen for Example 18. 
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We then note that V and A are related by the cosine of the given angle. 


38.2° a 
cos 38.2° = —— 
248 


A = 248 cos 38.2° = 195 


Similarly, 
in 38.2° 2 
sın T E бее 
248 
B — 248 sin 38.2? — 153 +.. 
The z Symbol 


The symbol Z means “at an angle of? It provides a convenient way to specify the 
angle a vector makes with some reference direction. The reference direction is 
usually taken as the horizontal or the x axis. Some calculators have a | Z | key, 
which we will show how to use in a later example. 


өөө Example 17: Find the x and y components of the vector 55.4 Z 63.5°. 


Solution: The expression 55.4 Z 63.5 means “a vector of magnitude 55.4 at an 
angle of 63.5?" We sketch our vector, Fig. 7—43, with a magnitude of 55.4, at an 
angle of 63.5? with the x axis. We complete the parallelogram and label the compo- 
nents, choosing A and B. Then 


7. А 
cos 63.5° = 554 
A = 55.4 cos 63.5? = 24.7 
| o B 
sin 63.5° = 554 
В = 55.4 sin 63.5? = 49.6 +++ 


Rectangular Components by Calculator 


Some calculators can easily find components of a vector. 


+++ Example 18: Find the components for the vector in Example 16 by calculator. 
Recall that the given vector had a magnitude of 248 at an angle of 38.2°. 


Solution: One method on the TI-89, for example, uses the Р» К, instruction to 
find the component from which the given angle is referenced, and Р» Ку to find the 
component perpendicular to that one. Both instructions are found in the | MATH 
Angle menu. 

Enter Р» К, or Р» Ку. Then in parentheses, enter the magnitude of the vector, 
and then the angle, separated by a comma. The angle is taken by the calculator as 
degrees or radians, depending on the current mode setting. It can be overridden 
temporarily by affixing (°) or (7) from the | MATH | Angle menu. Finally, use E 
on the ENTER | key to get a decimal answer. Here are the keystrokes for Exam- 
ple 16, with the calculator in DEGREE mode. oe 
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өөө Example 19: Another method on the TI-89 uses the Rect instruction from the 
Matrix/Vector ops menu. Enter the magnitude and angle, in brackets, sep- 
arated by a comma. The angle is entered using ће | Z | symbol, one of the keyboard 
characters. Then enter » Rect. The keystokes using the same vector as in the preced- 
ing example are shown on the screen. The calculator is in Degree mode. +.. 


Resultant of Two Perpendicular Vectors 


Just as any vector can be resolved into components, so can several vectors be 
combined into a single vector called the resultant, or vector sum. The process of 
combining vectors into a resultant is called vector addition. 

When combining or adding two perpendicular vectors, we use right-triangle 
trigonometry, just as we did for resolving a vector into rectangular components. 


+++ Example 20: Find the resultant of two perpendicular vectors whose magnitudes 
are 485 and 627. Also find the angle that it makes with the 627-magnitude vector. 


Solution: We draw a vector diagram as shown in Fig. 7-44. Then by the Pytha- 
gorean theorem, 


R = V (485)? + (627)? = 793 


Then, 
4 
tan 0 = 5 = 0.774 
627 
0 = 37.7° +.. 
Resultants by Calculator 


We will now show a calculator method for finding resultants. We will use it to 
find the resultant of two perpendicular vectors, but later we will use the same 
method to find the resultant of any number of vectors at various angles. 


+++ Example 21: Find the resultant of the vectors in Example 20 by calculator. Re- 
call that the given perpendicular vectors had magnitudes of 485 and 627. 


Solution: We simply add the two given vectors. We enter each vector in paren- 
theses, using the | Z | symbol for the angle, and combine them using a (+) sign. 
Here are the keystrokes, with the calculator in Degree mode. oe 


Exercise 5 • Introduction to Vectors 


Components of a Vector 


Given the magnitude of each vector and the angle 0 that it makes with the x axis, 
find the x and y components. 


1. Magnitude = 4.93 0 = 48.3° 
2. Magnitude = 835 0 = 25.8? 
3. Magnitude = 1.884 6 = 58.24? 
4. Magnitude = 362 0 = 13.8? 
5. Magnitude = 836 Ө = 45.2? 
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TI-89 screen for Example 21. We could 
also use ће R» Pr, R* P6, or R> Polar 
features on this calculator. However, 
they would work only for two 
perpendicular vectors. This method is 
good for any number of vectors at any 
angle. 
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Find the rectangular components of each vector. 


6. 3.85 22229 7. 22.7 264.9° 
8. 943 718.4? 9. 18.4 Z 77.3? 
10. 283 Z38.5? 


In the following problems, the magnitudes A and B of two perpendicular vectors 
are given. Find the resultant and the angle that it makes with B. 


11. A= 483 В = 382 19. А = 2.85 В = 4.82 
13. А = 7364 В = 4837 14. А = 46.8 В = 38.6 
15. А = 125 В = 2.07 16. А = 274 В = 529 
17. А = 6.82 В = 4.83 18. А = 58.3 В = 37.2 


19. А = 2.27 В = 3.97 


7-6 Applications of Vectors 


Any vector quantity such as force, velocity, or impedance can be resolved or com- 
bined by the methods of the preceding section. We will start with force vectors, and 
then cover velocity vectors and impedance vectors. As before, everything you need 
to solve these problems is given in this text, and you are encouraged to try problems 


outside your chosen field. 
W = 386 Ib 


ae 
2 Force Vectors 


(а) Our first problem is simply to resolve a vector into its components. 


өө Example 22: A sled whose weight W is 386 Ib is on an icy incline making an an- 
gle of 27.4? with the horizontal, Fig. 7—44(a). Find (a) the normal component N and 
(b) the tangential component T of the sled’s weight. (c) What force F parallel to the 
incline is needed to keep the sled from sliding down the hill? 


Solution: We draw a vector diagram, Fig. 7-44(b), showing W acting vertically 
downwards, N at a right angle to the plane, and, T and F parallel to the plane. Then 
we resolve W into its components N and T. 


(a) N= Wcos Ө = 386 cos 27.4? = 343 Ib 


(b) T-Wsin0 = 386 sin 27.4? = 178 lb 


(c) The force F needed to hold the sled in place is just equal to the tangential com- 
ponent T, or 


FIGURE 7-44 


Е = T = 178 lb oo 


Our next problem requires the statics equations which we first gave in Chap. 3. 
They are 


You may want to flip through that material before starting these problems. 
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«ee Example 23: A cable running from the top of a telephone pole creates a horizon- 
tal pull of 875 Newtons (N), as shown in Fig. 7-45. A support cable running to the 
ground is inclined 71.5? from the horizontal. Find the tension in the support cable. 


Solution: We draw the forces acting at the top of the pole as shown in Fig. 7—46. 
We see that the horizontal component of the tension T in the support cable must equal 
the horizontal pull of 875 N. So 


875 
cos 71.5? = — 
875 
T = e + 
cos 71.5° „ш did 


Velocity Vectors 


+++ Example 24: A river flows at the rate of 4.70 km/h. A rower, who can travel 7.51 
km/h in still water, heads directly across the current. That is, the boat remains pointed 
perpendicular to the current while being carried downstream by it. Find the actual rate 
and direction of travel of the boat. 


Solution: The boat is crossing the current and at the same time is being carried down- 
stream (Fig. 7-47). Thus the velocity V has one component of 7.51 km/h across the 
current and another component of 4.70 km/h downstream. We find the magnitude of 
the resultant of these two components by the Pythagorean theorem. 


V? = (7.51) + (4.70 


from which 
V = 8.86 km/h 
Now finding the angle 0 yields 
4.70 
tan 0 = 751 
from which 
0 = 32.0 +.. 


Impedance Vectors 


Vectors find extensive use in electrical technology, and one of the most common ap- 
plications is in the calculation of impedances. We will not attempt to teach ac cir- 
cuits in a few paragraphs but only hope to reinforce concepts learned in your other 
courses. For non-electrical students, everything you need to work these problems is 
given right here. 

Fig. 7-48 shows a resistor, an inductor, and a capacitor, connected in series 
with an ac source. The reactance X is a measure of how much the capacitance and 
inductance retard the flow of current in such a circuit. It is the difference between 
the capacitive reactance Xç and the inductive reactance Xj . 
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228 


FIGURE 7-49 Vector impedance 
diagram. 
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The impedance Z is a measure of how much the flow of current in an ac circuit is 
retarded by all circuit elements, including the resistance. The magnitude of the im- 
pedance is related to the total resistance R and reactance X by the following formula: 


The impedance, resistance, and reactance form the three sides of a right trian- 
gle, the vector impedance diagram (Fig. 7-49). The angle $ between Z and R is 
called the phase angle. 


өөө Example 25: The capacitive reactance of a certain circuit is 2720 О, the induc- 
tive reactance is 3260 Q, and the resistance is 1150 ©. Find the reactance, the mag- 
nitude of the impedance of the circuit, and the phase angle. 


Solution: By Eq. 1097, 
X = 3260 — 2720 = 5400, 
By Eq. 1098, 


Z = \(1150)? + (540 = 1270 Q 


and by Eq. 1099, 


Exercise 6 + Applications of Vectors 


Force Vectors 


1. What force, neglecting friction, must be exerted to drag a 56.5-N weight up a 
slope inclined 12.6° from the horizontal? 

2. What is the largest weight that a tractor can drag up a slope that is inclined 
21.2° from the horizontal if it is able to pull along the incline with the force of 
2750 Ib? Neglect the force due to friction. 

3. Two ropes hold a crate as shown in Fig. 7—50. The tension in one is 994 N in 
a direction 15.5° with the vertical, and the other has a tension of 624 N ina 
direction 25.2° with the vertical. How much does the crate weigh? 

4. A truck weighing 7280 Ib is on a bridge inclined 4.80° from the horizontal. 
Find the force of the truck normal (perpendicular) to the bridge. 

5. A person has just enough strength to pull a 1270-N weight up a certain slope. 
Neglecting friction, find the angle at which the slope is inclined to the hori- 
zontal if the person is able to exert a pull of 551 N. 

6. A person wishes to pull a 255-lb weight up an incline to the top of a wall 
14.5 ft high. Neglecting friction, what is the length of the shortest incline 
(measured along the incline) that can be used if the person’s pulling strength 
is 145 Ib? 

7. A truck weighing 18.6 tons stands on a hill inclined 15.4? from the horizontal. 
How large a force must be counteracted by brakes to prevent the truck from 
rolling downhill? 


Review Problems 


Velocity Vectors 


8. A plane is headed due west with ап air speed of 212 km/h (Fig. 7—51). It is 
driven from its course by a wind from due north blowing at 23.6 km/h. Find the 
ground speed of the plane and the actual direction of travel. Refer to Fig. 7—52 
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for definitions of flight terminology. 
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FIGURE 7-51 


. At what air speed should an airplane head due west in order to follow a course 


S 80° 15’ W if a 20.5-km/h wind is blowing from due north? 

A pilot heading his plane due north finds the actual direction of travel to be 
N 5° 12' E. The plane’s air speed is 315 mi/h, and the wind is from due west. 
Find the plane's ground speed and the velocity of the wind. 


11. A certain escalator travels at a rate of 10.6 m/min, and its angle of inclination 
is 32.5?. What is the vertical component of the velocity? How long will it take 
a passenger to travel 10.0 m vertically? 

12. A projectile is launched at an angle of 55.6? to the horizontal and follows a 
straight path with a speed of 7550 m/min. Find the vertical and horizontal 
components of this velocity. 

13. At what speed with respect to the water should a ship head due north in order 
to follow a course N 5? 15’ E if a current is flowing due east at the rate of 
10.6 mi/h? 

Impedance Vectors 

14. A circuit has a reactance of 2650 О and a phase angle of 44.6°. Find the resist- 
ance and the magnitude of the impedance. 

15. A circuit has a resistance of 115 Q and a phase angle of 72.0°. Find the reac- 
tance and the magnitude of the impedance. 

16. A circuit has an impedance of 975 О and a phase angle of 28.0°. Find the 
resistance and the reactance. 

17. A circuit has a reactance of 5.75 О and a resistance of 4.22 ©. Find the mag- 
nitude of the impedance and the phase angle. 

18. A circuit has a capacitive reactance of 1776 О, an inductive reactance of 5140 О, 


and a total impedance of 5560 ©. Find the resistance and the phase angle. 
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Write the sine, cosine, and tangent of each angle. Keep four decimal places. 


1. 
2. 
3. 


72.99 
35.226° 
60.16° 


Track 


229 


FIGURE 7-52 Flight terminology. 
The heading of an aircraft is the 
direction in which the craft is pointed. 
Due to air current, it usually will not 
travel in that direction but in an actual 
path called the track. The angle 
between the heading and the track is 
the drift angle. The air speed is the 
speed relative to the surrounding air, 
and the ground speed is the craft's 
speed relative to the earth. 
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FIGURE 7-54 
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Find angle 0 in decimal degrees, if 
4. sin 0 = 0.574 
5. cos 0 = 0.824 
6. tan 9 — 1.345 


Evaluate each expression. Give your answer in degrees. 
7. arcsin 0.377 
8. cos! 0.385 
9. arctan 1.43 


Solve right triangle ABC. 


10. а = 746 and A = 37.2? 

11. b = 3.72 and A = 28.5° 

19. c = 45.9 and A = 61.4? 

13. Find the horizontal and vertical components of a vector that has a magnitude 
of 885 and makes an angle of 66.3? with the horizontal. 

14. Find the magnitude of the resultant of two perpendicular vectors that have mag- 
nitudes of 54.8 and 39.4, and find the angle the resultant makes with the 
54.8 vector. 

15. A vector has horizontal and vertical components of 385 and 275. Find the mag- 
nitude and the direction of that vector. 

16. A vertical pole on horizontal ground casts a shadow 13.5 m long when the angle 
of elevation of the sun is 15.4°. Find the height of the pole. 

17. From a point 125 ft in front of a church, the angles of elevation of the top 
and base of its steeple are 22.5? and 19.6°, respectively. Find the height of 
the steeple. 

18. A circuit has a resistance of 125 О, an impedance of 256 О, an inductive reac- 
tance of 312 О, and a positive phase angle. Find the capacitive reactance and the 
phase angle. 


Evaluate to four decimal places. 


19. cos 59.2? 20. sin 19.3? 

21. tan 52.8? 99. tan 37.2? 

23. cos 24.7? 24. sin 42.9? 

Find, to the nearest tenth of a degree, the angle whose trigonometric function is given. 
25. (ап Ө = 1.7362 26. tan 0 = 2.9914 

27. sin 0 = 0.7253 28. tan 0 = 3.2746 

29. cos 0 = 0.9475 30. cos 0 = 0.3645 


31. Point C is due east of point A across a pond, as shown in Fig. 7-53. To measure 
the distance AC, a person walks 139.3 ft due south to point B, then walks 158.2 
ft to C. Find the distance AC and the direction the person was walking when 
going from B to C. 


39. Figure 7—54 shows the design for the front of a tower. Find the outside radius of 
the largest circular clock that will just fit in that triangular space. 

33. Project: Finding the height of a flagpole may not be a very useful activity, but 
can you think of situations where the same mathematics can be used in a more 
practical way, such as monitoring the height of a weather balloon? List as many 
applications as you can. 

34. Writing: Write a short paragraph, with examples, on how you might possibly 
use an idea from this chapter in a real-life situation: on the job, in a hobby, or 
around the house. 


Oblique Triangles and Vectors 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Write the trig function of any angle given a point on the terminal side. 


Find a trig function for any angle using a calculator. 


Identify the algebraic sign of a given trig function for any angle in 
any quadrant. 


Determine the reference angle for a given angle. 


Determine the angle(s), given the value of a trig function. 


Solve oblique triangles using the law of sines. 


Solve oblique triangles using the law of cosines. 


Solve applied problems involving oblique triangles. 


Find the resultant of vectors at any angle. 


Determine the resultant of any number of vectors. 


Resolve any vector into its components. 


Solve applied problems involving vectors. 


In the preceding chapter we learned just enough trigonometry to solve right trian- 
gles. Even with those few tools you saw that we were able to handle a great variety 
of applications, including vectors at right angles. 

However, many applications require us to solve an oblique triangle, such as 
for finding distance PQ in Fig. 8-1. For these, we need to be able to write the 
trigonometric functions of an obtuse angle. Further, two vectors are not always 
perpendicular but can be at any angle, such as the force vectors in Fig. 8—2. For 
such applications we need to be able to write the trigonometric functions of any 
angle, including those greater than 180°. 

To start, we will expand our definition of the trigonometric functions to include 
angles in any quadrant. We also introduce three more trigonometric functions, the 
cotangent, secant, and cosecant, and will see that they are simply the reciprocals of 
our three original functions. We then learn how to find the angle when the function 
is given, a process made more complicated because there is more than one angle 
that has a given function. 

Next we solve oblique triangles. We cannot use our right triangle trigonometry 
directly because we have no right triangle, but we can use it to derive the law 
of sines and the law of cosines, our main tools for solving oblique triangles. 


FIGURE 8-1 


923 19 


77616 
38.67 


FIGURE 8-2 


231 


939 Chapter 8 * Oblique Triangles and Vectors 


Finally we give a wide range of problems requiring the solution of oblique trian- 
gles, including those involving vectors. 


ахин! 8-1 Trigonometric Functions of Any Angle 


In Chap. 7 we defined the sine, cosine, and tangent of acute angles. We did this in 
terms of the sides of a right triangle, and also for an angle in standard position. Let 
us now expand this definition to angles of any size. 

We also introduce three new trigonometric functions, the cotangent, secant, 
and cosecant. Their definitions, along with the sine, cosine, and tangent, are 


Figure 8-3 shows angles in the second, third, and fourth quadrants. The 
trigonometric functions of any of these angles are defined exactly as for an acute 
angle in quadrant I. From any point P on the terminal side of the angle we drop 


YA YA YA 
II I II I II I 
P 
F 
1 N 
= = 

x 0 X ро 

Ш IV IV Ш 


(а) (b) (c) 
FIGURE 8-3 
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a perpendicular to the x axis, forming a right triangle with legs x and y and with a 
hypotenuse r. The six trigonometric functions are then given by Eqs. 111 through 
113, just as before, except that some of the functions are now negative. 


өөө Example 1: A point on the terminal side of angle 0 has the coordinates (—3, —5). 
Write the six trigonometric functions of 0 to three significant digits. 


Solution: We sketch the angle as shown in Fig. 8—4 and see that it lies in the third 
quadrant. We find distance r by the Pythagorean theorem. 


r? = (=3} + (-5 = 9 + 25 = 34 


г = 5.83 
Then, 
: y =) 
9 =—=—— = =0.858 
аы 
т sin 
COS =. m x 
r 5.83 
еар. 
x =3 
x = Э 
cot = — = — = 0.600 
y =5 
r 5,83 
sec 0 = — = —— = —1.94 
x =3 
цайг, 212g. d 
y =5 


Trigonometric Functions of Any Angle by Calculator 


In Sec. 7-1 we learned how to find the trigonometric functions of an acute angle by 
calculator. Now we will find the trigonometric functions of any angle, acute or 
obtuse, positive or negative, or greater than 360°. 

The keystrokes are exactly the same as those we used for acute angles, and the 
calculator will automatically give the correct algebraic sign. But you must put it 
into the proper mode, DEGREE or RADIAN, before doing the calculation. 


eee Example 2: Evaluate sin 212° to four significant digits. 


Solution: We place the calculator into DEGREE mode, and simply key in 


SIN| 212 |ЕХТЕК 


The screen is shown. ooo 


Negative angles are entered using the | (—) | key. 


өө, Example 3: The keystrokes to find the tangent of —35° are 


ТАМ] [©] 35 [ENTER 


Your calculator screen should look something like the screen shown. Remember 
that negative angles are measured clockwise from the positive x direction. oe 
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TI-83/84 screen for Example 2. 
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TI-83/84 screen for Example 3. 
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FIGURE 8-7 This diagram shows which 
functions are reciprocals of each other. 
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Angles greater than 360°, Fig. 8—5, are handled in the same manner as any other angle. 


+++ Example 4: Verify that 


(a) cos 412? — 0.6157 (b) tan 555? — 0.2679 


ooo 


өөө Example 5: An Application. In order to analyze forces in the truss in Fig. 8—6, 
we need the trigonometric functions of angle 0. Find the sine and cosine of 6, to four 


significant digits. 


Solution: By calculator, 


sin 138° = 0.6691 


cos 138° = —0.7431 


Reciprocal Relationships 


From the trigonometric functions we see that 


sing = E 
" 
and that 


" 
csc) = — 
y 


Obviously, sin 0 and csc 0 are reciprocals. 


csc 0 = — 
sin 0 


Inspection of the trigonometric functions shows two more sets of reciprocals 
(see also Fig. 8-7). 


+++ Example 6: Find the cosecant of 0 if its sine is 0.6349. 


Solution: By Eq. 117a, 


1 1 


addi ТҮУ 
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Cotangent, Secant, and Cosecant by Calculator 


Most calculators do not have keys for the cot, sec, and csc. We find them instead by 
using the reciprocal relationships. 


өөө Example 7: Find sec 72.6? by calculator. 


Solution: We first find cos 72.6° and then take its reciprocal, as shown in the screen. 
ooo 


Cofunctions 
The sine of angle A in Fig. 8-8 is 
sin A = ы 
c 
But a/c is also the cosine of the complementary angle B. Thus we can write 


sin A = cos B 


Here sin A and cos B are called cofunctions. Similarly, cos A = sin B. These 
cofunctions and others in the same right triangle are given in the following boxes. 


In general, a trigonometric function of an acute angle is equal to the corresponding 
cofunction of the complementary angle. 


өөө Example 8: If the cosine of the acute angle A in a right triangle ABC is equal to 
0.725, find the sine of the other acute angle, B. 
Solution: By Eq. 118b, 

sin B = cos A = 0.725 22 
The keystrokes for cot, sec, and csc are no different for obtuse angles than for 
acute angles. 
eee Example 9: Verify the following calculations to four significant digits: 


(a) cot 101° = —0.1944 (b) sec 213° = —1.192 
(c) csc 294° = — 1.095 +.. 


| 
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TI-83/84 screen for Example 7. 
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Exercise 1 • Trigonometric Functions of Any Angle 


The terminal side of an angle in standard position passes through the given point. 
Sketch the angle, compute the distance r from the origin to the point, and write the 
six trigonometric functions of the angle. Work to three significant digits. 


. (3.00, —5.00) 
. (—4.00, 12.0) 
. (24.0, —7.00) 
‚ (—15.0, —8.00) 
. (1.59, —3.11) 
‚ (=5.13, —1.17) 


our о ю = 


Trigonometric Functions of Any Angle by Calculator 


Write, to four significant digits, the sine, cosine, and tangent of each angle. 


7. 101° 8. 216° 9. 331° 
10. 125.8° 11. —62.85° 19. —227.4° 
13. 486° 14. —527° 15. 114?23' 
16. —11°18’ 17. 412? 18. 238? 


Reciprocal Relationships 


Evaluate to four decimal places. 


19. Find csc 0 if sin Ө = 0.7352 
20. Find cot 0 if tan Ө = 1.4638 
21. Find sec 0 if cos 0 = 0.7354 


Cotangent, Secant, and Cosecant by Calculator 


Evaluate to four decimal places. 


22. sec 158.3? 23. cot 153.6? 94. csc 122.7? 
25. csc 207.4? 26. sec 215.4° 27. cot 228.7° 
Cofunctions 


Express as a function of the complementary angle. 


28. sin 38° 29. cos 73° 30. tan 19° 

31. sec 85.6° 32. cot 63.2° 33. csc 82.7° 

34. tan 35°14’ 

35. An Application: To analyze the force vectors at the end of the derrick, Fig. 8-9, 


we need to find the sine and cosine of the given angle. Find them to three 
FIGURE 8-9 А Derrick decimal places. 


8-9 Finding the Angle When the Trigonometric 
Function Is Known 


Given an angle, we can find its trigonometric functions. Now we reverse the opera- 
tion and find the angle when given the trigonometric function. We did the same in 
Chap. 7 with acute angles, but here we will see that it is slightly more complicated 
with angles greater than 90°. 
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m Exploration: 7ry this. 
(a) Use your calculator to find the following: 


sin 35? sin 145? sin 395? 


What did you find? Can you explain your findings? 


(b) Now find the angle whose sine is 0.573576. What can you say about 
your result? ш 


When you took the sine of an angle, you got a single answer. But your exploration 
should have shown you that there is more than one angle that has the same sine (or 
cosine and tangent). In fact, there are infinitely many, if you count angles greater 
than one revolution. So how do we find the one that we need? We use something 
called the reference angle. 


Reference Angle 
For an angle in standard position on coordinate axes, the acute angle that its ter- 
minal side makes with the x axis is called the reference angle, 0’. It is always taken 
as positive. 
+++ Example 10: The reference angle 6’ for an angle of 125° is 

6’ = 180° — 125° = 55° 


as shown in Fig. 8-10. өөө 


+++ Example 11: The reference angle 07 for an angle of 236° is 


0’ = 236? — 180° = 56° 


as in Fig. 8-11. ooo 


+++ Example 12: The reference angle 07 for an angle of 331.6? (Fig. 8-12) 18 
0’ = 360? — 331.6? = 28.4? ooo 


Note that we treat the quadrantal angles, 180° and 360° as exact numbers. Thus the 
rounding of our answer is determined by the decimal places in the given angle. 


Common 
Error 


The reference angle is measured always from the x axis, never 


from the y axis. It is always positive. 


Algebraic Signs of the Trigonometric Functions 


We saw in Chap. 7 that the trigonometric functions of first-quadrant angles were 
always positive. From Fig. 8—3, it is clear that some of the trigonometric functions 
of angles in the second, third, and fourth quadrants are negative, because x or y can 
be negative (r is always positive). Figure 8-13 shows the quadrant in which a 
trigonometric functions is positive. Otherwise it is negative. 

Instead of trying to remember which trigonometric functions are negative 
in which quadrants, just sketch the angle and note whether x or y is negative. 
From this information you can figure out whether the function you want is 
positive or negative. 
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FIGURE 8-10 Reference angle 0'. 


It is also called the working angle. 


хү 


0'= 56° 


FIGURE 8-11 


ша 


УА 


ү 


FIGURE 8-12 


II 


sin positive 
csc positive 


YA 


All positive 


tan positive 
cot positive 


Ш 


соѕ роѕійуе 
sec positive 


IV 


FIGURE 8-13 


> 
X 


238 


ша х(ров.) 


2 
ay 


y(neg.) 


r(pos.) 


FIGURE 8-14 


sini. 6293) 
35. 9955 


TI-83/84 screen for Example 14. 
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+++ Example 13: What is the algebraic sign of csc 315°? 


Solution: We make a sketch, such as in Fig. 8—14. It is not necessary to draw the 
angle accurately, but it must be shown in the proper quadrant, quadrant IV in this case. 
We note that y is negative and that r is (always) positive. So 

r (+) 


csc 315° = — = —— = negative ooo 


y ©) 


Finding the Angle by Calculator 


As with acute angles, we use the inverse trig keys on our calculators. 

The angle then given by the calculator is taken as the reference angle. Note its 
algebraic sign. 

Sketch the angle to determine the quadrants in which the given trig function is 
positive or negative. We usually want only the two positive angles that have the 
given trig function. 


өөө Example 14: Find two positive values for 0 less than 360°, if sin Ө = 0.6293. 
Work to the nearest tenth of a degree. 


Solution: We key in | SIN! | 0.6293 | ENTER | and get 39.0°, rounded as shown. 
We take this as our reference angle. 


6’ = 39.0° 


A sketch of the angle shows that the sine is positive in quadrants I and II. In 
each of those quadrants we draw an angle of 39.0? with the x axis, as in Fig. 8-15. 
The quadrant I angle is simply 39.0?. To find the quadrant II angle, it is clear we 
must subtract the reference angle from 180°. 


0 = 180° — 39.0? = 141.0° 


So our two positive angles less than 360° are 
0 = 39.0? and 141.0? 
Check: We can check our results by taking the sine of our angles. 
sin 39.0? — 0.6293 Checks. 
sin 141.0? — 0.6293 Checks. eee 
өөө Example 15: Find, to the nearest tenth of a degree, the two positive angles less 
than 360? that have a tangent of —2.25. 


Solution: From the calculator, tan ^ ! (—2.25) = —66.0°, so our reference angle is 
+66.0°. The tangent is negative in the second and fourth quadrants. As shown in 
Fig. 8-16, our second-quadrant angle is 


180? — 66.0? = 114.0? 
and our fourth-quadrant angle is 


360? — 66.0? = 294.0° өөө 


+++ Example 16: Find cos 10.575 to the nearest tenth of a degree. 
Solution: From the calculator, 
cos 10.575 = 54.9 
The cosine is positive in the first and fourth quadrants. Our fourth-quadrant angle is 


360? — 54.9? = 305.1? +.. 
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Inverse of the Cotangent, Secant, and Cosecant 


When the cotangent, secant, or cosecant is given, we use the reciprocal relation- 
ships (Eqs. 117) as in the following example. 


өөө Example 17: Find two positive angles less than 360° that have a secant of 
—4.22. Work to the nearest tenth of a degree. 


Solution: If we let the angle be 6, then, by Eq. 117b, 


1 
8ёс0 —4,.22 — 
0 = cos” !(—0.237) 

= 103.7° by calculator 


The secant is also negative in the third quadrant. Our reference angle (Fig. 8—17) is 


0' — 180? — 103.7? — 76.3? 


cos Ө = —0.237 


so the third-quadrant angle is 


0 = 180? + 76.3? = 256.3? +.. 


+++ Example 18: Evaluate arcsin (—0.528) to the nearest tenth of a degree. 

Solution: As before, we seek only two positive angles less than 360°. By calculator, 
arcsin(—0.528) = —31.9° 

which is a fourth-quadrant angle. As a positive angle, it is 


0 = 300? = 31.9° = 328.1° 


The sine is also negative in the third quadrant. Using 31.9° as our reference angle, 
we have 


0 = 180? + 31.9? = 211.9? eee 


Exercise 9 • Finding the Angle When the Trigonometric 
Function Is Known 


Reference Angle 

Find the reference angle for each given angle. 
1. 163? 9. 274° 3. 305? 
4. 138.6? 5. 249.3? 


Algebraic Signs of the Trigonometric Functions 


If 0 is an angle in standard position, state in what quadrants its terminal side can lie if 
6. 0 = 123°. 7. 0 = 272°. 


8. 0 = —47°. 9. 0 = —216*. 
10. Ө = 415°. 11. 0 = —415°. 
19. 0 = 845°. 


13. sin 0 is positive. 
14. cos 0 is negative. 
15. sec 0 is positive. 
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FIGURE 8-18 Derivation of the law 
of sines. 
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State whether the following expressions are positive or negative. Do not use your 
calculator, and try not to refer to your book. 


16. sin 174? 17. cos 110? 
19. sec 332? 20. cot 206? 


18. tan 315? 
21. csc 196? 


Give the algebraic signs of the sine, cosine, and tangent of the following. Do not 
use your calculator. 


22. 110° 
25. —48° 


23. 206° 
26. 500° 


24, 335° 


Finding the Angle by Calculator 

Find two positive angles less than 360° whose trigonometric function is given. 
Round your angles to a tenth of a degree. 

27. sin@ = 0.7761 

28. tang = —0.1587 

29. cos 0 = 0.8372 

30. cos Ө = 0.3215 

31. {ап Ө = 6.372 

39. cos 0 = 0.4476 

33. sin 0 = —0.6358 


Inverse of the Cotangent, Secant, and Cosecant 

Find two positive angles less than 360? whose trigonometric function is given. 
Round your angles to a tenth of a degree. 

34. cot = 2.8458 

35. sec 0 — 1.7361 

36. cot = —0.2315 

37. csc 0 = —3.852 

38. cot = 0.3315 


8-3 Law of Sines 


We cannot use the trigonometric functions directly to solve an oblique triangle, but 
we will use them to derive the law of sines, which can be used for any triangle. 


Derivation 


We will derive the /aw of sines for an oblique triangle in which all three angles are 
acute such as in Fig. 8-18. We start by breaking the given triangle into two right 
triangles by drawing altitude h to side AB. 


Then right triangle ACD, 
h 
sin А = b or h= bsinA 
And right triangle BCD, 
h 
snB = — or h=asinB 
a 
So 


b sin A = a sin B 


Dividing by sin A sin B, we have 
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Similarly, drawing altitude j to side AC, and using triangles BEC and AEB, we get 
j=asinC = csin А 
or 


a C 


sin A sin C 


Combining this with the previous result, we obtain the following equation: 


We have just derived the law of sines for a triangle having all acute angles. The law 
of sines also holds when one of the angles is obtuse, and the derivation is nearly the 
same. See the projects at the end of this section. 


Solving a Triangle When Two Angles and One Side Are Known 
(AAS or ASA) 


Recall that “solving a triangle" means to find all missing sides and angles. Here we 
use the law of sines to solve an oblique triangle. To do this, we must have a known 
side opposite to a known angle, as well as another angle. We abbreviate these given 
conditions as AAS (angle-angle-side) or ASA (angle-side-angle). 


+++ Example 19: Solve triangle ABC where A = 32.5?, B = 49.7°, and a = 226, 


Solution: We first sketch the triangle as shown in Fig. 8-19. We want to find the un- 
known angle C and sides b and c. The missing angle is found by substracting the two 
known angles from 180°. 


C = 180° — 32.5° — 49.7° = 97.8° 


Then, by the law of sines, 


a _ b 
sinA sinB 
226 b FIGURE 8-19 A diagram drawn more 


р тумний " or less to scale can serve as a good 
sin 32.5 sin 49.7 check of your work and reveal 
Solving for b, we get inconsistencies in the given data. As 
another rough check, see that the 
226 sin 49.7? 321 longest side is opposite the largest 
sin 32.5? angle and that the shortest side is 
opposite the smallest angle. 


Again using the law of sines, we have 
а с 
sinA  sinC 
226 С 
sin 32.5° біп 97.8? 


Ѕо 


226 si 8° 
c= : sin 97.8 — 417 
sin 32.5? ooo 
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c= 165 


FIGURE 8-21 


The ambiguous case. 
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Notice that if two angles are given, the third can easily be found, since all an- 
gles of a triangle must have a sum of 180?. This means that if two angles and an in- 
cluded side are given (ASA), the problem can be solved as shown above for AAS. 


өөө Example 20: An Application. A factory is prefabricating a quantity of roof 
trusses, as in Fig. 8-20. Find the length of member АВ. 


Solution: We have a known side opposite a known angle, so we can use the law of sines. 


AB 11.4 
sin 21.5? sin 37.2? 
11.4 sin 21.5? 


AB — — 6.91 ft 
sin 37.2? 


oe 


Solving a Triangle When Two Sides and One Angle Are Given (SSA): 
The Ambiguous Case 


m Exploration: 
Try this. By hand or by computer drafting program, draw the following triangle ABC. 


C = 28.4° a = 171 c = 107 


Is it possible to draw a triangle, given this data? Is more than one triangle possible? m 


In Example 19, two angles and one side were given. We can also use the law of 
sines when one angle and two sides are given, provided that the given angle is op- 
posite one of the given sides. But we must be careful here. Sometimes we will get 
no solutions, one solution, or two solutions, depending on the given information. 
The possibilities are given in Table 8-1. 

We see that we will sometimes get two correct solutions (as in the exploration), 
both of which may be reasonable in a given application. 


If it appears that you will get no solution when doing an applica- 
Common tion with an oblique triangle, it probably means that the data are 


Error incorrect or that the problem is not properly set up. Don't give up 
at that point, but go back and check your work. 


A simple way to check for the number of solutions is to make a sketch. But the 
sketch must be fairly accurate, as in the exploration, and as in the following example. 


++» Example 21: Solve triangle ABC where A = 27.6°, a = 112, and c = 165. 


Solution: Let's first calculate the altitude Л to find out how many solutions we 
may have. 


h = csin A 
= 165 sin 27.6° = 76.4 


We see that side a (112) is greater than h (76.4), but less than c (165), so we have 
the ambiguous case with two solutions, as verified by a sketch Fig. 8—21. We will solve 
for both possible triangles using the law of sines. However sometimes, like here, it is 
more convenient to use the reciprocals of the expressions in the law of sines. 


їп С _ sin 27.6° 


165 112 
165 sin 27.6° 
i E = 0.682 
sin C 112 0.6825 


С = 43.0° 
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TABLE 8-1 Possible Solutions When Using the Law of Sines 


Given angle A opposite to given side a; 


la>c Side a can intersect side b in é шал” 
only one place, so we get E 
one solution. ў b a 
A e B 
2.ачхс Side a is too short to intersect 


side b, so there is no solution. 


lazc Side a is too long to intersect 
side b in more than one place, 
so there is only one solution. 


2a=h<c Side a just reaches side b, so 
where we get a right triangle having 
h=csinA one solution. 

З. а<ћ<с Side а is too short to touch 
where the side b, so we get no solution. 
altitude h is 
h = csin А 

4h<a<c Side a can intersect side b in 
where two places, giving two 
h=csinA solutions. 


This is the ambiguous case. 


This is one of the possible values for C. But recall from Sec. 8—2 that there are two 
angles less than 180° for which the sine is positive. One of them, 6, is in the first 
quadrant, and the other, 180° — 0, is in the second quadrant. So the other possible 
value for C is 

C — 180? — 43.0? — 137.0? 


243 


244 


B c=412cm 


FIGURE 8-22 
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We now find the two corresponding values for side b and angle B. 
When C = 43.0°, 


B — 180? — 27.6? — 43.0? — 109.4? 


So 
b 112 


sin 109.47 sin 27.6? 


from which b = 228. 


When C = 137.05, 
B — 180? — 27.6? — 137.0? — 15.4? 


So 
b 112 


sin 15.4° sin 27.6? 


from which b = 64.2. So our two solutions are given in the following table: 


l. 27.69 109.4° 43.0° 112 228 165 
2. 27.6° 15.4° 137.0° 112 64.2 165 


In a problem such as the preceding one, it is easy to forget the sec- 
ond possible solution (C = 137.0°), especially since a calculator 


will give only the acute angle when computing the arc sine. 


Not every SSA problem has two solutions, as we’ ll see in the following example. 


+++ Example 22: An Application. Find angles B and C, and side Р, on the gusset plate 
of Fig. 8-22. 


Solution: When we sketch the triangle, we see that the given information allows us 
to draw the triangle in only one way. Thus will get a unique solution. By the law of 


sines 
! sinC _ sin 35.2° 


412 525 

412 sin 35.2° 
inC = = 0.4524 
sin 525 


Thus the two possible values for C are 
C = 269", and C = 180? — 26.9? = 153.1? 


Our sketch, even if crudely drawn, shows that C cannot be obtuse, so we 
discard the 153.1? value. Then since the sum of the three interior angles must be 
180°. 


B = 180° — 35.2° — 26.9° = 117.9° 


We use the law of sines once again. 
b 525 


sin 117.9° sin 35.2° 


525 sin 117.9° 
е ened 
sin 35.2° РҮҮ: 
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Exercise 3 • Law of Sines 


Two Angles and One Side Known 


1. Solve each triangle in Fig. 8—23. 


FIGURE 8-23 
Solve triangle ABC. 
2. = 125°, С = 32.0°, с = 58.0 
3. А = 24.14°, В = 38.27°, а = 5562 
4. В = 55.38°, С = 18.20°, b = 77.85 
5. А = 44479, С = 63.88, с = 1.065 
6. А = 18.0° В = 12.0° а = 507 


Two Sides апа One Angle Known 


7. Solve each triangle in Fig. 8—24. 


B B 
2А v 1.59 
та 228 e л D © 
(а) Р (b) 
21.0 
s A 15.0 P 


(с) 
FIGURE 8-94 
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Solve triangle ABC. 
8. А = 47.9° a=3.28 с = 2.35 
9., C = 617° Б = 284 с = 382 
10. С = 51.8° р = 25.6 с = 24.9 
11. А = 45.6° а = 7.83 с = 10.4 
19. А = 25.2° а = 714 с = 13.2 


< | 
| An Application 


13. A cellular telephone tower, Fig. 8—25, stands on sloping ground, and is sup- 
ported by two cables as shown. Find the length of each cable. 


14. Computer: Use a CAD program to check your work on the preceding trian- 
gles. Draw the triangle and have the program display the missing parts. 


15. Writing: What happens to the law of sines when the angle for which it is written 
is a right angle? Explain in a paragraph. 

16. Project, Law of Sines: We derived the law of sines, Eq. 105, for a triangle in 
which all angles were acute. Repeat the derivation for a triangle that has one ob- 


tuse angle, Fig. 8—26. The steps are nearly the same, but you will need the fact that 
sin (180° — B) = sin B. 


FIGURE 8-26 
8-4 Law of Cosines 
B To use the law of sines we need a known side opposite a known angle. Sometimes 
we do not have that information, as when, for example, we know three sides and no 
angle. We can still solve such a triangle using the law of cosines. 
c a 
Derivation 
A m C Consider an oblique triangle ABC as shown in Fig. 8—27. As we did for the law of 
(8 р г J sines, we start by dividing the triangle into two right triangles by drawing an alti- 
b tude h to side AC. 
FIGURE 8-97 Derivation of the law E ABU, 
of cosines. c = k + (Ар)? 


But AD = b — CD. Substituting, we get 
с®= + (b — ср)? (1) 


Now, in right triangle BCD, by the definition of the cosine, 


CD 
—— = cos C 
a 
or 
CD = acosC 


Substituting a cos C for CD in Equation (1) yields 


c) = № + (b – acos С)? 
Squaring, we have 


c) = k + b? — 2ab cos C + а? cos? C (2) 
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Let us leave this expression for the moment and write the Pythagorean theorem 
for the same triangle BCD. 
№ = а? – (Ср)? 


Again substituting a cos С for CD, we obtain 
I? = а? — (a cos С)? 
= а? — a° cos? С 
Substituting this expression for I? back into (2), we get 
c? = a? — a? cos? C + b? — 2ab cos С + а? cos? С 
Cancelling a? cos? C and collecting terms, we get the law of cosines. 


с2 = а? + b* — 2ab cos С 


If we repeated the derivation two more times, with perpendiculars drawn to 
side AB and then to side BC, we would get two more forms of the law of cosines. 


өөө Example 23: Find side a in Fig. 8—28. 
Solution: By the law of cosines, 

a? = (1.24)? + (1.87)* — 2(1.24)(1.87) cos 42.8? 
5.03 — 4.64(0.7337) = 1.63 


1.87 m 


FIGURE 8-28 


a = 1.28m +++ 


When to Use the Law of Sines or the Law of Cosines 


It is sometimes not clear whether to use the law of sines or the law of cosines to 
solve a triangle. We use the law of sines when we have a known side opposite a 
known angle. We use the law of cosines only when the law of sines does not work, 
that is, for all other cases. In Fig. 8—29, the heavy lines indicate the known informa- 
tion and may help in choosing the proper law. 


AY 


Find angle first, 
May have two using Eq. 104 
solutions . 
Use law of sines Use law of cosines 


FIGURE 8-29 When to use the law of sines ог the law of cosines. 
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b=125 


FIGURE 8-30 


FIGURE 8-31 
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Using the Law of Cosines When Two Sides and the Included Angle 
Are Known 
We can solve triangles by the law of cosines if we know two sides and the angle 


between them, or if we know three sides. We consider the first of these cases in the 
following example. 


+++ Example 24: Solve triangle ABC where a = 184, b = 125, and С = 27.2°. 


Solution: We make a sketch as shown in Fig. 8—30. Notice that we cannot initially 
use the law of sines because we do not have a known side opposite a known angle. 
Instead, we use the law of cosines to find side c. 

c? = а? + b? — 2ab cos С 
(184)? + (125)? — 2(184)(125) cos 27.2? = 8568 
c — 92.6 


Now that we have a known side opposite a known angle, we can use the law of 
sines to find angle A or angle B. Which shall we find first? 

Use the law of sines to find the acute angle first (angle B in this example). If, 
instead, you solve for the obtuse angle first, you may forget to subtract the angle 
obtained by calculator from 180°. Further, if one of the angles is so close to 90? that 
you cannot tell from your sketch if it is acute or obtuse, find the other angle first, 
and then subtract the two known angles from 180? to obtain the third angle. 

So using the law sines to find angle В, 

sin B _ sin 27.2? 


125 92.6 
inB 125 sin 27.2? 0.617 
sin B = = 0. 
92.6 


B = 38.1° and B = 180 — 38.1 = 141.9° 


We drop the larger value because our sketch shows us that B must be acute. 
Then subtracting the known angles from 180°, 
A = 180° — 27.2° — 38.1° = 114.7° ooo 


In our next example, the given angle is obtuse. 


+++ Example 25: Solve triangle ABC where b = 16.4, c = 10.6, and A = 128.5°. 


Solution: We make a sketch as shown in Fig. 8-31. Then, by the law of cosines, 
a? = (16.4)? + (10.6)? — 2(16.4)(10.6) cos 128.5° 


The cosine of an obtuse angle is negative. Be sure to use the 
proper algebraic sign when applying the law of cosines to an 


Common 


E 
по obtuse angle. 


In our example, 
cos 128.5° = —0.6225 
So 


a= \// 16.4) + (10.6)? — 2(16.4)(10.6)(—0.6225) = 24.4 


Then by the law of sines, 
sin B sin 128.5° 


164 244 
16.4 sin 128.5° 
ХЭЭР ERE. =e 
244 


B = 31.7° and B = 180 — 31.7 = 148.3? 
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We drop the larger value because our sketch shows us that B must be acute. Then 


subtracting the known angles from 180°, 
C = 180° — 31.7° — 128.5° = 19.8° +.. 


5.25 ft 


+++ Example 26: An Applicaiton. Find the length of girder AB in Fig. 8-32. 


Solution: We know two sides and their included angle, and we want the side oppo- 
site to the known angle. This is ideal for use of the law of cosines. 


(АВ) = (5.25)? + (18.6? — 2(5.25)(18.6) cos 98.29 


= 401.4 
AB = 20.0 ft РҮҮ: 
Using the Law of Cosines When Three Sides Are Known FIGURE 8-32 


When three sides of an oblique triangle are known, we can use the law of cosines to 
solve for one of the angles. A second angle is found using the law of sines, and the 
third angle is found by subtracting the other two from 180°. 


eee Example 27: Solve triangle ABC in Fig. 8-33, where а = 128, b = 146, C 
andc — 222. 
S 
Solution: We start by writing the law of cosines for any of the three angles. A good 2 
way to avoid ambiguity is to find the largest angle first (the law of cosines will tell us A d 
if it is acute or obtuse). Then we are sure that the other two angles are acute. = 
Writing the law of cosines for angle C gives 5 
(222)? = (128)? + (146)? — 2(128)(146)cos C s 
FIGURE 8-33 


Solving for cos C gives 
cos C — —0.3099 
Since the cosine is negative, C must be obtuse, so by calculator 
C — 108.1? 
Then by the law of sines 
sin A — sin 108.1? 


128 222 
from which sin A — 0.548. Since we know that A is acute, we get 
А = 33.2? 
Finally, 
B = 180° — 108.1° — 33.2° = 38.7° +.. 


+++ Example 28: An Application. To analyze the performance of an internal com- 
bustion engine, the crank angle 0 is needed for various positions of the piston, Fig. 
8—34. Find the crank angle when the piston is at the height shown. 


Solution: We have an oblique triangle in which three sides are known. Let's use the 
law of cosines for angle 0. 


(18.7 = (6.72)? + (15.4 — 2(6.72)(15.4) cos Ө 


2(6.72)(15.4) cos 0 = (6.72): + (15.4? — (18.7 
cos Ө = —0.3255 
0 = 109° ooo FIGURE 8-34 
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Exercise 4 • Law of Cosines 
Two Sides and One Angle Known 


1. Solve each triangle in Fig. 8—35. 


B 


A 
yx 
BO C 


A 
11.2 1.95 
(b) 


B 
728 Ё 
C 23 А 
21.7 906 
(c) (d) 
FIGURE 8-35 
Solve triangle ABC. 
2. B = 41.7°, a=199 с = 202 
3. А = 115°, b= 46.8 с = 51.3 
4. С = 67.0°, а = 9.08 b= 6.75 
5. В = 129, а= 186 с = 179 
6. А = 158, р = 1.77 с = 1.99 
Three Sides Known 
7. Solve each triangle in Fig. 8—36. 
C 
B 
2.82 
128 
2 152 A 5 1.95 
(а) (6) 
В А 
217 81.4 481 
157 
C 112 А x 77.3 : 


(c) (d) 
FIGURE 8-36 
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Solve triangle ABC. 
8, а= 113 b=156 c=128 
9. а = 1475 b = 1.836 c = 2.017 
10. а = 369 b= 177 с = 199 
11. а= 186 Б = 329 с = 17.9 
12. а = 5311 b = 6215 с = 7112 
An Application 
13. Find the distance PQ across the pond in Fig. 8—37, given in the introduction to this 
chapter. 
Computer 


14. Use a CAD program to check your work on the preceding applications. Draw 
the figure and have the program display the dimensions of the missing parts. 

15. Project, Hero’s Formula: Find a derivation of Hero’s formula for the area of a 
triangle, Eq. 103, and try to reproduce it. The derivation uses the law of cosines, 
Eq. 106 but is not easy. See, for example, the entry for “Hero’s formula” in 
Weisstein’s CRC Concise Encyclopedia of Mathematics. 

16. Team Project: Use a handheld GPS to find the coordinates of a field, at least a 
few acres in area. Use triangulation to compute the area of that field. Then taking 
into account the possible errors in the GPS readings, estimate the accuracy of 
your computed area. 


8-5 Applications 


As with right triangles, oblique triangles have many applications in technology, as 
you will see in the exercises for this section. Follow the same procedures for setting 
up these problems as we used for other word problems, and solve the resulting 
triangle by the law of sines or the law of cosines, or both. 

If an area of an oblique triangle is needed, either compute all the sides and use 
Hero’s formula (Eq. 103), or find an altitude with right-triangle trigonometry and 
use Area = +(base)(altitude). 


өөө Example 29: Find the area of the gusset in Fig. 8-38(а). 
Solution: We first find 0. 
Ө = 90° + 35.0? = 125.0? 


We now know two sides and the angle between them, so can find side x by the 
law of cosines. 


x? = (18.0 + (20.0? — 2(18.0)(20.0) cos 125° = 1137 


x = 33.7 in. 


Finally we find the area of the gusset by Hero’s formula (Eq. 103). 


a 
Il 


1(18.0 + 20.0 + 33.7) = 35.9 


area = V35.9(35.9 — 18.0)(35.9 — 20.0)(35.9 — 33.7) 


= 150 in” 


FIGURE 8-37 


Horizontal 


FIGURE 8-38 
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Check: Does the answer look reasonable? Let’s place the gusset inside the parallel- 
оргаш, as shown in Fig. 8—38(b), and estimate the height л by eye at about 15 in. Thus 
the area of the parallelogram would be 15 Х 20, or 300 in, just double that found 
for the triangle. ooo 


+++ Example 30: A ship takes a sighting on two buoys. At a certain instant, the bear- 
ing of buoy A is N 44.23° W, and that of buoy B is N 62.17° E. The distance between 
the buoys is 3.60 km, and the bearing of B from A is N 87.87° E. Find the distance of 
the ship from each buoy. 


Estimate: Let us draw the figure with a ruler and protractor as shown in Fig. 8-39. 
Notice how the compass directions are laid out, starting from the north and turning in 
the indicated direction. Measuring, we get SA = 1.7 units and SB = 2.8 units. If you 
try it, you will probably get slightly different values. 


North 


FIGURE 8-39 


Solution: Calculating the angles of triangle ABS gives 
Ө = 44.23? + 62.17? = 106.40? 
Since angle SAC is 44.23°, 


a — 180? — 87.87? — 44.23? — 47.90? 
and 
B — 180? — 106.40? — 47.90? — 25.70? 


From the law of sines, 


SA SB 3.60 
sin 25.70? sin 47.90? sin 106.40? 
from which 
3.60 sin 25.70? 
A= = 1.63 km 

5 sin 106.40° es 
and 

SB = 200 sin 47.90 — 278 km 

sin 106.40? 


both of which agree with our estimated values. өөө 
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Exercise 5 • Applications 


Determining Inaccessible Distances 


1. 


Two stakes, A and B, are 88.6 m apart. From a third stake C, the angle ACB is 
85.4°, and from A, the angle BAC is 74.3°. Find the distance from C to each of 
the other stakes. 


. From a point on level ground, the angles of elevation of the top and the bottom 


of an antenna standing on top of a building are 32.6? and 27.87, respectively. If 
the building is 125 ft high, how tall is the antenna? Remember that angles of 
elevation or depression are always measured from the horizontal. 


. The sides of a triangular lot measure 115 m, 187 m, and 215 m. Find the angles 


between the sides. 


. Two boats аге 45.5 km apart. Both are traveling toward the same point, which is 


87.6 km from one of them and 77.8 km from the other. Find the angle at which 
their paths intersect. 


Navigation 


5. 


A ship is moving at 15.0 km/h in the direction N 15.0? W. A helicopter with a 
speed of 22.0 km/h is due east of the ship. In what direction should the helicop- 
ter travel if it is to meet the ship? Hint: Draw your diagram after t hours have 
elapsed. 


. City A is 215 miles N 12.0? E from city B. The bearing of city C from B 


is S 55.0? E. The bearing of C from A is S 15.0? E. How far is C from A? 
From В? 


. A ship is moving in a direction S 24.25? W at a rate of 8.60 mi/h. If a launch 


that travels at 15.4 mi/h is due west of the ship, in what direction should it 
travel in order to meet the ship? 


. A ship is 9.50 km directly east of a port. If the ship sails exactly southeast for 


2.50 km, how far will it be from the port? 


. From a plane flying due east the bearing of a radio station is S 31.0? E at 1:00 P. M. 


and S 11.0°E at 1:20 P.M. The ground speed of the plane is 625 km/h. Find the 
distance of the plane from the station at 1:00 P.M. 


Structures 


10. 


11. 


12. 


13. 


A tower for a wind generator stands vertically on sloping ground whose incli- 
nation with the horizontal is 11.6°. From a point 42.0 m downhill from the tower 
(measured along the slope), the angle of elevation of the top of the tower is 18.8°. 
How tall is the tower? 

A vertical cellular phone antenna stands on a slope that makes an angle of 
8.70? with the horizontal. From a point directly uphill from the antenna, the 
angle elevation of its top is 61.0°. From a point 16.0 m farther up the slope 
(measured along the slope), the angle of elevation of its top is 38.0°. How tall 
is the antenna? 

A power pole on level ground is supported by two wires that run from the top 
of the pole to the ground (Fig. 8—40). One wire is 18.5 m long and makes ап 
angle of 55.6? with the ground, and the other wire is 17.8 m long. Find the an- 
gle that the second wire makes with the ground. 

A 71.6-m-high antenna mast is to be placed on sloping ground, with the cables 
making an angle of 42.5? with the top of the mast (Fig. 8-41). Find the length 
of each cable. 


253 


$ e 
е * 
$ $ 
55.6° 
FIGURE 8-40 
L 


FIGURE 8-41 
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15.5 ft 


FIGURE 8-49 Roof truss. 


SS 2 
D» 35 Mm 


FIGURE 8-43 


255 cm 
FIGURE 8-46 


g S30 in. 


105 in. 
FIGURE 8-47 
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14. 


15. 


16. 


In the roof truss in Fig. 8—42, find the lengths of members AB, BD, AC, 
and AD. 

From a point on level ground between two power poles of the same height, 
cables are stretched to the top of each pole. One cable is 52.6 ft long, the other 
is 67.5 ft long, and the angle of intersection between the two cables is 125°. 
Find the distance between the poles. 

A pole standing on level ground makes an angle of 85.8? with the horizontal. 
The pole is supported by a 22.0-ft prop whose base is 12.5 ft from the base of 
the pole. Find the angle made by the prop with the horizontal. 


Mechanisms 


17. 


18. 
19. 


In the slider crank mechanism of Fig. 8—43, find the distance x between the wrist 
pin W and the crank center C when 0 = 35.7°. 

In the four-bar linkage of Fig. 8-44, find angle 0 when angle BAD is 41.5°. 

Two links, AC and BC, are pivoted at C, as shown in Fig. 8—45. How far apart 
are A and B when angle ACB is 66.3?? 


31.2 in. 


FIGURE 8-44 FIGURE 8-45 


Geometry 


20. 
21. 
22. 
23. 
24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


Find angles A, B, and C in the quadrilateral in Fig. 8-46. 

Find side AB in the quadrilateral in Fig. 8—47. 

Two sides of a parallelogram are 22.8 and 37.8 m, and one of the diagonals is 
42.7 m. Find the angles of the parallelogram. 

Find the lengths of the sides of a parallelogram if its diagonal, which is 125 
mm long, makes angles with the sides of 22.7? and 15.42, 

Find the lengths of the diagonals of a parallelogram, two of whose sides are 
3.75 m and 1.26 m; their included angle is 68.4°. 

A median of a triangle is a line joining a vertex to the midpoint of the opposite 
side. In triangle ABC, А = 62.3?, b = 112, and the median from C to the 
midpoint of c is 186. Find c. 

The sides of a triangle are 124, 175, and 208. Find the length of the median 
drawn to the longest side. 

The angles of a triangle are in the ratio 3:4:5, and the shortest side is 994. 
Solve the triangle. 

The sides of a triangle are in the ratio 2:3:4. Find the cosine of the largest 
angle. 

Two solar panels are to be placed as shown in Fig. 8—48. Find the minimum 
distance x so that the first panel will not cast a shadow on the second when the 
angle of elevation of the sun is 18.5°. 

Find the overhang x so that the window in Fig. 8—49 will be in complete shade 
when the sun is 60? above the horizontal. 


Computer: For the slider crank mechanism of Fig. 8-44, compute and print the 
position x of the wrist pin for values of 0 from 0 to 180? in 15? steps. 
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85? 


[s 
Window ——> © 23 
N 


FIGURE 8-48 Solar panels. FIGURE 8-49 


8-6 Non-Perpendicular Vectors 


In Chap. 7 we found the components of a vector in the first quadrant. Also in Chap. 7 
we found the resultant of perpendicular vectors. Here we will find the components 
of a vector in any quadrant, and the resultant of vectors at any angle. We will start 
by finding components. 


Finding x and y Components of a Vector 


The procedure is no different than in Chap. 7, except now the vector can be in any 
quadrant. 


+++ Example 31: Find the x and y components of the vector V = 374/137". 


Solution: We draw the magnitude of the vector and its components on coordinate 
axes, Fig. 8—50. 


Then, 
Ve = V cos 137? 


= 374 cos 137° = — 274 
Similarly, 
V, = 374 sin 137° = 255 


By calculator: We showed two ways to find components on the TI-89 Titanium in 
Chap. 7. First method: Enter P» Ку or Р» Ку, from ће MATH | Angle menu. Then in 
parentheses, enter the magnitude of the vector and then the angle, separated by a 
comma. Finally, use| ~ | on the ENTER Keys to get a decimal answer. 

Second method: In brackets, enter the magnitude and then the angle, using the 
Z |symbol, one of the keyboard characters. Next enter » Rect from the MATH 


Matrix/Vector ops menu. Then use | ~ | on the ENTER | key to get a decimal answer. 


Fi- Fer [F3-| Fur F5 Fr [Fir Fer |F37| Fue FS Fer 
ЕЕ Этиш след m HAERESI m 


“РӨЕх(374, 137) -273.5 "([ 374 2 137] Rect 
s PrRUCS?4, 137) 255.1 [ -273.5 255.1] 


PrRu 374,137 € (374, 2137 1» »Rect 
CONTACTS ФЕСАШТО FUNCITMAT 2/20 CONTACTS | DEGAUTO FUNCITMAT 1/20 


TI-89 screen for the first method. TI-89 screen for the second method. +++ 
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FIGURE 8-50 
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Resultant of Two Vectors at Any Angle 


өөө Example 32: Two vectors, A and B, make an angle of 47.2? with each other as 
shown in Fig. 8—51. If their magnitudes are A = 125 and B = 146, find the magni- 
tude of the resultant R and the angle that R makes with vector B. 


FIGURE 8-51 


Solution: We make a vector diagram, either tip to tail Fig. 8—52(a) or by the paral- 
lelogram method. Fig. 8—52(b). Either way, we must solve the oblique triangle in 
Fig. 8-52(c) for R and 4. First finding 0 we get 


0 = 180° — 47.2? = 132.8? 


FIGURE 8-52 


By the law of cosines, 


R? = (125)? + (146)? — 2(125)(146) cos 132.8? = 61,740 
R = 248 


Then, by the law of sines, 


sin ó іп 132.8 


125 248 
. 125sin132.8 _ 
sin $ 248 0.3698 


ф = 21.7? ooo 
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Remember from Chap. 7 that we name a vector using a bold 
Roman letter, like A and the magnitude of a vector by a lightface 


italic letter, such as A. Thus A would be the magnitude of vector 
A. It's easy to confuse the two. 


Resultant of Several Vectors at Any Angles 
The law of sines and the law of cosines are good for adding two nonperpendicular 
vectors. However, when several vectors are to be added, we usually break each into 
its x and y components and combine them, as in the following example. 
өөө Example 33: Find the resultant of the vectors shown in Fig. 8—53(a). 
Solution: The x component of a vector of magnitude V at any angle 6 is 
V cos 0 
and the y component is 
V sin 0 


These equations apply for an angle in any quadrant. We compute and tabulate 
the x and y components of each original vector and find the sums of each as shown 
in the following table. 


A 42.0 cos 58.09 = 223 42.0 sin 58.0° = 35.6 
В 56.1 cos 148° = —47.6 56.1 sin 148° = 29.7 
С 52.7 cos 232° = —32.4 52.7 sin 232° = —41.5 
D 45.3 cos 291° = 162 45.3 sin 291° = —423 
R R, = —41.5 R, = —18.5 


The magnitudes of the rectangular components of the resultant, R, and R, are shown 
in Fig. 8-53(b). We find the magnitude R of the resultant by the Pythagorean theorem. 


R? = (—41.5 + (—18.5) = 2065 


R = 454 
Ry 
We find the angle 0 by 0 = arctan R. 
x 
—18.5 
= arctan 
-41. 
= 24.0° or 204° 


Since our resultant is in the third quadrant, we drop the 24.0° value. Thus the re- 
sultant has a magnitude of 45.4 and a direction of 204°. This is often written in the form 


К = 45.4/204° +.. 


Resultants by Calculator 


We will now use the calculator method for finding resultants that we introduced in 
the preceding chapter. But here we use the method to find the resultant of any num- 
ber of vectors at various angles. 


257 


"Y 


R =-41.5 


(b) 
FIGURE 8-53 
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FIGURE 8-54 
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TI-89 screen for the Example 34, part (a). 
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TI-89 screen for Example 34, part (b). 
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TI-89 screen for Example 35, in Polar 
and degree modes. 
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өөө Example 34: (a) Find the resultant of the vectors in Fig. 8-54, by TI-89 
calculator, and (b) resolve that resultant into rectangular components. 


Solution: (a) We first compute the angle that each vector makes with the positive x 
direcion. 


384/58.6° 
275/ (180 — 37.4) = 275/ 142.6? 


252/(360 — 61.5) = 252/298.5? 


We enter each vector in parentheses, using the| Z |symbol for the angle (a keyboard 
character on the T1-89), and combine them using a (4-)|sign. The keystrokes, with 
the calculator in Polar and Degree modes are shown. We get a resultant of 292 / 69.67, 

(b) We now convert this vector to rectangular form as we showed in the preced- 
ing chapter. Enter the magnitude and angle, in brackets, separated by a comma. 
Then enter » Rect from the MATH | Matrix/Vector ops menu. The components of 
our resultant are then 102 in the x direction and 274 in the y direction. oe 


Before adding vectors, make sure their angles are all measured 
in the same direction from the same axis. We usually measure 


these angles countereclockwise from the positive x direction, as 
in the preceding examle. 


+++ Example 35: An Application. A horizontal cantilever beam braced by two cables 
supports a load, as shown in Fig. 8—55(a). Find the resultant of the three forces on the 
end of the beam. (b) Resolve that resultant into horizontal and vertical components. 


Solution: (a) By calculator, we add the three force vectors 


1570/ 45.6? 
1820/(180 — 29.7) = 1820/ 150.3* 


2550/270° 
and get a resultant of 714/ — 132.5° 


(b) We resolve this vector into components by calculator and get 


Horizontal force = —482 lb Vertical force = — 526 lb. 


Thus the forces on the end of the beam are 482 Ib to the left and 526 Ib downward, as 
in Fig. 8.55(b). ooo 


482 Ib 


526 Ib 
(b) 


FIGURE 8-55 
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Exercise 6 • Non-Perpendicular Vectors 


Resultant of Two Vectors 


The magnitudes of vectors A and B are given in the following table, as well as the 
angle between the vectors. For each, find the magnitude R of the resultant and 
the angle that resultant makes with vector B. 


1. 244 287 21.8° 
2. 1.85 2.06 136° 
3. 55.9 42.3 55.5° 
4. 1.006 1.745 148.4? 
5. 4483 5829 100.0? 
6. 35.2 23.8 146? 


Find the resultant of each pair of vectors. 


7. 4.83/ 18.37 and 5.99 /83.5° 

8. 13.5/29.3? and 27.8/ 77.2? 

9. 635/22.7° and 485 /48.8° 
10. 83.2/49.7? and 52.5 /66.3° 


Resultant of Several Vectors 


Find the resultant of each of the following sets of vectors. 
11. 273/34.0°, 179/ 143°, 203 /225°, 138/314? 
12. 72.5 /284°, 28.5/ 331^, 88.2/ 104°, 38.9/ 146° 


Force Vectors 


13. Two forces of 18.6 N and 21.7 N are applied to a point on a body. The angle 
between the forces is 44.6°. Find the magnitude of the resultant and the angle 
that it makes with the larger force. 

14. Two forces whose magnitudes are 187 Ib and 206 Ib act on an object. The angle 
between the forces is 88.4°. Find the magnitude of the resultant force. 

15. A force of 125 N pulls due west on a body, and a second force pulls N 28.7° W. 
The resultant force is 212 N. Find the second force and the direction of 
the resultant. 

16. Forces of 675 Ib and 828 Ib act on a body. The smaller force acts due north; 
the larger force acts N 52.3? E. Find the direction and the magnitude of 
the resultant. 

17. Two forces of 925 N and 1130 N act on an object. Their lines of action make 
an angle of 67.2? with each other. Find the magnitude and the direction of 
their resultant. 

18. Two forces of 136 Ib and 251 Ib act on an object with an angle of 53.9? 
between their lines of action. Find the magnitude of their resultant and its 
direction. 

19. The resultant of two forces of 1120 N and 2210 N is 2870 N. What angle does 
the resultant make with each of the two forces? 

20. Three forces are in equilibrium: 212 N, 325 N, and 408 N. Find the angles 
between their lines of action. 
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Recall from Chap.7 that the heading of 
an aircraft is the direction in which the 
craft is pointed. Due to air current, it will 
usually not travel in that direction, but in 
an actual path called the track. The angle 
between the heading and the track is 
the drift angle. The air speed is the 
speed relative to the surrounding air, 
and the ground speed is the craft’s 
speed relative to the ground. 


FIGURE 8-56 
І ә 
о 
7, 7, 
‘| a^ 
о 
FIGURE 8-57 


nabh s 


FIGURE 8-58 
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Velocity Vectors 


91. 


22. 


23. 


24. 


25, 


As ап airplane heads west with ап air speed of 325 mi/h, a wind with a speed of 
35.0 mi/h causes the plane to travel slightly south of west with a ground speed 
of 305 mi/h. In what direction is the wind blowing? In what direction does the 
plane travel? 

A boat heads S 15.0° E on a river that flows due west. The boat travels 
S 11.0? W with a speed of 25.0 km/h. Find the speed of the current and the 
speed of the boat in still water. 

A pilot wishes to fly in the direction N 45.0? E. The wind is from the west at 
36.0 km/h, and the plane's speed in still air is 388 km/h. Find the heading and 
the ground speed. 

The heading of a plane is N 27.7? E, and its air speed is 255 mi/h. If the wind 
is blowing from the south with a velocity of 42.0 mi/h, find the actual direc- 
tion of travel of the plane, and its ground speed. 

A plane flies with a heading of N 48.0? W and an air speed of 584 km/h. It is 
driven from its course by a wind of 58.0 km/h from S 12.0? E. Find the ground 
speed and the drift angle of the plane. 


Current and Voltage Vectors 


26. 


97. 


28. 


We will see later that it is possible to represent an alternating current or voltage 
by a vector whose length is equal to the maximum amplitude of the current or 
voltage, placed at an angle that we later define as the phase angle. Then to add 
two alternating currents or voltages, we add the vectors representing those 
voltages or currents in the same way that we add force or velocity vectors. 

A current I, is represented by a vector of magnitude 12.5 A at an angle of 
15.6°, and a second current I, is represented by a vector of magnitude 7.38 A 
at an angle of 132°, as shown in Fig. 8—56. Find the magnitude and the direc- 
tion of the sum of these currents, represented by the vector I. 


Figure 8—57 shows two impedances in parallel, with the currents in each rep- 
resented by 
I; = 184A at 51.5? 
and 
I, = 11.3A at0? 


The current I will be the vector sum of I, and I}. Find the magnitude and the 
direction of the vector representing I. 

Figure 8—58 shows two impedances in series, with the voltage drop V; equal to 
92.4 V at 71.5? and V, equal to 44.2 V at —53.8°. Find the magnitude and the 
direction of the vector representing the total drop V. 
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Solve oblique triangle ABC if 


1. C= 135? а = 44.9 b = 39.1 
2. A = 92.4° a = 129 c = 83.6 
3. В = 38.4° а = 1.84 с = 2.06 
4. В = 22.6° а= 2840 Б = 1170 
5. А = 132° b = 38.2 c = 51.8 
In what quadrant(s) will the terminal side of 0 lie if 
6.0 = 227° 7. 0 = —45? 
8. 0 = 126° 9. 0 = 170° 
10. tan @ is negative 


Review Problems 261 


Without using book or calculator, state the algebraic sign of 
11. tan 275° 12. sec (—58?) 

13. cos 183° 14. cos 45° 

15. sin 300° 


Write the sin, cos, and tan, to three significant digits, for the angle whose terminal 
side passes through the given point. 


16. (—2, 5) 17. (—3,—4) 18. (5, -1) 

Two vectors of magnitudes A and B are separated by an angle 0. Find the resultant 
and the angle that the resultant makes with vector B. 

19. A= 837 В = 527 Ө = 58.2° 

20. А = 2.58 В = 4.82 6 = 827° 

01. А = 44.9 В = 294 Ө = 155° 

22. А = 8374 В = 6926 Ө = 115.4° 


23. Froma ship sailing due north at the rate of 18.0 km/h, the bearing of a lighthouse 
is N 18?15' E. Ten minutes later the bearing is N 752467 E. How far is the ship 
from the lighthouse at the time of the second observation? 


Write the sin, cos, and tan, to four decimal places, of 
94. 273? 95. 175? 96. 334?36' 
97. 127°22' 98. 114? 


Evaluate each expression to four significant digits. 

29, sin 35?cos 35? 

30. tan 268° 

31. (cos 14° + sin 149 

32. What angle does the slope of a hill make with the horizontal if a vertical tower 
18.5 m tall, located on the slope of the hill, is found to subtend an angle of 25.5° 


from a point 35.0 m directly downhill from the foot of the tower, measured along 
the slope? 


33. Three forces are in equilibrium. One force of 457 Ib acts in the direction 
N 28.0° W. The second force acts N 37.0° E. Find the direction of the third 
force of magnitude 638 Ib. Hint: Draw the first two vectors tip-to-tail, and the 
third to complete the triangle. 

Find to the nearest tenth of a degree all nonnegative values of 0 less than 360°. 

34. cos Ө = 0.736 

35. tanO = —1.16 

36. sin 9 = 0.774 


Evaluate to the nearest tenth of a degree. 

37. arcsin 0.737 

38. tan 1 4.37 

39. cos 10.174 

40. A ship wishes to travel in the direction N 38.0? W. The current is from due east 
at 4.20 mi/h, and the speed of the ship in still water is 18.5 mi/h. Find the 
direction in which the ship should head and the speed of the ship in the actual 
direction of travel. 

41. Two forces of 483 Ib and 273 Ib act on a body. The angle between the lines of 


action of these forces is 48.2°. Find the magnitude of the resultant and the angle 
that it makes with the 483-Ib force. 
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523 cm/s 


хү 


FIGURE 8-59 


FIGURE 8-60 
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49. 


43. 


44. 


45. 
46. 


47. 


Find the vector sum of two voltages, V; = 134/24.5° and У, = 204/85.7°. 


A point on a rotating wheel has a tangential velocity of 523 cm/s. Find the x 
and y components of the velocity when the point is in the position shown in 
Fig. 8-59. 

To find the distance from stake P to stake Q on the other side of a river, 
Fig. 8—60, a surveyor lays out a line PR at an angle of 110? to the line of sight 
PQ. Angle PRQ is measured at 41.6?. Find distance PQ. 


Find distance x in the bracket shown in Fig. 8-61. 

Writing: Suppose you had analyzed a complex bridge truss made up of many tri- 
angles, sometimes using the law of sines and sometimes the more time-consuming 
law of cosines. Your client's accountant, angry over the size of your bill, has 
attacked your report for using the longer law of cosines when it is clear to him that 
the shorter law of sines is also “good for solving triangles.” Write a letter to your 
client explaining why you sometimes had to use one law and sometimes the other. 


Project: Four mutually tangent circles are shown in Fig. 8-62. Find the radius 
of the shaded circle. 


<—— X 


FIGURE 8-61 FIGURE 8-69 


Systems of Linear Equations 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Find an approximate graphical solution to a system of two equations. 


Solve a system of two equations in two unknowns by the addition- 
subtraction method or by substitution. 


Solve a system of two equations by calculator. 


Solve a system of two equations having fractional coefficients or 
having the unknowns in the denominators. 


Solve a system of three equations by addition-subtraction, by 
substitution, or by calculator. 


Write a system of equations to describe an application problem and 
solve those equations. 


Let us leave trigonometry for a while and return to our study of algebra. In an ear- 
lier chapter we learned how to solve a linear (first-degree) equation which has one 
unknown. Here we will show how to solve a set of two linear equations in which 
there are two unknowns. 

Why? Because some problems in technology can only be described by two 
equations. For example, to find the two currents /, and Jy in the circuit of Fig. 9-1, 
we must solve the two equations 


98.07, — 43.0 = 5.00 
—43.0 I; + 115.0 h = 10.0 


We must find values for Д and J, that satisfy both equations at the same time. 

Just as some applications need two equations for their description, others need 
three equations. We also study those in this chapter. 

Here we will solve sets of equations using graphical or algebraic techniques, or 
both, and by calculator. In the next chapter we will learn how to solve systems of 
any number of equations using determinants. 


55.0 Q 72.0 Q 
43.0 Q 
5.00 V — ^) 
FIGURE 9-1 
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FIGURE 9-2 
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9-1 Systems of Two Linear Equations 


Linear Equations 
We have previously defined a linear equation as one of first degree. 


+++ Example 1: The equation 
3x + 5 = 20 


is a linear equation in one unknown. No term has a degree higher than 1. We learned 
how to solve these in Chap. 3. 222 


+++ Example 2: The equation 
y72x—3 
is a linear equation in two unknowns. If we graph this equation, we get a straight 


line, as shown in Fig. 9—2. Glance back at Chapter 5 if you've forgotten how to 
make such a graph. 


Systems of Linear Equations 


A set of two or more equations is called a system of equations. They are also called 
simultaneous equations. өөө 


+++ Example 3: 
(a) Зх —2y = 5 
х + 4у = 1 
is a system of two linear equations in two unknowns. 
(0) х- 2у + 3: = 4 
Зх + y- 25 = 1 
2х + 3y- 2 = 3 
is a system of three linear equations in three unknowns. 
(с) 2x — y=5 
x—2223 
3y— 1-1 
is also a system of three linear equations in three unknowns. Note that some 
variables may have coefficients of zero and not appear in every equation. This 
system can also be written 
2x — ly + 05 = 5 
Ix + Oy – 25 = 3 
Ox + 3y = 15 = 1 
The systems of equations in Example 3 are said to be in standard form: all variables 
in alphabetical order on one side and the constant term on the other side. ooo 


Solution to a System of Equations 


The solution to a system of equations is a set of values of the unknowns that will sat- 
isfy every equation in the system. 
+++ Example 4: The system of equations 

xty=5 

х- у= 3 
is satisfied only by ће values х = 4, у = 1, апа by no other set of values. Thus ће 
ordered pair (4, 1) is the solution to the system. These equations are also said to be 
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independent from each other. That means that we can find values that satisfy the 
first equation, say x = 3 and y = 2, that do not satisfy the second equation. On the 
other hand, the equations 
xty=5 
2x + 2y = 10 

are not independent, as the second is obtained from the first simply by multiplying 
by 2. Any values of x and y that satisfy one will satisfy the other. These equations are 
called dependent. 

To get a numerical solution for all of the unknowns in a system of linear 
equations, if one exists, there must be as many independent equations as there are 
unknowns. We will first solve two equations in two unknowns, then later, three equa- 
tions in three unknowns. But for a solution to be possible, the number of equations 
must always equal the number of unknowns. 


Approximate Graphical Solution to a System of Two Equations 


m Exploration: 

Try this. Either by hand or with a graphing calculator, 

(a) Graph the straight line: y = x — 1. 

(b) On the same axes, graph the straight line: y = 3 — x. 

(c) Find the coordinates of the point where the two lines intersect. 


What do you suppose is the significance of the intersection point? Do those coordi- 
nates satisfy the first equation? The second? Both? What does this mean? Are there 
other intersection points? a 


In your exploration, you may have found that the coordinates of the point of 
intersection, x = 2 and y = 1, are the only values that satisfy both equations. This 
is exactly what is meant by a solution to a system of equations. 

The exploration also shows how to find an approximate graphical solution to a 
system of two equations. Simply graph the two equations and find their point of 
intersection. 


өөө Example 5: Graphically solve the pair of equations 


1.53x + 3.35y = 7.62 
2.84x — 1.94y = 4.82 


Solution: The graphing calculator requires that equations be entered in explicit 
form. We thus solve each for y, temporarily keeping an extra digit so as to main- 
tain accuracy. 

y = —0.4567x + 2.275 


y = 1.464х — 2.485 


We enter these equations into the calculator and get two straight lines that appear to 
intersect somewhere around (2.5, 1.0). 

We can now use TRACE and ZOOM to locate the point of intersection as 
closely as we wish. In addition, some calculators can automatically locate the point 
of intersection. On the TI-83/84 this function is called intersect and is found on the 
CALC menu. On the TI-89, press ‘GRAPH, F5 Math, and choose Intersection. 
You must indicate the two curves whose intersection point is wanted, enter a guess, 
and the calculator will find the point of intersection. The screen shows a point of in- 
tersection at 


х= 248 and у = 1.14 


rounded to as many digits as in the original equations. These values are then the solu- 
tion to the given system of equations, as can be verified by substituting back. ooo 


Intersection 
п=2.ЧгВ 


TI-83/84 screen for Example 5. 
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Intersection 
nzi JL 


We can check our solutions by 
writing each given equation in 
explicit form, graphing, and locating 
the point of intersection. This is a 
TI-83/84 check for Example 6. 


Chapter 9 * Systems of Linear Equations 


Solving a Pair of Linear Equations 
by the Addition-Subtraction Method 


The method of addition-subtraction, and the method of substitution that follows, 
both have the object of eliminating one of the unknowns. 

In the addition-subtraction method, we eliminate one of the unknowns by first 
(if necessary) multiplying each equation by such numbers that will make the coeffi- 
cients of one unknown in both equations equal in absolute value. The two equations 
are then added or subtracted so as to eliminate that variable. 


өөө Example 6: Solve by the addition-subtraction method: 


3x —y=1 
xty-23 


Solution: Simply adding the two equations causes y to drop out. 


3x—y-21 
х+у= 3 

Adding: 4x =4 
x=1 


We now get y by substituting x = 1 back into one of the original equations, usually 
choosing the simplest one for this. Here we choose the second equation, getting 


1-у-3 
y=2 
Our solution is then x = 1, у = 2 


Check: We substitute (1, 2) into the first equation and get 


(п) = 2 = 1 Checks 
and then into the second equation 


1+2=3 Checks +++ 


In the next example we must multiply one equation by a constant before 
adding. 


+++ Example 7: Solve by the addition-subtraction method: 


Solution: We multiply the second equation by 3. 


2x — Зу = —4 
Зх + Зу = 9 
Adding: 5x = 5 


We have thus reduced our two original equations to a single equation in one unknown. 
Solving for x gives 


х-1 
Substituting into the second original equation, we have 
1-у-3 
у=? 


So the solution is x = 1, y = 2. 


Section 1 * Systems of Two Linear Equations 


Check: Substituting into the first original equation. 


2(1) — 3Q) È —4 
2 — 6 = —4 (checks) 


Also substituting into the second original equation. 
1 + 2 = 3 (checks) 


Another, graphical, check is shown. 666 


Often it is necessary to multiply both given equations by suitable factors, as 
shown in the following example. 
eee Example 8: Solve by addition or subtraction: 


5x — 3y = 19 
7x + 4у = 2 


Solution: Multiplying the first equation by 4 and the second by 3, 


20x — 12y = 76 

21x + 12у = 6 

Adding: 41x = 82 
x= 2 


Substituting x = 2 into the first given equation gives 


=3y = 19 — 10 
3y = —9 
y= -3 


So the solution is x = 2, y = —3. 

These values check when substituted into each of the original equations (work 
not shown). Notice that we could have eliminated the x terms by multiplying the 
first equation by 7 and the second by —5, and adding. The results, of course, would 
have been the same. ooo 


The coefficients in the preceding examples were integers, but in applications 
they will usually be approximate numbers. If so, we must retain the proper number 
of significant digits, as in the following example. 


+++ Example 9: Solve for x and y: 


2.64x + 8.47у = 3.72 
1.93x + 2.61у = 8.25 


Solution: Let’s choose eliminate у. Since we are less likely to make a mistake by 
adding rather than subtracting, let us multiply each equation by numbers that will 
make the y terms have opposite signs and add the resulting equations. So let’s multi- 
ply the first equation by 2.61 and the second equation by —8.47. We will also carry 
some extra digits and round our answer at the end. 


6.89x + 22.1ly = 9.71 
—16.35x — 22.11y = — 69.88 
- 9.46х — —60.17 


x = 6.36 


Intersection 
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TI-83/84 screen for Example 7. 
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TI-83/84 screen for Example 8. 
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Intersection 
nzh L 


TI-83/84 screen for Example 11. 
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Substituting into the first given equation yields 


2.64(6.36) + 8.47y = 3.72 
8.47y = 3.72 — 16.79 13.07 
y= —1.54 eee 


Another approach is to divide each equation by the coeffcients of its x term, thus 
making each x coefficient equal to 1. We then subtract one equation from the other. 


өөө Example 10: Solve the equations given in Example 9 by first eliminating the 
x terms. 


Solution: We divide the first equation by 2.64 and the second equation by 1.93. 
x + 3.208y = 1.409 
x + 1.352у = 4.275 
Next we subtract the second equation from the first. 
1.856y = —2.866 
y = —1.54 


as in the preceding example. The value of x is then found by substituting back into 
either given equation. өөө 


Substitution Method 


The addition-subtraction method works well when both given equations are in the 
same form. If they are in different forms it’s often easier to use the substitution 
method. 

To use the substitution method to solve a pair of linear equations, first solve ei- 
ther original equation for one unknown in terms of the other unknown. Then substi- 
tute this expression into the other equation, thereby eliminating one unknown. 


+++ Example 11: Solve by substitution: 


7x – 9у = 1 (1) 
у = 5х – 17 (2) 


Solution: We substitute (5x — 17) for у in the first equation and get 


7х — 95x — 17) = 1 


7х — 45x + 153 = 1 
—38x = —152 
x=4 
Substituting x = 4 into Eq. 2 gives 
у = 5(4) – 17 
у= ЭЗ 
So our solution is x = 4, y = 3. өөө 


Systems Having No Solution 

Certain systems of equations have no unique solution. If you try to solve either of 
these types, both variables will vanish. 

+++ Example 12: Solve the system 


2x + Зу = 5 (1) 
бх + 9у = (2) 
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Solution: Multiplying the first equation by 3, 


6x + 9y = 15 
бх + 9 = 2 
Subtracting Ox + Oy = 13 


We have no solution, as there are no values of x and y that when multiplied by zero 
can give 13. +.. 


TI-83/84 screen for Example 12. The 
given equations graph as parallel lines, 
with no point of intersection. 


If both variables vanish and an inequality results, as in this example, the system is 
called inconsistent. The equations would plot as two parallel lines as shown in the 
screen. There is no point of intersection and hence no solution. 

If both variables vanish and an equality results (such as 4 = 4), the system is 
called dependent. The two equations would plot as a single line, indicating that 
there are infinitely many solutions. 

It does not matter much whether a system is inconsistent or dependent; in 
either case we get no useful solution. But the practical problems that we solve here 
will always have numerical solutions, so if your variables vanish, go back and 
check your work. 


Solving Sets of Equations Symbolically by Calculator 


Some calculators can symbolically solve a system of equations. On the TI-89, for 
example, we use the solve operation from the |АГСЕВКА) menu, as we did for 
solving a single equation. Now, however, we enter more than one equation, sepa- 


rated by and, followed by the variables we wish to solve for. Uri-| Fer [F37] ЕЧ” | Y Fé- |. 
учас, y ог 13684 20118808 үз ен | 


өөө Example 13: Solve the pair of equations from Example 8 by calculator. 


5x — 3y = 19 
7x + 4у = 2 Ssolve(S-x-3:y=19 and ? b 
s x-2 and y= -3 
5 2219 d пжх+4жц=2, © 22 
Solution: We enter Е ano LA тав 
solve (5x - Зу = 19 and 7x + 4y = 2,{x,y}) TI-89 screen for Example 13. The and 
instruction is located in the | MATH 
Pressing | ENTER | gives us the solution. +.. Test menu. 
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Graphical Solution 


Graphically find the approximate solution to each system of equations. If you have 
a graphics calculator, use the | ZOOM | and | TRACE}, or | INTERSECT | features to 
find the solution. 


1.2x —y=5 9, х-2уз--7 
х-Зу-5 5x — y=9 

3. x —2y = =3 4, 4x T y-8 
Зх +y=5 2x—y27 

5. 2x + 5y = 4 6. x -2y +2 = 0 


5x — 2y = —3 3x—6y +2=0 
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Algebraic Solution 


Solve each system of equations by addition-subtraction, or by substitution. Check 


some by graphing. 
7. 2x+ y= 11 8 х- у= 7 
3x - у= 4 Зх + у = 5 
9. 4x + 2у = 3 10. 2x – 3y = 5 
-4х + у= 6 3x + Зу = 10 
11. 3x — 2y = -15 12. 7x + бу = 20 
3x + бу = 3 2х + 5у = 9 
13. x + 5y = 11 14. Ax — Sy = —34 
3x + 2у = 7 2x — Зу = —22 
15. x = 11 — 4y 16. 2х — Зу = 3 
5х —2y = 11 4х + 5y = 39 
17. 7x — 4у = 81 18. 3x + 4у = 85 
5х — Зу = 57 5х + 4у = 107 
19. 3x – 2у = 1 20. 5x — 2y = 3 
2x + y = 10 2x + Зу = 5 
91. y 29 — 3x 99. y = 2х — 3 
x = 8 – 2y x = 19 – 3y 
93. 2x + Зу = 9 94.x — 2y = 11 
5х + 4y = 5 у = 5х – 10 
25. 29.1x — 47.6у = 42.8 26. 4.92х — 8.27у = 2.58 
11.5х + 72.7у = 25.8 6.93х + 2.84у = 8.36 
27. 4п = 18 — 3m 98. 5p + 4q— 14 = 0 
m=8-—2n 17р = 31 + 34 
29. 3w = 13 + 5z 30. 3u = 5 + 2v 
Ду —7z-17=0 5v + 2u = 16 
31. 3.62x = 11.7 + 4.73y 32. 3.03a = 5.16 + 2.11b 
4.95x — 7.15y — 128 = 0 5.63b + 2.26a = 18.8 
33. 4.17w — 14.7 — 3.72v 34. 5.66p + 4.174 — 169 = 0 
v = 8.11 — 2.73w 13.7p = 32.2 + 3.614 


9-2 Applications 


Many applications contain two or more unknowns that must be found. To solve 
such problems, we must write as many independent equations as there are un- 
knowns. Otherwise, it is not possible to obtain numerical answers. 

Set up these problems as we did in Chap. 3, and solve the resulting system of 
equations by any of the methods of this chapter. 

We give applications from several branches of technology, so you can find 
problems that apply to your field. However, you may want to try some applications 
outside your own field. Everything you need to tackle such problems is given in 
these pages. Having some familiarity with branches of technology other than your 
own will make you more valuable on the job. 
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Uniform Motion Applications 


Recall from Chap. 3 that motion is called uniform when the speed does not change. 
These problems can be set up using the simple formula, 


eee Example 14: A delivery truck is traveling at 40 mi/h. After the truck has a 35- 
mile head start, a car leaves from the same place traveling at 65 mi/h, to overtake the 
truck. (a) How long will it take the car to overtake the truck? (b) How far from the 
starting point will the car overtake the truck? 


Solution: Let t = time for the car to overtake the truck, in hours, and d = distance 
from starting point to where car overtakes truck, in miles. 


(a) For each vehicle, rate X time — distance, so noting that in t hours the truck 
travels 35 fewer miles than the car, we write; 


Truck: 40t = d — 35 (1) 
Car 65-14 (2) 
Subtracting Eq. 1 from Eq. 2 we get 
25t = 35 
t=14h 


(b) To find the distance we substitute into Eq. 2, getting 
d = 65(1.4) = 91 miles 


So the car overtakes the truck in 1.4 hours, at a distance of 91 miles from the start- 
ing point. +.. 


Money Applications 


Money applications usually involve percentage, 


and sometimes the formula for simple interest, given in the following example. 


өөө Example 15: A certain investment in bonds had a value of $248,000 after 4 
years, and of $260,000 after 5 years, at simple interest (Fig. 9-3). Find the amount 
invested and the interest rate. [The formula y = P(1 + nt) gives the amout y 
obtained by investing an amount P for t years at an interest rate n.] 


$260,000 


Amount $248,000 
invested | if 
0 1 2 3 4 5 
FIGURE 9-3 


Solution: For the 4-year investment, t = 4 years and y = $248,000. Substituting 
into the given formula yields. 


$248,000 = P(1 + 4n) 
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10.0 gal 
FIGURE 9-4 
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We substitute again, with £ = 5 years and y = $260,000. 
$260,000 = P(1 + 5n) 


Thus we get two equations in two unknowns: P (the amount invested) and n (the 
interest rate). Next we remove parentheses. 


$248,000 = P + 4 Pn (1) 
$260,000 = P + 5 Pn (2) 
At this point we may be tempted to subtract one of these equations from the other 


to eliminate P. But this will not work because P remains in the term containing Pn. 
Instead, we multiply Eq. 1 by 5 and Eq. 2 by —4 to eliminate the Pn term. 


1,240,000 = 5P + 20Pn 
—1,040,000 = —4P — 20Pn 
Adding, $200,000 = P 


Substituting back into Eq.1 gives us 


248,000 = 200,000 + 4(200,000)n 
from which 
n = 0.06 


Thus a sum of $200,000 was invested at 6%. 
Check: For the 4-year period, 
y = 200,000[1 + 4(0.06)] = $248,000 (checks) 
and for the 5-year period, 
у = 200,000[1 + 5(0.06)] = $260,000 (checks) ooo 


Applications Involving Mixtures 


+++ Example 16: Two different gasohol mixtures are available, one containing 5.00% 
alcohol, and the other 12.0% alcohol. How much of each, to the nearest gallon, should 
be mixed to obtain 10.0 gal of gasohol containing 10.0% alcohol (Fig. 9—4)? 


Estimate: Note that using 5 gallons of each original mixture would give the 10 gal- 
lons needed, but with a percent alcohol midway between 5% and 12%, or around 
8.5%. This is lower than needed, so we reason that we need more than 5 gallons of 
the 12% mixture and less than 5 gallons of the 5% mixture. 
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Solution: We let 
x = gal of 5.00% gasohol needed 
y = gal of 12.0% gasohol needed 


So 
x + y = 10.0 


and 
0.0500x + 0.120y = 0.100(10.0) = 1.00 


are our two equations in two unknowns. Multiplying the first equation by 5 and the 
second equation by 100, we have 


5x + 5y = 50.0 
5.00x + 12.0y = 100 


Subtracting the first equation from the second yields 


7.0y = 50.0 
y = 7.14 gal of 12.0% mixture 


x = 10.0 — 7.14 = 2.86 gal of 5.00% mixture 


This agrees with our estimate. +.. 


Statics Applications 


The ability to solve systems of equations is of great use in statics when there are 
more than one unknown forces acting on a body. For these applications we will use 
the formulas first given in Chap. 3. 


+++ Example 17: Find the forces Е and Fy in Fig. 9—5. 


Solution: We resolve each vector into its x and y components and arrange the values 
in a table, for convenience. 


Force x component y component 

Е — F}; cos 41.5° = —0.749F, F; sin 41.5? = 0.663F; 
Р Р, cos 27.6? = 0.8865 — Fy sin 27.6? = —0.463F 
1520 19 1520 cos 51.3° = 950 1520 sin 51.3° = 1186 
2130 Ib —2130 cos 25.8° = —1918 —2130 sin 25.8° = —927 
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1520 Ib 


2130 Ib 


FIGURE 9-5 
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We then set the sum of the x components to zero, 


—0.749F, + 0.8865 + 950 — 1918 = 0 
or 
—0.749F, + 0.8865 = 968 (1) 


and set the sum of the y components to zero, 


0.663F, — 0.463F) + 1186 — 927 = 0 


or 
0.663F, — 0.4635 = —259 (2) 
Now we divide Eq. | by 0.749 and divide Eq. 2 by 0.663 and get 
—F, + 1.183F, = 1292 (3) 
Е — 0.6985 = —391 
Adding: 0.485Р, = 901 
Е = 1860 Ib 


Substituting back into Eq. 3 gives 


F, = 1.183F, — 1292 
1.183(1860) — 1292 
908 Ib ooo 


Applications to Work, Fluid Flow, and Energy Flow 


Here we repeat the simple ideas from Chap. 3 that we used to set up applications of 
this sort. 


eee Example 18: During a certain day, two computer printers are observed to 
process 1705 from letters, with the slower printer in use for 5.5 h and the faster for 
4.0 h (Fig. 9-6). On another day the slower printer works for 6.0 h and the faster for 
6.5 h, and together they print 2330 from letters. How many letters can each print in 
an hour, working alone? 


Estimate: Assume for now that both printers work at the same rate. On the first day 
they work a total of 9.5 h and print 1705 letters, or 1705 + 9.5 ~ 180 letters per 
hour, and on the second day, 2330 + 12.5 ~ 186 letters per hour. But we expect 


Day Day 
1 2 


Slow Slow 

à letters \ 
Fast / 
4.01 


FIGURE 9-6 
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more from the fast printer, say, around 200 letters/h, and less from the slow printer, 
say, around 150 letters/h. 


Solution: We let 


x — rate of slow printer, letters/h 


Ш 


у = rate of fast printer, letters/h 


We write two equations to express, for each day, the total amount of work pro- 
duced, remembering from Chap. 3 that 


amount of work = work rate X time 


On the first day, the slow printer produces 5.5x letters while the fast printer 
prodces 4.0y letters. Together they produce 


5.5x + 4.0y = 1705 


Similarly, for the second day, 
6.0x + 6.5y = 2330 


Using the addition-subtraction method, we multiply the first equation by 6.5 and 
the second by —4.0 


35.75x + 26y = 11,083 (3) 
—24x — 26y = —9,320 
Add: 1175х = 1,763 


x = 150 letters/h 
Substituting back gives 


Il 


5.5(150) + 4.0y = 1705 
y = 220 letters/h 


Electrical Applications 


For our final example let us finish the problem posed in the introduction to this 
chapter. The ideas and formulas needed will be familiar to electrical students, and 
would be handy for nonelectricals to know as well. 


өөө Example 19: Find the currents /; and / in the two-loop network of Fig. 9-8. 


Solution: Before solving the equations given in the introduction, we will briefly show 
how they were obtained. 

According to Kirchhoff’s laws the sum of the voltages around each loop must 
equal zero. That is, the voltage rise due to the battery must equal the sum of the 
voltage drops through each resistor. For loop 1 


55.0 Ij + 43.0 Д — 43.0 h = 5.00 (1) 
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+ 
У І R 
FIGURE 9-7 
55.00 72.00 


FIGURE 9-8 
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836 mi/h 682 mi/h 
2-3 ---Э- 
am. K 
384 mi ays 
FIGURE 9-9 


FIGURE 9-10 
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Note that the 43.0-ohm resistor lies in both loops. The current h in that resistor 
causes a voltage rise in loop 1 that must be included. Similarly, when writing the 
equation for loop 2 we must take into account the voltage rise in the 43.0-ohm 
resistor caused by Д. So for loop 2, 


72.0 Ь + 43.0 h — 43.01, = 10.0 (2) 


Eqs. 1 and 2 simplify to 


98.0 Д — 43.0 h = 5.00 (3) 
-43.01, + 115.0 р = 10.0 (4) 
We now solve Eqs. 3 and 4 simultaneously. Let us multiply Eq. 3 by 115 and Eq. 4 
by 43, and add. 
11,270 Д — 4945 р = 575 


—1849 I, + 4945 h = 430 
Adding: 9421 1, = 1005 
i = 0.107 A 


Substituting back into Eq. 3 gives 


43.0 h = 98.0(0.107) — 5.00 = 5.48 
h = 0.128 A +++ 


Exercise 2 » Applications 


Uniform Motion Applications 


1. To determine the speed of a boat, it is clocked, with the current, to go a distance 
of 18.5 miles in 1.31 hours. Returning the same distance against the current 
took 3.32 h. Find (a) the speed of the boat in still water and (b) the speed of 
the current. 

9. A certain river has a speed of 2.50 mi/h. A rower travels downstream for 
1.50 h and returns in 4.50 h. Find his rate in still water, and find the one-way 
distance traveled. 

3. A canoeist can paddle 20.0 mi down a certain river and back in 8.0 h (40.0 mi 
round trip). She can also paddle 5.0 mi down river in the same time as she 
paddles 3.0 mi up river. Find her rate in still water, and find the rate of the 
current. 

4. A space shuttle and a damaged satellite are 384 mi apart (Fig. 9—9). The shuttle 
travels at 836 mi/h, and the satellite at 682 mi/h, in the same direction. How long 
will it take the shuttle to overtake the satellite, and how far will the shuttle be from 
its original position when it does catch up to the satellite? 


Money Applications 


5. A certain investment, at simple interest, amounted in 5 years to $3000 and in 
6 years to $3100. Find the amount invested, to the nearest dollar, and the rate of 
interest. Use the simple interest formula, y = a (1 + nt). 

6. A shipment of 21 computer keyboards and 33 monitors cost $35,564.25. Another 
shipment of 41 keyboards 36 monitors cost $49,172.50. Find the cost of each key- 
board and each monitor. 

7. A person invested $4400, part of it in railroad bonds bearing 6.2% interest and 
the remainder in state bonds bearing 9.7% interest (Fig. 9—10), and she re- 
ceived the same income from each. How much, to the nearest dollar, was in- 
vested in each? 


Section 3 * Applications 


8. 


9. 


A farmer bought 100 acres of land, part at $370 an acre and part at $450 
(Fig. 9-11), paying $42,200 for the 100 acres. How much land was there in 
each part? 

If I lend my money at 6% simple interest for given time, I shall receive $720 
interest; but if I lend it for 3 years longer, I shall receive $1800. Find the amount 
of money and the time. 


Applications Involving Mixtures 


10. 


11. 


12. 


13. 


A certain brass alloy contains 35% zinc and 3.0% lead (Fig. 9-12). Then x kg 
of zinc and y kg of lead are added to 200 kg of the original alloy to make a new 
alloy that is 40% zinc and 4.0% lead. 

(a) Verify that the amount of zinc is given by 


0.35(200) + x = 0.40(200 + x + y) 
and that the amount of lead is given by 

0.03(200) + y = 0.04(200 + x + y) 
(b) Solve for x and y. 


A certain concrete mixture contains 5.00% cement and 8.00% sand (Fig. 9—13). 
How many pounds of this mixture and how many pounds of sand should be 
combined with 255 Ib of cement to make a batch that is 12.096 cement and 
15.096 sand? 


A distributor has two gasohol blends: one that contains 5.0096 alcohol and 
another with 11.096 alcohol. How many gallons of each must be mixed to 
make 500 gal of gasohol containing 9.5096 alcohol? 

A potting mixture contains 12.0% peat moss and 6.00% vermiculite. How much peat 
and how much vermiculite must be added to 100 Ib of this mixture to produce a new 
mixture having 15.096 peat and 15.096 vermiculite? 


Statics Applications 


155 Ib 


. Find the forces F} and Р in Fig. 9-14. 
. Find the tensions in the ropes in Fig. 9-15. 
. When the 45.3-kg mass in Fig. 9—16 is increased to 100 kg, the balance point 


shifts 15.4 cm. Find the length of the bar and the original distance from the bal- 
ance point to the 45.3-kg mass. 


103 Ib 


162° 125° 


572 Ib 


FIGURE 9-14 FIGURE 9-15 
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$370/acre 


FIGURE 9-11 One hundred acres for 


$42,200. 
Brass 
200 kg Zinc 
xkg 
3.0% dj 
lead = 
4.0% IRE == 
lead [ote 
40% 
zinc 
New alloy 
FIGURE 9-12 
255 10 
5.00% 
cement Sand Cement 
“777д 7 
Zu 
8.0096 
sand 
12.096 
cement 
“Ү2222 
15.0% New batch 
sand 
FIGURE 9-13 
45.3 kg 132 kg 


FIGURE 9-16 
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Applications to Work, Fluid Flow, and Energy Flow 


17. 


18. 


19. 


20. 


21. 


22. 


A carpenter and a helper can do a certain job in 15.0 days. If the carpenter works 
1.50 times as fast as the helper, how long would it take each, working alone, to 
do the job? 
During one week, two machines produce a total of 27,210 parts, with the faster 
machine working for 37.5 h and the slower for 28.2 h. During another week, 
they produce 59,830 parts, with the faster machine working 66.5 h and the 
slower machine working 88.6 h. How many parts can each, working alone, pro- 
duce in and hour? 
Two different-sized pipes lead from a dockside to a group of oil storage tanks 
(Fig. 9-17). On one day the two pipes are seen to deliver 117,000 gal, with pipe 
A in use for 3.5 h and pipe B for 4.5 h. On another day the two pipes deliver 
151,200 gal, with pipe A opreating for 5.2 h and pipe B for 4.8 h. Assume that 
pipe A can deliver x gal/h and pipe B can deliver y gal/h. 
(a) Verify that the total gallons of oil delivered for the two days are given by the 
equations 

3.5x + 4.5y = 117,000 

5.2x + 4.8y = 151,200 
(b) Solve for x and y. 
Working together, two conveyors can fill a certain bin in 6.00 h. If one conveyor 
works 1.80 times as fast as the other, how long would it take each to fill the bin 
working alone? 
A hydroelectric generating plant and a coal-fired generating plant togerther sup- 
ply a city of 255,000 people, with the hydro plant producing 1.75 times the 
power of the coal plant. How many people could each service alone? 
During a certain week, a small wind generator and a small hydro unit together 
produce 5880 kWh, with the wind generator operating only 85.0% of the time. 
During another week, the two units produce 6240 kWh, with the wind genera- 
tor wording 95.0% of the time and hydro unit down 7.50 h for repairs. Assum- 
ing that each unit has a constant output when operating, find the number of 
kilowatts produced by each in 1.00 h. 


Electrical Applications 


23. 


24. 


25. 


26. 


To find the currents / and J, in Fig. 9-18, we use Kirchhoff's voltage law in 
each loop and get the following pair of equations: 
6.00 — Ri d №1 + Roh = 0 
12.0 — Rab гт Rəh + КЦ = 
Solve for I, and Jy if Ry = 736 О, К» = 386 Q, and А; = 375 О. 
Use Kirchhoff's voltage law to write a pair equations for the circuit of Fig. 9-19 


as in problem 23. Solve these equations for /, and J. 
The resistance R of a wire at temperature f is given by 


R = R( + at) 


where Rj is the temperature at 0°C and a is the temperature coefficient of resist- 
ance. A coil of this wire is found to have a resistance of 31.2 Q at 25.4°C and a 
resistance of 35.7 Q at 57.3°C. Find А and a. 


The resistance R of two resistors in parallel (Fig. 9—20) is given by 
1 l 1 
R Кр R5 


R is found to be 283.0 О, but if R; is doubled and R, halved, then R is found 
to be 291.0 О. Find A, and R}. 
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Miscellaneous Applications 


27. A surveyor measures the angle of elevation of a hill at 15.8? (Fig. 9-21). She ih 
then moves 346 ft closer, on level ground, and measures the angle of elevation 
at 21.4°. Find the height Л of the hill and the distance d. (Hint: Write the 
expression for the tangent of the angle of elevation, at each location, and solve 
the two resulting equations simultaneously.) 

28. A ship traveling a straight course sights a lighthouse at an angle of 32.8° 
(Fig. 9-22). After the ship sails another 2.78 mi, the lighthouse is at an angle 
of 77.2°. Find the distances x and y. 

29. The arm of an industrial robot starts at a speed vp and drops 34.8 cm in 4.28 s, 
at constant acceleration a. Its motion is described by 


s = vot + at’/2 


or 
34.8 = 428vo + a(4.28)7/2 


In another trial, the arm is found to drop 58.3 cm in 5.57 s, with the same initial 
speed and acceleration. Find v, and a. 

30. Crates start at the top of an inclined roller ramp with a speed of vo (Fig. 9—23). 
They roll down with constant acceleration, reaching a speed of 16.3 ft/s after 
5.58 s. The motion is described by 

v = vo +t at 
or 
16.3 = vg + 5.58a 


The crates are also seen to reach a speed of 18.5 ft/s after 7.03 s. Find vg and a. 


FIGURE 9-22 


FIGURE 9-23 
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A System with Fractional Coefficients 


When an equation in our system has fractional coefficients, simply multiply that en- 
tire equation by some number that is divisible by each of the denominators in the 
equation. Such a number is called a common denominator. The smallest such num- 
ber is called a least common denominator (LCD). 


+++ Example 20: Solve for x and y: 


x 345.75 
= += = > 1 
2 3 6 0) 
xy T 
Ses ES сз 2 
4 2 4 Q) 
Solution: We "clear" denominators by multiplying Eq. 1 by 6 and Eq. 2 by 4. 
Зх + 2у = 5 (3) Мм, 
— = Intersection 
C= © — Wei ad = 52 


Adding Eqs. 3 апа 4: 4х = 12 
х= 3 TI-83/84 screen for Example 20. 
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Having x, we can now substitute back to get y. It is not necessary to substitute back 
into one of the original equations. We choose instead the easiest place to substitute, 
such as Eq. 4. (However, when checking, be sure to substitute your answers into 
both of the original equations.) Substituting x — 3 into Eq. 4 gives 


3-2у-7 
2у-3-7--4 
y= -2 өөө 


Fractional Equations with Unknowns in the Denominator 


The same method (multiplying by a common denominator) can be used to clear 
fractions when the unknowns appear in the denominators. Note that such equations 
are not linear (that is, not of first degree) as were the equations that we have solved 
so far, but we are able to solve them by the same methods. Of course, neither x nor 
y can equal zero in these equations, or we will have division by zero. 


+++ Example 21: Solve the system 


10 9 
ru cim (1) 
x 2y 
20 15 
pe =] (2) 
3% y 
Solution: We multiply Eq. 1 by 2xy and Eq. 2 by 3xy. 
20y — 9x = 12xy (3) 
20y + 45x = 3xy (4) 
Subtracting Eq. 4 from Eq. 3 gives 
—54x = Oxy 
—54 = 9y 
y=-6 
Substituting y = —6 back into Eq. 3, we have 
20(—6) — 9x = 12(—6)х 
—120 — 9x = —72х 
63x — 120 
_ 120 40 
63 21 
v 40 
So our solution is x — Sperm =b; 222 


A convenient way to solve nonlinear systems such as these is to substitute new 
variables that will make the equations linear. Solve in the usual way and then sub- 
stitute back. 


+++ Example 22: Solve the nonlinear system of equations 


2 3 
—+—=17 (1) 
3x бу 
3 2 
—+—=19 2 
4x 3y 0) 


Solution: We substitute m = 1/x and n = 1/y and get the linear system 


S Жыл (3) 
3 5 
к = 4) 
4 3 
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Again, we clear fractions by multiplying each equation by a common denominator. 
Multiplying Eq. 3 by 15 gives 

10m + 9n = 255 (5) 
and multiplying Eq. 4 by 12 gives 

9m + 8n = 228 (6) 


Using the addition-subtraction method, we multiply Eq. 5 by 8 and multiply Eq. 6 
by —9. 
80m + 72n = 2040 
81m — 72п = —2052 
Adding: —m =  —]2 
m = 12 


Substituting m = 12 into Eq. 5 yields 


120 + 9n = 255 
9n — 135 
n — 15 
Finally, we substitute back to get x and y. 
1 1 1 
x=—=— and у=—=— +.. 
m 12 n 15 


Common Students often forget that last step. We are solving not for m and 


Error n, but for x and y. 


Literal Equations 
We use the method of addition-subtraction or the method of substitution for solving sys- 
tems of equations with literal coefficients, treating the literals as if they were numbers. 
eee Example 23: Solve for х and y in terms of m and n: 
2mx + ny = 3 (1) 
mx + 3ny = 2 (2) 


Solution: We will use the addition-subtraction method. Multiply the second equa- 
tion by —2. 


2mx + ny = 3 

2mx — бпу = —4 

Adding: —5ny = —1 
1 

С 5n 


Substituting back into the second original equation, we obtain 


1 
+ 3n — | =2 
mx 263 
3 
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We can use the solution of a system of equations with literal coefficients to derive a 
general formula for the solution of a pair of linear equations. 


өөө Example 24: Solve for x and y by the addition-subtraction method: 
ах F һу = €] (1) 
aX + Буу = Сэ (2) 
Solution: Multiplying the first equation by b, and the second equation by ру, we obtain 


abx + Бру = Росі 
abx + bi boy = bica 


Subtracting: (aiba — а204)Х = boc, — bica 
Dividing by ajb) — azb; gives 
2 Росі = bicz 
а19) = abı 


Now solving for y, we multiply the first equation by а» and the second equation by 
aj. Writing the second equation above the first, we get 

атах + aby = ас 

атах + аруу = anc) 


Subtracting: (4122 — a3bj)y = асо — азс 


Dividing by аур» — ab, yields 
_ 4107 850 434 
ab» = abı 


This result may be summarized as follows: 


Thus Eq. 52 is a formula for solving a pair of linear equations. We simply have 
to identify the six numbers ај, bj, сү, аз, Ро, and c; and substitute them into the 
equations. But be sure to put the equations into standard form first. 


+++ Example 25: Solve using Eq. 52: 


9y — 7x — 15 
—17 + 5x = 8y 
Solution: Rewriting the equations in the form given in Eq. 52, 
7x — 9y = 15 
5x — 8y = 17 


We then substitute, with 
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a,=7 b= 9 с = 15 
a, = 5 b, = 8 о = 17 


boc — Бус) _ —8(15) — (-9X17) 
aiba = азр 7(—8) ын 5(—9) 


E WM 
— 11 
= асо - ас] = 7(17) = (5)(15) 
Да — azb, -11 
= —4 өөө 


Exercise 3 • Other Systems of Equations 


Solve simultaneously. Check some by calculator. 


Fractional Coefficients 


1.242218 649 
5 6 2 3 
LP NET Ži? =s 
2 4 3 4 
x y х y 
‚+ = = 4,-41-- 
ul LE da. 2*3 ? 
x y 
P pe —-+-= 
x= y 3 3+3 5 
Зх | 2y x 
Ө. 4——-— 17 6. — + 7y = 251 
5 | 3 ga um 
2x Зу y 
= += =] = + 7х = 2 
3 4 9 7 x 99 
m n р 4 1 
7: +t = 3 = 0 Ва =) 
2 3 6 3 3 
2 
nom 23 СЕЕ ЖЕШ 
2 5 10 3 4 
9. r s _ 1 
6.20 4.30 3.10 
r 5 21 
4.60 2.30 3.50 
Unknowns in the Denominator 
28, 5453 (12422208 
х y X Уу 
1 
932.4 Sup ы д2 
х y x Уу 
19. 5+9=1 id t еы 
х у X y 
7 2 
I a du Зи 
х у х J 
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2 
44:52:54 15. — + — = 14 
х у 5х бу 
71 2 3 
—-—= —9 — = = -5 
x y 5x 4y 
5 1 
16. 2-4 2537 17.--4--5- 18 
За 5z би 
7 1 1 1 
— – 3 = —— + 21 = 0 
ба 10b 4w 22 
8.10 1.40 
18. — + = 1.80 
5.107 3.605 
2.1 1. 
шу. + 3.10 = 0 
1.405 5.207 


Literal Equations 
Solve for x and y in terms of the other literal quantities. 
19. ax + 2by = 1 
Зах + by = 2 
20. mx + 3ny = 2 
1 


2mx + ny 
91. 2px + Зду = 3 
3px + 24у = 4 
22. 7сх + 3dy = 5 


2сх + 8dy = 6 

93. Зх – 2y =a 94. ах + by=r 
2x+y=b ax+cy=s 

25. ax —dy=c 96. px — qy + pq = 0 
mx = ny = с 2рх — 3qy = 0 


9-4 Systems of Three Equations 


Our strategy here is to reduce a given system of three equations in three unknowns to 
a system of two equations in two unknowns, which we already know how to solve. 


Addition-Subtraction Method 


We take any two of the given equations and, by addition-subtraction or substitution, 
eliminate one variable, obtaining a single equation in two unknowns. We then take 
another pair of equations (which must include the one not yet used, as well as one 
of those already used) and similarly obtain a second equation in the same two un- 
knowns. This pair of equations can then be solved simultaneously, and the values 
obtained substituted back to obtain the third variable. 


+++ Example 26: Solve the following: 


бх – 4у — 7z=17 (1) 
9х = 7y = 16z = 29 (2) 
10x — 5y — 3z = 23 (3) 
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Solution: Itis a good idea to number your equations, as in this example, to help keep 
track of your work. Let us start by eliminating x from Eqs. 1 and 2. 


Multiply Eq. 1 by 3: 18x — 12y — 215 = 51 (4) 
Multiply Eq. 2 by —2: —18x + 14у + 32z = —58 (5) 
Add Eqs. 4 and 5: 2y + Пс = —7 (6) 


We now eliminate the same variable, х, from Eqs. | and 3. 


Multiply Eq. 1 by —5: —30x + 20у + 35z = —85 (7) 
Multiply Eq. 3 by 3: 30x —15y — 9z= 69 (8) 
Add Eqs. 7 and 8: 5y + 26z = —16 (9) 


Now we solve Eqs. 6 and 9 simultaneously. 
Multiply Eq. 6 by 5: 10y + 55z 
Multiply Eq. 9 by —2: 10у = 52z = 32 


! 
| 
оо 
бл 


Add: dz c =3 
g= =l 
Substituting z = —1 into Eq. 6 gives us 
2y + 11(-1) = -7 
y=2 
Substituting y = 2 and z = —1 into Eq. 1 yields 
бх — 42) — 7(—1) = 17 
x=3 
Our solution is then x = 3, y = 2,andz = - 1. 


Check: We check a system of three (or more) equations in the same way that we 
checked a system of two equations: by substituting back into the original equations. 


Substituting into Eq. 1 gives 
6(3) — 4(2) — 7(-1) = 17 
18 — 8 +7 = 17 (checks) 
Substituting into Eq. 2, we get 
9(3) — 7(2) — 16(—1) = 29 
27 — 14 + 16 = 29 (checks) 
Finally we substitute into Eq. 3. 
10(3) = 52) = 3(-1) = 23 
30— 10 + 3 = 23 (checks) ooo 


Substitution Method 


A sparse system (one in which many terms are missing) is often best solved by sub- 
stitution, as in the following example. 


өөө Example 27: Solve by substituting: 
x-y=4 
x+z=8 
x-y+z=10 
Solution: From the first two equations, we can write both y and z in terms of x. 
y=x-4 
and 
1-8-Хх 
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Fir Fer Рт [rs | Fer |.) 
Tools|AISebralCate PrSmi0|Clean Up 


Bsolve(6-x-4-y-7-z=17 » 
x=3 and y=2 and z= -1 
Md 10x-Sy-3z=23, tx zi) 


TI-89 screen for Example 26. Here we 
entered the three equations separated by 
the and instruction from the | MATH 
Test menu. This was followed by 
{x, y, z}, the variables for which we are 
solving. 
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Substituting these back into the third equation yields 
x — (x — 4) + (8 — x) = 10 


from which 


Substituting back gives 


and 


Our solution is then x = 2, y = —2, and z = 6. 


Fractional Equations 


We use the same techniques for solving a set of three fractional equations that we 


did for two equations: 


1. Multiply each equation by a common denominator to eliminate fractions. 


9. If the unknowns are in the denominators, substitute new variables that are the 


reciprocals of the originals 


+++ Example 98: Solve for x, y, and z: 


4 9 8 
-+———=3 
X y z 
8 6 4 
———+—=3 
X y 2 
5 7 2 3 
+ — 
Зх 2y 2 2 
Solution: We make the substitution 
1 1 d 1 
==; == an r= 
P Р 4 y 1 


and also multiply Eq. 3 by the common denominator, 6, to clear fractions. 


4p + 9q- 8r = 3 
8p – 69 + 4r=3 
10р + 219 — 12r = 9 


We multiply Eq. 5 by 2 and add it to Eq. 4, eliminating the r terms. 


20p — 39 = 9 
Then we multiply Eq. 5 by 3 and add it to Eq. 6. 
34p + 3q = 18 
Adding Eqs. 7 and 8 gives 
54p = 27 
21 
P= 2 


Then substituting back into Eq. 8, 
34-18-17-1 


- 


and from Eq. 5, 


Returning to our original variables, we have, x = 2, y = 3, z = 4. 


0) 
(2) 


(3) 


(4) 
(5) 
(6) 


(7) 


(8) 
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Literal Equations 
The same techniques apply to literal equations, as shown in the following example. 


өөө Example 29: Solve for x, y, and z: 


x + 3y = 2c (1) 
yt2z=a (2) 
22—-x=3 (3) 


Solution: We first notice that adding Eqs. 1 and 3 will eliminate x. 


x + 3y = 2c (1) 
=y + 2z = + 3 (3) 
Adding Eqs. | + 3: Зу + 25 = 2с + 3 (4) 


From this equation we subtract Eq. 2, eliminating z: 


Зу + 25 = 2с + З (4) 
у + 22 = + а (2) 
Subtracting Eq. 2: 2у = 2с +3 – а 
from which we obtain 
_2ct+t3-a 
? 2 


Substituting back into Eq. 1, we have 


which simplifies to 
_ За — 2c — 9 
2 


Substituting this expression for x back into Eq. 3 gives 


34—2c— 9 
22 = 3 +( 2 ) 


which simplifies to 


+++ Example 30: An Application. Find the forces А, №, and А in Fig. 9—24. 


Solution: We show the three unknown forces resolved into x and y components in 
the figure. Then we apply the three equations of equilibrium. 


The sum of the vertical forces must be zero 
Fiy + Бу = Ву = 995 = 0 (1) 
The sum of the horizontal forces must be zero 
Fix Бут В; = 0 (2) 
The sum of the moments about any point, p in this example, must be zero: 


12.0(995) + 26.05, — 46055, = 0 (3) 
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Using the trigonometric functions, we write these equations in terms of F}, Fy, and Ёз. 


Бу sin 47.0? + Fy sin 51.2? — F4sin 77.4? — 995 = 0 
ЕЁ, cos 47.0? — № cos 51.3? — F; cos 77.4? = 0 
12.0(995) + 26.0 F; sin 77.4? — 46.0 Р, sin 51.3? = 0 
After evaluating the trigonometric functions and simplifying, we have 
0.7314F, + 0.78045 — 0.9759F3 = 995 
0.6820F| — 0.6252F, — 0.218175 = 0 
-35.90Р, + 25.375 = —11,940 
Solving Eq. 9 for F; gives 
Ез = 1415F2 — 470.6 
Substituting this into Eqs. 7 and 8 and simplifying, we get 
Е — 0.8215 = 732.4 
F, — 1.37Е = —150.5 
Subtracting, we get 0.5495 = 883.0, from which 
Е = 161116 
Substituting back into Eq. 11 gives 
F, = 732.5 + 0.8210(1611) = 2055 Ib 
and substituting into Eq. 10 we get 
Ез = 1.415(1611) — 470.6 = 1809 Ib 


Exercise 4 » Systems of Three Equations 


Solve each systems of equations by any method. 


(4) 
(5) 
(6) 
(7) 
(8) 
(9) 


(10) 


(41) 


oe 


1. x + y= 35 2.x+y+z=12 
x+z=40 х-у-2 
ytz-45 х-1-4 
3. Зх+у= 5 4. х- у= 5 
2у- 34 = —5 y-z= —6 
х+2=7 2x —2—2 
5. х+у-+ = 18 б. х+у += = 90 
x—-ytz-6 2x — 3y = —20 
х+у-2= 4 2x + 3z = 145 
7. x + 2y + 35 = 14 8. х+у += = 35 
2х + у + 24 = 10 x—2y + 3; = 15 
3x + 4у – 3z = 2 y-xtz--—5 
9. x 2у + 25 = 5 10. 1.21x + 1.48у + 1.632 = 6.83 
5x + 3y + 6z = 57 4.94x + 4.27у + 3.632 = 21.7 
х + 2y + 2z = 21 2.88х + 4.15у — 2.79z = 2.76 
11. Sa + b — 4c = -5 19. р + 39 — ғ = 10 
3a — 5b — 6c = —20 5p — 24 + 2r = 6 


a — ЗЬ + 8c = —27 3p +2qt+r=13 
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Fractional Equations 


y 1 1 
13.x-4 >= 5 14.—+—=5 
3 х у 
Zz 1 1 
x+-—=6 —-+—=7 
3 y z 
+Ž=9 тее 
z 3 X z 
x y 2 1 E. 
15. + = + = 16. + – – = -3 
10 5 20 4 x y z 
a xb il 
xtytz-6 —~+-+-=4 
X y z 
х y z 1 1 2 872 Q 912 Q 
= += +2 = 1 —---+-=6 Ф 9 
3 2 6 x y z | 
Tp BURN L izv 3.25 V 
Literal Equations 
q , D 2 400 D 
Solve for x, y, and z. 
17.x-y=a 18. х+а=у + = зоо 
У +: = За у+а = 2х + 25 206 Q 1120Q 772 О 
52 — x = 2a z +a= Зх + Зу ANN ° ANY Е ANN 
FIGURE 9—95 
19. ax + by = (a + b)c 90. x + y + 2z = 2(b + c) 
by + cz = (c + a)b x t 2y t z = 2(а + c) 
ax + cz = (b + c)a 2x +у += = 2(а + Б) 
Electrical Applications 
21. When writing Kirchhoff’s voltage law for a certain three-loop network, we get 
the set of equations F, 5870 Ib 
31, + 2h = 41, = 4 
1 = 3h + 2h == p88.1? 
и. 5(.3° 8.00ft оооп 7000 X8? 
where Л, h, and J; are the loop currents in amperes. Solve for these currents. 
F. 
22. For the three-loop network of Fig. 9—25: 2 ? 
(a) Use Kirchhoff's law to show that the currents may be found from FIGURE 9-26 
1595 — 50.91 = 1 
4071 — 24001, + 370} = 1 
1421, — 380 = 1 926 N F, 
(b) Solve this set of equations for the three currents. 
-~ 1.50m 3.70 m 2.60 m 3° 
21.1? 6° 
Statics Applications 
23. Find the forces Fi, Fy, and F; in Fig. 9—26. : Р 
2 3 


24. Find the forces Fi, Fy, and F; in Fig. 9—27. FIGURE 9-27 


290 Chapter 9 * Systems of Linear Equations 


25. Project: A certain nickel silver alloy contains the following: 


Silver 55.996 Lead 0.1096 
Zinc 31.25% Nickel 12.00% 
Tin 0.50% Manganese 0.25% 


How many pounds of zinc, tin, lead, nickel, and manganese must be added to 
400 Ib of this alloy to make a new “leaded nickel silver" with the following 


composition: 
Silver 44.5096 Lead 1.0096 
Zinc 42.0096 Nickel 10.00% 
Tin 0.50% Manganese 2.00% 


26. Project: Solve the following set of equations. This will give us formulas for 
solving a set of three equations, which we will find useful in the next chapter. 
ах + biy + сус = ky 
ах + boy + coz = ky 
азх + Day + caz = k3 


+++ CHAPTER 9 REVIEW PROBLEMS «яс өөө» л» лд лд 


Solve each system of equations by any method. 


x у 4 
1. 4x + 3y = 27 9-41-5-- 
ма 323 
2Х-5у--19 x y 7 
= Фф = = – 
2 3 6 
15 4 
„юш ж 4. 2x + Ау— 3z = 22 
22 4x — 2y + 5z = 18 
5 1 ЭР 
=== бх + Ty — z = 63 
x. y 
5. 5x + 3y —2z = 5 6. 3x — 5y — 2z = 14 
3x — 4y + 3z = 13 эх —8y—z- 12 
x + бу – 4z = -8 х Зу – 32 = 1 
3 4 
7+ + = 2 8. 4x + 2y - 26 = 0 
x Fy х= 
3x + 4у = 39 
6 5 
+ = 1 
x+y y-z 
4 
+ 2 =2 
AZ ушш 
2 1 4 
9. 2x — Зу + 14 = 0 b эж 
3x + 2y = 44 
шиг 27:18 
= += = 
x y 6 
9 8 43 ху 
—+-=— 19.—+—= 
ач 6 d de Т 
з 10 9 У 
22 алс сын = + = = 
саас 6 b a 4 
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5 
13.x+y=a 14. 4-— M 
= 6 
xtz- 
yrsg SF NE 
4 5 
2 2 16 
M p os 16. x ^ y ^ z = 35 
x+y=12 5x + 4y + 3z = 22 
3x + 4y – 32 = 2 
17. 2x — 4y + 35 = 10 18. 5x + y – Az = -5 
3x + у= 22 = 6 3x — 5y — 6z = —20 
x= 3у – z= 20 x= 3y + 82 = =27 
19. х + Зу – 2 = 10 90. x + 21у = 2 
5x — 2y + 25 = 6 2х + 27у = 19 
3x + 2у + = 13 
91. 2x - у= 9 99. бх = 2y + 5z = 53 
5х — 3y = 14 5x + Зу + 7z = 33 


xtyctz-5 


23. Asum of money was divided between A and B so that A's share was to B's share 
as 5 is to 3. Also, A's share exceeded 3 of the whole sum Бу $50. What was each 
share? 


24. Aand B together can do a job in 12 days, and B and C together can do the same 


job in 16 days. How long would it take them all working together to do the job 
if A does 1; times as much as С? 


25. If the numerator of a certain fraction is increased by 2 and its denominator "Area 
diminished by 2, its value will be 1. If the numerator is increased by the increases 
denominator and the denominator is diminished by 5, its value will be 5. Find "á by 6 
the fraction. SE cep 


26. If the width of a certain rectangle is increased by 3 and the length de- 
creased by 3, the area is seen to increase by 6 square units [Fig. 9—28(a)]. 
But if the width is reduced by 5 units and the length increased by 3 units, 
the area decreases by 90 square units [Fig. 9—28(b)]. Find the original 
dimensions. (a) 


27. If the width of a certain rectangle is increased by 3 units and the length reduced 
by 4 units, we get a square with the same area as the original rectangle. Find the Яах 
length and the width of the original rectangle. 5 by 90 


Area 


28. Writing: Suppose that you have a number of pairs of equations to solve in order 
to find the loop currents in a circuit that you are designing. You must leave for a 
week but want your assistant to solve the equations in your absence. Write step- — 
by-step instructions to be followed, using the addition-subtraction method, in- (b) 
cluding instructions as to the number of digits to be retained. FIGURE 9-928 


24121241, 
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OBJECTIVES 

When you have completed this chapter you should be able to 

* Identify various types of arrays and matrices. 

* Solve a system of equations of any size by calculator using the unit 
matrix method. 

* Evaluate determinants of any size by calculator or by minors. 


* Solve a system of equations of any size by determinants, using a calcu- 
lator or by hand computation. 


In the preceding chapter we learned how to solve sets of equations graphically and 
by a few algebraic methods. Here we give other powerful tools—matrices and de- 
terminants. We will see that they are more useful than our other methods for sys- 
tems of more than three equations. 

For example, we saw in the preceding chapter that analysis of a two-loop net- 
work gave a system of two equations. Similarly, a four-loop network (Fig. 10-1) 
would result in a system of four equations, perhaps something like these. 


5725 + 92.5h — 23.0Һ— 114% = 382 


95.31, — 14.91; + 39.0Һ + 5991, = 293 
66.31, + 8LAL, — 91.51, + 3341, = —73.6 
3821, — 46.6Ь + 30.14 + 9324, = 55.7 


AW 


DEDEDE] 


FIGURE 10-1 A four-loop network. 


How would you solve this system? We will show how in this chapter. 

We will start with some definitions pertaining to matrices, followed by a 
powerful matrix method for solving systems of equations. We will show how to 
evaluate the smallest determinant and how it can be used to solve a set of two linear 
equations. We then expand the method to larger determinants and the solution of 
systems with any number of equations. We will use the calculator in addition to 
manual calculation and, as usual, we will include applications. 
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10-1 Introduction to Matrices 


Arrays 


A set of numbers, called elements, arranged in a pattern, is called an array. Arrays 
are named for the shape of the pattern made by the elements. 


+++ Example 1: 


7 3 9 1 
2 6 2 8 8 3 2 
e Ё 2 2) 9 4 
9 2.4 
5 
(a) square array (b) rectangular array (c) triangular array ooo 


In everyday language, an array is called a table. 


Matrices 

A matrix is a rectangular array. 

+++ Example 2: In Example 1, (a) and (b) are matrices. 

Further, (a) is a square matrix. For a square matrix, the diagonal running from the 
upper-left element to the lower-right element is called the main diagonal. In (a), the 
elements on the main diagonal are 3, 3, and 4. The diagonal from upper right to 


lower left is called the secondary diagonal. In our example, the elements 4, 3, and 9 
are on the secondary diagonal. өөө 


Subscripts 


Each element in an array is located in a horizontal row and a vertical column. 
We indicate the row and column by means of subscripts. 


өөө Example 3: The element a»s is located in row 2 and column 5. ooo 


Thus an element in an array needs double subscripts to give its location. 


Dimensions 


A matrix will have, in general, m rows and n columns. The numbers m and n are the 
dimensions of the matrix, as, for example, a 4 X 5 matrix. The dimensions are 
ordered, with the number of rows written first, and the number of columns second. 


TE 
1083 


has the dimensions 2 X 4, and the matrix 


+++ Example 4: The matrix 


— N = 
оло WwW 
- NU OO 


has the dimensions 4 X 3. ooo 
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Scalars and Vectors 


A single number, as opposed to an array of numbers, is called a scalar. 


+++ Example 5: Some scalars are 5, 693.6, and —24.3. 5322 


A scalar can also be thought of as an array having just one row and one 
column. 
A vector is an array consisting of a single row or a single column. In everyday lan- 


guage a vector is called a list. 


+++ Example 6: The array (2, 6,—2, 8) is called a row vector, and the array 


N OWN 


18 called a column vector. 666 


Naming а Matrix 


We will often denote or name a matrix with a single letter. 
+++ Example 7: We can let 
2 3» 1 
(i3) 
0 4 3 
Thus we can represent an entire array by a single symbol. ooo 


The Unit Matrix and the Null Matrix 


A unit matrix (or identity matrix) is a square matrix having ones along its main di- 
agonal and zeros elsewhere. 


+++ Example 8: A 3 X 3 unit matrix is 


о о н 
oro 
- о c 

* 

* 

* 


In the next section we will show how to use the unit matrix to solve a system 
of equations. 
A null matrix is one in which every element is zero. 
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Entering a Matrix into a Calculator 


We will later use our calculators to solve equations using square matrices, so now 
let us see how to enter one. The steps are 


* Enter the dimensions of the matrix: the number of rows and of columns. 
* Enter each element of the matrix, row by row. 


+++ Example 10: Enter the following matrix: into a TI-83/84 calculator 
Gs s) 
=з 5 


Solution: We will show the procedure by a series of TI-83/84 calculator screens. 


МАТЕІХ ГАІ 1 x1 
10 


(1) Enter this matrix menu by pressing (2) Select a matrix name from the list. 
MATRIX.. Select EDIT. We choose [A] and press ENTER |. 
This matrix editing screen appears. 


МАТЕІХ ГАІ 2 х2 


[Г ПШ 0 
[o ü 


МАТЕІХГІАІ 2 X20 
[4 -2 1 
[^ 5 1 


(3) Enter the matrix dimensions by (4) Enter the elements row by row, 

pressing 2 |ENTER| 2. left to right, pressing | ENTER | after 
each entry. 

Our given matrix is now stored in the calculator as matrix [A]. +++ 


We will now show how to enter and name a matrix into a TI-89 calculator. 


+++ Example 11: Enter the matrix from Example 10 into a TI-89 calculator. 


Solution: Again the best way to show the procedure is with a series of screens. 
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12:16 AM 
01/01/87 


bata/Matrix Editor 


#х)=0 "Тап 
Numeric So... Program Ed... w 


CONTACTS DEG AUTO FUNC 


(1) Select Data/Matrices on the APPS 
screen. 


CONTACTS DEG AUTO FUNC 


(4) Press ЕМТЕК twice to get this 
screen. Then enter the numerical values 
in their proper cells. 
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DataMatrix Editor 
1: Current 
2:0 


CONTACTS DEG AUTO FUNC 


(2) Choose 3: New. 


Fer Fr 
Algebra Clean Up 


-3 5 


"n | 


CONTACTS DEG AUTO FUNC 1/30 


HOME 


(5) To view your matrix, press 


get the home screen, and enter ALPHA | m. 


Exercise 1 » Definitions 


Given the following arrays: 


2.5 1 7 
ГЭ” 6 3 7 B= 3 
1 6 9 9 
7 4 2 2 
v=(5 2 0 ) к-(? 7) 
2839 z w 
3 8 
G=7 H = 
C3 
3 7 2.1 1 0 
5 2, 9.3 0 1 
J= K = 
5 1 7 2 0 0 
7 3 1 0 0 


Which of the 11 arrays shown is 


1. a rectangular array? 
2. asquare array? 

a triangular array? 
a column vector? 

a row vector? 

a table? 

a list? 

a scalar? 

a null matrix? 

a unit matrix? 


3. 
4. 
5. 
6. 
7. 
8. 


9. 
10. 


о = = © 


Matrix > 
contacts> 
Variable: 


Row dimension: 1 
col dimension: ЇЕ | 
ESCECANCEL 


CONTACTS DEG AUTO FUNC 


(3) Enter the following information: 
Type: Matrix 

Variable: Name the matrix, say 
ALPHA m 

Row and column dimensions: 2 and 2 


ooo 


10 
К 
2 
b 


в- (0000) 
0000 


I-(3 8 4 6) 


~ OO о 


For matrix A, find each of the following elements: 


11. 432 19. ад 
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Give the dimensions of 


13. matrix A. 14. matrix B. 
15. matrix D. 16. matrix E. 


Enter the following matrices into your calculator. 


7 
8 3 8 3 
17. 18. 15 8 6 
3 1 
3 0 I 
5826 43 0 1 
19.|7 1 8 3 20 A 
4 3 0 1 > 2 eo 
7 1 8 3 


10-2 Solving Systems of Equations by the Unit Matrix Method 


This method is perhaps the fastest and easiest way to solve a set of equations by 
calculator. We will show it for a set of three equations, but it can be used for any 
number of equations. 

Let us solve a system of equations by the addition-subtraction method given in 
Chap. 9. At the same time we will show a matrix of the coefficients and the column of 
constants to the right of the equations. 


x + 4y + 3z = (1) 1 4 3 1 
2х + 5y + 4z = 4 (2) 2 5 4 
x= 3у = 25 = 5 (3) p] -9..—2 2 
First we multiply Eq. 1 by 2 and subtract it from Eq. 2. 
We also subtract Eq. 1 from Eq. 3. We get 
x + 4y + 3z=1 (4) 1 4 3 1 
=3y = 22 = 2 (5) о =з =2 2 
= 7у = 55 = 4 (6) Q0 =7 =5 4 
Next we multiply Eq. 5 by 4/3 and add the result to Eq. 4. 
We also multiply Eq. 5 by —7/3 and add the result to Eq. 6. 
х+0 + 32 - - (7) 1 0 i Е 
у += –2 (8) 01 2] 3 
1 2 1 2 
T735 -3 9) 00 =; 1 =; 


Finally, we multiply Eq. 9 by —3, getting z = 2 (Eq. 12). Then we use Eq. 12 to 
eliminate z from Eqs. 7 and 8. 
x+0+0= 3 (10) 1 0 0 
y+0= -2 (11) 0 1 0 =2 
z= 2 (12) 0 0 1 


Our solution is then 
x=3;y=-2;z7=2 


Now notice the final matrix. The square matrix made up of the coefficients of the vari- 
ables has 1’s along the main diagonal and zeros elsewhere. This we had earlier defined 
as a unit matrix. Thus if we transform our original matrix of the coefficients into a unit 
matrix, then the column of constants is transformed into the solutions to the equations. 

We can do the transformations by hand, exactly as we did previously, or let the 
calculator do it, as in the following example. 
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eee Example 12: Solve the above set of equations using the TI-83/84 calculator. 


Solution: We choose a matrix name, say [A], enter the dimensions, 3 rows and 4 
columns, and enter the coefficients and the constants, row by row, from left to right 
as was shown Example 10. We then select rref from the MATRIX | MATH menu. 
This stands for reduced row-echelon form, a name sometimes given to the form we 
seek. Then enter matrix [A], and press | ENTER |. We then read the solutions in the 
rightmost column, 


МАТЕІХ ГАІ 3 x4 


T1-83/84 screen for the given matrix in Screen for Example 12, showing the 
Example 12. The rightmost column of solutions. 
constants is off the screen. 222 


+++ Example 13: 
Let us now solve the set of four equations given for the four-loop network in the in- 
troduction. We select matrix [A], enter the dimensions 4 X 5, and enter the ele- 
ments. The entire matrix does not fit on one screen so we show them in the first 
three TI-83/84 screens. 

We choose rref from the MATRIX | MATH menu, enter matrix [A], and press 
ENTER |. We then read the solutions in the rightmost column, 


I = -1.01 
Ь = 1.69 
hL = 2.01 
L = 1.20 


~ 291.58 55.40 
"ийж 25.28 


Columns 1 and 2. Columns 3 and 4. 


Columns 4 and 5. Screen for Example 13. Columns 4 and 
5, after transforming to a unit matrix. 999 
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eee Example 14: Repeat Example 12 with the TI-89 calculator. 


Solution: We enter the matrix as was shown in Example 11, and name it a. To dis- 
play the matrix, type ALPHA a on the entry line of the |HOME | screen. To obtain 


the unit matrix, enter rref, from the 
the matrix as shown. 


MATH Matrix menu, followed by the name of 


Exercise 9 » Solving Systems of Equations 


by the Unit Matrix Method 


Solve each system of equations by calculator using the unit matrix method. 


Two Equations in Two Unknowns 


1.2x - y = 11 
3х-у= 4 
3. 3x — 2y = —15 
5x + бу = 3 
5. х+ 5y - 11 
Зх + 2у = 7 
7. х + 4у = 11 
5x — 2y = 11 
9. 7х — 4y = 81 
5х — 3y = 57 
11. 3x —2y= 1 
2x + y= 10 
13. y=9 — 3x 
х= 8 – 2y 


15. 29.1x — 47.6y = 42.8 
11.5x + 72.7y = 25.8 
17. 4n = 18 — 3m 
m= 8—2n 
19. 3w = 13 + 5z 
Дур — 75 = 17 = 0 


91. =1 


=-1 


2. 5x + 7y = 101 


7x = y= 55 
4. 7x + бу = 20 
2x + 5у = 9 
6. 4x — 5y = — 34 
2x — 3y = = 22 
8. 2x – Зу = 3 
4х + 5у = 39 
10. 3x + 4у = 85 
5х + 4у = 107 
12. 5x – 2у = 3 
2х + Зу = 5 
14. y = 2х — 3 
х = 19 — 3y 


16. 4.92x — 8.27y = 2.58 
6.93x + 2.84у = 8.36 

18. 5р + 44 – 14 = 0 
17р = 31 + 34 

20. Зи = 5 + 2v 
50 + 2и = 16 


3 
gk 2 eg 


Qs NİS 
nS 


Three Equations in Three Unknowns 


93. x - y - z = 18 
х-у+= 6 
х+у-= 4 


95. х+у=35 
x+z=40 
ytz=45 


97. x+2y+3z= 14 
2x + у + 25 = 10 
3x + 4y – 32 = 2 

29 х- 2у + 25 = 5 
5х + Зу + 6z = 57 
х + 2у + 25 = 21 

31. 2x — 4у + 3z = 10 
3x + у= 25 = 6 
x+3y- = = 20 


94. x -y += = 12 


06. х+ y+ z-35 


y= xt = —=5 
98. x+ y+z=90 
2x — Зу = —20 
2x + 3z = 145 
30.3x+ y=5 
2y — 3z = —5 
x+2z= 
39. x=y= 5 
y-z=-6 
2x-z= 2 
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Ts [Rte Л рэн 

"a3 25 4 4 
[ “3 128 d 

0 0 3 


са? 
CONTACTS 


DEG AUTO FUNC 2220 


TI-89 screen for Example 14. 
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33. 1.15x + 1.95у + 2.78z = 


241x + L16y + 3.12z 
3.11x + 3.83y — 2.93z 


y 
ЗБ, х 5—5 
ЦЕГ 
gode sd 
3 
Z 
+Ž=9 
Tu 


Four Equations in Four Unknowns 


37. x +y+2z+w= 18 
х+2у +2 + у = 17 
х + у+ + 2% = 19 
2х + у+ + уу = 16 
39. 3x —2y — z+ w= 
-х- yt3z+ 2w= 
x+3y-2z+ w= 


15.3 
= 9.66 
2.15 


2x y z—3w- 
41. x - y-actb 
у+т=Ь+с 
ztw=a-b 
w-x=c—b 


Five Equations in Five Unknowns 


43. x+y= 9 


ytz-l 
2 + № = 13 
w + и = 15 
и+ х= 12 


455.wtvtxt+y=14 
wctuctx-ctz-l$5 
wtuvut+y+z= 16 
wtxt+yt+z=17 
vtxty+z=18 


Applications 


46. A shipment of 4 cars and 2 trucks cost $172,172. Another shipment of 3 cars 


34. 


36. 


38. 


40. 


42. 


44. 


1.52x — 2.26y + 1.83z = 4.75 
4.72х + 3.52y + 5.83z = 45.2 
1.33x + 2.61y + 3.02z = 18.5 


СЕ | 

3 2 6 

2x y Z—w 0 

х- 3у + сэ ул 0 

x+ y-4z+w= 0 

х + у +w = 36 

x+2y= 5 

yt2z= 8 

z+ 2и = 11 

ut+2x= 6 

2x = 3y 24 w= —6 

xt2y-z 8 
3y+z+3w= 0 

Зх — y + w= 0 


Зх +4y +z = 35 
3: + 2у – Зу = 4 
2x — y + 2w = 17 
3z-2wt+tv = 9 

w ty = 13 


and 5 trucks cost $209,580. Find the cost of each саг and each truck. 


47. An airplane and a helicopter are 125 mi apart. The airplane is traveling at 
226 mi/h, and the helicopter at 85.0 mi/h, both in the same direction. How 
long will it take the airplane to overtake the helicopter, and in what distance 


from the initial position of the airplane? 


48. A certain alloy contains 31.0% zinc and 3.50% lead. Then x kg of zinc and y 
kg of lead are added to 325 kg of the original alloy to make a new alloy that is 


45.0% zinc and 4.80% lead. The amount of zinc is given by 
0.310(325) + x = 0.450(325 + x + y) 


and the amount of lead is given by 


0.0350(325) + y = 0.0480(325 + x + y) 


Solve for x and y. 
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49. Applying Kirchhoff's law to a certain three-loop network gives 
2831 — 274 + 1633 
4281, + 1630 + 373L 
3381 = 1121-2271, 


Solve this set of equations for the three currents 
50. Find the forces F}, F», and F; in Fig. 10-2. Neglect the weight of the beam. 


51. Applying Kirchhoff's law to a certain four-loop network gives the following 


equations: 


FIGURE 10-2 


352 
169 
825 


5721, + 92.51 — 23.06 — 1141, = 


95.3], — 14.915 + 39.014 + 59.91, 


66.31, + 814Ь = 91.515 + 33.414 = 


38.21 — 46.60 + 30.113 + 93.21, 
Solve for the four loop currents by calculator. 


52. The following equations result when Kirchhoff’s law is applied to a certain 


four-loop network: 


4271, — 527 + 427 + 9.6314 = 


7.921, + 9.36h — 9.721 + 4.14 
8.361, — 2.271, + 4.771 + 7.331, 


7.371, + 9.360 = 3.8215 ын 2.7314 = 


Find the four currents by calculator. 


53. Four types of computers are made by a company, each requiring the following 


numbers of hours for four manufacturing steps: 


38.2 
29.3 
—13.6 
55.7 


6.82 
—8.83 
3.93 
5.04 


Model A 
Model B 
Model C 
Model D 
Available 


Also shown in the table are the monthly production hours available for each 
step. How many of each type of computer, rounded to the nearest unit, can be 


made each month? 


4.50h 
525h 
6.55 h 
7.15h 
15,157 h 


12h 
12h 
24 h 
36h 
43,680 h 


1.25h 
1.75h 
2.25 h 
3.75 h 
4824h 


2.75 h 
3.00 h 
3.75 h 
4.25h 
8928 h 
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54. We have available four bronze alloys containing the following percentages of 
copper, zinc, and lead: 


Copper 52.0 53.0 54.0 55.0 
Zinc 30.0 38.0 20.0 38.0 


Lead 3.00 2.00 4.00 3.00 


How many kilograms of each alloy should be taken to produce 600 kg of a 
new alloy that is 53.896 copper, 30.196 zinc, and 3.2096 lead? 


SSS 10-3 Second-Order Determinants 


Every square matrix has a special quantity associated with it, called its determinant. 
The determinant is important because we will soon see that it gives us another way 
to solve a set of equations. 

We indicate or denote the determinant of a square matrix either by writing det 
before the matrix, or by a symbol consisting of the elements of the matrix enclosed 


between vertical bars. Thus 
«63-53 
"ia 4/ [з d 


The words element, row, column, principal and secondary diagonal for a determi- 
nant have the same meaning as for a square matrix. 


+++ Example 15: In the determinant 


2 5 
6 1 


each of the numbers 2, 5, 6, and 1 is called an element. There are two rows, the first 
row containing the elements 2 and 5, and the second row having the elements 6 
and 1. There are also two columns, the first with elements 2 and 6, and the second 
with elements 5 and 1. The elements along the principal diagonal are 2 and 1, and 
along the secondary diagonal they are 5 and 6. ooo 


Value of a Determinant 


We find the value of a second order determinant by applying the following rule: 


eee Example 16: The value of the determinant of Example 15 is 


2 5 
6 1 


| = 20) - 6(5) = —28 e 


It is common practice to use the word determinant to refer to the symbol, 
ар by 


but also to the rule for its evaluation, as well as to the value (4122-2891). 
a2 0, 
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Here we will usually refer to the symbol as the determinant, and to (аро — азр!) as 
the value of the determinant. 


өө, Example 17: Here are a few more second-order determinants. See if you get the 
same resultss. 


@ |; ;|-2) 3(-1) = 13 

(b) | ia = 4(3b) — x(a) = 12b — ax 
0 3 

o |; | 0(2) — 5(3) 15 


oe 


Students sometimes add the numbers on a diagonal instead of 
multiplying. Be careful not to do that. 


Don’t just ignore a zero element. It causes the product along its 
diagonal to be zero. 


Determinants by Calculator 
In the preceding section we showed how to enter a matrix into a calculator. Now we 
will find the determinant of a square matrix. 


өө» Example 18: Find the determinant of the following matrix by TI-83/84 calculator. 
4 -2 
-3 5 


Solution: We first enter the matrix as was described in Example 10. Then we рег- 
form the steps shown in the following three screens. 


HAMES Шаша EDIT ||Че+Ш det [A]? 
det е 


14 


Т 
dime 
Fil 


1116 


TI-83/84 screens for Example 18. (2) Select det, which stands (3) Return to the MATRIX | menu and 
(1) Enter the MATRIX | menu and for determinant. select the matrix for which we want 
choose MATH. the determinant. We select [A] and 
press | ENTER |. ooo 


The TI-89 can evaluate determinants, even when the elements contain letter values. 


eee Example 19: Evaluate the following determinant using the TI-89 calculator. 


x 3 
2y w 88 
Solution: We enter the matrix as was shown in Example 11, and name it q. То dis- и deti) 
play the matrix, type ALPHA а on the entry line of ће | HOME | screen. To obtain det сч? 


CONTACTS DEGAUTO FUNC 


the determinant we enter det from the; MATH | Matrix menu, followed by the name 
of the matrix, as shown. ooo TI-89 screen for Example 19. 
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Named after the Swiss mathematician 
Gabriel Cramer (1704-52), Cramer's rule, 
as we will see, can be expanded for sys- 
tems with any number of linear equa- 
tions. 
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Solving a System of Two Linear Equations by Determinants 

m Exploration: 

Try this. We saw in the preceding chapter that the solution to the set of equations 
ах + by t6; = 0 


ах + by + с = 0 (1) 
is 
осу = Бус 
2 261 162 (2) 
aib — abı 
ас — азс 
y= 162 261 (3) 


a,b, — abı 


and in this section that the value of a second-order determinant is 


= ajb? — abı (4) 


Now compare Eqs. 2, 3, and 4. What similarities do you see? Could you replace 
any parts of Eqs. 2 and 3 by Eq. 4? ш 


You have probably noticed that the denominators in both Eqs. 2 and 3 are identical to 
the determinant in Eq. 4. This denominator is called the determinant of the coeffi- 
cients, or sometimes the determinant of the system. It is usually given the Greek capi- 
tal letter delta (A). If this determinant equals zero, the set of equations has no unique 
solution. 


Thus we can rewrite the solution for x as 


baci — Бус) 
d 
а| bi 
аз b 


Now look at the numerator of Eq. 2, which is Рос — b,c. If this expression were 
the value of some determinant, it is clear that the elements on the principal diagonal 
must be b, and c, and that the elements on the secondary diagonal must be bı 
and сэ. One such determinant is 


c by 


= росу = bic» 
€? b, 


Our solution for x can then be expressed as the quotient of two determinants 


cq bi 

€? by 
X = 

а| by 

аз b 


An expression for y can be developed in a similar way. Thus the solution to the sys- 
tem of Eqs. 1, in terms of determinants, is given by the following rule: 
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In the array made from the coeffiecients in the set of Eqs. 1 
(* 15 c | 
аз by о 


as the column of x coefficients, 


We will refer to the values 


a, 
a» 


as the column of y coefficients, and 


2 


СІ 
с? 


as the column of constants. 


Cramer’s rule, in words, is then 


The solution for each variable is a fraction; its denominator is the 


Cramer’s determinant of the coefficients A; its numerator is also A but with 


Rule 


its column of coefficients for the variable we seek replaced by the 
column of constants. 


Of course, the denominator A cannot be zero, or we get division by zero, indicat- 
ing that the set of equations has no unique solution. 


+++ Example 20: Solve by determinants: 
2x — Зу = 1 
x+4y= —5 


Solution: The array of the coefficient is 


We first evaluate the determinant A, because if it is zero there is no unique solution, 
and we need not proceed further. 


=з 
4 


2 
а= |2 ЁС 1-3)-8-3-11 


Solving for х, we have 


m column of constants 
HN 
-5 4| 149-(-5(-3 4-15 | 


1 
A 11 11 


x= 


It is easiest to find y by substituting back into one of the preceding equations, but 
we will use determinants instead to show how it is done. 
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Intersection 
n= "i v=" 


Graphical check for Example 20. 


Des ELLO ERE SOLE 


5 
Dues idi ВВ 


"1 


T1-83/84 screen for Example 21. 
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Solving for y yields 
E column of constants 
2 1 
_ 1 —5 |.2(-5) - Қ) -10-1 © 1 
i A 11 11 


Check: The screen shows a graphical check. The equations are graphed, after being 
rewritten in explicit form, and show an intersection at (—1, —1). We could, of course, 
check our answers by substituting back into the original equations. 


Don’t forget to first arrange the given equations into the form 


Common ах + by = cy 


Error ах + Буу = (o>) 


before writing the determinants. 


Calculator Solution Using Determinants 

We can have our calculators evaluate the determinants and perform the divisions in 
one operation, as in the following example. 

eee Example 21: Solve the equations in the preceding example by calculator. 


Solution: We first name and enter each of the three arrays as was shown earlier. 
Let us choose 


[A] as the determinant of the coefficients 
[B] аз the determinant used to find x 


[C] as the determinant used to find y 


We then find x by dividing the determinant of [B] by the determinant of [A], and 
find y by dividing the determinant of [C] by the determinant of [A], as shown in the 
calculator screen. ooo 


Literal Equations 
The procedure is no different when our equation contains literal quantities. We will 
not, of course, get a numerical answer, but one that contains the letter quantities. 
+++ Example 22: Solve for x and y by determinants: 
2ax — by + За = 0 
4y =5x-a 
Solution: We first rearrange our equations. 
2ax — by = —3a 
5x — 4y = a 
The determinant of the coefficients is 
2a —b 
5. —4 


A= 


= 2a(—4) — 5(—b) = 5b — 8a 
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So 
—3a -8 
a 4 (—3a)(—4) — a(—b) 
жээ 2 
A 5b — 8a 
_ 12а + ab 
5b — 8a 
and 
2a -За 
5 a 2a(a) — 5(—3a) 
aR 5b = Ba 
2a? + 15a 
= oes өөө 
5b — 8a 
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Value of a Determinant 


Find the value of each determinant. Do and/or check some by calculator. 


3 2 =2 
T. 9. > 3. 9 3 
3 =3 =з -4 
—4 5 7 —6 
4. Я 5 
2 3 = | 7 3 А | =5 ‘| 
7. 4.82 2.73 48.7 —53.6 —2/3 2/5 
2.97 5.28 4.93 9.27 —3 4/5 
1/4 a b 2m 3n 
1; 9. 
18: Ёс 2 ! с : È i 4n 


Solving a System of Two Linear Equations by Determinants 


Solve by determinants. 


13. 4х + 2y = 3 14. 2х — Зу = 5 
= 4х + у= 6 3x + Зу = 10 
15. 3x — 2y = — 15 16. 7x + бу = 20 
5x + 6y 23 2x + 5у = 9 
17. x + 5y = 11 18. 4x — 5y = — 34 
3x + 2у = 7 2х — Зу = — 22 
19. x = 11 — 4y 20. 2x — Зу = 3 
5x — 2y = 11 4x + 5y = 39 
91. 42-8 оо. 5427-5 
3 4 2 3 
х у 
-y= -3 ~+-=5 
TM i3 
Зх 2y x 
93. —+—=17 94, — + 7y = 251 
5 3 d 


2x Зу y 
—+—=]1 — Ix 21 
3 1 9 7 X 99 
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25. 7x — 4y = 81 26. 3x + 4y = 85 
5х — Зу = 57 5х + 4у = 107 
97. 3x – 2у = 1 98. 5x — 2y = 3 
2x + у= 10 2x + Зу = 5 
29. у = 9 – 3x 30. y 22x - 3 
х-8-2у х = 19 – Зу 
31. 2х + 3y = 39. x - 2y = 11 
5x + 4у = 5 у = 5х — 10 
1 
33.7 42 23-9 3465-24-50 
2 3 6 3 3 
2 3 
лош RU: ЭР 34 qd 
2 4S5 10 3 4 
35. 4n = 18 — 3m 36. 5p + 44 — 14 = 0 
m= 8 – 2n 17p = 31 34 
37. 3w = 13 + 5z 38. Зи = 5 + 2v 
4w — 72 – 17 = 0 5v + 2и = 16 
39. 4.17% = 14.7 — 3.720 40. 5.66p + 4.179 — 16.9 = 0 
v = 8.11 — 2.7320 13.7p = 32.2 + 3.61q 


Literal Equations 
Solve for x and y by determinants. 


41. ах + by ^ p 49. px = qy + pq=0 
cx + dy = 9 2px — 3qy = 0 
43. 2x + by = 3 44. Amx — Зпу = 6 
cx + 4y=d 3mx + 2ny = —7 


45. Writing: On the surface, a determinant looks completely different from a set of 
equations. What has one to do with the other? Explain this in your own words 
in a paragraph or two. 


10-4 Higher-Order Determinants 


To solve a system of more than two equations by determinants, we must be able to 
write and evaluate determinants of orders greater than 2. We show how to do that 
here, first by calculator and then by the use of minors. The calculator method is, of 
course, the fastest and easiest but can only be used with equations that have numeri- 
cal coefficients. The method of minors will work for literal equations as well as 
numerical. 


Evaluating a Higher-Order Determinant by Calculator 


The procedure for evaluating a higher-order determinant by calculator is no differ- 
ent from that for a second-order determinant. 


Section 4 Higher-Order Determinants 


+++ Example 23: Evaluate the determinant 


2 1 0 
3 —2 1 
5 1 0 
Solution: The calculator screens are as shown. 666 


Development by Minors 


The following method may be used to evaluate determinants of any size. It is more 
difficult than using a calculator but can be used for determinants that contain letters. 

The minor of an element in a determinant is a determinant of next lower order, 
obtained by deleting the row and the column in which that element lies. 


өөө Example 24: We find the minor of element c in the determinant 


a b c 
d e f 
g h i 


by striking out the first row and the third column. 


d e 
g h 


ooo 


de or | 
g h | 
The sign factor for an element depends upon the position of the element in the 
determinant. To find the sign factor, add the row number and the column number 
of the element. If the sum is even, the sign factor is +1; if the sum is odd, the 
sign factor is — 1. 
+++ Example 25: 


(a) For the determinant in Example 24, element c is in the first row and the third 
column. The sum of the row and column numbers 


1+3=4 
is even, so the sign factor for the element c is +1. 
(b) The sign factor for the element b in Example 24 is — 1. oe 


The sign factor for the element in the upper left-hand corner of the determinant 
is +1, and the signs alternate according to the pattern 


+ = + = + >- 
+ = + = 

- + — 

+ — 


so that the sign factor may be found simply by counting off from the upper-left corner. 


A minor with the sign factor attached is called a signed minor. Thus 
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TI-83/84 screens for Example 23. 


MATRIACA] 3 X30 
12 1 0 1 
[3 “2 1 1 
[t i 0 1 


(1) In the MATRIX EDIT screen we 
enter the matrix dimensions and the 
nine elements. 


det¢ [A]? 
E 


(2) We then choose det from the 
MATRIX} MATH menu and select 
matrix [A]. Press | ENTER | to get the 
value, 3, of the determinant. 


Fer [|F3-| Fur Far 
Al3ebrajcalc/ Other! Clean Up 


mk 


= detik) 


det Ck» 
CONTACTS 


DEG AUTO FUNC 2230 


TI-89 screen for Example 23. Here we 
have named the given determinant k. 
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+++ Example 26: The element in the second row and the first column in the follow- 
ing determinant is 3. 


=2 Э» 1 
3 -2 4 
1 -4 2 


The sign factor of that element is —1 so the signed minor of that element is 


ooo 


41541 
-4 2 


We now define the value of a determinant as follows: 


+++ Example 27: Evaluate by minors: 


3-9 + 
6 -2 
-] 5 =3 


Solution: We first choose a row or a column for development. The work of expan- 
sion is greatly reduced if that row or column contains zeros. Our given determinant 
has no zeros, so let us choose column 1, which at least contains some 1’s. 


Elements of column 1 


Sign factor of each element 


Minor of each element 


3[06)(—3) — (—2)(5)] — AOC — (4)(5)]1— 1129(72) — 4(6)] 
—24 + 26 + 28 
= 30 


Ш 


Thus, 30 is the value of the given determinant. We would have gotten the same 
result if we had chosen any other row or column for development. ooo 


Section 4 * Higher-Order Determinants 


өөө Example 28: Evaluate by minors: 


ay b с 
à) by © 
аз Ёз сз 


Solution: We can choose апу row or column for development and would get the 
same result for each. Let us choose the first row for development. We get 


ау с) аз b 


Cj 


аз C3 аз bi 


= aj(byc3 — bsc?) — bi(a5c3 — a3c2) + ci(aobs — azb) 
= aybyc3 = азс pa anb\c3 + aab1c5 + azb3c1 = азЬэс\ 
= а|Б»сз + азрүс) + азрзсі E aab5c, = ауРзсә = a5b4€3 éd 


The value of the determinant is thus given by the following formula: 


Solving a System of Equations by Determinants 
If we were to algebraically solve the system of equations 


ajx + biy + сус = ky 
ах + boy + coz = k 
азх + bay T С32 = ka 


we would get the following solution: 


Notice that the three denominators are identical and are equal to the value of the de- 
terminant formed from the coefficients of the unknowns (Eq. 55). As before, we 
call it the determinant of the coefficients, A. 

Furthermore, we can obtain the numerator of each from the determinant of the 
coefficients by replacing the coefficients of the variable in question with the con- 
stants Ау, k2, and Кз, as we did with a set of two equations. The solution to our set 
of equations 


ах + biy + C1Z = ki 
ах T boy F C = 15) 
азх + bzy + С32 = k3 


is then given by 
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Although we do not prove it, Cramer’s rule works for higher-order systems as 
well. We restate it now in words. 


+++ Example 29: Solve by determinants: 


х + 2y + 3z= 14 
2x+ y+2z=10 
3x + 4y — 3z 


[| 
N 


Solution: We first write the determinant of the coefficients 


1 2 3 
А=|2 1 2 
3.4 —3 


We now make a new determinant by replacing the coefficients of x, 


1 14 14 2 3 
2|, by the column of constants |10 |, getting |10 1 2 
3 2 2.4 -3 


Next we replace the coefficients of y with the column of constants and get 


1 14 3 
2 10 A 
32 2 =з 


We can evaluate these three determinants by minors or by calculator, as shown here. 
We enter the three matrices as shown earlier. Here [A] is the determinant of the 
coefficients, [B] is the determinant used for finding x, and [C] is the determinant 
used for finding y, screens (1) — (3). 


Section 4 * Higher-Order Determinants 


Next we use det from the | MATRIX | MATH menu to evaluate each determi- 
nant, screen (4), and then calculate x and y. 


[B] 28 
х= = =^ = 1 
[A] 28 
[C] 56 
y=—=—=2 
[A] 28 


We can get z also by determinants or, more easily, by substituting back. Substi- 
tuting x = 1 and y = 2 into the first equation, we obtain 
1 + 2(2) + 3z = 14 
3: = 9 
23 


The solution is thus (1, 2, 3). ooo 


Often, some terms will have zero coefficients or decimal coefficients. Further, the 
terms may be out of order, as in the following example. We will show a solution by 
minors, but a calculator could be used as well. 


+++ Example 30: Solve for x, y, and z: 
23.7у + 72.4x = 82.4 — 11.3х 


25.5x — 28.4z + 19.3 = 48.2y 
13.4 + 66.3z = 39.2x — 10.5 


Solution: We rewrite each equation in the form ax + by + cz = k, combining like 
terms as we go and putting in the missing terms with zero coefficients. We do this 
before writing the determinant. 


83.7x + 23.7у + Oz = 824 (1) 
25.5x — 48.2y — 28.4z = —19.3 
—39.2x + Oy + 66.3z = —23.9 (2) 


The determinant of the system is then 


83.7 23.7 0 
А = | 255 -482 -284 
=39.2 0 66.3 


Let us develop the first row by minors. 

—48.2 —284 25.5 —28.4 
0 66.3 =39.2 66.3 

83.7(—48.2)(66.3) — 23.7[25.5(66.3) — (—28.4)(—39.2)] 

—281,000 (to three significant digits) 


A= 2 EU | +0 


Now solving for x gives us 


МАТЕІХ ГА] 
134 Ё 
[2 1 
[3 


Ч 


MRTRI&SIE] 


1ч 
10 
È 


(3) 
det¢ (Al > 
detc[Bl15 


беф с СІ 2 
B 


(4) 
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3 x3N 


i 1 
È 1 
5 1 


5 XS 


i 
© 
E 


3 
с 
-3 


TI-83/84 screens for Example 29. 
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Let us develop the first row of the determinant in the numerator by minors. We get 


—48.2 —284 —193 -284 
А 5 23.7 2 Я +0 


82.4 = 
0 66.3 =23.9 66.3 


= 82.4(—48.2)(66.3) — 23.7[(—19.3)(66.3) — (—28.4)(—23.9)] 
= —217,000 


Dividing by A yields 
_ —217,000 


x——————.—07172 
— 281,000 


For this system, it is easiest to solve for y and z by substituting back. From Eq.1, we 
et 
5 23.7y = 82.4 — 83.7(0.772) = 17.8 
y = 0.751 
and from Eq. 2 
66.34 = —23.9 + 39.2(0.772) = 6.36 
z = 0.0959 


The solution is then x = 0.772, y = 0.751, and z = 0.0959. +++ 


Systems of More than Three Equations 


We can evaluate a determinant of any order by repeated use of the method of mi- 
nors. Thus any row or column of a fifth-order determinant can be developed, 
thereby reducing the determinant to five fourth-order determinants. Each of these 
can then be developed into four third-order determinants, and so on, until only 
second-order determinants remain. 

Obviously this is a lot of work, which can be made easier by first simplifying 
the determinant by various means. Instead, we will use the calculator to evaluate 
large determinants, or use the unit matrix method shown earlier. 


Exercise 4 • Higher-Order Determinants 


Evaluate each determinant by calculator or by minors. 


1 0 2 22 =] 3 
1. 3 1 0 2. |0 2 1 
1 2 1 3 =2 4 
=3 1 2 -1 0 3 
3 0. =1 5 4 2 0 =2 
6 0-1 -3 4 
5 1 2 10 24 -—1.5 
5. |=3 2- =] 6. |-2.6 0 3:2 
4 —3 2 —2.9 1.0 4.1 
2 1 3 1 5 4 
7. |0 —2 4 8. -3 6 -2 


0 1 5 =L 5 3 


Section 4 Higher-Order Determinants 


11. 


13. 


| 
= 
Ne ww 
l 
(95) 
сл 


=. WO © 
N 
| 
- 


ш — NF WY We © м 


> N шо мю н 
_ © A о 


14. 


=1 


RAW re N 


л N- Be 


3 0 2 
-1 1 0 
2; =2: 0 
=] 3 1 
2 =] 1 
1 2 3 
=] 1 2 
2. e d 
5 3 6 
2 4 3 
2 4 1 
3 1 4 
2.3 1 


Solving a System of Equations by Determinants 


Solve by determinants. Evaluate the determinants by calculator or by minors. 


15. 


17. 


19. 


91. 


23. 


25. 


27. 


xty+z=18 
x-ytz=6 
x+ty-z=4 


x + y = 35 
x+z=40 
ytz=45 
х + 2y + 3z = 14 


2x +y + 2z = 10 
3x + 4y – 32 = 2 


х = 2у + 25 = 5 
5x + 3y + 6z = 57 
х + 2у + 22 = 21 


2x — 4у + 3z = 10 


Зх +y—2z=6 
x + Зу — 2 = 20 


1.15х + 1.95y + 2.78: 


241x + L16y + 3.122 
3.11x + 3.83y — 2.93z 


= 
+ 


ы 
+ 

WIN WIN ш [ч 
Il Il 
су Ол 


х 
+ 


= 15.3 


= 9.66 
= 2.15 


16. х+у += = 12 


18. 


20. 


22. 


24. 


26. 


28. 


х+у+=90 
2x — Зу = —20 
2x + 3z = 145 
Зх + у = 

2у — 3z = —5 
x+2z= 
х- у = 
y-z=-6 
2x-Z= 


1.52x — 2.26y + 1.83z = 4.75 


4.72х + 3.52y + 5.83z = 45.2 
1.33x + 2.61y + 3.02z = 18.5 
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99, x - y + 2z + w = 18 30. 2x -y-z-w=0 
x+2y+z+w=17 x-3y+z+w=0 
x+y+z+ 2w = 19 xt+ty-4z+w=0 
2х +у+а+ Уу = 16 x+y+w = 36 

31. 3x – 29у - 2+ у = -3 39. x + 2у = 5 
—X = y + 3z + 2w = 23 у + 22 = 8 
х + Зу – 2z + w = -12 z + 2и = 11 
2x —y—z-—3w- —22 u+2x = 6 

33. x+y=atb 34. 2x - Зу +z-w=-6 
ytz=bte x+2y-z=8 
z+w=a-b Зу +2 + Зи = 0 
w-x=c-—b 3x -y+w=0 

35.x+y=9 36. 3x + 4y + z = 35 
ytz=11 3z + 2y — Зу = 4 
z+w=13 2x — у + 2w = 17 
w +и = 15 32 — 20 + у = 9 
и+ х = 12 w + y = 13 


37.wtvtxt+y=14 
wtvtx+z= 15 
wtv+y+z= 16 
wt+txtytz=17 
vtxty+z=18 
38. Team Project: The following equations result when Kirchhoff’s law is applied 
to a certain four-loop network: 
14.71, — 25.71, + 14.71, + 19.314 = 26.2 
17.21, + 19.65, — 19.25 + 2441, = —28.3 
18.64 — 22.7 + 24.71, + 17.314 = 23.3 
27.71, + 19.615 — 33.21; — 4231, = 25.4 


Find the four currents by a calculator. 
39. Team Project: Solve the following by any method: 
28.3x + 29.2y — 33.12 + 72.4u + 29.40 = 39.5 
73.2x — 28.4y + 59.3z — 27.4u + 49.20 = 82.3 
33.7x + 10.3y + 72.3z + 29.3u — 21.20 = 28.4 
92.3x = 39.5y + 29.5z — 10.3и + 82.20 = 73.4 
88.3х + 29.3y + 10.32 + 842u + 29.30 = 39.4 


+++ CHAPTER 10 REVIEW PROBLEMS ++++9+9999999999999995999999%9%9%9%9%%% 


Evaluate. 
6 J -2 2 7 —2 8 
4 1 1 —3 
1. 1 4 9. 
i | 03 -1 4 
2-7 3 64 2 -8 


Review Problems 


11. 


oo = À N 
& 
_ 


13. 


nA о RU 
— 
oO 
— 
+ 


15. 


- 


4 
17. 19 0 8 
3 


Solve by any method. 

19. x - yt z+ w= —4 
x+2y+ 3z + 4w=0 
x+3y+ 6z+ 10w=9 
X + 4y + 10z + 20w = 24 

21. 4x + 3y = 27 
2x — 5y = —19 


93. x + 2y = 10 
2x = 3y = =1 


10. 


19. 


14. 


16. 


18. 


22. 


24. 


8 2 01 4 
0142 7 
2 6 3 8 0 
1 4 265 
4 6 8 3 5 
ac ye =F 
X coy doy 
3. x9. s 0 
4 1 -6 2 
= 4 =5 
0 6 —4 2 
2 =3 
=2 4 
3 =] =4 
a=b —2a 
2b a—b 
7 9 
28 35 40 
2] 26 30 
3 —6 
=з 4 
3 2 1 3 
422 4 
2 3 16 
10 4 5 8 
x+2y+3z=4 
Зх + 5у + z= 18 
Ax + у + 25 = 12 
8х — Зу — 72 = 85 
x + бу — 4z = —12 
2x —5y + z= 33 
xt yr «+ = 


2x + Зу — 4z + Su = 
3x — 4y + 5z + 6u = 
4х + 5у = 6z — 


u= 


317 


318 


Chapter 10 * Matrices and Determinants 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


38. 


39. 


40. 


2x — 3y = 96. 6x + y= 60 

5x + 2y = 27 3x + 2y = 39 

2x + 5y = 29 98. 4х + Зу = 7 

2х — 5y = —21 2x — Зу = -1 

4x — 5y = 3 30. x+ 5y = 41 

3x + 5y = 11 3x — 2y = 21 

x+2y=7 32. 8x — 3y = 22 

x+ y=5 4x + 5y = 18 

3x + 4y = 25 34. 37.7x = 59.2 + 24.6y 

4x + Зу = 21 28.3x — 39.8y — 62.5 = 0 

5.03а = 8.16 + 5.11b 36. 541x + 216y + 412z = 866 

3.63b + 7.26а = 28.8 211х + 483y — 793z = 315 
215x + 495у + 378z = 253 

72.3х + 54.2у + 83.32 = 52.5 


52.2х — 26.6у + 83.72 = 75.2 
33.4х + 61.6y + 30.22 = 58.5 


A link in а certain mechanism starts at a speed Up and travels 27.5 inches in 
8.25 s, at constant acceleration a. Its motion is described by 


S = Vot + за? 
or 


27.5 = 825v + ja(8.25 


In another trial, the link is found to travel 34.6 inches in 11.2 s, with the same 
initial speed and acceleration. Find vg and a. 


Writing: We have had a number of methods for solving a system of equations, 
both in this chapter and the preceding one. List them, give a one-line descrip- 
tion of each, and briefly state the advantages and disadvantages of each. 


On our Web site: Our treatment of matrices here has just scratched the 
surface. A much fuller treatment is available at our companion Web site at 
www.wiley.com/college/calter 


There you will learn how to 


Transpose a matrix 

Add and subtract matrices 

Multiply a scalar and a matrix 

Multiply a vector and a matrix 

Multiply two matrices 

Multiply a row vector and a matrix 

Find the inverse of a matrix 

Solve a system of equations by matrix inversion 


Factoring and Fractions 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Factor expressions by removing common factors. 


Factor binomials that are the difference of two squares, or the sum or 
difference of two cubes. 


Factor expressions by grouping. 


Use factoring techniques in applications. 


Determine values of variables that result in undefined fractions. 


Simplify algebraic fractions. 


Add, subtract, and divide algebraic fractions. 


Simplify complex fractions. 


Solve fractional equations more complex than those solved in earlier 
chapters. 


Solve literal equations and formulas containing fractions. 


Factor expressions, simplify fractions, and solve fractional equations by 
calculator. 


Continuing with our study of algebra, we will first learn how to simplify algebraic 
expressions by means of factoring. This skill will help us to manipulate algebraic 
expressions as well as the fractions and fractional equations that follow. 

Although the calculator, computer, and metric system (all of which use decimal 
notation) have somewhat reduced the use of common fractions, algebraic fractions 
are as important as ever. We must be able to handle them in order to solve fractional 
equations and to manipulate the formulas that are so important in technology. For 
example, Fig. 11-1 shows a bar attached to a sphere. The distance x to the center of 
gravity is given by 

E 10m, + 25m; 
my, + тэ 
Could you solve this equation for, say, mı? In this chapter we show how to solve 
this type of equation. 


< 25 cm 
Р х 
---10 ст 
е 
С.а. 
m, m, 
FIGURE 11-1 
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Here we will show traditional pencil-and-paper methods of solution alongside 
solutions by a calculator such as the TI-89 that can manipulate algebraic expressions. 


po 11-1 Common Factors 


As usual, we must start with definitions of the terms we will be using in the following 
sections. 


Factors of an Expression 
The factors of an expression are those quantities whose product is the original 
expression. 
+++ Example 1: The factors of x? — 9 are x + 3and x — 3, because 
(х + 3)(х – 3) = х2 + 3x — 3х – 9 


= 77-9 ooo 


Many expressions have no factors other than 1 and themselves. Such expres- 
sions are called prime. 

Factoring is the process of finding the factors of an expression. It is the reverse 
of finding the product of two or more quantities. 


We usually factor an expression by recognizing the form of that expression. In the 
first type of factoring we will cover, we look for common factors. 


Common Factors 


m Exploration: 
Try this. Expand this expression by multiplying out. 


a(b + c + d) 


Now how would you return the expression you just got back to its original 
form? Can you state your findings as a general rule? E 


If each term of an expression contains the same quantity (called the common factor), 
the quantity may be factored out. 


This is nothing but the distributive law that we studied earlier. 


+++ Example 2: In the expression 


x) – Зх 


Section 1 * Common Factors 


each term contains an x as a common factor. So we write 


x – Зх = x(x? — 3) 


Most of the factoring we will do will be of this type. өөө 


өөө Example 3: Here are some examples of the factoring out of common factors. 
See if you get the same results. 

(a) 2x? + x = x(2x + 1) 

(b) 3xy? — 9х?у + бх2у? = 3xy(y — 3х2 + 2xy) 

(с) Зх? — 6x?y + 9x*y? = 3x?(x — 2y + 3x7y’) 

(d) 3x? — 2x + 5х* = (6^ — 2 + 5x) ooo 


Students are sometimes puzzled over the “1” in Example 3(a). 
Why should it be there? After all, when you remove a chair from 
a room, it is gone; there is nothing (zero) remaining where the 
chair used to be. If you remove an x by factoring, you might 
assume that nothing (zero) remains where the x used to be. 


2x? + x = x(2x + 0)? 


Prove to yourself that this is not correct by multiplying the 
factors to see if you get back the original expression. 


Factors in the Denominator 
Common factors may appear in the denominators of the terms as well as in the 


numerators. 


өөө Example 4: Here we show some examples of the factoring out of common 
factors from the denominators. 


x x5. 2x «71 2 
(b) 5 + + = + ж FS ooo 


Checking 


To check if factoring has been done correctly, simply multiply your factors together 
and see if you get back the original expression. This check will tell whether you 
have factored correctly, but not whether you have factored completely. 


+++ Example 5: Let us check Example 4(b) by multiplying out. 


О Gest) 


2 


Checks. ooo 
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Factoring by Calculator 
5 P 


A calculator that can manipulate algebraic symbols can be used to factor an expres- 
sion. We will do a simple factoring here, with more complex types to come later. 

: approx 

e ta өө» Example 6: Factor the expression from Example 3(a): 2x? + x on the TI-89 or 


inSoluec similar calculator. 


DEGAUTO FUNC 0/30 Solution: From the F2 Algebra menu in the home screen, select factor, as shown 
in screen (1). 

Enter the expression to be factored, the variable in the expression that we are 
factoring with respect to, close parentheses, and press | ENTER |. ooo 


(1) TI-89 screen for Example 6. 


Fi: Fert |F3v| Far | FS Für 
11444415 8 1325Ра|С414 |t Р Peo ID] C Team. Ш 


өөө Example 7: An Application. The mass of a spherical shell, Fig. 11—2, having an 
outside radius of r, and an inside radius of r is 


4 4 


- £Factor[2- x? +, x) mass — тэ — —тг?Р 
х:(2-х+ 1) 3 3 
#асіогк2х^2+х, х? : з ; А : : : 
WIR C TiN сИ where D is the mass density of the material. Factor the right side of this equation. 
4 
(2) TI-89 screen for Example 6. Solution: We remove the common factors 47D and get 
= 4 d. 8 
mass = 3 тг D(r» гү) +.. 


Exercise 1 » Common Factors 


Factor completely, by hand or by calculator. Check your results. 


1. 3y? + у? 
9. 6x Зу 
= 3. х? — 2x4 + 3x3 
FIGURE 11-2 4. 9y — 27ху 

5. За + a? — За? 
6. 8xy? — 6x7y? + 2х?у 
7. 4pq + 6а? + 247 
T 3 

3 4 5 

3 2 5 
9,-4+45-5 

x х? x? 


Challenge Problems 


(4, Зар2 ба?Ь " 12ab 


11. 


19. — 
9? Зх 9х 


13. 5a?b + 6a?c 

14. ас + с + с2а 

15. 4x?y + сху? + 3xy? 
16. 4abx + 6a?x? + 8ax 
17. 3aà?y — ба?у? + 9ay? 


Section 2 * Difference of Two Squares 


18. 2a?c — 2a?c? + Зас 

19. 5acd — 2c?d? + bcd 

20. 4b*c* — 12abc — 9c? 

91. 8х2у2 + 12x72? 

99. 6xyz + 12x2y?z 

23. 3a?b + abc — abd 

94. 5a?x? — 5а?х? + 10a? xz 


Applications 


25. When a bar of length Lo, Fig. 11-3, is changed in temperature by an amount t, 
its new length L will be L = Lo + Loat, where a is the coefficient of thermal 
expansion. Factor the right side of this equation. 


26. A sum of money a when invested for t years at an interest rate n will accumu- 
late to an amount y, where y = a + ant. Factor the right side of this equation. 


27. When a resistance A, is heated from a temperature t, to a new temperature t, 
it will increase in resistance by an amount a(t — t,)R,, where a is the tem- 
perature coefficient of resistance. The final resistance will then be 
R = Кү + a(t — tj)R,. Factor the right side of this equation. 


98. An item costing P dollars is reduced in price by 1596. The resulting price C is 
then C = P — 0.15P. Factor the right side of this equation. 


29. The displacement of a uniformly accelerated body is given by Eq. 1018 
а 2 
= Ut + і 
5 0 2 


Factor the right side of this equation. 


30. The sum of the voltage drops across the resistors in Fig. 11-4 must equal the 
battery voltage E. 


E= iR + iR, + iR 


Factor the right side of this equation. 


11-9 Difference of Two Squares 


The next type of expression that we will factor is a binomial in which one square is 
subtracted from another. 


m Exploration: 
Try this. Multiply (2x + 3) by (2x — 3). 

Examine the product you just obtained. How many terms does it have? When 
you multiply two binomials, do you usually get that number of terms? How are the 


terms related to those in the two original binomials? Can you express your results 
in general terms? a 


An expression of the form 


а? — b? 
perfect square —/ > perfect square 


minus sign 


where one perfect square is subtracted from another, is called a difference of two 
squares. It arises when (a — b) and (a + b) are multiplied together. 
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B factor(3.a? = 16-62, а) 
(3-a-4-b)-(3-a+4-b) 
factorc9a^2-16b^2; а)] 


^ 
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TI-89 calculator solution for Example 
9(b). 
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This is one example of what is called a special product. 


Factoring the Difference of Two Squares 


Once we recognize its form, the difference of two squares is easily factored. 


өөө Example 8: This example shows how to factor a difference of two squares. 
4x? — 9 = (2x)? — (3)? 
Qa (Qr Jr 0) 


square root of the first term 
(2х)2 QGy-2Qx 3Qx 3) 
square root of the last term 
4x? — 9 = (2x + 30x — 3) 
opposite signs 2222 


+++ Example 9: Here are more examples of the factoring of a difference of two 
squares. 


(а) y -1=0+ D- 1) 

(b) 9a? — 16b° = (За + 4b)(3a — 4b) 

(c) 49x? — 9a°y? = (7х — Зау)(7х + 3ay) 

(d) 1 — a?b?c? = (1 — abc)(1 + abc) oo 


There is no similar rule for factoring the sum of two squares, such as 


а? LP 


The difference of any two quantities that have even powers can be factored as the 
difference of two squares. Express each quantity as a square by means of the follow- 
ing law of exponents (Eq. 24) for a power raised to a power, that we learned in Chap. 2, 


ха = (ха)? 
өө» Example 10: Factor the expression a^ + b. 
Solution: We write each term as a square, as follows. 
а = (dy and bê = (py 
We now factor the difference of two squares. 
a^ — Ь6 = (a2)? — (oy 


= (a? + Ра? — b?) ove 


Sometimes one or both terms in the given expression may be a fraction. 
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өөө Example 11: Factor the expression 
do 
Qo oy 
n 


n 
x x 
Solution: We use the law of exponents, — = (3) , for a quotient raised to a power 
to write each term as a square. y У 


а) 
зу рел enda csset 
g x y: y 
We can then factor the expression as a difference of two squares. 


яав! 
x y? x y 


Factoring Completely 


After factoring an expression, see if any of the factors themselves can be factored again. 


өө» Example 12: Factor a — ab’. 
Solution: Always remove any common factors first. Factoring, we obtain 
a — ab? = a(1 — P?) 
Now factoring the difference of two squares, we get 


a — al? = а(1  b)(1 — b) +.. 


+++ Example 13: An Application. The volume of the steel frame, Fig. 11-5, is given 
by 18S? — tôs?, where t is the thickness of the frame and 6 is the density of steel. 
Factor this expression. 


Solution: We first remove the common factor tô and then factor the difference of two 
squares. 


1852 — 1852 = tô(S? — s?) 
= IÓ(S + sS — s) ooo 


FIGURE 11-5 


Exercise 2 » Difference of Two Squares 


Factor completely. 


1. 4— x? 2. x7 -9 

3. 9a2 — x? 4. 25 — x? 

5. 4x? — 4y? 6. 9x7 — у? 

7. х? – 9y? 8. 16x? — 16у? 

9. 9c? — 16d? 10. 25a? — 9p? 
11. 9? - 1 19. 4x? — 9? 
Challenge Problems 
13. m^ — п? 14. a® — bÈ 
15. 4m? — 9п* 16. 9? — 4p* 
17. а! — bÈ 18. 9a?b? — 4c* 


19. 25x^ — 1656 20. 36y? — 492° 
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FIGURE 11-6 Circular washer. 


Density = D 
FIGURE 11-7 
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FIGURE 11-8 


FIGURE 11-9 
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91. 16a^ — 121 29. 121a^ — 16 
93. 25a^b^ — 9 24. 121a? — 36b4 
1 1 4 9 
25.— —— 26. — — > 
a p т2 п? 
с 
* 2 y 
25 9 
98. — — x 
4 y 
Applications 
29. The thrust washer in Fig. 11-6 has a surface area of 
area — ary? = ari? 


Factor this expression. 
30. A flywheel of diameter d; (Fig. 11-7) has a balancing hole of diameter d; 
drilled through it. The mass M of the flywheel is then 


adj? 
mass — n Dt Dt 


Factor this expression. 

31. A spherical balloon shrinks from radius гү to radius ғ». The change in surface 
area is 4ттгү^ — Arr». Factor this expression. 

32. When an object is released from rest, the distance fallen between time ї| and 
time f is 3813 ын sett, where g is the acceleration due to gravity. Factor this 
expression. 

33. When a body of mass m slows down from velocity v; to velocity v», the decrease 


НЭГ БЯ ИН RENE, 1 i 
in kinetic energy is ;mvj — 5mv3. Factor this expression. 


34. The work required to stretch a spring, Fig. 11-8, from a length x; (measured 
from the unstretched position) to a new length x» is 5х5 = iod. Factor this ex- 
pression. 

35. The formula for the volume of a cylinder of radius r and height is v — ar?h. 
Write an expression for the volume of a hollow cylinder, Fig. 11—9, that has an 
inside radius r, and outside radius R, and a height h. Then factor the expres- 
sion completely. 

36. A body at temperature T will radiate an amount of heat КТА to its surroundings 
and will absorb from the surroundings an amount of heat КТА, where 7, is the 
temperature of the surroundings. Write an expression for the net heat transfer by 
radiation (amount radiated minus amount absorbed), and factor this expression 
completely. 


11-3 Factoring Trinomials 


A trinomial, you may recall, is a polynomial having three terms, and a quadratic 
trinomial in x has an x? term, an x term, and a constant term. The coefficient of x?is 
called the leading coefficient and the coefficient of x is called the middle coefficient. 


eee Example 14: 4x? + Зх — 5 is a quadratic trinomial. 
The leading coefficient is 4, the middle coefficient is 3, and the constant term 
is —5. РҮҮ: 
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m Exploration: 
Try this. Multiply the two binomials (2x + 1) and (3x + 4). 
What kind of expression did you get? What are the values of the two coeffi- 


cients and the constant term? How are they related to the numbers in the given 
binomials? Can you state it as a general rule? п 


When we multiply the two binomials (ax + b) and (cx + 4), we get a trinomial 
with a leading coefficient of ac, a middle coefficient of (ad + bc), and a constant 
term of bd. 


Test for Factorability 


Not all quadratic trinomials can be factored. We test for factorability as follows: 


+++ Example 15: Can the trinomial 6x? + x — 12 be factored? 


Solution: Using the test for factorability, Eq. 44, with a = 6, b = 1, andc = —12, 
we have 

b? — Дас = 1? — 4(6)( — 12) = 289 
By taking the square root of 289 on the calculator, we see that it is a perfect square 


(289 — 17?), so the given trinomial is factorable. We will see later that its factors 
are (2x + 3) and (3x — 4). өө 


Factoring by Trial and Error 


To factor a quadratic trinomial, we must find two binomials (ax + b) and (cx + d) 
for which 


ac = the leading coefficient of the given trinomial 
ad + be 


bd = the constant term 


the middle coefficient 


We will start with the simplest case, a trinomial with a leading coefficient of 1. 


+++ Example 16: Factor the trinomial х2 + 8x + 15. 


Solution: From Eq. 38, this trinomial, if factorable, will factor as (x + b)(x + d), 
where b and d have a sum of 8 and a product of 15. The integers 5 and 3 have a sum 
of 8 and a product of 15. Thus 


x? + 8x + 15 = (x + 5)(х + 3) ooo 
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" factor(x? +8:х+ 115, х) 
(x + 3)-(x +5) 


factor (x*2+8x+15, x) 
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TI-89 calculator solution for Example 16. 
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Using the Signs to Aid Factoring 
The signs of the terms of the trinomial can tell you the signs of the factors. 


1. Ifthe sign of the last term is positive, both signs in the factors will be the same 
(both positive or both negative). The sign of the middle term of the trinomial will 
tell whether both signs in the factors are positive or negative. 


+++ Example 17: These examples show how a positive last term affects the signs in 
the factors. 


positive, so signs in the factors are the same 
(а) x? + 6x + 8 = (x + Ax + 2) 


positive, so both signs in the factors are positive 


F positive, so signs in the factors are the same 
(b) x? — 6x + 8 = (x — Ax — 2) 
negative, so both signs in the factors are negative 5322 


92. If the sign of the last term of the trinomial is negative, the signs of b and d in 
the factors will differ (one positive, one negative). The sign of the middle term 
of the trinomial will tell which quantity, b or d, is larger (in absolute value), the 
positive one or the negative one. 


+++ Example 18: This example show how a negative last term affects the signs in the 
factors. 


negative, so the signs in the factors differ, one positive and one negative 


х? = 2x 8 = (x — 4)(х + 2) 


negative, so the larger number (4) has a negative sign oo 


+++ Example 19: Factor x? + 2x — 15. 


Solution: We first look at the sign of the last term (— 15). The negative sign tells us 
that the signs of the factor will differ. So we may write 


х? + 2х – 15 = (х + Xx- ) 


We then бра two numbers whose product is — 15 and whose sum is 2. These two 
numbers must have opposite signs in order to have a negative product. Also, since 
the middle coefficient is +2, the positive number must be 2 greater than the nega- 
tive number. Two numbers that meet these conditions are +5 and —3. So 


х2 + 2х 15 =(х+ Xx- ) .. 


Next let us factor a trinomial whose leading coefficient is not 1, using the signs 
of the terms to help us. 


өө» Example 20: Factor 6x? — 13x — 5. 


Solution: We assume that this expression will factor into the form (ax + b)(cx + d). 
The leading coefficient is 6, so a and c can be (1 and 6), (6 and 1), (2 and 3), or (3 and 
2). Let us try (3 and 2). 

(3x + Ь)(2х + d) 
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The sign of the constant term (—5) is negative, which says that b and d have oppo- 
site signs. The sign of the middle coefficient is also negative, telling us that the 
greater of the two, in absolute value, must be negative. So b and d can be 
(1 and —5) or (—5 and 1). Let us try (—5 and 1). 


(3x — 5)Qx + 1) 


We check by multiplying out, getting 6x? — 7x — 5. No good, but everything 
matches but the middle term. Note that a switch of a and c will affect only the 
middle term, so we next try 


(2x — 5)(3x + 1) 
which does check. +++ 


Remember to remove any common factors before factoring a trinomial. 


өө» Example 21: Factor 18x? — 15 — 39x. 
Solution: Factoring out a 3 from the expression gives 
3(6х2 = 5 — 13x) 
= 3(6x? — 13x — 5) 


after rearranging terms. We see that the expression in parentheses is the same as in 
the preceding example, so the factors are 


3(2x — 5)(3x + 1) 666 


+++ Example 22: An Application. We can find the thickness t of the angle iron in 
Fig. 11-10 by solving the equation, ? — 14t + 24 = 0. Factor the left side of this 
equation. 


Solution: The last term is positive, so the signs in both factors will be the same. The 
middle term is negative, so the signs in both factors will be negative. So we can write 


2-14-24-0- Xt- ) 


We now seek two numbers whose product is 24 and whose sum is —14. The num- 
bers —2 and — 12 will work, so we get 


Ê — 14t + 24 = (t — 2)¢ — 12) ie. 


Grouping Method 


Some students have a knack for factoring and can quickly factor a trinomial by trial 
and error. Others rely on the longer but surer grouping method. The grouping 
method eliminates the need for trial and error. 


өөө Example 23: Factor 3x? — 16x — 12. 

Solution: 

1. Multiply the leading coefficient and the constant term. 
3(—12) = —36 


2. Find two numbers whose product equals —36 and whose sum equals the middle 
coefficient, —16. Two such numbers are 2 and —18. 

3. Rewrite the trinomial, splitting the middle term according to the selected factors 
(—16x = 2x — 18x). 


3x? + 2x — 18x — 12 
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= factor(6:x? - 13:x - 5, x) 
(2:x-5)(3:x-*1) 
factor (6x*2-13x-5, хә] 
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TI-89 calculator solution for Example 20. 
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a factor(18:x? - 15 - 39:x, x) 
3.(2:x -5)(3:x + 1) 


factor (18x*2-15-39x, хә] 
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TI-89 calculator solution for Example 21. 


Cross section: 
Area = 24 cm? 


FIGURE 11-10 
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Group the first two terms together and the last two terms together. 
(3x? + 2x) + (—18х — 12) 
4. Remove common factors from each grouping. 
x(3x + 2) — 6(3x + 2) 
5. Remove the common factor (3x + 2) from the entire expression and you get: 
(Зх + 2)(х — 6) 


which are the required factors. +.. 


It is easy to make a mistake when factoring out a negative quantity. 
Thus when we factored out a —6 in going from step 3 to step 4 
in Example 23, we got 


(= Перу = 12) = = @5 че 2) 
but not 
G = 2) 


ЇР incorrect! 


The Perfect Square Trinomial 


m Exploration: 
Try this. Square the binomial (2x + 3). 
What kind of expression did you get? What are the values of the two coeffi- 


cients and the constant term? How are they related to the numbers in the given 
binomial? Can you state your result as a general rule? a 


The expression obtained when a binomial is squared is called a perfect square tri- 
nomial, another special product. In your exploration, you may have observed that 
the first and last terms of the trinomial are the squares of the first and last terms of 
the binomial, 


(2x + 3)? 


square J b? square 


Ax? + 12x +9 


and that the middle term is twice the product of the terms of the binomial. 


(2x + 3)? 
product l 
6x 


twice the product | 


4х2 + 12x + 9 


Also, the constant term is always positive. 


We can factor a perfect square trinomial in the same way we factored the general 
quadratic trinomial. However, the work is faster if we recognize that a trinomial is a 
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perfect square. If it is, its factors will be the square of a binomial. The terms of that 
binomial are the square roots of the first and last terms of the trinomial. The sign in 
the binomial will be the same as the sign of the middle term of the trinomial. 


++» Example 24: Factor a? — 4a + 4. 


Solution: The first and last terms are both perfect squares, and the middle term is 
twice the product of the square roots of the first and last terms. Thus the trinomial is 
a perfect square. Factoring, we obtain 


a? — 4а + 4 
square square 
root root 

same 
(a — 2) 


(a+ bY + а? + Б? 


Exercise 3 • Factoring Trinomials 


Factor completely, by hand or by calculator. Check your results. 


Trinomials with a Leading Coefficient of 1 


1. x? — 10x + 21 9. x? — 15x + 56 
3. x? - 10x + 9 4. x? + 13x + 30 
5. x? + 7x — 30 6. х2 + 3x + 2 
7. x? + Ix +12 8. c? + 9c + 18 
9. x? – 4x — 21 10. x? — x — 56 
11. х2 + бх + 8 12. х2 + 12x + 32 
13. 5? — 8b + 15 14. 5+ b — 12 
15. b> —b — 12 16. 3b? — 30b + 63 
17. 2y? — 26y + 60 18. 4z? — 16z — 84 


The General Quadratic Trinomial 


19. 4х2 — 13x + 3 90. 5a? — 8a + 3 
91. 5х2 + 11х +2 99. 7х2 + 23х + 6 
93. 1252 — b - 6 94. 6x? — 7x + 2 
95. 248 +а – 6 96. 23? + 3x – 2 
97. 5x? — 38x + 21 98. 4x? + 7x — 15 
99. 33? + 6x + 3 30. 2x? + 11x + 12 
31. 332—- x - 2 39. 7x? + 123x — 54 
33. 4x? – 10x + 6 34. 3x? + 11x — 20 
35. 4а? + 4а — 3 36. 9x? — 27x + 18 
37. 9a? — 15a — 14 38. 16c? — 48c + 35 


The Perfect Square Trinomial 


39. х2 c Ax +4 40. x? — 30x + 225 
41. ? - 2y +1 49. x? + 2x +1 
43. 2y? — 12y + 18 44. 9 — 12a + 4а? 


45. 9 + бх + x? 46. 4y? — 4y + 1 
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E factor(a? -4:а44, а) 

(a- 2)? 
factor (a*2-4at4, а) 
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TI-89 calculator solution for Example 24. 
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47. 9x7 + 6x + 1 48. 16x? + 16x + 4 

49. 9? — 18у + 9 50. 165? — 8n + 1 

51. 16 + 16a + 4a? 59. 1 + 20a + 100a? 

Applications 

53. To find the dimensions of a rectangular field having a perimeter of 70 ft and an 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


area of 300 f, we must solve the quadratic equation 
x? — 35x + 300 = 0 
Factor the left side of this equation. 


To find the width of the frame in Fig. 11-11, we must solve the quadratic 
equation 


x? – 115+ 10= 0 
Factor the left side of this equation. 


To find two resistors that will give an equivalent resistance of 400 Q when 
wired in series and 75 Q when wired in parallel, we must solve the quadratic 
equation 


R? — 400R + 30,000 = 0 
Factor the left side of this equation. 


An object is thrown upward with an initial velocity of 32 ft/s from a building 
128 ft above the ground. The height s of the object above the ground at any 
time t is given by 

s = 128 + 32t — 168? 
Factor the right side of this quadratic equation. 


An object is thrown into the air with an initial velocity of 82 ft/s. To find the 
time it takes for the object to reach a height of 45 ft, we must solve the quad- 
ratic equation 


l6? — 821 + 45 = 0 
Factor the left side of this equation. 


To find the depth of cut Л needed to produce a flat of a certain width on a 
1-in.-radius bar (Fig. 11-12), we must solve the equation 


4h? — 8h +3 = 0 
Factor the left side of this equation. 
To find the width 2m of a road that will give a sight distance of 1000 ft on a 
curve of radius 500 ft, we must solve the equation 


m? — 1000 m + 250,000 = 0 


Factor the left side of this equation. 


Project: Some trinomials that have two variables (such as x? + 5xy + бу?) can 
be factored by temporarily dropping one variable (y in this example), factoring 
the remaining trinomial (х2 + 5x + 6) into (x + 3)(х + 2), and then putting 
back the second variable, getting (x + 3y)(x + 2y). Try this technique on the 
following trinomials: 


x? — 13xy + 36y? x? + 19xy + 84y? x? — 9xy + 20y? 
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11-4 Other Factorable Expressions 


More Factoring by Grouping 


We have used the grouping method to factor trinomials. Now we extend it to ex- 
pressions containing four terms. Here we try to arrange terms into smaller groups of 
two, each of which has a common factor. We will show the method by examples. 


+++ Example 25: Factor ab + 4a + 3b + 12. 


Solution: Group the two terms containing the factor a, and group the two contain- 
ing the factor 3. Remove the common factor from each pair of terms. 


(ab + 4a) + (3b + 12) = a(b + 4) + 3(b + 4) 
Both terms now have the common factor (b + 4), which we factor out, getting 


(b + 4)(а + 3) аад 


өө» Example 26: Factor x? — y? + 2x + 1. 
Solution: Taking our cue from Example 25, we try grouping the x terms together. 
(х2 + 2x) + (-y? + 1) 


But we are no better off than before. We then might notice that if the +1 term were 
grouped with the x terms, we would get a trinomial that could be factored. Thus 


тозатарин ur] | 


(х2 + 2х + 1) – у 
(x + 1)(х + 1) - у? 


or 
ч factor(x? = y? a a и. х) 
(x-1?-y (x+y+1)-(x-yt1) 
factortix^2-u^2*2x*1,;x) 
We now have the difference of two squares. Factoring again gives MAIN RAD AUTO FuNCITMM 1/30 


(x+ 1+ у(х +1 у) ooo TI-89 calculator solution for Example 26. 


Sum or Difference of Two Cubes 
An expression such as 
х? + 27 
is called the sum of two cubes (x? and 3°). In general, when we multiply the bino- 
mial (a + b) and the trinomial (a? — ab + b°), we obtain 
(a + b(a? — ab + D?) = а — аЬ + ab? + ар — ab? + b’ 
= а? +b 


All but the cubed terms drop out, leaving the sum of two cubes. 


When we recognize that an expression is the sum (or difference) of two cubes, 
we can write the factors immediately. 
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+++ Example 27: Factor x? + 27. 


Solution: This expression is the sum of two cubes, x) 33. Substituting into Eq. 34, 
with a = x and b = 3, yields 


х + 27 = х? + 33 = (x + 3)(х2 — 3x + 9) 


| ме] ЭН 


sign 
opposite 
sign 


always + 


The middle term of the trinomials in Eqs. 34 and 35 is often 
mistaken as 2ab. 


a? + b? + (a + bya? — 2ab + P?) 


no! 


Example 28: Factor 108 — 32x?. 
tien. | 2228-2220 й 


Solution: As usual, we first try to remove a common factor. 


108 — 32x? = 4(27 — 8х?) 


и factor(108 - 32:х5, х) 
-4-(2-х- 3) [(4:х2+6:х+9) 
factor(i08-32x^3,30] 108 — 32:3 = 4(3 — 2x9 + бх + 4х2) 22 
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We then recognize the expression in parentheses as the difference of two cubes, so 


TI-89 calculator solution for Example 28. ; ; 
? Exercise 4 » Other Factorable Expressions 


Factor completely, by hand or by calculator. Check your results. 


Factoring by Grouping 


1. à? + За? + 4a + 12 
Q9. х +2 + x1 
3. хэ - х2 +х- 1 
4. 2х5 — х2 + 4х – 2 
5. x? — bx + 3x — 3b 
6.abta—-b-1 

7. 3x = 2y — 6 + xy 
8 


9. x? + y? + 2xy - 4 
10. х2 — бху + 9y? — а? 
11. m? — n? — 4 + 4n 
19. p? — r? — бра + 94? 


Sum or Difference of Two Cubes 


13. 64 + х? 14. 1 — 64y? 
15. 243 — 16 16. а? – 27 
17. х – 1 18. x? — 64 
19. x? +1 20. a? — 343 
91. a? + 64 99. x? + 343 
93. x? + 125 94. 64d? + 27 


25. 216 — 8d? 96. 343 — 27y? 
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Applications 


27. The volume of a hollow spherical shell having an inside radius of гү and an 
outside radius r» is trr’ = sary. Factor this expression completely. 

28. A cistern is in the shape of a hollow cube whose inside dimension is s and 
whose outside dimension is S. If it is made of concrete of density d, its weight 
is d$? — ds?. Factor completely. 

29. Writing: We have studied the factoring of seven different types of expressions 
in this chapter. List them and give an example of each. State in words how to 
recognize each and how to tell one from the other. Also list at least four other 
expressions that are not one of the given seven, and state why each is different 


from those we have studied. 


11-5 Simplifying Fractions 


From factoring, we move on to our study of fractions and fractional equations. As 
usual we start with a reminder of some definitions. 
A fraction has a numerator, a denominator, and a fraction line, or bar. 

а <— numerator 


fraction line — — . 
«— denominator 


This fraction can also be written on a single line as a/b. A fraction is a way of 
indicating a quotient of two quantities. Thus the fraction a/b can be read as “a 
divided by b." Another way of indicating this same division is a + b. The quotient 
of two quantities is also spoken of as the ratio of those quantities. Thus a/b is the 
ratio of a to b. 

Recall that the bar or fraction line is a symbol of grouping. The quantities in the 
numerator must be treated as a whole, and the quantities in the denominator must 


be treated as a whole. 


+++ Example 29: In the fraction 
x+4 
2 


the numerator x + 4 must be treated as a whole. The 4 in the numerator, for 
example, cannot be divided by the 2 in the denominator, without also dividing 
the x by 2. 


Division by Zero 


Since division by zero is not permitted, it should be understood in our work with 
fractions that the denominator cannot be zero. 


+++ Example 30: What values of x are not permitted in the following fraction 
3x 
х? +х- 6 
Solution: Factoring the denominator, we get 


3x 3x 
х2+ х= 6 (х — 2)(х + 3) 


We see that an x equal to 2 or to —3 will make (x — 2) or (х + 3) equal to zero. 
This will result in division by zero, so these values are not permitted. ooo 


335 


336 


Chapter 11 * Factoring and Fractions 


Common Fractions and Algebraic Fractions 


A common fraction is one whose numerator and denominator are both integers. 
An algebraic fraction is one whose numerator and/or denominator contain literal 
quantities. 


+++ Example 31: 
(a) The following are common fractions. 
2 -9 —124 18 


, — and — 
5 125 -11 


3 


? 


(b) The following are algebraic fractions: 


X Vx+t2 3 x? 


; : , and 
y x y x —3 


oe 


Rational Algebraic Fractions 


An algebraic fraction is called rational if the numerator and the denominator are 
both polynomials. Recall that a polynomial is an expression in which the exponents 
are nonnegative integers. 


eee Example 32: The following are rational fractions: 


3 3 x? 
E and 
y w Nom 
Vx +2. . . 
But — — —— is not a rational fraction. ooo 
x 


Proper and Improper Fractions 
A proper common fraction is one whose numerator is smaller than its denominator. 


3 1 9 А 8 3 7 ‚ 
+++ Example 33: 5,5, and үү are proper fractions, whereas 5, 5, and ; are improper 
fractions. oe 


A proper algebraic fraction is a rational fraction whose numerator is of lower 
degree than the denominator. 


eee Example 34: The following are proper fractions: 
х х? + 2x – 3 
2 an 3 
X F2 x +9 
The following are improper fractions: 
х-2 3 + 2y? 
—— — and — — — тэ» 
х2 +x 3 y 
Mixed Form 


A mixed number is the sum of an integer and a fraction. 


+++ Example 35: 


(a) The following are mixed numbers: 
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(b) To change an improper fraction to a mixed number, we divide numerator by de- 
nominator. 


(c) To change a mixed number to an improper fraction, write the integer part as a frac- 
tion, and add it to the fractional part. 


3 3 3 3 3 606 


А mixed expression is the sum or difference of a polynomial and a rational 
algebraic fraction. 


өөө Example 36: The following are mixed expressions: 


y 
yt) 


1 
3x - 245 and y — 222 


Simplifying a Fraction by Reducing to Lowest Terms 


We reduce a fraction to lowest terms by dividing both numerator and denominator 
by any factor that is contained in both. 


+++ Example 37: Reduce the following to lowest terms. Write the answer without 
negative exponents. 


9 33) 3 
а) 2 =O _5 
12 43) 4 
3x yz 3 x? z x 


= . . . = oo 


When possible, factor the numerator and the denominator. Then divide both 
numerator and denominator by any factors common to both. 


+++ Example 38: Here are some examples where factoring the numerator and/or the 
denominator will aid in simplifying a fraction. 


(a) 2x x Ox + Ie 2x1 
3x 3(x) 3 
аЬ + bc  b(atc) ate 
bc t bd bic +d) ct+d 


232— 5х-3 Qx + D(x-3) х-3 


(b) 


(c) 2 
4x? = 1 (2х + D2x-1) 2x-1 
(d) x? — ax + 2bx — 2ab x(x — a) + 2b(x — a) 
2x? + ax — 3a? (x — a)Qx + 3a) 


(x — а)(х + 2b) x + 2b 
© (x = a)Qx + За) 2x + За 


ooo 
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езен оне ре четеш 


mi 
ч conenon| 25^ 


2:1 
ME pa ESGUNEGIMBS. - TIME 
comDenomtCt2x^2*x2^C3x2» э] 


MAIN DEG AUTO FUNC 1230 


TI-89 screen for Example 39. 


resiste stre н Зи сеэлни | 


5-2] 1 


" comDenon| 2222522) 


comDenomt -(3х-22/(2-3х2э2 
MAIN DEG AUTO FUNC 1/30 


TI-89 calculator solution for Example 41. 
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The process of striking out the same factors from numerator and denominator 
is called canceling. 


Most students love canceling because they think they can cross out 
any term that stands in their way. If you use canceling, use it care- 
fully! If a factor is missing from even one term in the numerator or 
denominator, that factor cannot be canceled. 
IO) = Ke 2 Vw 
wx w 


We may divide (or multiply) the numerator and denominator by 
the same quantity (Eq. 41), but we may not add or subtract the 
same quantity in the numerator and denominator, as this will 
change the value of the fraction. For example, 


dco 4 2 
Bl SS 200875 


Simplifying Fractions by Calculator 


Many fractions can be simplified by a computer algebra system. On the TI-89 
calculator, we use the comDenom (common denominator) operation found in the 
Algebra menu. 

2x? + x 


X 


+++ Example 39: Simplify the fraction 


Solution: The keystrokes are shown. We select comDenom, enter the expression in 


parentheses, and press | ENTER |. өө 


Simplifying a Fraction by Manipulating Signs 


Sometimes a fraction can be reduced simply by working with its algebraic signs. 
: хта 
+++ Example 40: Simplify a 


Solution: Let us factor a (—1) from the numerator. 
x—a  (-D(-x + a) 
а= х а- х 
Ес 4)... 


= — -1 ooo 
а- х 


When there is a minus sign on the entire fraction, it is the same as multiplying 
the numerator of the fraction by (— 1), as in the following example. 


3x —2 
++» Example 41: Simplify the fraction — x ze 
— 3x 


Solution: Let us rewrite the minus sign on the entire fraction as КЕ 


C 4 36-02 
“2-3х 1 2-3х 
_ -1Gx = 2) 
С 2—3х 
—3x +2 _ 


2 = Зх +++ 
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Exercise 5 • Simplifying Fractions 


In each fraction, what values of x, if any, are not permitted? 


12 
4. — DLE 

x 12 

18 5x 

З; 4. ———— 

к=з x? — 49 

7 6 3x Hint: Factor the denominators in 
i x? —3x 42 | 8x2 = 4,43 problems 4, 5, and 6. 


Simplify each fraction by manipulating the algebraic signs. 


= p- 
b-a у = 2x 
9. (a — bXc — d) 40. w(x — y — 2) 

b—a Yon +z 


Reduce to lowest terms. Write your answers without negative exponents. Do some 
algebraic fractions by calculator. 


14 81 
11. — 12. — 
21 18 
75 36 
D ES "етт 
5 35 е" 44 
2ab 12m?n 
19: —— 16. 
6b 15mr? 
17 21т2р? 18 abx — bx? 
i 28mp* ` acx = сх? 
2 _ 
19. х 1 өөө 
378 


Challenge Problems 


2a? + 6a? — 8a 


i 2a? + 2a? — 4a 
91. 2n?n = 2m?n — 24mn 99. 9x? — 30x? + 25x 
6m? + 6m? — 36m 3x4 — 11x? + 10x? 

ak: 2a? — 2 ян за? — 4ab + b? 
a?—2a41 a? — ab 

95:52:25 о. ——^— 
L-z? бх — 4x? 

- 2a? — 8 ad: 2a? + ab — 3b? 
2a? — 2a — 12 a? — ab 

g2- » = 
2xy + 2y x? — 2ах + а? 
2x^y^ + 2 18a?c — 6bc 

Ile $3 — 39. — — 
3x55 — 3 42а?а — 14bd 


33. Writing: In simplifying a fraction, we are careful not to change its value. If 
that's the case, and the new fraction is "the same" as the old, then why bother? 
Write a few paragraphs explaining why you think it's valuable to simplify 
fractions (and other expressions as well) or whether there is some advantage 
to just leaving them alone. 
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ass 11-6 Multiplying and Dividing Fractions 


Now we will do the four basic operations with fractions: adding, subtracting, multi- 
plying and dividing. We will start with multiplication and division. 


Multiplying Fractions 


a c 
We multiply a fraction b by another fraction d as follows: 


+++ Example 49: These examples show the multiplication of fractions. Note that in 
(b) we have canceled out the common factors 2 and 3 from the numerator and 
denominator after multiplying, and in (c) we have converted the mixed numbers to 
improper fractions before multiplying. 


25 25) 10 p 1.2.3 1009) 1 
37 3m 21 235 2905 5 


2.1 177 11 
5 3 = . = 
€) 3, 99573 2 8 


(a) 


When multiplying mixed numbers, students sometimes try to mul- 
tiply the whole parts and the fractional parts separately. 
2 3 6 
D= X 4- + 8— 
3 5 15 


The correct way is to write each mixed number as an improper 
fraction and to multiply as shown. 


We multiply algebraic fractions in the same way. It’s a good idea to leave any products 
in factored form until after you simplify. 


eee Example 43: Try multiplying and simplifying these algebraic fractions and see 
if you get the same result. 


2a 5c 10ac 5c 
3b 4a  l2ab 6b 
X сн x(x? — 4) 
b 2 x3 (x + 2)x3 
x(x-T-2)(x-2) x-2 
(x + 2)? a x 


(a) 


(b) 
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E. i M d Дай 
х2 — 4x +3 2x? + 7x +6 

(x — I(x + 2)(х — 30x + 3) 
~ (x — Dix — 3)(х + 2)(2x + 3) 


(c) 


Dividing Fractions 


To divide one fraction, a/b, by another fraction, c/d, 


a d a d a d 


bc be bc a d ad 
cd cd 1 bc bc 
d c cd 


We see that dividing by a fraction is the same as multiplying by the reciprocal of 
that fraction. 


«ee Example 44: These following examples show the division and simplification of 
common fractions and mixed numbers. 


2.5 27 14 


0377-3515 
2 4 17 34 
b) 3= + 2— = = 
DI ELIGE ИТ 
37.15. 17(5)(3) 3 
5 ^34 590) 2 is 


өөө Example 45: An Application. А 22/4 inch long bolt is to be threaded into a plate 
to a depth x equal to °/g of its length. Find x. 


Solution: We change the mixed number to an improper fraction, multiply, and simplify. 


2 x 
4 8 4 8 
33 1. 
= — = ]— in 
32 32 +++ 


+++ Example 46: An application. The pitch of a screw thread is the distance between ad- 
jacent threads. The bolt, Fig. 11—13 has a pitch of i. Find the number of threads in 1 5 in. 


Solution: We must divide the length by the pitch to get the number of threads. We 
change the mixed number to an improper fraction, invert the divisor, multiply, and 
simplify. 
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FIGURE 11-13 
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MAIN DEGAUTO FUNC 1730 


TI-89 calculator solution for 
Example 43(a). 


Fir | Fè» |F3+ Far 
Tools|AlzebrajCalc Clean Ur 


a 
. сонделон >: x d 


х:—=2 


БокПетотСх/^СКх+2»жс(х^2-4»... 
р 


MAIN EGAUTO FUNC 1/30 


TI-89 calculator solution for 
Example 43(b). 
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3 1 111 
8' 16 8716 
it... 16 
md 


8 1 
— 22 threads oo 


өөө Example 47: These examples show the division of algebraic fractions. 
x x+2 ху-1 
y | y= 1 y x -*2 

x(y — 1) xy = a 

y(x + 2) xy + 2y 


хХ2-х-2 х-2 x--x-2 x 
(b) p 


(a) 


X x x x +2 
_@+ 2D - 1)x? ЭРЭЭН 
x(x + 2) 
тух x | тх x 4 4 
ee 4 Е 1 4 Е 1 ar?x " тг? mS 


We invert the divisor and multiply. Be sure not to invert the dividend. 


Common 


Error i | : : m 
Do not do any canceling until after inverting the divisor. 


Multiplying and Dividing Fractions by Calculator 


To multiply or divide fractions, we again use the comDenom operation from the 
Algebra menu. 


eee Example 48: At left are the TI-89 calculator screens for Examples 43(a) 
and 43(b). өөө 


Exercise 6 • Multiplying and Dividing Fractions 


Multiply and reduce. Do some by calculator. 


b. 21 
Е TENES 
3 5 724 
2 9 11 
3.— x= 4.— x7 
377 3 
2 1 2 
5 2 x 3+ 6. зх 71-2 
3 5 5 
3 1 3. 2 5 
Q95 x 2— ae гы 
7 34 2 9 3 7 9 
5 4 15a? 2845 
9.3x-x- 10. . 
8 5 7b? ас 
4,4 2 2 2 
b + - 
11 = иг. и 
2a^y' ху х-у (x + у)? 
2 2 
— b 
dg жа иш. АЕ Г Рас Ерна 
ху х+а х-ухтчу 
+ а 
{56 mee | = 


2 2 


10 3(x-4y х^— у2 xoy 
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Divide and reduce. Try some by calculator. 
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7.3 7 
T A 18.3-— —2 
9:3 8 
7 9 
19. = + 4 90. — + 8 
8 16 
5 5 1 
91. 24 + — 09, ~ = 2— 
8 8 4 
7 1 1 
93. 2— = 1— 24. @ = 
8 2 8 2 
3 Sab? | 10ac? 
95. 50 + 22 26. + —21 
5 3x 6bx 
7x2 Dey? 4a? 2g? x? 
от. 7 . 79 ов. =. 222 
Заа Заа бау 8a^y 
5х?у?: 10xy?z? 3an + cm 
29. : 30. eae 3 * 
6a?b?c 8ab?c? х? – у? ( У) 
2 
a^ + 4а +4 ac + ad + bc + bd 
. + (а + 2 2. : +p 
31 EF (a + 2) 3 Aog (a ) 
5(x + y? 1 1 
33. — — — $9 (at 34. : 
ху | » x? + 17х +30 x t 15 
5x 10x 3x — 6 2-4 
BÉ. CU „== 36. 322. _* 
a-x а-х 2x+3 4x°+2x-6 
37, 472-2 2 
5a = 1 10a* + 13a — 3 
Applications 
38. An 83 in. length of a certain steel bar weighs 14 Ib. Find the weight of a 
similar bar of length 22 2 in. in length. 
39. A machine part, Fig. 11—14, is to have 5 holes equally spaced by 1 E in. Find 
the distance x. 
40. The framing in Fig. 11—15 has 7 studs equally spaced. Find the distance x, 


between their centers. 


41. Fora thin lens Fig. 11-16 the relationship between the focal length f, the object 
distance p, and the image distance q is 
P4 
ptdq 


A second lens of focal length fı has the same object distance p but a different 
image distance 41. 


FIGURE 11-15 
PQA 
hel 
pta 
Find the ratio f/f, and simplify. Object р 
42. The mass density of an object is its mass divided by its volume. Write and цас 
simplify an expression for the density of a sphere having a mass т and a vol- 
ume equal to 4zr?/3. FIGURE 11-16 


344 Chapter 11 * Factoring and Fractions 


43. The pressure on a surface is equal to the total force divided by the area. Write 
Ї and simplify an expression for the pressure on a circular surface of area md?/4 
subjected to a distributed load F. 
44. The stress on a bar in tension is equal to the load divided by the cross- 
sectional area. Write and simplify an expression for the stress in a bar having a 
trapezoidal cross section of area (a + b)h/2, subject to a load P. 


ole 
S 
FS 
л 


. The acceleration оп a body is equal to the force on the body divided by its 
b mass, and the mass equals the volume of the object times the density. Write 
and simplify an expression for the acceleration of a sphere having a volume 
Amr] 3 and a density D, subjected to a force F. 


F 46. To find the moment of the area A in Fig. 11-17, we must multiply the area 
4 (р - Р та2/4 by the distance to the pivot, 164/3. Multiply and simplify. 


47. The circle in Fig. 11—18 has an area та?/ 4, and the sector has an area equal to 


PURE 11217 FIGURE 11718 ds/4. Find the ratio of the area of the circle to the area of the sector. 


11-7 Adding and Subtracting Fractions 


From multiplying and dividing fractions, we now move on the operations of addi- 
tion and subtraction. 


Similar Fractions 


Similar fractions (also called like fractions) are those having the same (common) 
denominator. 


+++ Example 49: These examples show the addition and subtraction of common and 
algebraic fractions having the same denominators. 


2.5 2-5 7 
+ 


M3737 3 73 
1 3 1+3 4 
0) —+==—== 
X x x ^ 
тн шин х^__3х=5+х7 
eed yii 21 х +1 m 


Least Common Denominator 


The least common denominator, or LCD (also called the Jowest common denomi- 
nator), is the smallest expression that is exactly divisible by each of the denominators. 
Thus the LCD must contain all the prime factors of each of the denominators. The 
common denominator of two or more fractions is simply the product of the deno- 
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minators of those fractions. To find the least common denominator, drop any prime 
factor from one denominator that also appears in another denominator. 


өөө Example 50: Find the LCD for the two fractions : and E 


Solution: Factoring each denominator, we obtain 


8 18 
(2)(2)(2) (2)(3)(3) 
duplicates; 
include only once 
in LCD 


Dropping one of the 2’s that appear in both sets of factors, we find that our LCD is 
then the product of these factors. 


LCD = (2)(2)(2)(3)(3) = 72 ... 


For this simple problem, you probably found the LCD by inspection in less 
time than it took to read this example, and you are probably wondering what all the 
fuss is about. What we are really doing is developing a method that we can use on 
algebraic fractions when the LCD is not obvious. 


өө Example 51: Find the LCD for the fractions 


5 x d 9 
А , and ~~~ 
x^-x 2-1 x-x 


Solution: The denominator x? + x has the prime factors x and x + 1. 

The denominator x? — 1 has the prime factors x + 1 and x — 1. 

The denominator x? — x? has the prime factors x, x, and x — 1. 
The factor (x + 1) appears in two denominators, as do the factors (x — 1) and x. 
Dropping the duplicates, our LCD is then 


(х)(х)(х + D(x—1) or 2x2? – 1) +.. 


Combining Fractions with Different Denominators 


m Exploration: 
Try this. You join a party in the next dorm room, bringing with you 1 of a pizza. 
They already have 2 of the same size pizza. How would you slice the two pizzas so 


that every slice from both was the same size? If you did this, how large would each 
slice be? What does this have to do with adding fractions? ш 


To combine fractions with different denominators, first find the LCD. Then multi- 
ply numerator and denominator of each fraction by that quantity that will make the 
denominator equal to the LCD. Finally, combine as shown previously and simplify. 

The method for adding and subtracting unlike fractions can be summarized 
as follows. 
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+++ Example 59: Add 1 апа a 


Solution: The LCD is 6, so 
1 
2 


2 
+ — 
3 


ooo 


AIN AlLw NI= 


To combine integers and fractions, treat the integer as a fraction having | as a 
denominator, and combine as shown above. The same procedure may be used to 
change a mixed number to an improper fraction. 


+++ Example 53: This example shows the addition of an integer and a common 
fraction. 


29 oe 


5 
++» Example 54: Combine: ы. 
2y x 


Solution: The LCD will be the product of the two denominators, or 2xy. So 


x 5 (2) (2) 
2y х 2у\х) х4\2у 


Ш x 10y 
2xy 2xy 
_ x? — 10у 18: 
2xy 


It is not necessary to write the fractions with the /east common denominator; 
any common denominator will work as well. But your final result will then have to 
be reduced to lowest terms. 

The procedure is the same, of course, even when the denominators are more 
complicated. 


+++ Example 55: Combine the fractions 
х+2 2x+1 
£3: 35 = 2 


Solution: Our LCD is (x — 3)(3x — 2), so 
х+2 2x *l (xt20x—2), Qx * YG ^ 3) 
х-3 3x-2 (x-3)0x-2) (3х — 2)(x — 3) 
(3x? + 4x — 4) + (2x? — 5x — 3) 
(x — 3)3x — 2) 
5x—x-—7 


«3x32 — lx + 6 
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Addition and Subtraction by Calculator 
КОШЕНИН ЖА ШЕТШ 


We сап изе comDenom again to add and subtract fractions. 


ч comDenon{ 222 б =— 2 = 


өө, Example 56: The screen for adding the fractions in Example 55 is shown. 


We select comDenom, from the Algebra menu enter the expression in parentheses, SORE 
SX -11:3xt*6 
*** ——— ИИС АННЕ ЛЕ АЛЬ Д 

and press EINER 297 CS CA 1) 7 (3x2) 


MAIN DEGAUTO FUNC 1/30 


An Application 
TI-89 screen for Example 56. 
өөө Example 57: The day shift in a certain factory can assemble 26 computers in 5 


days, and the night shift can assemble 13 computers in 4 days. How many computers 


can both shifts assemble in one day? 
26 
Solution: The day shift can assemble 5 of a computer per day. The night shift can 


assemble 2 of a computer per day. Together they can assemble 
4 


26 13 
— + = 
5 4 


computers per day. Combining fractions over ће LCD, 20, we get 


26 , 13 _ 264), B® 
5 4 20 20 
104 + 65 169 


20 20 


9 
= 820 computers рег day 222 


Exercise 7 » Adding and Subtracting of Fractions 


Common Fractions and Mixed Numbers Combine and simplify. 


Don’t use your calculator for these numerical problems. The practice you get 
working with common fractions will help you when doing algebraic fractions. 


3 2 1 
342 kic 
5 5 8 8 
4,24,5.6 "EE 
"E 9 9 9 
1 7 M 1 9 12 2 
Rue des Я + 
93 3 3 82 5 X 5 
4 142 4222 
`2 3 `5 3 
3 7 2 3 
bod bod - 
“л 16 194 7 
TE A 48:14:22 
9 з 18 2 3 5 
13.242 di 42 
1 5 ` 3 6 


Algebraic Fractions Combine and simplify. Try some by calculator. 


1 5 2 1 
1s —+— йл 

а а Х X X 
NCC E T ДЕ 1 
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15 in = 20. — : 
2 2 KD x2 
3x 2x a b c 
21: + 22. — — 4. 
—b b-a x? x? x? 
3 2 1 1 1 
з= E p ec 
2x 5x X у Z 
3. a+b a-b 3 2 
96 (6 in. 25. = 26. 
6 3 2 a+b a-b 
4 5 xcl.x-—l 
97. = 28. = 
ace CM ca pe же. ж] 
Applications 
FIGURE 11-19 Treat the given numbers in these problems as exact, and leave your answers in frac- 


tional form. Do not use your calculator. 


29. A stud 96 » in. long is capped by a plate г: in. thick, Fig. 11—19. Find their 


A Á 
Fin combined height. 
30. Find the distance x in the drilled plate, Fig. 11—20. 
3 5 3 
12-in 31. There boards having lengths of 42 8 in. and 38 16 in. are cut from board 97 1 in. 
х 32 ` 
5 
long. The saw kerf is 32 in. What is the length of the remaining piece? 
Y 
A 39. Find the distance x in the shaft, Fig. 11—21. 
63. 
ба! 33. А certain work crew can grade 7 mi of roadbed in 3 days, and another crew can 
do 9 mi in 4 days. How much can both crews together grade in 1 day? Hint: First 
- Y find the amount that each crew can do in one day (e.g., the first crew can grade 1 
mi per day). Then add the separate amounts to get the daily total. You can use а 
similar approach to the other work problems in this group. 
FIGURE 11-20 34. Liquid is running into a tank from a pipe, Fig. 11-22, that can fill four tanks in 
3 days. Meanwhile, liquid is running out from a drain that can empty two 
n tanks in 4 days. What will be the net change in volume in 1 day? 


35. A planer makes a l-m cutting stroke at a rate of 15 m/min and returns at 
75 m/min. How long does it take for the cutting stroke and return? (distance = 
rate X time) 


1 15 n; >| BN 


64 
FIGURE 11-21 


) 


FIGURE 11-22 
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1 1 1 5Q 
36. The equivalent resistance R of two resistors R; апа R3 is given by RR + — 


Кү Ry 
What is the equivalent resistance of a 5-О and a 15- О resistor wired in par- 
allel, Fig. 11—23? 
37. One crew can put together five machines in 8 days. Another crew can assem- 
ble three of these machines in 4 days. How many machines can both crews to- 
gether assemble in | day? FIGURE 11-23 


150 


I—— — а ——__> 
38. One crew can assemble M machines in p days. Another crew can assemble N | | 
of these machines in g days. Write an expression for the number of machines 


that both crews together can assemble in 1 day, combine into a single term, | 
and simplify. h 


39. A steel plate in the shape of a trapezoid (Fig. 11—24) has a hole of diameter d. | 
The area of the plate, less the hole, is 
(a+ bh та? 


2 4 FIGURE 11-24 


[+ Ь - 


Combine these two terms and simplify. 
40. The total resistance R in Fig. 11—25 is 
RQR 
гр 5 
Кү + Ro 


Combine into a single term and simplify. 


41. If a car travels a distance d at a constant rate V, the time required will be d/V. 
The car then continues for a distance d, at a rate Vj, and a third distance d» at FIGURE 11-25 
rate №. Write an expression for the total travel time; then combine the three 
terms into a single term and simplify. 


49. Project: Fractions are sometimes taught using manipulatives: rods, circles, 


blocks, and so fourth. Explore how this is done, make some manipulatives out 
of cardboard, and give a presentation to your class. 


11-8 Complex Fractions 
Fractions that have only one fraction line are called simple fractions. Fractions with 
more than one fraction line are called complex fractions. We show how to simplify 


complex fractions in the following examples. 


+++ Example 58: Simplify the complex fraction 


1 2 
2 3 

1 
3-4 


Solution: We can simplify this fraction by multiplying numerator and denominator 
by the least common denominator for all of the individual fractions. The denomina- 
tors are 2, 3, and 4, so the LCD is 12. Multiplying, we obtain 


a 
-42112 
2 3 6+8 14 


1 7 36 43 39 
3+7 12 
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Fir] Fer ҮР?” Fer 
ToolTs|R13ebra|Ca1c Clean Ur 


at+a-b 
1 -E a-b-b* 
== APO — 
comDenomCtitaz/b5^/6C1-bza??]| 


MAIN DEG AUTO FUNC 1/30 


в comDenom 


TI-89 calculator solution for Example 
59. We again use comDenom from the 
Algebra menu. 
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+++ Example 59: Simplify the complex fraction 


a 
1+ = 
b 
b 
1 = = 
а 


Solution: The LCD for the two small fractions a/b апа р/а is ab. Multiplying, 


we obtain 


a 
1 + = Jab 
( 3 а + а? 


ог, in factored form, 


Exercise 8 » Complex Fractions 


Simplify. Leave your answers as improper fractions. 


2,3 3 1 
3 4 4 
2. - 
1 1 1 
жа — + — 
5 2 6 
1 1 1 4 
27374 5 
3. 4. 
4 1 2 
3-2 = +2 
5 5 3 
МЕ 
5 1 3 
2-1 Ql 
3 1 ий? 2. 1 
6+- Ee 
3 5 3 
AE саг 
7. 8-7 
y а x 
хог. B. VE 
3 2 C 
i gap 
9. —À 10. 
x b 
y d 
2 X 
+ — 

BE за? — зу? 
11. х 12. — 
4-5 шал: 

5 3 

2d 

3ac 4а? — Ax? 
13, ———— 14. 

3d atx 
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2 
b 
х2 — A сш. 
15, ———— 16. 
x= 3y T ab 
2 a 
1 3x 
1+ ху = 
x + 1 ac 
17. 1 18. Ae 
— — pe 
x=] 57 
Applications 


19. A car travels a distance d, at a rate Vj, then another distance d» at a rate V5. 
The average speed for the entire trip is 

dj + 4, 

di dy 

m, + == 

п V 


average speed = 


Simplify this complex fraction. 


20. The equivalent resistance of two resistors in parallel is 
RR, 
Кү + Ro 
If each resistor is made of wire of resistivity p, with R, using a wire of 


length Lı and cross-sectional area А |, and R, having a length L, and area A», 
our expression becomes 


pla pl 

A, А» 

L L 
pli | plo 

A1 A5 

Simplify this complex fraction. 
21. The complex fraction 

1 жыз =» 
xth x 


h 


occurs when you are determining the derivative of 1/x in calculus. Simplify this 
fraction. 


99. Writing: Suppose that a vocal member of your local school board says that the 
study of fractions is no longer important now that we have calculators and com- 
puters and insists that it be cut from the curriculum to save money. 

Write a short letter to the editor of your local paper in which you agree or dis- 
agree. Give your reasons for retaining or eliminating the study of fractions. 


93. Project, Golden Ratio: The golden ratio ® has the value 


+ 
poe 


== 1.61803... 
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which is also given by the following repeated fraction. Demonstrate by calcula- 
tion, by hand, or with a spreadsheet that this is true. 


1 
Ф-1- 


мал 11-9 Fractional Equations 


Solving a Fractional Equation 


An equation in which one or more terms is a fraction is called a fractional equation. 
To solve a fractional equation, first eliminate the fractions by multiplying both sides 
of the equation by the least common denominator (LCD) of every term. We can do 
this because multiplying both sides of an equation by the same quantity (the LCD 
in this case) does not unbalance the equation. With the fractions thus eliminated, 
the equation is then solved as any nonfractional equation. 


+++ Example 60: Solve for x: 


Solution: Multiplying both sides of the equation by the LCD (15), we obtain 


3x x 2 
1 = = 1 
43 =) (=) 


5) 3 
2 29 2 
5 3 15 
1 1 
(m в 
2 (2) _2 (2) э 2 
5 3 3 \5 15 
m 
2 222 
15 15 
ЕАР АРНА smear ш] | : 
2 2 
Z. = Check +++ 
1515 ТЕС» 
" solve[ ын -> = 2/15, х) 
х=1/2 Solving a Fractional Equation by Calculator 
solve(3x/5-x/3=2/15, x»? 
MAIN DEGAUTO — FUNC 1239 We select solve from the Algebra menu, enter the equation, enter the variable to be 


solved for, and press | ENTER |. 


TI-89 calculator solution for Example 60. 
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өөө Example 61: The calculator screen for Example 60 is shown. ooo 


Equations with the Unknown in the Denominator 


The procedure is the same when the unknown appears in the denominator of one or 
more terms. However, the LCD will now contain the unknown. Here it 1s under- 
stood that x cannot have a value that will make any of the denominators in the prob- 
lem equal to zero. Such forbidden values are sometimes stated with the problem, 
but often they are not. 


+++ Example 62: Solve for x 


3x x 2 


Assume the integers in this equation to be exact numbers and leave the answer in 
fractional form. 


Solution: The LCD is 6x. Multiplying both sides of the equation yields 


e( 2 ) = Е 2 3 бо 13684 61:18 уз саванг | 
3х х 


2 
2 5 1 
бх|--|1506Хх|-146бхїт 
3 х = ( 2 
solve X-x 
4 = 30 + 3x 
== 1чеС2/С3х)›=5/х+1/2,х)› 
3x 26 VH 21121) 5 FUNC à 1/30 
_ 26 
сэн 3 TI-89 calculator solution for Example 62. 


Check: 


2. 1d 13 
= + 
26 26 26 
25 - 25 (checks) +.. 
26 26 checks 


+++ Example 63: Solve for x: 
8x + 7 2x 


—2-— 
SEDE цай, EUREN REF UM 


Solution: Multiplying by the LCD (5x + 4)(5x + 1) yields 


(8x + 7)(5х + 1) = 2(5x + 4)(5х + 1) — 2x(5x + 4) 


2 2 2 *solve[ 377 = 2 - 2-x b 
40x? + 35x + 8x + 7 = 2(25x? + 5х + 20x + 4) — 10x? — 8x 9x4 MATE 
40x? + 43x + 7 = 50x? + 50x + 8 — 10x? — 8x EolvecCc8x*7)7(5x*4522- 2x... 

MAIN RAD AUTO FUNC 1220 


43х + 7=42х +8 


х= 1 ooo TI-89 calculator solution for Example 63. 


The technique of multiplying by the LCD in order to eliminate the 
denominators is valid only when we have an equation. Do not mul- 
tiply through by the LCD when there is no equation! 


Common 


Error 
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өөө Example 64: An Application. An excursion boat, Fig. 11—26, travels up river a 
distance of 95.5 mi at a speed of 10.3 mi/h and then returns, with the current, to its 
starting point. What must the return rate x be so that the total round trip time is 15.0 h? 


Solution: The total time is 
time upstream + return time = 15.0h 
95.5mi For uniform motion, time = distance + rate, so 


distance distance 


= 15.0 
upstream rate return rate 


95.5 n 95.5 — 150 
e 10.3 X 


where x is the downstream rate. We multiply by 10.3x to clear fractions and 
FIGURE 11-26 solve for x. 
95.5x + 95.5(10.3) = 15.0(10.3x) 


59.0x — 984 
x — 16.7 mi/h ooo 


Exercise 9 • Fractional Equations 


Solve for x. Assume the integers in these equations to be exact numbers, and leave 
your answers in fractional form. 


1. 2x += = 28 9. дх + = 42 
3 5 
3. x4 i224 4. + х = 21 
5 6 
x х 
" – = = 4 х =2 
5. 3x 7 0 6. х 6 5 
2 
et ee 8. + 7x = 38 
x x X х= 1 x+1 
9—-+—-+-=2 = 
S7 T 6 10 2 3 
3x = 1 2x + 1 2x 3x 
1. = 9 +—+—=2 
1 4 3 koc QU" a 
X х 2x 5x 
‚2х+7-7 = 4. 3х— -7 = 1 
13. 2x 273 50 14. 3 3 6 8 
х x xX x x 
.35-1943122-7 LRL +2 = 2 
15. 3x s 735 0 16. 7 gg 6 
6x — 19 2x = 11 7x — 40 9x — 80 
17. 2 = 3 18. 4 = 10 
48 5 9. а Т оо. 4 ^ 3x — 1 6х-5 
4 6 2 16 8 
жы х + эн 
01. x 1 xt 1 1 99. 3x " 180 — 5x | 29 
8 18 4 6 
doch ud 94. — +7 =19 
4 4 2 4 10 8 
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Equations with Unknown in Denominator 


2 2 


25.—+6=5 26. 9 — =7 
ЭХ 5х 
1 + 
27. 4 + =8 a as 
AX dE Xx o 
X =3 x+4 3 5 4 
99. = 30. 
x+2 x—5 x2 x x? + 2x 
9 7 3 3x + 5 3x —3 
$ = 9. = 
= х2 х-2 aos x+2 : 2x = 3 2x = 1 
4 1 1 x x-5x 2 
Я + + = Д. = 
ын x—1 x=] х +1 0 5 3 3x = 7 3 


35. The pointer of a certain meter can travel to the right at the rate of 10.0 cm/s. 
What must be the minimum return rate if the total time for the pointer 
to traverse the full 12.0-cm scale and return to zero must not exceed 2.00 
seconds? 


36. A bus travels 87.5 km to another town at a speed of 72.0 km/h. What must be its 
return rate if the total time for the round trip is to be 2.50 hours? 


37. Three masons build 318 m of wall. Mason A builds 7.0 m/day, B builds 6.0 
m/day, and C builds 5.0 m/day. Mason B works twice as many days as A, and 
C works half as many days as A and B combined. How many days did each 
work? 


38. If a carpenter can roof a house in 10 days and another can do the same in 14 
days, how many days will it take if they work together? 


39. A certain shaper has a forward cutting speed of 115 ft/min and a stroke of 
10.5 in. It is observed to make 429 cuts (and returns) in 4.0 minutes. What is the 
return speed? 


40. A certain screw machine can produce a box of parts in 3.3 h. A new machine is 
to be ordered having a speed such that both machines working together would 
produce a box of parts in 1.4 h. How long would it take the new machine alone 
to produce a box of parts? 


41. A landlord owns a house that consumes 2100 gal of heating oil in three winters. 
He buys another (insulated) house, and the two houses together use 1850 gal of 
oil in two winters. How many winters would it take the insulated house alone to 
use 1250 gal of oil? 


11-10 Literal Equations and Formulas 


A literal equation is one in which some or all of the constants are represented 
by letters. 


+++ Example 65: The following is a literal equation: 
a(x + b) = b(x * c) oe 


A formula is a literal equation that relates two or more mathematical or physical 
quantities. These are the equations that describe the workings of the physical world. 
In Chap. | we substituted into formulas. Here we solve formulas or other literal 
equations for one of its quantities. 


356 


Fer |Р?” Fer 
&13ebra|Calc Clean ШР 


s solue(a-(x *b)-2 b (xc), 
_ {a-c b 
x=— a-b 
solvetat(xtbo=b*(xt+o), x» 
MAIN RAD AUTO FUNC 1/30 


TI-89 calculator solution for Example 66. 


Fi-| Fè» |ЕЗ» Far 
Too1:|R13ebra|Calc Clean Up 


ч solve[o (e +2] -d, x) 


ug en. as 
х= aly e) 


solvecCb*Cbtx^a»zd,x? 
MAIN RAD AUTO FUNC 1730 


TI-89 calculator solution for Example 68. 
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Solving Literal Equations and Formulas 
When we solve a literal equation or formula, we cannot, of course, get a numerical 
answer, as we could with a numerical equation. Our object here is to isolate one of 
the letters on one side of the equal sign. We “solve for” one of the literal quantities. 
+++ Example 66: Solve for x: 

a(x + b) = b(x + c) 


Solution: Our goal is to isolate x on one side of the equation. Removing parenthe- 


ses, we obtain 
ax + ab = bx + be 


Subtracting bx and then ab will place all of the x terms on one side of the equation. 
ax — bx = be — ab 

Factoring to isolate x yields 
x(a — b) = b(c — a) 

Dividing by (a — b), where a # b, gives us 


= Big 74 өө 
P a—b 
Check: We substitute our answer into our original equation. 
b(c — b(c — 
| e 44/25] (c D+ | 
a—b a—b 
mos d 2 Е: Lx 
a ил =b + 
a=b a=b a—b а= р 
а с — 012 ale - b) 
a—b à a—b яа 
b(c — b b(c — b 
ae Ze ) (checks) 666 
a—b а — 


We solve literal equations by calculator in the same way we solved numerical equa- 
tions. Select solve from the Algebra menu, enter the equation, enter the variable to 
be solved for, and press | ENTER |. 


+++ Example 67: Here we show the TI-89 screen for Example 66. +.. 


х 
Цээ2)-4 
а 


Solution: Dividing both sides by b, we have 


+++ Example 68: Solve for x. 


Subtracting b yields 


Multiplying both sides by a gives us 


sdi) 
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Check: Substituting a(d/b — b) for x in the original equation, 


(«2 


Hh " a(d/b — 2] tg 


d 


d 2 
bbb+——-b)=d 
013 
d 
(3) — d (checks) өөө 


To solve many literal fractional equations, the procedure is the same as for other 
fractional equations: Multiply by the LCD to eliminate the fractions. 


ooo Example 69: Solve the following for x in terms of a b, and c: (o m ems ul | 
| ЕА АА ЕА СР СА | | 
Tools|AlzebrajCalc Clean Ur 


Solution: Multiplying by the LCD (abc) yields 


acx — a?b = bcx 


solve(x/b-a/c=x/a,x)] 


Rearranging so that all x terms are together on one side of the equation, MAIN DEG RUTU FUNC 1/30 
we obtain 


02 TI-89 calculator solution for Example 69. 
acx — bcx = a'b The calculator will often return a second 

Factoring gives us solution, as here. Since we are looking for 
x in terms of the other literals, this second 


E "P 
x(ac — bc) = a*b solution is of no use to us. 


Dividing by (ac — bc) gives 


a?b 
XN = EL ooo 
ac — be 
Fz- Far 

ШИЛИЙН Clean Ur 
+++ Example 70: Solve for x. ЕТА РЕА Е ЕСА ААР СЗТ || 

Х x + 2b а? + Б? 

х-а xta x? m a? 


Solution: The LCD is x? — a’, that is, (x — a)(x + a). Multiplying each term by IT arr Tar SEL a Т ЕУ УЙГУ 
: NIS Ah 7 A Lm 
the LCD gives FR nab ATE ТЕМОЙ 1755 


x(x + a) — (x + 2b\(x — а) = а? + b? 


TI-89 calculator solution for Example 70. 
Removing parentheses and rearranging so that all of the x terms are together, The given equation does not fit on the 
we obtain screen. Here again, we disregard the 
second solution. 


x? + ax — (x? + 2bx — ax — 2ab) = а? + b? 
x? + ах — х? — 2bx + ax + 2ab = а? + b? 
2ax — 2bx = а? — 2ab + b? 
Then we factor: 
2x(a — b) = (a — by 
and divide by 2(a — b): 
ММ b? a-b 
2(a — b) 2 


ooo 
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ma n 


- зори ч - 


т 1:9 
Кр 


solyvetq=ktat(t-vo/1, to] 


MAIN RAD AUTO FUNC 1/30 


TI-89 calculator solution for Example 71. 
We cannot enter variable names with 
subscripts so have substituted 7 for t; and 
v for t5. (Do not mistake the letter “Т” in 
this display for the number 1.) 
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Formulas 


An important application of literal equations is the vast number of formulas used in 
technology. We have already shown, in Chap. 1, how to substitute numbers into a for- 
mula. Here we will show how to solve a formula for a different quantity. 

When dealing with formulas, be careful to distinguish between capital letters 
and lowercase letters. In the same formula, T and t, for example, will represent dif- 
ferent quantities. 


+++ Example 71: An Application: The formula for the amount of heat q flowing by 
conduction through a wall of thickness L, conductivity k, and cross-sectional A is 


_ kA — bh) 
4 L 


where ѓу and f are the temperatures of the warmer and cooler sides, respectively. 
Solve this equation for fj. 


Solution: Multiplying both sides by L/KA gives 
qL 


= ц Її 
kA 1 2 


then adding ż to both sides, we get 


— + to ooo 


Exercise 10 • Literal Equations and Formulas 


Solve for x. Try some by calculator. 


1. 2ax = be 9. ax+dx=a-c 

3. a(x + y) = b(x + z) 4. 4x = 2x + ab 

5. 4acx — 3d? = а?а — d?x 6. aQx = с) acc 
7. ах — cd = b — ах + dx 8. 3(x — r) = 2(x + p) 
9. 76 — Зи) =z 10. ex ^ x = be — b 

11. Зх + m = b 19. ax + т = cx + n 


13. ax — bx = с + dx — т 
14. 3n + 2x - с= x + d 
15. ax — ab = cx — bc 
16. px — Б) = qx + d 


Solve for either w, y, or z. 


17. 5dw — ab 18. 7ay — 3 = 4pq 
19. 5mn = mz — 2 90. 2w + 3abw = 16 
21. m(mn + у) = 3 = у 29. 3(pz – 2) = 4( + 5) 


Literal Fractional Equations 


wtx 


23. = w(w + y) 24. -фЁх-а 


X с 


25. =3p 26. =5 
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ax b= x с 
97 = 28.--5--- 
5 2 d ^ 
29. Ž -,-2.- — 30. —— - — =b 
a с с-а а-1 atl 
х-а 2x - aV? а= Б a+b 
31. 32. = 
x—b (2-2) bx +c ax-c 
Formulas 
33. The correction C for the sag in a surveyor's tape weighing w lb/ft and pulled 
with a force of P Ib is 
273 
L 
C= ~— feet 
24P 


Solve this equation for the distance measured, L. 


34. When a bar of length Lp having a coefficient of linear thermal expansion a is 
increased in temperature by an amount Ar, it will expand to a new length L, 


Solve this equation for Af. 
35. Solve the equation given in problem 34 for the initial length Lo. 


36. A rod of cross-sectional area a and length L will stretch by an amount e when 
subject to a tensile load of P, Fig. 11-27. The modulus of elasticity is given by 


Solve this equation for a. 


37. The formula for the displacement s of a freely falling body having an initial 
velocity vo and acceleration a is 


Solve this equation for a. 
38. The formula for the amount of heat flowing through a wall by conduction, Fig. 
11—28, is 
КА( — 0) 
ШЕ? 


where К is the conductivity of the wall material and А is the cross-sectional 
area. Solve this equation for t». 

39. An amount a invested at a simple interest rate n for t years will accumulate to 
an amount y, where y = a + ant. Solve for a. 

40. The formula for the equivalent resistance R for the parallel combination of two 
resistors, А and Ro, is 


Solve this formula for Ко. 
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41. 


42. 


43. 


45. 


46. 


47. 


48. 


Kirchhoff’s voltage law, the sum of the voltage rises and drops around any 
closed loop is zero, applied to loop 1 in Fig. 11—29, gives 
E= HR, + LR = DR 


Solve for Д. 
If the resistance of a conductor is А at temperature tı, the resistance will 
change to a value R when the temperature changes to 7, where 


and a is the temperature coefficient of resistance at temperature тү. Solve this 
equation for fy. 

Solve the equation given in problem 42 for the initial resistance R}. 

. Taking the moment M about point p in Fig. 11—30, we get 


M-RL-F(L- x) 


Solve for L. 
Three masses, тү, тә, and тз, are attached together and accelerated by 
means of a force F, where 


F = та + та + maa 


Solve for the acceleration a. 
Solve the problem given in the introduction to this chapter: A bar of mass т| 
is attached to a sphere of mass m» (Fig. 11—31). The distance x to the center of 
gravity (C. G.) is 
10m, + 25m3 
un mı + n» 
Solve for mı. 
A ball of mass m is swung in a vertical circle (Fig. 11—32). At the top of its 
swing, the tension T in the cord plus the ball’s weight mg is just balanced by 
the centrifugal force mv?/ R. Thus, 
epee 
т = 
Solve for т. 
The total energy of a body of mass m, moving with velocity v and located at 
a height y above some datum, is the sum of the potential energy mgy and the 
kinetic energy smu. So, 
Е = mgy + ут? 
Solve for т. 


ooo CHAPTER 11 REVIEW PROBLEMS *999999999999999999999999999999 


Factor completely. 


1. 
3. 
5. 


x? — 2x — 15 9. 2a? + За - 2 

хб — y 4. 2ax? + 8ax + 8a 

2x? + Зх – 2 6. а? + ab — 6b* 
3 2 

io e “ЭЭР 


Review Problems 


. 2ах?у? — 18а 
. 3a? = 2a 8 


242 8b? 


12 27 


. 2x2 — 20ax + 50a? 
. 4a? — (За — 1y 

. а2 – 2а – 8 

. x? — 21x + 110 

. 3x2 — 6x — 45 

. 64m? — 275? 

. 15a? – Па — 12 

. ax — bx + ay — by 


Solve for x. 


30. 
31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


cx —~5=ax+t+b 
а(х — 3) — b(x + 2 


2—3X | 23,—9X 
a = 


)7c 


3 5x 


4 3 
3x —1 2 x 


2 3 


11 10 


х +З х +4 x+5 


2 3 
2x + 1 4x—1 


— 16 
4 


4 10 
x — (x= р)(х + 
nx m 


р 


mx — n — 


20Q— rx 


4 рх-4 


m(x = a) + n(x — b) + p(x = с) = 0 


= 0 
4 


) = г 


21 
х-5 4 
2 5 


9 1 


зает к< 
2 _. 5 

х-2 2x - 1) 
6 4 


0х = 4) 2 


(2х+ 1) (х= 1) 
х +2 х0, 


х +7 


х-2 х+2 2-4 


10. 
12. 


14. 


16. 
18. 
20. 
22. 
24. 
26. 
28. 


xy — 2y + 5x — 10 
x — bx = у + by 


(у + 2)? – 22 


x? — 7х + 12 

1 = 16? 

9х4 — x? 

27а? — 8w? 

16x? — 16xy + 4y? 


бар  2ay + 3bx + xy 


2y^ — 18 
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Perform the indicated operations and simplify. 


d л seus dh ect 
a=b j 5x2 15ху бу? 
ас- 1. 28-07 
1 1 6 2 
48. 2 ++ 91 -1+2) 49. 
а а За _ 3 
4 
i m ы E 
х x 
50. —— — 51. (1+ (1 z) 
1- C= x—y x+y 
atc 
3 3 2 2 2,3 3 
=p —ab+b 3wx 4 
5p 7 И шш. 53. 27 x сах 
a+b a-b 7ахус бауу 
4a? — 9с? b? = 5b 
54, — 55. =—_— 
ШЭЭХ 4a^ + бас b – 4р – 5 
за? + 6 20(a* — c? 
D 56. DIRE 57. 20a —c) 
a? + 4a + 4 Аа? + ac + c?) 
= y= Bee 2a? + 17a + 21 
h 58. 2 2 2 59. so ae 
х“ + 2ху ty = Zz За + 26a + 35 
d 60. The reduction in power in a resistance R caused by lowering the voltage across 
| the resistor from № to Vj is 
Y „> у? 
R 


Factor this expression. 


61. A conical tank of height Л is filled to a depth d, Fig. 11-33. The volume of 
FIGURE 11-33 liquid that can still be put into the tank is 


y = zn - qnd 


where г; is the radius of the top of the tank and ғ» is the radius of the surface of 
the liquid. Factor the right side of this equation. 


Quadratic Equations 


OBJECTIVES 

When you have completed this chapter you should be able to 

* Solve quadratics using a calculator's equation solver. 

* Solve quadratics using a calculator that can do symbolic algebra. 
* Solve quadratics by graphing, either manually or by calculator. 

* Solve quadratics by the quadratic formula. 

* Apply quadratics to a variety of applications. 


So far we have only solved first-degree (linear) equations, as well as sets of linear 
equations. Now we move on to equations of second degree, or quadratic equations. 

We have already solved equations using calculators that have a built-in equation 
solver, and using calculators that can do symbolic processing. Also, in our chapter 
on graphing, we learned how to graphically find the approximate solution to any 
equation. We will start by applying those methods to quadratic equations. The meth- 
ods are no different here, except we must look for two solutions instead of one. We 
will also show the more traditional manual method, the use of the quadratic formula. 

As usual, we will follow the mathematics with numerous applications. Take, 
for example, a simple falling-body problem, Fig.12-1: “If an object is thrown 
downward with a speed of 15.5 ft/s, how long will it take to fall 125 ft?" If we sub- 
stitute s = 125 ft, vy = 15.5 ft/s, and a = 32.2 ft/s? into the equation for a freely 
falling body 


I 2 
E 282 


we get 
125 = 15.5t + 16.12 


This is called a quadratic equation. How shall we solve it for 12 We will show how 
in this chapter. 


Р? < 


FIGURE 12-1 
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19-1 Solving a Quadratic Equation Graphically and by 
Calculator 


Recall that a polynomial equation is one in which all powers of x are positive inte- 
gers. A quadratic equation is a polynomial equation of second degree. That is, the 
highest power of x in the equation is 2. It is common practice to refer to a quadratic 
equation simply as a quadratic. 


+++ Example 1: The following equations are quadratic equations: 


(а) 4х2 – 5x +2 = 0 (b) x? = 58 
(с) 9х2 – 5x =0 (d 212—720 
(e) 3.27 + L85x = 229i? .. 


A quadratic function is one whose highest-degree term is of second degree. 


+++ Example 2: The following functions are quadratic functions: 
(a) f(x) = 5x? — 3x + 2 (b f(x) = 9 – 3x? 
(c) f(x) = x(x + 7) (d f(x) =x- 4 – 3x? ooo 


Some quadratic equations have a term missing. A quadratic that has no x term is 
called a pure quadratic; one that has no constant term is called an incomplete quadratic. 


+++ Example 3: 


(a) x7 -9=0 is a pure quadratic. 
(b x? — 4x = 0 is an incomplete quadratic. oe 


Solving a Quadratic Graphically 


We will show several ways to solve a quadratic; first graphically and by calculator, 
and, in the next section, by formula. 


m Exploration: In our chapter on graphing we plotted the quadratic function 
f(x) = х2 – 4х – 3 
getting a curve that we called a parabola. 


Try this. Either graph this function again or look back at our earlier graph. Does the 
curve intercept the x axis, and if so, how many times? Can you imagine a parabola 
that has more x-intercepts? Zoom out far enough to convince yourself that the curve 
will not turn and re-cross the x axis at some other place. Can you imagine a 
parabola that has fewer x-intercepts? 

Using | TRACE |, | ZOOM | or zero, find the value of x at an intercept and 
substitute it into the given function. Then state the significance of an intercept. 7 


Your exploration may have shown you that a quadratic function in x can have 0, 1, 
or 2 x-intercepts, but no more than two. Also, the value of x at an intercept, when 
substituted back into the function, makes that function equal to zero. 

Earlier we saw that a graphical solution to the equation 


f(x) = 0 
could be obtained by plotting the function 


y= f(x) 
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and locating the points where the curve crosses the x axis. Those points are called the 
zeros of the function. Those points are then the solution, or roots, of the equation. 

Many graphing calculators can find roots on a graph, as we saw in earlier chap- 
ters. Recall that on the TI-83/84, press the key and select 2: zero. On the 
TI-89, press | GRAPH |, then F5 Math, and finally 2: zero. You must give the inter- 
vel on the x axis bracketing the zero and, on the TI-83/84, a guess for the value of 
the zero. 


өө Example 4: Graphically find the approximate roots of the equation 
x-x-320 

Solution: The function 
y- x-x-83 


is plotted in Fig. 12-2. Reading the x-intercepts as accurately as possible, we get 
for the roots 


хе —2.33 and хя 1.3 


Axis of symmetry 


Vertex 


FIGURE 12-2 

The graph of the quadratic function is a parabola, one of 

the four conic sections (the curves obtained when a cone is 
intersected by a plane at various angles). It has many 
interesting properties and applications. We take only a very 
brief look at the parabola here, with the main treatment saved 
for our study of the conic sections. 


Note that the curve in this example is symmetrical about the line x — — 3. This line 
is called the axis of symmetry. That means that for any point P on the curve there is 
another point Q on the curve such that the axis of symmetry is the perpendicular 
bisector of line PQ. The point where the parabola crosses the axis of symmetry is 
called the vertex. 

Recall that earlier we said that a low point in a curve is called a minimum 
point, and that a high point is called a maximum point. Thus the vertex of this 
parabola is also a minimum point. ooo 


Solving a Quadratic Using a Calculator’s Equation Solver 


We can use any built-in equation solver to solve a quadratic, just as we used it 
earlier to solve other equations. 


365 


cere 
n-zi.züzB 


T1-83/84 Calculator solution for 
Example 4. We used the zero operation 
to find this root. To find the other root we 
would change the search interval to 
include that root (say, —5 to 0) and make 
our guess closer to that root, say —3. 


F? 
Pen 


CONTACTS DEGAUTO 


TI-89 solution for Example 4. Here we 
have found the left-most root using the 
zero operation and by changing the 
search interval to —5, 0. 
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EQUATION SOLVER 
ean:b-x?-Tx-3 


(1) The given equation is entered in the 
T1-83/84 equation solver. 


Fir| Fer [РЗ Fur Far 
Tools[Al3ebrajCalc|/Other Clean Ur 


и solue(1.8:x2 - 4,9 2 2.1: x5 
х= -1.17 ог х= 2.33 


solyve(1.8x*2-4. 9=2. 1x, x? 
MAIN RAD AUTO FUNC 1/30 


TI-89 screen for Example 6. 
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өөө Example 5: Solve the equation of Example 4 using the TI-83/84 calculator's 
equation solver. 


Solution: 


(a) We select Solver from the | MATH | menu and enter the equation, Screen (1). 
The equation must be in explicit form, with all terms on one side and 0 on the 
other side. 

Press [ENTER |. A new screen is displayed, Screen (2), showing a guess value 
of x and a bound. You may accept the default values or enter new ones. Let us 
enter a new guess of x = 3 and a new bound of 0 to 5. 


(b 


ме 


(c) Move the cursor to the line containing “X =” and press | SOLVE |. 


(This is on the TI-83/84.) 


A root falling within the selected bound is displayed, Screen (3). To find the other 
root we would change the initial guess and the bound. 


ме +А-5=й ме+А-5=0 
= ==]. 5027гоб5гг... 


bound- £8. 53 bound-tB. 53 
"]eft-rt- 


(2) An initial guess for x, and the lower (3) The computed value of x is shown, 
and upper bounds, are chosen here. within the chosen bound. The last 
line says that the difference between 
the left and right sides of the equation 
is zero, showing that the equation is 
indeed balanced. ooo 


Implicit Functions 


To solve a quadratic or other equation by graphing or by a calculator’s equation 
solver, the equation must be in explicit form. If it is not, simply move all terms to 
one side of the equal sign, changing signs as appropriate, leaving zero on the other 
side of the equation. 

However, some calculators that can do symbolic manipulation can solve an 
equation that is in implicit form, as we have seen earlier in this text. 


+++ Example 6: Solve using the TI-89 equation solver: 
18x? — 4.9 = 2.1x 
Solution: 


(a) We select solve from the Algebra menu. 
(b) Enter the equation, followed by the variable (x) that we want to solve for. 
Unlike on the TI-83/84, the equation does not have to be in explicit form. 


(c) Pressing | ENTER | would give the exact solution, while pressing | ~ | (located 
above the | ENTER | key) gives the approximate decimal solution, as shown. 
Note that both solutions are given and it was not necessary to enter a first guess 


or bounding values. We get 


x = —117 and x = 2.33 666 
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An Application 


We will give just one application here, to be followed by many later in the chapter. 


өөө Example 7: Given the equation from the introduction to this chapter 
125 = 15.5t + 16.12 


use a calculator to solve for a positive value of t (a) by graphing, and (b) using the 
calculator's equation solver. 


Solution: We could enter this equation directly into the TI-89, or put it into explicit 
form for the TI-83/84, as, 
16.12 + 15.5 — 125 = 0 


ee d ide 
bound={8, 538 


Graphical check for Example 7. TI-83/84 solution for Example 7. TI-83/84 Screen for Example 7. 
We have used the variable x because We have set the bounds at x = 0 and Again we have used the variable x. 
we cannot enter ¢ on this calculator. x = 5, and made a guess of x = 2. 


(a) We graph this equation on the TI-83/84 and use the Zero operation to locate a 
positive root агт = 2.3463. 


(b) We enter the equation into the solver, enter a guess for ѓ and the bounds of t, 
move the cursor to the X = line, and press SOLVE}. We get a value of 
t — 2.3463, as we did by graphing. өөө 


Exercise 1 + Solving a Quadratic Equation Graphically and by 
Calculator 


Find the roots of each quadratic by any of the methods shown in this section. Keep 
three significant digits. For some, use more than one method and compare results. 


Explicit Functions 


1. x7 - 12x + 28 = 0 9. x —-6x+7=0 

3. х2 + х = 19 = 0 4 2-х - 13 = 0 

5. 3х2 + 12x — 35 = 0 6. 29.42 — 48.2x — 17.4 = 0 
7. 36x32 + 3x 7 = 0 8. 28x? + 29x +7 = 0 

9. 49х2 + 21x – 5 = 0 10. 16x? – 16x +1 = 0 

11. 3х2 — 10x +4 = 0 19. х2 — 34x + 22 = 0 
Implicit Functions 

13. 3x7 + 5х = 7 14. 4х +5 = x? + 2x 

15. x2- 4 = 4х +7 16. x? — бх – 14 = 3 

17. бх — 300 = 205 — 3x? 18. 3х2 — 25x = 5x — 73 


19. 252 + 100 = 32x – 11 20. 33 — 3х2 = 10x 
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- 24.6 in. - Challenge Problems 


91. 426x + 5.74 = 127x? + 2.73x 

99. 1.832 — 4.26 = 4.82x + 7.28 

93. x? — 627x — 14.4 = 3.17 

94. 6.47x — 338 = 205 — 3.73х2 

323 in. 95. x(2x — 3) = 3x(x + 4) - 2 

96. 295(x? + 827x) = 7.24x(4.82x — 2.47) + 8.73 
27. (4.20x — 5.80)(7.20x — 9.20) = 820x + 9.90 
98. (2x — 1)? + 6 = 6(2x — 1) 


= 
= 


^ An Application 
FIGURE 12-3 р . . : - р . 
29. Find the dimension x if the steel T-beam in Fig. 12—3 is to have a cross-sectional 


area of 225 in 


30. Project: The bending moment for a simply supported beam of length / carrying 
a distributed load wis M — iwix = Iwx?. The bending moment curve is there- 
fore a parabola. Plot the curve of M vs. x for a 10-ft-long beam carrying a load 
of 1000 Ib/ft. Take 1-ft intervals along the beam. Graphically locate (a) the points 


of zero bending moment and (b) the point of maximum bending moment. 


Ss) 12-2 Solving a Quadratic by Formula 


We have learned several calculator methods for solving a quadratic, and here we 
present a manual method, the quadratic formula. It will work for any quadratic, 
regardless of the type of roots, can be used for literal quadratic equations, and can 
easily be programmed for the computer. To use the formula, we must first put a 
quadratic equation into general form. 


General Form of a Quadratic 


A quadratic is in general form when it is written in the following form, where a, b, 
and c are constants: 


+++ Example 8: Write the quadratic equation 
2 


5x 
7 — 4x = T 
иж 


in general form, and identify a, Р, and с. 


Solution: Subtracting 5x? /3 from both sides and writing the terms in descending 
order of the exponents, we obtain 


La ато 
3 X 
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Quadratics in general form are usually written without fractions and with the first 
term positive. Multiplying by —3, we get 


5x? + 12x – 21 = 0 


The equation is now in general form, with a = 5, b = 12, апіс = —21. ooo 


The Quadratic Formula 


We can find the roots of any quadratic equation ax? + bx +c=0 by using the 
well-known quadratic formula 


We will derive this formula towards the end of this section, but now we will show 
its use. Simply put the given equation into general form (Eq. 61); list a, b, and c; 
and substitute them into the formula. 


өө» Example 9: Solve 2x? — 5x — 3 = 0 by the quadratic formula. 
Solution: The equation is already in general form, with 
a=2 b=-5 c= =3 


Substituting into Eq. 62, we obtain 
-(-5) + М(-5)2 — 42-3) 
x= 


2(2) 
5 + V25 + 24 
Е 4 
5 + V49 5+7 
Е 4 НИ 
Thus we get two answers, 
х-214-3 and pM 


Check: If you are skeptical about a yet-unproven formula, as you should be, you can 
always check your answer. We will check by back-substitution. 


Substituting 3 into the original equation gives 
23 — 53) -3-0 
18 — 15— 3 = 0 Checks. 


Substituting (-3) into the original equation we get 
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Fir] Fer [|F3-| Fur] FS For 
‘Tools|Al3ebrajCalc|Other|Fr3mijclean Ur 


a solue(5.25:x - 2.94. x2 « 6b 

x= -.805 or х= 2.591 
ша 259жх-2. 944K 246, 1320, х2] 
AIN 


M DEG AUTO FUNC 1220 


TI-89 Calculator solution for Example 10. 
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Common Always rewrite a quadratic in general form before trying to use the 


Error quadratic formula. 


өөө Example 10: Solve the equation 5.25x — 2.94x? + 6.13 = 0 by the quadratic 
formula. 


Solution: The constants a, b, and c are not 5.25, —2.94, and 6.13, as you might think 
at first glance. We must rearrange the terms into general form. 


—294x? + 5.25x + 6.13 = 0 


Although not a necessary step, dividing through by the coefficient of х? simplifies 
the work a bit. 


x — 1.79x — 2.09 = 0 


Substituting into the quadratic formula with a = 1,b = —1.79, and c = —2.09, 
we have 


179 + М(—1Л9ў. — 40)(72.09) 
и 2(1) 


= 2.59 and -0.805 5333 


Completing the Square 


To derive the quadratic formula, we will manipulate the general quadratic equation 
into the form of a perfect square trinomial. This method is called completing the 
square. Recall from our chapter on factoring that a perfect square trinomial is one 
in which 


1. The first and last terms are perfect squares. 
2. The middle term is twice the product of the square roots of the outer terms. 


+++ Example 11: Make the left side of this equation a perfect square trinomial by 
completing the square and solve. 
х2 – 8x =0 


Solution: We need a third term on the left to make the expression a trinomial. 
х2 – 80+ () = 0 


We complete the square by adding the square of half the middle coefficient to 
both sides. 

The middle coefficient is (—8); half the middle coefficient is (—4); the square 
of half the middle coefficient is then 16. We thus add 16 to both sides. 


x? — 8x + 16 = 16 


When you are adding the quantity needed to complete the square 
to the left-hand side, it is easy to forget to add the same quantity 
Common to the right-hand side. 


Error 


x? — 8x [+ 16 [+16 


e 


don’t forget 


Now the first and last terms of the trinomial are perfect squares, and the middle 
term is twice the product of the square roots of the outer terms. The left side of this 
equation is now a perfect square trinomial. Factoring and solving for x gives 
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(x — 4)? = 16 
x-4= +4 
x=4+4 
х-4-4-0 and x=4+4=8 ooo 
This is not the easiest way to solve a quadratic, which could have been solved faster 


by factoring the given equation. However, it gives us the tools to derive a formula 
for solving any quadratic. 


Derivation of the Quadratic Formula 
Given the quadratic equation 
ax? + bx +c =0 


we start by subtracting c from both sides and dividing by a. 

x + х = = 

a a 

We complete the square by adding the square of half the middle coefficient to 

both sides of the equation. The middle coefficient is (b/a); half the middle coef- 

ficient is (b/2a); the square of half the middle coefficient is then (b/2a)?. We 
add this quantity to both sides. 


228 ( b ) р? 
ХОЧ рсе" aa = = 
а 2а да? 


b? — 4ac 

4a? 
after combining the terms on the right over a common denominator. The left side of 
this equation is now a perfect square trinomial. Factoring gives 


( à b ! b? — Дас 
x = 
2a 4a? 


Taking the square root of both sides yields 
b V b? — Дас 
X = + 
2a 2a 
Rearranging, we get the formula for finding the roots of the quadratic equation, 
ax)? + bx + c = 0: 


Exercise 2 • Solving a Quadratic by Formula 


Solve by quadratic formula. Give your answers in decimal form to three significant 
digits. Check some by calculator. 


1.x-5x—6-0 
9. 2—22x +8 = 0 
3.32— 12x +3 = 0 
4. х2 + 2х - 7 = 0 
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379 


15.6 cm 


10.4 cm 


FIGURE 12-4 
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5. 2x? — 15x +9 = 0 
6. 3x? — 10x +6 = 0 
7. 5х2 — 25x +4=0 
8. 532 + 22x +3 =0 


Challenge Problems 


9. 122x? — 11.5x + 9.89 =0 
10. 5.1132 + 18.6x + 3.88 = 0 
11. 29632 — 33.2x + 405 = 0 
19. 322x? + 9.66x + 2.85 = 0 
13. 9 + 222 = 25x 
14. 332 = 17x – 6 
15. 3.25 — 31.0x? = 4.99x — 63.5 
16. 5.82x + 4.99 = 2.043? + 3.11 
17. 3.88(х2 + 7.72) = 6.34x(3.99x — 3.81) + 7.33 
18. (3.99x — 4.22)(6.34x — 8.34) = 7.24x + 8.55 


19. Project, The Discriminant: In the quadratic formula, the quantity under the radical 
sign, D? — Дас, is called the discriminant. It can be used to predict whether the 
roots are real and equal, real and unequal, or not real. Try different values of a, b, 
and c to give different values for the discriminant. See if you can arrive at some 
rules for predicting roots, based on the value of the discriminant. 


12-3 Applications 


Now that we have the tools to solve any quadratic, let us go on to problems from 
technology that require us to solve these equations. At this point you might want 
to take a quick look at Chap. 3 and review some of the suggestions for setting up 
and solving applications problems. You should set up these problems just as you 
did then. 

When you solve the resulting quadratic, you will usually get two roots. If one 
of the roots does not make sense in the physical problem (such as a beam having a 
length of —2000 ft), throw it away. But do not be too hasty. Often a second root 
will give an unexpected but valid answer. 


+++ Example 12: The angle iron in Fig. 12-4 has a cross-sectional area of 53.4 cm?. 
Find the thickness x. 


Estimate: Let's assume that we have two rectangles of width x, with lengths of 15.6 
cm and 10.4 cm. Setting their combined area equal to 53.4 cm? gives 


x(15.6 + 10.4) = 534 
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Thus we get the approximation x ~ 2.05 cm. But since our assumed lengths were 
too great, because we have counted the small square in the corner twice, our esti- 
mated value of x must be too small. We thus conclude that x > 2.05 cm. 


Solution: We divide the area into two rectangles, as shown by the dashed line at the 
bottom of Fig. 12-4. One rectangle has an area of 10.4x, and the other has an area of 
(15.6 — x)x. Since the sum of these areas must be 53.4, 


10.4x + (15.6 — x)x = 53.4 
Putting this equation into standard form, we get 
10.4x + 15.6x — x? = 53.4 
x? — 26.0x + 53.4 = 0 


We solve this equation both by graphing and by the equation solver on the 
TI-83/84. We get one root at 
x = 2.25 ст 


We get a second root at about 24 cm, which we discard because it is an impossible 
solution to the given problem. 


Graphical check for Example 12. Graph Calculator solution: The equation 


of y = x? — 26.0x + 53.4 = 0. Ticks solver on the TI-83/84 shows a solution 
are spaced 5 units in x and 10 units in y. of x = 2.2483 for Example 12. 

Note one root at (2.2483, 0) and 

another at about (24, 0). 


Check: Does our answer meet the requirements of the original statement? Let us 
compute the area of the angle iron using our value of 2.25 cm for the thickness. 
We get 


area = 2.25(15.6 — 2.25) + 2.25(10.4) 
= 30.0 + 23.4 = 534 cm? 


which is the required area. Our answer is also a little bigger than our 2.05 cm estimate, 
as expected. ooo 


+++ Example 13: A certain train is to be replaced with a “bullet” train that goes 
40.0 mi/h faster than the old train and that will make its regular 850-mi run in 3.00 h 
less time. Find the speed of each train. 


Solution: Let 
x = rate of old train (mi/h) 
Then 
x + 40.0 = rate of bullet train (mi/h) 
The time it takes the old train to travel 850 mi at x mi/h is, by Eq. 1017, 


. distance 850 
time — = (h) 
rate x 
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= - 3] = ob 


н solve((x +40) ( 
x= -128.321 or x= 88.3205 
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TI-89 Calculator solution for Example 
13. We have entered Eq. 1 directly, 
before any simplifying. We drop the 
negative root. 


FIGURE 12-5 


Chapter 12 * Quadratic Equations 


The time for the bullet train is then (850/x — 3.00) h. Applying Eq. 1017 for the 
bullet train gives us 


rate X time = distance 


850 
(x + soo( 82 = 22 = 850 (1) 
x 
Removing parentheses, we have 
34,000 
850 — 3.00x + = 120 = 850 


Collecting terms and multiplying through by x gives 


or 


—3.00x? + 34,000 — 120x = 0 


x? + 40.0x — 11,330 = 0 


Solving for x by the quadratic formula yields 


—40.0 + V/1600 — 4(— 11,330) 
a= 


2 
If we drop the negative root, we get 
—40.0 + 217 . . 
x= 2 — 88.3 mi/h — speed of old train 
and 
x + 40.0 = 128 mi/h = speed of bullet train eee 


Exercise 3 » Applications 


Number Puzzles The “numbers” in problems 2 through 6 are all positive 
integers. 


1. 
9, 
3. 


What fraction added to its reciprocal gives 24? 

Find three consecutive numbers such that the sum of their squares will be 434. 
Find two numbers whose difference is 7 and the difference of whose cubes 
is 1267. 


. Find two numbers whose sum is 11 and whose product is 30. 
. Find two numbers whose difference is 10 and the sum of whose squares 


is 250. 


. A number increased by its square is equal to 9 times the next higher number. 


Find the number. 


Geometry Problems 


7. 


10. 


11. 


A rectangle is to be 2 m longer than it is wide and have an area of 24 m°. Find 
its dimensions. 


. One leg of a right triangle is 3 cm greater than the other leg, and the hypotenuse 


is 15 cm. Find the legs of the triangle. 


. A rectangular sheet of brass is twice as long as it is wide. Squares, 


3cm X 3 cm, are cut from each corner (Fig. 12—5), and the ends are turned up 
to form an open box having a volume of 648 cm?. What are the dimensions of 
the original sheet of brass? 

The length, width, and height of a cubical shipping container are all decreased 
by 1.0 ft, thereby decreasing the volume of the cube by 37 f. What was the 
volume of the original container? 

Find the dimensions of a rectangular field that has a perimeter of 724 m and 
an area of 32,400 т^. 
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12. A flat of width w is to be cut on a bar of radius r (Fig. 12-6). Show that the 
required depth of cut x is given by the formula 


13. A casting in the shape of a cube is seen to shrink 0.175 in. on a side, with a reduc- 
tion in volume of 2.48 in.. Find the original dimensions of ће cube. 

14. The cylinder in Fig. 12-7 has a surface area of 846 cm’, including the ends. Find 
its radius. 


Uniform Motion 


15. A truck travels 350 mi to a delivery point, unloads, and, now empty, returns to the 
starting point at a speed 8.00 mi/h greater than on the outward trip. What was the 
speed of the outward trip if the total round-trip driving time was 14.4 h? 

16. An airplane flies 355 mi to city A. Then, with better winds, it continues on to 
city B, 448 mi from A, at a speed 15.8 mi/h greater than on the first leg of the 
trip. The total flying time was 5.20 h. Find the speed at which the plane trav- 
eled to city A. 

17. An express bus travels a certain 250-mi route in 1.0 h less time than it takes a 
local bus to travel a 240-mi route. Find the speed of each bus if the speed of 
the local is 10 mi/h less than that of the express. 

18. A trucker calculates that if he increased his average speed by 20 km/h, he could 
travel his 800-km route in 2.0 h less time than usual. Find his usual speed. 

19. A boat sails 30 km at a uniform rate. If the rate had been 1 km/h more, the time 
of the sailing would have been 1 h less. Find the rate of travel. 


Work Problems 


20. A certain punch press requires 3 h longer to stamp a box of parts than does a 
newer-model punch press. After the older press has been punching a box of parts 
for 5 h, it is joined by the newer machine. Together, they finish the box of parts 
in 3 additional hours. How long does it take each machine, working alone, to 
punch a box of parts? 

21. Two water pipes together can fill a certain tank in 8.40 h. The smaller pipe 
alone takes 2.50 h longer than the larger pipe to fill that same tank. How long 
would it take the larger pipe alone to fill the tank? 

29, A laborer built 35 m of stone wall. If she had built 2 m less each day, it would 
have taken her 2 days longer. How many meters did she build each day, work- 
ing at her usual rate? 

23. A woman worked part-time a certain number of days, receiving for her pay $1800. 
If she had received $10 per day less than she did, she would have had to work 3 
days longer to earn the same sum. How many days did she work? 


Simply Supported Beam 


24. For a simply supported beam of length / having a distributed load of w lb/ft 

(Fig. 12-8), the bending moment M at any distance x from one end is given by 
di aee 
jx — AWK 

Find the locations on the beam where the bending moment is zero. 

25. A simply supported beam, 25.0 ft long, carries a distributed load of 1550 Ib/ft. 
At what distances from an end of the beam will the bending moment be 112,000 
ft-lb? (Use the equation from problem 24.) 
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FIGURE 12-6 


12.0 cm 


FIGURE 12-7 


Load, w Ib/ft 


є 1 >| 


FIGURE 12-8 Simply supported 
beam with a uniformly distributed load. 
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Freely Falling Body Use s = vot + ; gt? for these falling-body problems, but 
be careful of the signs. If you take the upward direction as positive, g will be 
negative. 


26. 


97. 


An object is thrown upward with a velocity of 145 ft/s. When will it be 85.0 ft 
above its initial position? (g — 32.2 ft/s”) 

An object is thrown upward with an initial speed of 120 m/s. Find the time for 
it to return to its starting point. (In the metric system, g = 980 cm/s?.) 


Electrical Problems 


28. 


29, 


30. 


31. 


39. 


33. 


Referring to Fig. 12-9, (a) determine what two resistances will give a 
total resistance of 780 Q when wired in series and 105 O when wired in 
parallel. 

(b) Find two resistances that will give an equivalent resistance of 9070 Q in 
series and 1070 Q in parallel. (Recall that the equivalent resistance for two re- 
sistors А and R, is А + R, when wired in series, and R,R>/(R; + R5) when 
wired in parallel.) 

In the circuit of Fig. 12-10, the power P dissipated in the load resistor R} is 


P = EI — PR 


If the voltage E is 115 V, and if R = 100 О, find the current / needed to pro- 
duce a power of 29.3 W in the load. 


The reactance X of a capacitance C and an inductance L in series (Fig. 12-11) is 
1 
X = oL – — 
wC 


where w is the angular frequency in rad/s, L is in henries, and C is in farads. 
Find the angular frequency needed to make the reactance equal to 1500 Q, if 
L = 0.5 henry and C = 0.2 X 1076 farad (0.2 microfarad). 

Figure 12-12 shows two currents flowing in a single resistor R. The total current 
in the resistor will be J; + Z2, so the power dissipated is 


P = (1, + I5?R 


If R = 100 О and J, = 0.2 A, find the current /, needed to produce a power 
of 9.0 W. 

A square-law device is one whose output is proportional to the square of the 
input. A junction field-effect transistor (JFET) (Fig. 12-13) is such a device. 
The current / that will flow through an n-channel JFET when a voltage V is 


applied is 
2 
1-1-5) 
В 


where A is the drain saturation current апа В is ће gate source pinch-off voltage. 

(a) Solve this equation for V. 

(b) A certain JFET has a drain saturation current of 4.8 mA and a gate 
source pinch-off voltage of —2.5 V. What input voltage is needed to pro- 
duce a current of 1.5 mA? 


Project: A cylindrical tank having a diameter of 75.5 in. is placed so that it 
touches a wall, as in Fig. 12-14. Find the radius x of the largest pipe that can 
fit into the space between the tank, the wall, and the floor. Hint: First use the 
Pythagorean theorem to show that OC = 53.4 in. and that OP = 15.6 in. Then 
in triangle OQR, (ОР — x)? = х? + х2. 

Check your work by making a CAD drawing, and have the program give the 
missing dimension. 
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Solve each equation. Give any approximate answers to three significant digits. 


1.5-5y-620 9.232— 5x = 2 
3. w? — 5w = 0 4. x(x - 2) = 2(-2 — x + x’) 
r r 
5.55 6. бу +у-2 = 0 
d 445 p my 
7. 32 — 10 = 13t 8. 2.733? + 1.47x — 5.72 = 0 
1 3 А Е 
a 10. Зу + 2w — 11 = 0 75.5 in. 
2y 3 2 
11.9- 2-20 (0125-22-25 FIGURE 12-14 
3 5 у 
13. 2x(x + 2) = x(x + 3) + 5 14. 18 + м2 + Пу =0 
5 4 3 
15. 9у + y = 16. == 
y y - we? 5 
5 5x + 2 
17, 2-2 18. 3:-6-2 
2 2 4х 
19. 2x7 + 3х = 2 20. х2 + Rx- К? = 0 
91. 27x = Зх? – 5 99. 6w? + 13» - 6 = 0 
+2 4 
93. Sy? = 125 ша, 
t 3 
95. 126x? — 11.8 = 1.13x 96. 2.6222 + 4.73z — 5.82 = 0 
27. 512y? + 8.76y — 9.89 = 0 28. 3w? + 2n – 2 = 0 


99. 272w? + 43.6w = 452 


30. Plot the parabola y = 3x? + 2x — 6. Label the vertex, the axis of symmetry, 
and any zeros. 


31. A person purchased some bags of insulation for $1000. If she had purchased 
5 more bags for the same sum, they would have cost 12 cents less per bag. How 
many did she buy? 


39. The perimeter of a rectangular field is 184 ft, and its area 1920 ft). Find its 
dimensions. 


33. The rectangular yard of Fig. 12-15 is to be enclosed by fence on three sides, and 
an existing wall is to form the fourth side. The area of the yard is to be 450 m?, 
and its length is to be twice its width. Find the dimensions of the yard. 

34. A fast train runs 8.0 mi/h faster than a slow train and takes 3.0 h less to travel 
288 mi. Find the rates of the trains. 

35. A man started to walk 3 mi, intending to arrive at his destination at a certain time. 
After walking 1 mi, he was detained 10 min and had to walk the rest of the way 
1 mi/h faster in order to arrive at the intended time. What was his original speed? 


Existing wall 


450 m? 


аа 
Fence 


FIGURE 12-15 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


A rectangular field is 12 m longer than it is wide and has an area of 448 m?. 
What are the lengths of its sides? 


A tractor wheel, 15 ft in circumference, makes one revolution in a certain num- 
ber of seconds. If it slowed so as to take 1.0 s longer per revolution, the tractor 
would travel 14,400 ft less in 1.0 h. In how many seconds does it make one 
revolution? 


The iron counterweight in Fig. 12-16 is to have its weight increased by 5096 by 
plates of iron bolted along the top and side (but not at the ends). The top plate 
and the side plate have the same thickness. Find their thickness. 

A 26-in.-wide strip of steel is to have its edges bent up at right angles to form 
an open trough, as in Fig. 12-17. The cross-sectional area is to be 80 in. 
Disregarding the thickness of the steel sheet, find the width and the depth of 
the trough. 


A boat sails 30 mi at a uniform rate. If the rate had been 1 mi/h less, the time of 
the sailing would have been 1 h more. Find the rate of travel. 


In a certain number of hours a woman traveled 36.0 km. If she had traveled 
1.50 km more per hour, it would have taken her 3.00 h less to make the journey. 
How many kilometers did she travel per hour? 


The length of a rectangular court exceeds its width by 2 m. If the length and the 
width were each increased by 3 m, the area of the court would be 80 m?. Find 
the dimensions of the court. 


The area of a certain square will double if its length and width are increased by 
6.0 ft and 4.0 ft, respectively. Find its original dimensions. 

A mirror 18 in. by 12 in. is to be set in a frame of uniform width, and the area 
of the frame is to be equal to that of the glass. Find the width of the frame. 
Writing: We have given several ways to solve a quadratic. List them and explain 
the advantages and disadvantages of each. 


On our Web site: For methods of solution of equations of quadratic type, simple 
equations of higher degree, and systems of quadratics, see Equations of Higher 
Degree at our Web site: www.wiley.com/college/calter 


Exponents and Radicals 


OBJECTIVES 

When you have completed this chapter, you should be able to 

* Use the laws of exponents to simplify and combine expressions having 
integral exponents, by hand or by calculator. 

* Simplify radicals by removing perfect powers, by rationalizing 
the denominator, and by reducing the index. 


* Add, subtract, multiply, and divide radicals. 
* Solve radical equations, manually or by calculator. 


We introduced exponents and gave the laws of exponents in our "Introduction to 
Algebra" chapter. We review those laws here, give more advanced examples of their 
use, with applications, and show how to manipulate expressions having exponents 
by calculator. 

Next we make a strong connection between exponents and radicals, and show 
how to simplify, add, subtract, multiply, and divide radical expressions. We did 
some calculation of roots in Chapter 1, but with only numbers under the radical 
sign. Here we show how to handle expressions with literals under the radical sign. 
The ability to manipulate both exponents and radicals is needed to work with many 
formulas found in technology. 

Finally we add another kind of equation to our growing list, the radical equation. 
As with quadratics, we start with methods of solution that we already know, solu- 
tion by graphing and by calculator. This is followed by methods for an algebraic so- 
lution, and of course, applications. For example, the natural frequency f, of the 
weight bouncing at the end of a spring, Fig. 13-1, is given by 


1 /kg 
ta = ur 


УТА 
where g is the gravitational constant, k is the spring constant, and W is the weight. 
You would have no problem finding f,, given the other quantities, but how would 
you solve for, say, W? You will learn how in this chapter. 


FIGURE 13-1 


379 


380 Chapter 13 * Exponents and Radicals 


Saas 13-1 Integral Exponents 


In this section, we continue the study of exponents that we started in Chap. 2. We 
repeat the laws of exponents derived there and use them to simplify more difficult 
expressions than before. You should glance back at that section before starting here. 


Negative Exponents 


The law that we derived in Chap. 2 for a negative exponent is repeated here. 


We'll use the laws of exponents mainly to simplify expressions, to make them 
easier to work with in later computations, such as solving equations containing ex- 
ponents. For example, we use the law for negative exponents to rewrite an expres- 
sion so that it does not contain a negative exponent. 


өөө Example 1: In these examples we use Eq. 28 to eliminate negative exponents. 


1 1 

ec _ 1 -1241 
(4) 7 7 (0) х - 

Е 1 E x 
© 2° = 5 @ ху = 
TIME a 

c ^d b?d ooo 

x? Ф ха 


Integral Exponents by Calculator 


A calculator that can do symbolic algebra may be used to simplify expressions con- 
taining exponents. On the TI-89, we use expand from the Algebra menu. 


AREA EACUS RO eee Example 2: Simplify the expression from Example 1(4), 


-1 


ху 
Solution: We choose expand and enter the expression as shown. Pressing | ENTER 
2 gives the simplified expression. ooo 
в expand(x-y~1) 
expand(x#u*¢C-1> >) — 00008 We will show calculator screens in many of the following examples. 


MAIN DEG AUTO FUNC 1230 


TI-89 screen for Example 2. Zero Exponents 


The law that we derived in Chap. 2 for a zero exponent is 
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We use this law to rewrite an expression so that it contains no zero exponents. 


өөө Example 3: Here we have eliminated zero exponents using Eq. 27. 


(a) 3670 = 1 (b) (sin 37.2°)° = 1 
(с) x?y9z = x?z (d) (abc)? = +.. 


We’ll use these laws frequently in the examples to come. 


Power Raised to a Power 


Another law that we derived in Chap. 2 is for raising a power to a power. 


We use this law to simplify expressions, as follows. 


+++ Example 4: These examples show expressions simplified using Eq. 24. 


(a) (22)? = 2* = 16 Ф) (31) = 374 = E = " 
(c) (a^) - a (d) (z)? = 2° 
1 
5)-2 — -10 + 
(е) (х) “х 10 эн 


Products 


The two laws of exponents that apply to products are given here again. 


The use of these laws in simplifying expressions is shown in the following 
examples. 
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тенизге а рене рчс н 


= expandl x? P. z) 


expandx^2zx*u^tz >| 
MAIN DEGAUTO FUNC 1730 


TI-89 calculator solution for 
Example 3(c). 


Поен јс ue] | 


" dl x 5) : “| -i 


expandt(x^S55^( -2)) 
MAIN DEG AUTO FUNC 1/30 


TI-89 calculator solution for 
Example 4(e). 
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Поетеса uel | 


AIT 
" “| X = 
expand ( (x#y*2/39%2)] 


MAIN RAD AUTO FUNC 1230 


TI-89 calculator solution for 
Example 5(c). 


Позз ене ръст ue] | 


Ы senden ptas :2) un 


C NU ae 
8-ме.п? 


we C2MAZHNA SHER C 725 2^€ 5) ) 
MAIN DEGAUTO FUNC 1730 


TI-89 calculator solution for 
Example 6(b). 
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өөө Example 5: Here we simplify using Eqs. 22 and 25. 
(a) 2axy?z(3a?xyz)) = 6a?x?y*z^ (b) (ЗЬх?у2)? = PELO P = 27b7 x? y® 
(c) (=) Ш (xy)? Ш х?(у?)? Е xy 

3 3? 9 9 +.. 


Parentheses are important when we are raising products to 
a power. 


Cn = but DA UD 


CORE 


We try to leave our expressions without zero or negative exponents, as in the 
following examples. 


+++ Example 6: Here we show how to eliminate zero or negative exponents. 


те = 124” 
(а) 3p'q^r (Ар шу = 12р ?4?" = E 
6 
X 
(b) (220 х72):2 = 27 ?m $n ?x6 = лбу "T 


Letters in the exponents are handled just as if they were numbers. 


+++ Example 7: This example has letters in the exponents. 


ntl-n(,.2n—-3,n—ly — ,nt+1+2n—-3,1l-n+n-1 
xy (ху) = х y 


-o-720 = y-2 ror 


Quotients 


Our two laws of exponents that apply to quotients are repeated here. 


We also use these laws to simplify expressions, as follows. 


өөө Example 8: Here we simplify expressions using Eqs. 23 and 26. 
5 5—3 
x 16р74 
(а) 3-2 (€ 5 = 2 
id 8р24 2 Pw 
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2р-1,2 

(c) шэн 2 = х2Р-Ї-р-4,2-16р 
xPt4yl—p 
= АР Зүлтр 

3,243 9,6 

X X 
e )-2. 

ра ра ooo 


As before, we try to leave our expressions without zero or negative exponents. 


өөө Example 9: These examples show how to eliminate zero and negative exponents 
follow. 
2 


8a?b сэ 
a) ———4 = 2a 2Ь ^c = — 
@) 4a?b lc? abt 


(b) Өр Е a? Ш p? Е (2) 
b b? a? a +++ 
Note in Example 9(b) that the negative exponent had the effect of inverting 
the fraction. 
Don’t forget our hard-won skills of factoring, of combining fractions over a 


common denominator, and of simplifying complex fractions. Use them where 
needed, as shown here. 


+++ Example 10: This example involves adding fractions and simplifying a com- 
pound fraction. 


M 1 эст 
(5а)2 (b ^y 25a? 44% 
p? 


We simplify the compound fraction and combine the two fractions over a com- 
mon denominator, getting 


M bè B 4a? x 2558 
25a?  4a*  100a^ (1004! 
_ 4a? + 2508 
i 100a* +++ 


өөө Example 11: Here is another example with a compound fraction. 


1 1 
-2 -2 
x. = 3 = = 
( y) (x2 E зу)? 1 2 
aY 
х 
Ш 1 
( - 
32 
(1 = 332? ooo 


Do not distribute the —2 power across the two terms in parentheses. 


(Ge ay) (и у Gas 
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TI-89 calculator solution for 
Example 8(d). 


Fir | Fer |ЕЗт F&- 
Tools|R13ebra|Ca1c Clean Ur 


" expand i * ———,4 


(5:а)2 (25:42:57 


8 
1 = + b 3 
25-а 4-а 


wad *24+1/ C2a*2#b*¢ -455^2)] 


MAIN DEG AUTO FUNC 1/30 


TI-89 calculator solution for Example 10. 
We do this problem in two parts. First 
we use expand on the given expression. 


Fir] Fer [F3- F» 
Tools|R13ebra|Calc Clean ШР 


8 
в сонбелон( 1 + 5 3 
25- 4-а 


4:а2 + 25.Ь8 
100-34 


comDenomtans (122 
MAIN ZND DEG AUTO FUNC 2730 


Next we use comDenom to combine 
the two fractions over a common 
denominator. 
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өөө Example 12: This example shows how factoring can be used to simplify an 


expression. 


p^ = а?" Е (pon E (gn 


p” ЕА а" 


p” 4 q" 


Factoring the difference of two squares in the numerator and canceling gives us 


(p^ + gp" _ 4") 


— AH n 
Р 


p” E g” 


Exercise 1 • Integral Exponents 


q 


Simplify, and write without negative exponents. Do some by calculator. 


1. 3x7! 
3. 2p? 
5. aby? 


11. (3m?n? pp? 
13. (4a?b?c$)? 
15. (x уу?! 

17. (n? — 6n) ? 
19. 2x7! + y? 


=2 
ss (2) 
3y 
2p; —3 
95. C=) 
3qy 
4,3\2 
b 
97. (2% ) 
5x^y 


Challenge Problems 


99. (3m) ? — 2n ? 
31. (x^ + у")? 
33. (16x99 + 8x*y) + 4хуб 


35. (72p°q’ + 9p*q) + 8ра” 


сэдүгүж 
37. ( =) 
3b^y 


39. 


( 
^) 


43. 


2. 
4. 


28. 


30. 
32, 
34. 


36. 


38. 


40. 


42. 


44. 


4a ? 


. Qa + 35) ! 
‚ (4р5 ва ty 


-1 39-2 


(54) * + (Qa^b ^y^? 
(x17! + ye hi + yo 
(g* + p^ ya" 4 yet) 


ooo 
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Applications 


45, The resistance R of two resistors А and Ко wired in parallel, as shown in Fig. 13-2, 
is given by Eq. 1063. 
1 1 1 
— = -- + шээ 
R RAR R 
Write this equation using negative exponents. 


46. When a current / causes a power P in a resistance, R, that resistance is given by 
P 
R= P 
Write this equation without fractions. 
47. The equation for power to a resistor is given in Problem 46. If the current is then 
doubled and the resistance is halved, we have 


R 
а 
г0(2) 
Simplify this expression. 
48. The volume of a cube of side a is a°. If we double the length of the side, the 
volume becomes 


(2а)? 
Simplify this expression. 


385 


FIGURE 13-2 


13-2 Simplification of Radicals T 


Here we will review and expand upon material first given in earlier chapters. 
Recall that a radical consists of a radical sign, a quantity under the radical sign 
called the radicand, and the index of the radical. 


index radical sign 


9 per 
a ~ 
where n is an integer. For now we will restrict the radicand to a positive number 


when the index is even. We will consider even roots of negative numbers when we 
cover imaginary numbers. 


radicand 


Relation between Fractional Exponents and Radicals 


We have seen that when a number, say 5, is multiplied by itself 


5х5=25 
then 5 is called the square root of 25. 
5 = V25 


In other words, when two equal factors are multiplied together, one of these factors 
is the square root of the product. Let us try this with the number a’. 

axa =at Н? = gl aa 
Here we have two equal factors, а!?, and a" z^ multiplied together, so one of these 
factors is the square root of the product a. 


Raising to an exponent !/2 means the same as taking the square root. Recall 
that we used this relation in Chap. 1 to take the root of a number using a calculator 
that did not have keys for taking roots. 
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өөө Example 13: Some expressions with fractional exponents are rewritten here as 


radicals. 
(aj 4^ уй 2 (b) gl? = vg =2 
(с) x? = Мх (d) y = Уу 
1 
-1/2 
їр a, 

(e) Vw ooo 
Now let us raise both sides of Eq. 29 to the power m. 

(а/")" = Va” (1) 
Applying the law of exponents for a power raised to a power gives 

(gl/nyn = а" = (ату! = Wa" (2) 


Combining (1) and (2) gives the following formula, 


+++ Example 14: These examples show the application of Eq. 30. 
(а) 82/9 = (Sy -q29 =4 


(b) Vat = x43 
O (WA)? = 028) = у% нэ 


We use these definitions to switch between exponential form and radical form. 


+++ Example 15: Express xV ay lp ? in radical form. 
Solution: 
1/2 
руе P сүх 
y : Wy өөө 


+++ Example 16: Express хул in exponential form. 


Solution: 
y = Gay = yn 444 


Don’t confuse the coefficient of a radical with the index of 
a radical. 


3Vx + Vx 


Root of a Product 


We have several rules of radicals, which are similar to the laws of exponents and, in 
fact, are derived from them. The first rule is for products. By our definition of a radical, 


Vab = (ab)!/" 


Using the law of exponents for a product raised to a power, and then returning to 
radical form, 


(ab)! = а!" = аҹ 
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So our first rule of radicals is: 


+++ Example 17: We may split the radical V 9x into two radicals, as follows: 
М9х = V9 Vx = Зух 


since V9 = 3. ooo 


өө» Example 18: Write as a single radical V7 V2 Vx. 
Solution: By Eq. 31, 


VT V2 Vx = VIQ)x = У14х +.. 


There is no rule similar to Eq. 31 for the square root of a sum. 
Recall that the bar is symbol of grouping. In the expression 


Vat b 


a and b must be treated as a whole, and not individually. In other 


Words, 
Ма + Б + Va + Vb 


Equation 31 does not hold when a and b are both negative and the 
index is even. 


(v-4f = v-4V-4 + VODCA 
£z У16 = +4 


Instead, we convert to imaginary numbers, as we will show in a 
later chapter. 


Root of a Quotient 


We saw that the root of a product can be split up into the roots of the individual factors. 
Similarly, the root of a quotient can be expressed as the root of the numerator divided 
by the root of the denominator. We first write the quotient in exponential form. 


е aM /п а! /n 

b Nb) ри 

by the law of exponents for a quotient raised to a power. Returning to radical form, we 
have the following: 
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We are doing a few numerical problems 
here as a way of learning the rules. If you 
simply want the decimal value of a radi- 
cal expression containing only numbers, 
use your calculator. 
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w Vw w 
+++ Example 19: The radical , / == can be written —— or ——. 
P 25 V25 5 +++ 


Simplest Form for a Radical 
Suppose you solve a problem and get an answer of EE but the expression in the 
х 


"e" SV x 
answer key is given as 


. Are these equivalent? (They are.) Suppose you look 
х 


up the formula for the natural frequency of a weight bouncing at the end of a spring 
and find it in two different books as 


1 [kg Vkgw 


or 
2mNW 2mW 


Are these the same? (They are.) 
We usually give a mathematical expression in some agreed upon simplified 
format. 


2 
: х НЭВТРЭН 
You would not, for example, give a result as — , but would simplify it to x. 
x 


Here we will learn how to put radicals into a form so that they can easily be com- 
pared or combined. This is called simplest form. A radical is said to be in simplest 
form when 


1. The radicand has been reduced as much as possible. 
2. There are no radicals in the denominator and no fractional radicands. 
3. The index has been made as small as possible. 


Reducing the Radicand 

If our radical is a square root, we see if there is a perfect square under the radical 
sign. It can then be moved outside the radical sign, as in the following examples. 
+++ Example 20: These examples show how to remove a perfect square from under 
the radical sign. 

(а) V49 = VP = 7 

(b) V50 = V(25)(2) = V25V2 = 5V2 

(c) Vx = Vx?x = Vx? Vx =xVx ooo 


+++ Example 21: Simplify V/50x?. 


Solution: We factor the radicand so that some factors are perfect squares. 


V50x3 = V(25)(2)x2x 


Then, by Eq. 31, 
= VI5Vx2V2x = 5x Vx ooo 
+++ Example 22: Simplify V/24y?. 


Solution: We look for factors of the radicand that are perfect squares. 


V24y3 = NV/4(6)y*y = 2y? V6y .. 


When the radicand contains more than one term, try to factor out a perfect nth 
power (where n is the index). 
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+++ Example 23: Simplify V 4х2у + 12x^z. 


Solution: We factor 4x? from the radicand and then remove it from under the 
radical sign. 


V/Ax?y + 12xfz = VAx?(y + 3х2) 


= 2x Vy + 3x?z PTT 


If our radical is a cube root, we try to remove perfect cubes from under the radical 
sign. If the radical is a fourth root, we look for perfect fourth powers, and so on. 


+++ Example 24: Simplify N/ 24y?. 


Solution: We look for factors of the radicand that are perfect cubes. 
WV 2475 = \/8(3)y°y? 
= зу? V 3y? = 2y V зу? өөө 


өө, Example 25: Here we remove perfect fourth powers. 


\ 245 = \/24y4y = уХ/ 24у +.. 


Removing Radicals from the Denominator 


A fractional expression is considered in simpler form when its denominators con- 
tain no radicals. To put it into this form is called rationalizing the denominator. We 
will show how to rationalize the denominator when it is a square root, a cube root, 
or a root with any index, and when it has more than one term. 

If the denominator is a square root, multiply numerator and denominator of the 
fraction by a quantity that will make the radicand in the denominator a perfect 
square. Note that we are eliminating radicals from the denominator and that the nu- 
merator may still contain radicals. Further, even though we call this process simpli- 
fying, the resulting radical may look more complicated than the original. 


+++ Example 26: Here we rationalize the denominator. 


з d. V2 во 5V2 
Мз М2 AS М4 2 eec 


When the entire fraction is under the radical sign, we make the denominator of 
that fraction a perfect square and remove it from under the radical sign. 


eee Example 27: Again we rationalize the denominator. 
NE: а ME _ 12 _ Мбху 
2y 2yQy) Ay? 2y ooo 


If the denominator is a cube root, we must multiply numerator and denominator 
by a quantity that will make the denominator under the radical sign a perfect cube. 
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+++ Example 28: Simplify 


7 
Va 
Solution: Now 4 is not a perfect cube, so it cannot be removed from the radical. 


However, 8 is a perfect cube (25), We can get an 8 under the radical sign by multi- 
plying numerator and denominator by 2. 


7 7 №2 7У2 702 
V4 W4 V2 W8 2 ooo 
The same principle applies regardless of the index. In general, if the index is 


n, we must make the quantity under the radical sign (in the denominator) a per- 
fect nth power. 


+++ Example 29: In this example the index is 5. 


2y 2y | ye Ox 2y У x^ 
3Vx  3Vx хуул 3N 5 3x өөө 


+++ Example 30: Sometimes the denominator will have more than one term, as in this 
example. 


a a а? + 02 ae + b) Vala? + b’) 
+P 242242 (2 + 22 а +2 


Reducing the Index 


We can sometimes reduce the index by writing the radical in exponential form and 
then reducing the fractional exponent, as in the next example. 


+++ Example 31: These examples show how to reduce the index. 


(a) e = = 38 = RA 
(b W4x2y? = 7 (2ху)? 


= (2х) = (xy)? 


== 2ху ooo 


Exercise 2 » Simplification of Radicals 


Exponential and Radical Forms 


Express in radical form. 


teal? 9, x12 
3. 23/4 4. аЬ! 
5. (m — n)? 6. (х2у) 1/2 


-1/3 
7. (2) К. 
y 


Section 2 * Simplification of Radicals 


Express in exponential form. 


9. Vb 10. Wx 
її Му? 19. 4Wxy 
13. Na + b 14. V/a" 
15. V xy? 16. Va"p? 
Simplifying Radicals 


Write in simplest form. Do not use your calculator for any numerical problems. 
Leave your answers in radical form. 


17. V18 18. V/75 
19. V63 90. V/16 
91. V/56 29. Y/ 48 
оз. Va? 94. 3V 50x5 
95. V 36х2у 26. V х2у? 
3 2 
27. |> 98. (= 
7. 45 8.43 
1 5 
99. 43 — bu 
fi T 
2 7 
31. 43 = 39. 4|- 
J: | 
1 5т 
AL 4. ү] —— 
ын 2x "In 
Challenge Problems 
Simplify. 
35. x V 16x3y 36. V 64т?п* 
37. 3V 32ху!! 38. 6 V 16x4 


39. a? — аЬ 40. x V xt — xy? 
41. V 9n? + 18n 49. V 233 + хуу 


3a? b 
аз, | - T 
5b 6xy 
d [81x* 
45. { x ёа. 
x l6yz* 
хб 2 
47. 62 48. \/ x2 — (2) 
9 2 
Applications 
49. The period o, for simple harmonic motion is given by 
kg 
On = Ww 


where К is the spring constant and W is the weight. Write this equation in ex- 
ponential form. 

50. Rationalize the denominator of the equation in problem 49 to obtain a different 
form of that equation. 


391 


392 


b 
FIGURE 13-3 


Chapter 13  Exponents and Radicals 


51. The magnitude of the impedance Z of a series RLC circuit is given by 
Z=VR + Х? 


Write this equation in exponential form. 


52. Given the equation from problem 50, write the expression for Z when X = 2R, 
and simplify. 
53. The hypotenuse in right triangle ABC, shown in Fig. 13-3, is given by the 


Pythagorean theorem. 
с = Ма? + 2 


Write an expression for с when b = 3a, and simplify. 

54. A stone is thrown upward with a horizontal velocity of 40 ft/s and an upward ve- 
locity of 60 ft/s. At t seconds it will have a horizontal displacement H equal to 
40t and a vertical displacement V equal to 607 — 1617. The straight-line distance 
S from the stone to the launch point is found by the Pythagorean theorem. Write 
an equation for S in terms of f, and simplify. 

55. Writing: Explain how exponents and radicals are really two different ways 
of writing the same expression. Also explain why, if they are the same, we 
need both. 


13-3 Operations with Radicals 


Adding and Subtracting Radicals 


One reason we learned to simplify radicals is to be able to combine them. Radicals 
are called similar if they have the same index and the same radicand, such as 5 У?х 
and 3V/2x. We add and subtract radicals by combining similar radicals. 


+++ Example 32: Here's how to combine similar radicals. 


5Vy + 2Vy — 4Vy = Зуу ooo 


Radicals that may look similar at first glance may not actually be similar. 


+++ Example 33: The radicals 


V2x and Vx 


are not similar. 666 


Соттоп Do not try to combine radicals that аге not similar. 


Error V2x + V3x = V5x 


Radicals that do not appear to be similar at first may turn out to be so after sim- 
plification. 


+++ Example 34: In these examples we simplify and then combine radicals. 


(a) М18х — V8x = 3V2x — 2V2x = V2x 
(5) V/24y* + W81x3y = 2y N/3y + 3xN/3y 


= (2y + 3x) W3y after factoring. 
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(c) NE — 2Vxy + Эр 


Х X 
- sy) — 2Vxy + NIE 
y х 


= 5Vxy — 2Vxy + Vxy = 4V xy +.. 


Multiplying Radicals 
Radicals having the same index can be multiplied by using Eq. 31 Vab = Vab. 


+++ Example 35: Here we show how to multiply radicals having the same index. 

(a) VxV2y = V/x(2y) = V2xy 

(5) (5V/3a)Q V/4b) = (582) V/Gay4b) = 10N/12ab 

(c) VMV Vm) = (2)(5)(3) М т(п)(тп) = 30 V/ т?л? = 30mn 

(d) V2xV3x = VBX) = V6x = хуб 

(e) V3xV3x = 3x 

(f) NV2xN Ax? = VBL = 2x +.. 


We multiply radicals having different indices by first going to exponential 
form, then multiplying using Eq. 22 (x^x^ = x^*^), and finally returning to radi- 
cal form. 


+++ Example 36: This example shows how to multiply radicals having different 
indices. 


Va wb = амын 
= а2/4Ь\/% = (q2py!/4 


Or, in radical form, 
= NV a?b ooo 
When the radicands are the same, the work is even easier. 
өө» Example 37: Multiply Vx by Vx. 
Solution: 
Were = х!/3х 1/6 = X2/6,1/6 
By Eq. 22, x! x? =", 


< 


oo 


Multinomials containing radicals are multiplied in the way we learned in 
Chap. 2. 


+++ Example 38: Multiply and simplify V50x (V2x — V xy). 


Solution: Here we are multiplying a monomial by a binomial. We multiply each term 
in the binomial by the monomial. 


V50x(V2x — Уху) = V50xV 2x — V50xV xy = V100x2 — V50x?y 
10x — 5xV2y 666 
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өө» Example 39: Multiply and simplify (3 + Vx)(2Vx — 4Vy). 


Solution: Here we have the product of two binomials, which we covered in Chapter 
2. We multiply each term in the first binomial by each term in the second binomial, 
or use the FOIL rule. 


(3 + Vx)QVx — 4Vy) = 32 Vx) + 3(-4V y) + Vx 2Vx) — Vx (4МУ) 
= 6Vx — 12Vy + 2x — 4V xy +.. 


өөө Example 40: Multiply and simplify (Vx + Vy)(Vx — Vy). 


Solution: Again we have the product of two binomals, but now you may recognize 
them as the difference of two squares. 


(Vx = Vy Vx + Vy) = М2 + Vay – Vay - УУ 
=V¥-Vv¥ 


= ху ooo 


To raise a radical to a power, we simply multiply the radical by itself the 
proper number of times. 


+++ Example 41: Cube and simplify the expression 


2x Vy 


Solution: 
QxVyy = QxVy)QxVy)Qx Vy) 
= Zu vy 
= 8x3 Vy? = 8x°y Vy +.. 


Dividing Radicals 


Radicals having the same indices can be divided using Eq. 32. 


Ln |. 


+++ Example 49: Divide and simplify 


V2x 


Solution: Using Eq. 32, we place the quantities to be divided under a single radical 
sign, and simplify. 


+++ Example 43: Divide and simplify 


V3a! + V120 — V6a3 
V 3a 
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Solution: We divide each term in the numerator by the denominator and then sim- 
plify each term as in the preceding example. 


VBa! + V12à) — бад s 2 К 
Мза 3 3a 
= Маё + Удай — Уа? 


= @ + 2a? — а%2 ne 


It is acommon practice to rationalize the denominator after division. 
eee Example 44: Divide and simplify 
VE =- J$ 10x -4 2x 
y 
Rationalizing the denominator, we obtain 


ү? 2x - J=? 2x Pa Vim 
+.. 


If the indices are different, we go to exponential form, as we did for multiplication. 


a 
Divide using Eq. 23 (5 = x^^^ | and then return to radical form. 
x 


өөө Example 45: Here we divide two radicals having different indices. 
Xa gifs gm at\ 1/12 
Wh E pi = pn = (5) 


Returning to radical form, we obtain 


a’ M " аё 
p? У 3 


Next we rationalize the denominator of the expression under the radical sign. Since 
the index of the radical is 12, we want to make the denominator a 12th power. We 
do this by multiplying numerator and denominator by b°. 


When dividing by a binomial containing square roots, multiply the divisor and 
the dividend by the conjugate of that binomial. The conjugate of a binomial is a bi- 
nomial having the same two terms, but differ only in the sign of one term. Thus the 
conjugate of (a + b) is (a — b). Recall that when we multiply a binomial, say, (a + b) 
by its conjugate (a — b), we get 


(a + b)(a — b) = а — ab + ab – b? 
2 _ pg 
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we get an expression where the cross-product terms ab and —ab drop out, and the 
remaining terms are both squares. We have the difference of two squares. Thus if a 
and b were square roots, our final expression would have no square roots. 

We use this operation to remove square roots from the denominator, as shown 
in the following example. 


+++ Example 46: Divide (3 + Vx) by (2 — Vx) and simplify. 
Solution: The conjugate of the divisor 2 — Vx is2 + Vx. Multiplying divisor and 
dividend by 2 + Vx, we get 
do We. SVR iV 
2- Vx 2-\/х 2+ Ve 
6 + 3 Vx + 2Vx + VxVx 
4 + 2Vx — 2Vx — VxVx 
6+5Vx+x 
4-x 


after combining like terms. өөө 


Exercise 3 * Operations with Radicals 


As in Exercise 2, do not use your calculator for any numerical problems. Leave 
your answers in radical form. 


Addition and Subtraction of Radicals. Combine as indicated and simplify. 


1. 2V24 — V54 9. V/300 + V108 — V243 
3. V24 — V96 + V 54 4. V128 — V18 + V32 

5. 2V/50 + V72 + 3 V/18 6. N/384 — N/162 + W750 
7. 2N/2 – 3W16 + W54 8. 3V/108 + 2/32 — N/256 
9. W625 — 2N/135 — N/320 10. 5\/320 + 23740 — 4N/135 


5 
11. V/768 — N/48 — Х/243 19. af? +245 


13. V128x2y — V98x2y + V162x2y 


1 3 27 2 
4.3,|--2,/-44 (7. 2--312 


16. 4%50 – 2V2 + — 17. Мах + NV Ex 
V2 

Multiplication of Radicals. Multiply and simplify. 

18. 3V3 by 5V3 19. 2V3 by 3V8 

20. V8 by V160 21. ow f 

99. 4V/45 by 2V/3 23. 3V3 by 21/2 


од. 3V2 by 2N/3 95. 2V3 by V/5 
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26 
28 


30 


32 
34 


2N/3 by 5Х/4 97 
2x V/3a by ЗУу 29 
Waxy? by W/8x2y 31 
Vaby Wb 33 


V xy by 2V xz and Ý xy" 35 
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. 24/24 by W/E 
. 3W 9a? by V 3abc 


Veya 
"ALB Va 
‚ Vx by Vy 


‚ Vab by W/2a2b? and V3a5b? 


Powers. Square the following expressions and simplify. 


36. 
38. 
40. 


42. 
44. 
46. 
48. 
50. 
52. 


зуу 37. 4%ах? 

3x V 2x? 39. 5 + AV x 

3 — 5Va 41. Va + 5aVb 
Division of Radicals. Divide and simplify. 

8 + 3V2 43. 6\/ 72. + 12V32 

35 6 45. V/72 + 2N/ 64 

8 + 2\/4 47. Зар + 4Vac 

W4ab + V/2ab 49. (3 + V2) + (2 — V2) 

5 + Vax 51. 4Vx + Va 

10 + W9x? 53. 12 + V 4х2 
Challenge Problems. Perform the indicated operation and simplify. 

V 2b?xy — V/2a?xy 55. V x?y — V 4a? y 


54 
56 


57. 
59. 
61. 


69. 


63. 
65. 
67. 
69. 
70. 
71. 
73. 
75. 


76. 
78. 


V/80a? — 3V 20a? — 2V 45а? 


4V 3a?x — 2a NV 48x 58. 
N/1250a?b + N/270c!b 60. 
а! — 2N/ abc? + ХУ apc! 


[9x ух 
16 4 


(V5 — V3) x 2V3 64. 
Væ – xy X Vx 66. 
(a + Vb) х (a — Vb) 68. 


(A V/x +2Vy) x (AVx — 5Vy) 
(x + Vay) x (Vx — Vy) 


Vx + (Мх + Уу) 72. 
(a + Vb) + (а — Vb) 74. 


(3V/m — Мп) + (V3n + Vm) 


(5У2ху 77. 


(5 V/ 2axy 


W125x2 — 2W8x2 


2N/ab! + 3N/ alb + 2N/8a*b* 


(х + Vy) x Vy 
(Vx — М2) х (QN x + VD 
(Vx + Му) X (Vx + Vy) 


а + (а + Vb) 
(Vx – Vy) + (Vx + Vy) 


(2xV3x)3 
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TI-83/84 screen for Example 48. 


Graph of y = V x + 8 — 2, showing 
arootat x — —4. The zero operation 
is found in the| CALC | menu. 
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13-4 Radical Equations 
A radical equation is one in which the unknown is under the radical sign. 


+++ Example 47: The equation 


Vx+8=2 


is a radical equation. өөө 


m Exploration: 
Try this. Use your graphing calculator to graph the function 


у= Vx * 8-2 


Does the curve cross the x axis? What is the meaning of any such x-intercept? 
If you substitute it back into the given equation, what do you find? L| 


Approximate Solution of Radical Equations by Graphing 


We learned how to find the approximate solution of equations by graphing in 
Chap. 5. Recall that we moved all terms of the given equation to one side and 
graphed that expression. Then by zooming in and using | TRACE) or zero we 
were able to find the value of x at which the curve crossed the x axis to any preci- 
sion we wanted. That method works for any equation, and we use it here to solve 
a radical equation. 


+++ Example 48: Find an approximate solution to the equation given in Example 47. 
Solution: Rearranging the equation gives 

Vx*8-220 
So we graph the function 


у= Vx * 8-2 


as shown. Using | TRACE |, [ZOOM , or Zero, we verify that the root is atx = —4. 


*** 


Solving a Radical Equation Using a Calculator's Equation Solver 

We can use any built-in equation solver to solve a radical equation, just as we used 
it earlier to solve other equations. 

+++ Example 49: Solve the equation of Example 47 using the TI-83/84 equation solver. 


Solution: 


(a) We select Solver from the | MATH | menu and enter the equation, Screen (1). 
The equation must be in explicit form, with all terms on the right side and 0 
on the left side. 


(b) Press | ENTER |. A new screen is displayed, (2), showing a guess value of x 
and a bound. You may accept the default values or enter new ones. Let us enter 
a new guess of x — —2 and a new bound of —5 to 0. 


(c) Move the cursor to the line containing ^X = " and press | SOLVE |. (This is 
ALPHA | ENTER | оп the TI-83/84.) 


A root falling within the selected bound is displayed, screen (3). +++ 
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Screens for Example 49. 


EQUATION SOLVER TC4+89-2=8 Ténta2-2-ü0 
eani й=[сх+82—-2 л=-2 


= ыы: 23515151515151515509 
boundzt-5:; 8» boundzz-5: ЙЗ Ш 
a left-rt=ġ 


(1) The given equation is entered in the (2) An initial guess for x, and the lower (3) The computed value of x is shown, 
TI-83/84 equation solver. and upper bounds, are chosen here. within the chosen bound. The last line says 
that the difference between the left and 
right sides of the equation is zero, showing 
ЕГ А that the equation is indeed balanced. 
Implicit Functions 

To solve a quadratic or other equation by graphing or by the TI-83/84 equation 
solver, the quadratic must be in explicit form. If it is not, simply move all terms to 
one side of the equal sign, changing signs as appropriate, leaving zero on one side 
of the equation. However, some calculators that can do symbolic manipulation can 
solve an equation that is in implicit form, as we have seen earlier in this text. 


+++ Example 50: Solve using the TI-89 equation solver: 
тт арене нэ сэн» || 
УМзх-2-0х-4 


Solution: 

(a) We select solve from the Algebra menu. a solve((3- 2)172 =(x+4)> 

(b) Enter the equation, followed by the variable (x) that we want to solve for. х=1 
Enter the radicals in exponential form. The equation does not have to be in solvetC3xt250 Cl/20 = Gordon. 


MAIN DEG AUTO FUNC 1/30 


explicit form. 
TI-89 screen for Example 50. 


(c) Pressing | ENTER | would give the exact solution, while pressing |= | 
(located above the | ENTER | key) gives an approximate decimal solution. 


+ 


Solving a Radical Equation Algebraically 


To solve a radical equation algebraically, it is necessary to isolate the radical term 
on one side of the equal sign and then raise both sides to whatever power will elimi- 
nate the radical. 


+++ Example 51: Solve for x: 
Ух-5-4-0 


Solution: Rearranging yields 


№х = 5 = 4 
Squaring both sides: x-5=16 
x = 21 
Check: : 
? Graphical check for Example 51. 
v21-5-4-0 аяс ЕА 
У16-440 showing a root at x = 21. 


4—4-—0 (checks) ooo 
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Graphical check for Example 53. 
Graph of f(x) = Vx — 32 + Vx 


showing a root at x = 81. 
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+++ Example 52: Solve for x: 
Vx—6x2x-9 
Solution: Squaring, we obtain 


x? — бх = х2 — 18x + 81 


12x = 81 
8] 27 
= ые: 
12 4 
Check: 
27\? 21:27 
6 9 
4 4 
729 162,27 36 
16 4 4 4 
81 9 9 
16 = 4 ын "2 (does not check) 
Thus the given equation has no solution. өөө 


The squaring process often introduces extraneous roots. These are 
discarded because they do not satisfy the original equation. Check 
your answer in the original equation. 


Common 


Error 


If the equation has more than one radical, isolate one at a time and square both 
sides. It is usually better to isolate and square the most complicated radical first, as 
in the following example. 


+++ Example 53: Solve for x. 


Vx = 32 + Vx = 16 


Solution: Rearranging gives 
Мх — 32 = 16 – Vx 
Squaring yields 
x — 32 = (16)? — 32Vx + x 
We rearrange again to isolate the radical. 
32Vx = 256 + 32 = 288 
Vx = 9 
Squaring again, we obtain 
x = 81 
Check: 
Мв1 — 32 + Vai 2 16 
V49 4 9 2 16 


7 + 9 = 16 (checks) өөө 


If a radical equation contains a fraction, we proceed as we did with other frac- 
tional equations and multiply both sides by the least common denominator. 
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eee Example 54: Solve the following: 


1 
хха og Ме 


Solution: Multiplying both sides by V x — 3 gives 


х- 3+1 = VxvVx —3 
х-2= Vx? – 35 


Squaring both sides yields 


Check: 


1+ T = 2 (checks) +.. 
Radical equations having indices other than 2 are solved in a similar way. 


+++ Example 55: Solve for x. 
Ух-5-2 
Solution: Cubing both sides, we obtain 
x-5=8 
x=13 
Check: 


V13 -522 


Vs = 2 (checks) $96 


+++ Example 56: An Application. Let us return to the problem posed in the intro- 
duction to this chapter. That is, to solve for the weight W in the equation for the 
natural frequency of a weight bobbing at the end of a spring, Fig. 13-4, given 


] [ке 
fa = 5 Ww 
Solution: Multiplying by 27, 
kg 
2T f, ын w 
Squaring both sides, we get 
kg 
Am) fa = Ww 


Finally we multiply by W and divide by 4m? d Я 
kg 


Т 729 
Am fn 5112 
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Graphical check for Example 55. 
Graph of f(x) = Vx—5-2 


showing a root at x — 13. 


FIGURE 13-4 
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x 


FIGURE 13-5 


25.3 cm 


] 
С 


FIGURE 13-6 
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Exercise 4 + Radical Equations 
Radical Equations 
Solve for x and check. 
1. Vx =6 9 Ух-5-9 
3. Vix + 8 = 6 4. Vàx - 2-5 
5. V2.95x — 1.84 = 623 6. V5.88x + 4.92 = 7.72 
7. Vx «1 = Мх – 7 8. 2 = 1 + 3x 
9 0 


. V3x+1=5 10. 2x = 4 

4 

11. Vx — AERE 19. x 322 Vx + 6 
= 

13. Vx? – 7.25 = 8.75 – х 14. Vx — 15.5 = 585 — Vx 

ЇЕ =з 16. М12 + x = 2+ Vx 

ЗЕ 
Applications 


17. The right triangle in Fig. 13-5 has one side equal to 25.3 cm and a perimeter of 


68.4 cm, so 
x + 25.3 + \/x? + (25.3)? = 68.4 


Solve this equation for x. Then find the hypotenuse. 

18. Find the missing side and the hypotenuse of a right triangle that has one side 
equal to 293 in. and a perimeter of 994 in. 

19. Find the side and the hypotenuse of a right triangle that has a side of 2.73 m 
and a perimeter of 11.4 m. 

20. The natural frequency f, of a body under simple harmonic motion is found 
from the equation 


1 [kg 


In түю 


where g is the gravitational constant, k is the spring constant, and W is the weight. 
Solve for К. 


21. The magnitude Z of the impedance in ап RLC circuit (Fig. 13-6) having a re- 
sistance R, an inductance L, and a capacitance C, to which is applied a voltage 
of frequency w, is given by Eq. 1098. 


Z= Je- (2-2) 
wC 


Solve for C. 
22. The resonant frequency o, for the circuit shown in Fig. 13-6 is given by 
Eq. 1090. 
1 
On, = > 
” VLC 
Solve for L. 


23. Writing: Explain in your own words how to solve a radical equation graphically. 
Be sure to give the reasons behind this method. Also say if the method can or 
cannot be used for other types of equations, and why. 


Review Problems 


24. 


25. 


Project: Sometimes when solving a radical equation, the squaring operation 
will result in a quadratic equation, which can then be solved by the methods 
of the preceding chapter. Try solving these equations, and be sure to check all 
solutions. 


4 
(а) Зух = І a=. 4 
(b V 5x? — Зх – 41 = 3x — 7 
"E СО 
x T 12 


(d М7х +8- V5x—4-2 


Project, Golden Ratio: The value of the golden ratio ® is given by Ф = 


1+ V5 
m 


It is also given by the following radical equation. Demonstrate by calculation, 
by hand, or with a spreadsheet that this is true. 


ps VIL VIS VIT e 


+++ CHAPTER 13 REVIEW PROBLEMS «.... «ч өөө.» л» л лө» 


Simplify. Don’t use a calculator. 


1. V52 2. V108 
з. 3162 4. W9 
5. 44 6. V8la?x?y 
7138s 8. Vab? — b 
9. лар, 
Perform the indicated operations and simplify. Don't use a calculator. 
10. AbN/3y SV/x 11. Vx: Væ — х^у 
19. (Vx + Vy)(Vx = Vy) 13. 3-2У3 
2-5V2 
14. Мх Му 15. V98x2y2 — V/128x2y2 
Vx + Vy 
16. 4W/125x? + 3W8x? 17. VaN/b 
18. N/2abc? - Vabe 19. (3 + 2\/х)? 
90. (4хУ2ху 91. 3V/50 — 2/32 
99. 2V2 + W2 оз. V2ab + V4ab? 
од. 9 + Х/7х2 95. 3V/9-4V/8 


Solve for x and check: 


26. 


28. 
30. 
32. 


Vx-8. Vx-4 97. Vx - 6-4 
Ух-6 WVx+2 


Мх = 7 = Vx = 3 99. ох - 4 = 2 
Мах? = 3 = 25 – 1 31. Vx + Vx — 975 = 623 
N/21.5x = 2.33 
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Simplify, and write without negative exponents. 


33. (x^^! + y?~7)(x" + y^^!) 34. (724957 + 9a*b) + 8ab® 


35. (=> y 36. (=) 

бх?у 2х 
37. (22 y 38. 5471 
39. 3w ? 40. 2r? 
41. (3x)! 49. 2a | + b7? 
43. x 1 - 2y ? 44. (54) ? — 3p? 
45. (3x) ? + (2x2y *) ? 46. (a" + Ь")? 
47. (p^! + q^ ?)(p? + q^) 48. (164659 + 8a^b) + 4ab® 
49. ра! 50. xy ? 
51. у25 3 59. ар! 
53. (3x52)? 54. (5a?b?c?? 


55. The volume V of a sphere of radius r is given 


4 
V = тг? 


3 


If the radius is tripled, the volume is then 
4 3 
ү = grey 


Simplify this expression. 
56. Find the missing side and the hypotenuse of a right triangle that has one side 
equal to 154 in. and a perimeter of 558 in. 
57. The geometric mean B between two numbers A and C is 
B= VAC 
Use the rules of radicals to write this equation in a different form. 
58. Equation 1040 gives the damped angular velocity wg of a suspended weight as 
2-2 


ENSE 
Фа = Wn 2 
w 


Rationalize the denominator and simplify. 


Radian Measure, Arc Lensth, 
and Rotation 


OBJECTIVES 


When you have completed this chapter, you should be able to 

* Convert angles between radians, degrees, and revolutions. 

* Write the trigonometric functions of an angle given in radians. 
* Compute arc length, radius, or central angle. 

* Compute the angular velocity of a rotating body. 

* Compute the linear speed of a point on a rotating body. 


* Solve applied problems involving arc length or rotation. 


Many objects in technology spin at constant speed: wheels, CDs, hard drives, gears, 
pulleys, motors, shafts, and the earth itself, rotating about its axis. In this short 
chapter we will develop the math to deal with these applications. We also need to 
be able to find the distance between two points on a circle, such as two locations on 
a band of a computer disk, or two points on a great or small circle on the globe. We 
should be able to find out, for example, how far the rack of Fig. 14-1 will move 
when the pinion (the small gear) rotates, say, 300°. 

Our main tool for both arc length and rotation will be radian measure. We in- 
troduced radian measure earlier, but here we give it full treatment. Up to now we 
have usually used degrees as our unit of angular measure, but we will see that the 
radian is more useful in many cases. The reason is that the radian is not an arbitrary 
unit like the degree (why 360 degrees in a revolution rather than, say, 300?). The 
radian uses a part of the circle itself, (the radius) as a unit. 

This chapter also marks our return to trigonometry, with which we last studied 
right and oblique triangles. It will be followed by a few more chapters on 
trigonometry. 


Pitch diameter 
=22.5mm 


Rack 


Pinion 


FIGURE 14-1 Rack and pinion. 
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14-1 Radian Measure 


One 
radian 


FIGURE 14-3 


хү 
"D ern! 
Ch 10 


m Exploration: 


Try this. (a) Make a photocopy of a protractor, Fig. 14-2. (b) Cut a strip of paper 
whose length equals the radius of the protractor circle. (c) Starting at 0°, bend the 
strip around the edge of the protractor and mark its end point (this will be easier if 
you paste the photocopy to cardboard and cut it out). (d) Draw a line from the end 
of the strip to the center O, forming angle 0. 


What is the significance of 0? About how large is 0 in degrees? Estimate 
roughly how many angles of size 0 will fit completely around the circle. E 


The angle 0 you constructed in the exploration is defined as one radian. A radian is 
the central angle subtended by an arc whose length is one radius, Fig. 14-3. 

We will see that the radian is a dimensionless ratio and not a unit of measure 
like the degree or the inch. Thus it is not strictly correct to write "radians" after the 
angle, but we will do so anyway because it makes it easier to keep track of our an- 
gles during a computation. 


Angle Conversion 


By definition, an arc having a length equal to the radius of the circle subtends a 
central angle of one radian. It follows that an arc having a length of twice the radius 
subtends a central angle of two radians, and so on. Thus an arc with a length of 27 
times the radius (the entire circumference) subtends a central angle of 27r radians. 
Therefore 27 radians is equal to 1 revolution, or 360°. This gives us the following 
conversions for angular measure: 


If we divide 360° by 277, we get 
l rad = 57.3? 
Some prefer to use Eq. 78 in this approximate form instead of the one given. You 
may also prefer to use тг rad = 180°. 
Using Eq. 78, we convert angular units in the same way that we converted 
other units in Chapter 1. 


+++ Example 1: Convert 47.6? to radians and revolutions. 


Solution: By Eq. 78, 


2r rad 
ле ) = 0.831 rad 


Note that 27 and 360° in Eq. 78 are exact numbers, so we keep the same number of 
digits in our answer as in the given angle. Now converting to revolutions, we obtain 


47 s( =) 0.132 .. 

| = 0.132 re 
360° И 

+++ Example 2: Convert 1.8473 rad to degrees and revolutions. 

Solution: By Eq. 78, 


о 


360 
1.8473 гаа = 105.84° 


2r rad 
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and 


1 rev 
2r rad 


1.8473 2) ) = 0.29401 rev 666 


Angle Conversion by Calculator 


We showed how use a calculator to convert between decimal degrees and degrees, 
minutes, and seconds in Chapter 1. Here we will show conversions between deci- 
mal degrees and radians. 


өөө Example 3: Convert 2.865 radians to degrees, on the TI-83/84 calculator. 


Solution: 
* Put the calculator into degree mode. 
* Enter the angle, in radians. On the TI-83/84, the radian symbol is found in the 
Angle menu. 
e Press | ENTER, 


The angle will be displayed in degrees. So, 
2.865rad — 164.2? (rounded) өөө 


өөө Example 4: Convert 38.52? to radians, on the TI-89 calculator. 


Solution: 
* Put the calculator into radian mode. 
* Enter the angle, in degrees, getting the degree symbol from the | MATH 
Angle menu. 
* Press ENTER. 


The angle will be displayed in radians. So, 
38.52? — 0.6723 rad +++ 


Radian Measure in Terms of 7 


m Exploration: 


Try this. (a) On your cardboard protractor, lay off two more arcs of one radius each, 
getting angles of 2 and 3 radians. (b) Mark these on your protractor, as in Fig. 14—4. 
Bisect these angles to get angles of 0.5, 1.5 and 2.5 radians, and mark. (c) Since 
180? = тг radians, write “m” below 180° on your protractor. (d) Then subdivide 
180° into four equal parts and label each with the appropriate fraction of 7, as 


shown. You have just constructed a protractor with three scales: 


(a) degrees (b) radians in decimal form (c) radians in terms of 7 a 


Not only can we express radians in decimal form, but it is also very common to 
express radian measure in terms of т. We know that 180? equals тг radians, so 


90° = Z rad 
= — Ta 

2 
45° = Z rad 
= —Ta 

4 
159-= gd 
EE 


and so on. Thus to convert an angle from degrees to radians in terms of 77, multiply 
the angle by (т rad/180?), and reduce to lowest terms. 
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T1-83/84 screen for Example 3. 


Fir Fer Fur For 
Tools|Alzebra Other’ Clean ШР 


#38.52° «6723 


39.929 
CONTACTS 


RAD AUTO FUNCIT: 1230 


TI-89 screen for Example 4. Notice the 
RAD indication at the bottom of the 
screen. 


1 


0 — Degrees 


M 
ew cig 
NV 1 


0--- Radians (decimal) 


FIGURE 14-4 


0 < Radians (in terms of 7) 
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TI-83/84 screen for Example 7(a), in 
Radian mode. 


Fir] Fer [|F3-| Fur] FS For 
‘Tools|Al3ebrajCatc|Other|Pr3mijclean Ur 


a cos(. 733) 0432 


2(.74317044315848) ! 


1.346 


ansci»^-1 
CONTACTS RAD AUTO FUNCTI 2730 


TI-89 screen for Example 8, in Radian 
mode. 
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+++ Example 5: Express 135° in radian measure in terms of т. 


Solution: 


u 1357 30 
135° = rad = rad +++ 
180° 180 4 


Students sometimes confuse the decimal value of т with the 
degree equivalent of 7r radians. 

What is the value of 7? 180 or 3.1416 . . .? 

Remember that the approximate decimal value of тг is always 


Common T == 3.1416 


Error but that 7 radians converted to degrees equals 


т radians = 180? 


Note that we write “radians” or “rad” after 7 when referring to the 
angle, but not when referring to the decimal value. 


To convert an angle from radians to degrees, multiply the angle by (180°/7 rad). 
Cancel the тг in numerator and denominator, and reduce. 


+++ Example 6: Convert 77г/9 rad to degrees. 


Solution: 


7 180° \ — 7(180 
28 ( A ) = aS = рабе ooo 


ra 
9 т rad 9 


Trigonometric Functions of Angles in Radians 


We use a calculator to find the trigonometric functions of angles in radians just as 
we did for angles in degrees. However, we first switch the calculator into Radian 
mode. Consult your calculator manual for how to switch to this mode. Some calcu- 
lators will display an R or the word RAD when in Radian mode. 

On some calculators you enter the angle and then press the required trigono- 
metric function key. On other calculators you must press the trigonometric func- 
tion key first and then enter the angle. Be sure you know which way your own 
calculator works. 


өөө Example 7: Use your calculator to verify the following to four decimal places: 


(a) sin 2.83 rad = 0.3066 (b) cos 1.52 rad = 0.0508 
(c) tan 0.463 rad = 0.4992 666 


To find the cotangent, secant, ог cosecant, we use the reciprocal relations, just 
as when working in degrees. 
+++ Example 8: Find sec 0.733 rad to three decimal places. 


Solution: We put the calculator into Radian mode. The reciprocal of the secant is the 
cosine, so we take the cosine of 0.733 rad and get 


cos 0.733 rad — 0.7432 
Then taking the reciprocal of 0.7432 gives 


sec 0.733 — = 1.346 ooo 


cos 0.733 0.7432 
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өөө Example 9: Use your calculator to verify the following to four decimal places: 


(a) esc 1.33 rad = 1.0297 (b) cot 1.22 rad = 0.3659 
(c) sec 0.726 rad = 1.3372 +++ 


The Inverse Trigonometric Functions 


The inverse trigonometric functions are found the same way as when working in 
degrees. Just be sure that your calculator is in radian mode. 

As with the trigonometric functions, some calculators require that you press 
the function key before entering the number, and some require that you press it af- 
ter entering the number. 

Remember that the inverse trigonometric function can be written in two different 
ways. Thus the inverse sine can be written 


arcsin@ ог віп! Ө 
Also recall that there are infinitely many angles that have a particular value of a 


trigonometric function. Of these, we are finding just the smallest positive angle. 


өөө Example 10: Use your calculator to verify the following, in radians, to four dec- 
imal places: 


(a) arcsin 0.2373 = 0.2396 rad (b) cos ! 0.5152 = 1.0296 rad 
(c) arctan 3.246 — 1.2720 rad +++ 


To find the arccot, arcsec, and arccsc, we first take the reciprocal of the given 
function and then find the inverse function, as shown in the following example. 


eee Example 11: If @ = cot”! 2.745, find 0 in radians to four decimal places. 


Solution: If the cotangent of 6 is 2.745, then 


cot 0 = 2.745 

so 
Á 2.745 

tan 0 f 

Taking reciprocals of both sides gives 
tan 0 = ЕЕ 1 = 0.3643 
2.745 
So 
Ө = tan ! 0.3643 = 0.3494 .. 


It is no harder to find the trigonometric function of an angle in radians 
expressed in terms of 7. 


eee Example 12: Find cos(57/12) to four significant digits. 


Solution: With our calculator in radian mode, 


27 0.2588 ee 
cos — = 0. 
12 
eee Example 13: Evaluate to four significant digits: 


2a _ of 37 
5 cos| — | + 4sin^| — 
3 7 


Solution: We can evaluate this expression in steps, or key it directly into the calcu- 
lator as shown. 


2T . 23T 
5 с08-2- + 4 sin 4 = 5.347 ooo 
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sinc. 2373) 
8 


. 2596 


T1-83/84 screen for Example 10(а), in 
RADIAN mode. 


| Fir Fer [F3-| Fur F5 Fer 
Тоо151 8134 а| 4160 сү Рү3га! 01016410 Ur. 


.(2.745) | . 3643 
н Lan(. 36429872495446) 
.349 


tantCans¢1)> 
CONTACTS RAD AUTO РОНС 2/30 


TI-89 screen for Example 11, in 
RADIAN mode. 


TI-83/84 screen for Example 12, in 
RADIAN mode. 


TI-83/84 screen for Example 13, in 
RADIAN mode. 
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Sector 


FIGURE 14-5 Sector of a circle. 


FIGURE 14-6 


Segment 
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Areas of Sectors and Segments 


Sectors and segments of a circle (Fig. 14—5) were defined in Chap. 6. Now we will 
compute their areas. 

The area of a circle of radius r is given by zr’, so the area of a semicircle, of 
course, is тг?/2; the area of a quarter circle is тг?/4, and so on. The segment area is 
the same fractional part of the whole area as the central angle is of a whole revolution. 

Thus if the central angle is 1/4 revolution, the sector area is also 1/4 of the 
total circle area. 

If the central angle (in radians) is 0/27. revolution, the sector area is also 6/27 
of the total circle area. So 


2 0 
area of sector = | —— 
2T 


өөө Example 14: Find the area of a sector having a radius of 8.25 m and a central 
angle of 46.8?. 


Solution: We first convert the central angle to radians. 


7 rad 
46.8? — 0.81 
es Жет) 0.8168 rad 


Then, by Eq. 77, 
(8.25)7(0.8168) 
a = 


= 27.8 m? 666 
2 m 


The area of a segment of a circle (Fig. 14-6) is 


These two formulas for the area of a segment of a circle are given here without proof. 
You will be asked to derive Eq. 79 at the end of this section, and to derive Eq. 80 later. 


+++ Example 15: Compute the area of a segment having a height of 10.0 cm in a cir- 
cle of radius 25.0 cm. 


Solution: Substituting into Eq. 79 gives 


Tt — (25.0 — 10.0) V/225.0(10.0) — (10.0)? 


= 625 arccos 0.600 — 15.0% 500 — 100 


— 625(0.9273) — 15.0(20.0) — 280 cm? +.. 


Area = (25.0 arccos 
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A second formula for the area of a segment is: 


+%% Example 16: A chord in a 24.8-cm-diameter circle subtends a central angle of 


1.22 rad. Find the area of the segment cut off by the chord. 


Solution: By Eq. 80, 


Area 


Ш 


Ш 


Exercise 1 • Radian Measure 


Convert to radians. 


1. 47.8° 9. 18.7? 
4. 0.370 rev 5. 1.55 rev 


Convert to revolutions. 


7. 1.75 rad 8. 2.30 rad 
10. 0.0633 rad 11. 1.12 rad 


Convert to degrees (decimal). 


13. 2.83 rad 14. 4.275 rad 
16. 0.236 rad 17. 1.14 rad 


1 
20124) (1.22 — sin 1.22) 


15. 
18. 


76.88(1.22 — 0.9391) = 21.6 cm? +.. 


33.29" 
. 1.27 rev 


. 3.12 rad 
. 0.766 rad 


0.372 rad 
0.116 rad 


Convert each angle given in degrees to radian measure in terms of 77. 


19. 60? 20. 130? 
99. 240° 93. 126? 
25. 78° 26. 305° 
28. 150° 29. 81° 


21. 
24. 
27. 
30. 


66° 

105° 
400° 
189° 


Convert each angle given in radian measure to degrees. Give approximate values to 


one decimal place. 


2 

31. T 32. = 
3 

34. = 35. 5 
7 5 

37: T 38. T 
6 

40. M. - 


33: 


36. 


39. 


49. 


oT 
11 
4т 
5 
27 
15 
ST 


9 
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62.8 cm radius 


Hole, 
8.50 cm radius 


A 


v 


FIGURE 14-7 


Disk, 


Abra 
pai 


sive 


d 
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Evaluate to four significant digits. 


71. 


78. 


1 sin 44. tan 0.442 45. cos 1.063 
2 3 7 
7 а(- z) 47. cos = 48. sin- z) 
Am ST 
. sec 0.355 50. csc — 51. cot — 
3 9 
. tan 2m 53. cos(- e 54. sin 1.075 
11 3 

. cos 1.832 56. cot 2.846 57. sin 0.6254 
. esc 0.8163 59, arcsin 0.7263 60. arccos 0.6243 
. cos! 0.2320 69. arccot 1.546 63. sin! 0.2649 
. esc! 2.6263 65. arctan 3.7253 66. arcsec 2.8463 

in? = + cos — 68. 7 tan? — 
. sin* — + cos = . Ttan^ — 

6 6 9 
3 
. cos? T 70. - sin " 
. sin 2 tan A 79. 3sin Ш cos” 2 
8 8 9 9 

. Find the area of a sector having a radius of 5.92 in. and a central angle of 62.57. 


. Find the area of a sector having a radius of 3.15 m and a central angle of 28.3°. 
. Find the area of a segment of height 12.4 cm in a circle of radius 38.4 cm. 


. Find the area of a segment of height 55.4 inches in a circle of radius 122.6 in. 


A chord in a 128-cm-diameter circle subtends a central angle of 1.55 rad. Find 
the area of the segment cut off by the chord. 
A chord in a 36.9-in.-diameter circle subtends a central angle of 2.23 rad. Find 
the area of the segment cut off by the chord. 


Applications 


79. 


80. 


81. 


A grinding machine for granite uses a grinding disk that has four abrasive pads 
with the dimensions shown in Fig. 14—7. Find the area of each pad. 

A partial pulley is in the form of a sector with a cylindrical hub, as shown in 
Fig. 14-8. Using the given dimensions, find the volume of the pulley, including 
the hub. 

A weight bouncing on the end of a spring moves with simple harmonic motion ac- 
cording to the equation y = 4 cos 25t, where y is in inches. Find the displacement 
y when t = 2.00 s. (In this equation, the angle 257 must be in radians.) 


Hole dia. 5.270 in. radius 


0.500 in. 


Hub dia. | 0.250 in. 
1.250 in. 


FIGURE 14-8 
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82. Small Angle Approximations: For the angles from 0° to 10°, with steps every 1/57, 
use a spreadsheet to compute and print each angle in radians, and the sine and 
tangent of that angle, to four decimal places. What do you notice about these 
three columns of figures? What is the largest angle for which the sine and tan- 
gent do not differ from the angle itself by more than three significant digits? 
How could you use this information? 

83. Project: Area of a Segment of a Circle: Derive Eq. 79 for the area of a segment of 
a circle 


—h 
A = r? arccos nti (r- 5B) V 2rh- I? 
r 


(where arccos (r—h)/r is in radians) in terms of the radius r and Л, Fig. 14-9. 
2 
0 
Hint: Start with the formula, area of a sector — = = ES and subtract the area 


of the triangle OAB. 


413 


A 


— h |— 


B 


FIGURE 14-9 We will derive the 
other formula for the area of a segment 
in a later chapter. 


14-9 Arc Length 


m Exploration: 
Try this. Locate the center of a circular object, such as a paper plate, and measure 
its radius. Then with a strip of paper, lay off an arc along the edge of the plate, 
measure it, and divide it by the radius. Next measure the central angle subtended by 
the arc, and convert to radians. What do you notice? 

Repeat with different lengths of arc. Repeat with different sized plates. Can you 
make a general statement about your findings? ш 


If we measure arc length and radius in the same units, those units will cancel when 
we divide one by the other. We are left with a dimensionless ratio. In your explo- 
ration, you may have seen that when dividing arc length by radius, you got a di- 
mensionless ratio that is equal to the angle in radians. Stated as a formula, 


Thus the radian is not a unit of measure like the degree or inch, although we 
usually carry the word “radian” or “rad” along as if it were a unit of measure. 

We can use Eq. 76 to find any of the quantities 0, r, or s, Fig. 14-10, when the 
other two are known. 


өөө Example 17: Find the angle that would intercept an arc of 27.0 ft in a circle of 
radius 21.0 ft. 
Solution: From Eq. 76, 

s 27.0 ft 


r 21.0 ft 


= 1.29 rad 666 


+++ Example 18: Find the arc length intercepted by a central angle of 62.5? in a 
10.4-cm-radius circle. 


Solution: Converting the angle to radians, we get 


тг rad 
2.5? = 1. 
62.5 (==) 09 rad 


С” | 


FIGURE 14-10 Relationship between 
arc length, radius, and central angle. 
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Pitch diameter 
= 22.5 mm 


FIGURE 14-11 Rack and pinion. 


North pole 


meridian 


FIGURE 14-12 Latitude is the angle 
(measured at the earth’s center) 
between a point on the earth and the 
equator. Longitude is the angle between 
the meridian passing through a point on 
the earth and the principal (or prime) 
meridian passing through Greenwich, 
England. 
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By Eq. 76, 
s = r0 = 10.4 ст(1.09) = 11.3 cm +.. 


+++ Example 19: Find the radius of a circle in which an angle of 2.06 rad intercepts 
an arc of 115 ft. 


Solution: By Eq. 76, 


Common 
Error 


Be sure that r and s have the same units. Convert if necessary. 


+++ Example 20: Find the angle that intercepts a 35.8-in. arc in a circle of radius 
49.2 cm. 


Solution: We divide s by r and convert units at the same time. 


5 35.8 in. 2.54 cm 
r 49.2 cm ] in. 


0 = = 1.85 rad 666 


Applications 


The ability to find arc lengths has many applications in technology. Let us start with 
the problem from the introduction to this chapter. 


өөө Example 21: How far will the rack in Fig. 14-11 move when the pinion 
rotates 300.0°? 


Solution: Converting to radians gives us 


T rad 
180? 


0 = vooo( ) = 5.236 rad 


Then, by Eq. 76, 
s = r0 = 11.25 mm(5.236) = 58.91 mm 


As a rough check, we note that the pinion rotates less than 1 revolution, so the 
rack will travel a distance less than the circumference of the pinion. This circumfer- 
ence is 22.57 or about 71 mm. So our answer of 58.91 mm seems reasonable. +++ 


+++ Example 22: How many miles north of the equator is a town of latitude 43.6? N? 
Assume that the earth is a sphere of radius 3960 mi, and refer to the definitions of lat- 
itude and longitude shown in Fig. 14—12. 


Estimate: Our given latitude angle is about 1/8 of a circle, so the required distance 
must be about 1/8 of the earth's circumference (80007 or 25,000 mi), or about 
3120 mi. 


Solution: The latitude angle, in radians, is 


0 = 43 163 0.761 гаа 
Е 180° 1 та 
Then, by Eq. 76, 
s = r0 = 3960 mi(0.761) = 3010 mi .. 


Section 2 * Arc Length 


Exercise 9 » Arc Length 


In the following exercises, s is the length of arc subtended by a central angle 0 in a 
circle of radius r. 


r = 4.83 in., 0 = 27/5. Find s. 
r = 11.5 ст, 0 = 1.36rad. Find s. 
r= 284ft, 0 = 464°. Find s. 
г = 2.87 m, 0 = 1.55 гаа. Find s. 
r = 64.8 in., 0 = 38.5°. Find s. 
r —28.33ft, s—32.5ft. Епа. 
г = 263mm, s = 582 mm. Find 0. 
r=21.5ft, s= 182ft. . Find 0. 
r=3.87m, s=15.8ft. Епа. 
0 = 7/12, s-—881in. Findr. 
Ө = 77.2°, з= 1.11ст. Findr. 


‚ 0 = 2.08 rad, s = 3.84m.  Findr. 
. 0 = 12°55’, s = 28.2ft. Findr. 
. 0 = 57/6, 5 = 125 тт. Findr. 


Applications 


Where needed, assume the earth to be a sphere with a radius of 3960 mi. Actually, 
the distance from pole to pole is about 27 mi less than the diameter at the equator. 


15. 


16. 
17. 


18. 


19. 


20. 


21: 


22. 
23. 


24. 


25. 


26. 


27. 


A certain town is at a latitude of 35.2°N. Find the distance in miles from the 
town to the north pole. 

Find the latitude of a city that is 1265 mi from the equator. 

A satellite is in a circular orbit 225 mi above the equator of the earth. How 
many miles must it travel for its longitude to change by 85.0°? 

City В is due north of city A. City A has a latitude of 142377 №, and city B has a 
latitude of 47°12' N. Find the distance in kilometers between the cities. 

The hour hand of a clock is 85.5 mm long. How far does the tip of the hand 
travel between 1:00 A.M. and 11:00 A.M.? 

Find the radius of a circular railroad track that will cause a train to change di- 
rection by 17.5? in a distance of 180 m. 

The pulley attached to the tuning knob of a radio (Fig. 14—13) has a radius 
of 35 mm. How far will the needle move if the knob is turned a quarter of a 
revolution? 

Find the length of contact ABC between the belt and pulley in Fig. 14—14. 

One circular “track” on a magnetic disk used for computer data storage is lo- 
cated at a radius of 155 mm from the center of the disk. If 1000 "bits" of data 
can be stored in 1 mm of this track, how many bits can be stored in the length 
of this track subtending an angle of 7/12 rad ? 

If we assume the earth's orbit around the sun to be circular, with a radius of 
93 million mi, how many miles does the earth travel (around the sun) in 
125 days? 

A 1.25-m-long pendulum swings 5.75? on each side of the vertical. Find the 
length of arc traveled by the end of the pendulum. 

A brake band is wrapped around a drum (Fig. 14—15). If the band has a width 
of 92.0 mm, find the area of contact between the band and the drum. 

Sheet metal is to be cut from the pattern of Fig. 14-16(а) and bent to form the 
frustum of a cone [Fig. 14-16(0)|, with top and bottom open. Find the dimen- 
sions r and R and the angle 0 in degrees. 
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FIGURE 14-14 Belt and pulley. 


FIGURE 14-15 Brake drum. 


FIGURE 14-16 


28.5 cm 


FIGURE 14-17 


3.75 in. 


ах 
Pitch 7 


circle 


FIGURE 14-18 Sector gear. 


FIGURE 14-19  Bending allowance. 
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28. An isosceles triangle is to be inscribed in a circle of radius 1.000. Find the angles 
of the triangle if its base subtends an arc of length 1.437. 

29. The link AB in the mechanism of Fig. 14—17 rotates through an angle of 28.3°. 
Find the distance traveled by point A. 

30. Find the radius R of the sector gear of Fig. 14—18. 

31. A circular highway curve has a radius of 325.500 ft and a central angle of 
15?25'05" measured to the centerline of the road. Find the length of the 
curve. 

39. When metal is in the process of being bent, the amount s that must be allowed for 
the bend is called the bending allowance, as shown in Fig. 14—19. Assume that the 
neutral axis (the line at which there is no stretching or compression of the metal) is 
at a distance from the inside of the bend equal to 0.4 of the metal thickness f. 

(a) Show that the bending allowance is 
A(r + 0.40)т 
5 180 
where A is the angle of bend in degrees. 


(b) Find the bending allowance for a 60° bend in +-in.-thick steel with a radius 
of 1.50 in. 


33. Earlier we gave the formula for the area of a circular sector of radius r and 
central angle 0: area = г20/2, (Eq. 77). Using Eq. 76, 0 = s/r, show that the 
area of a sector is also equal to rs/2, where s is the length of the arc inter- 
cepted by the central angle. 

34. Find the area of a sector having a radius of 34.8 cm and an arc length of 
14.7 cm. 

35. Project: The angle D (measured at the earth’s center) between two points on 
the earth’s surface is found by 


cos D = sin Гу sin L5 + cos Lı cos L5 cos(M, — М») 


where Lı and M; are the latitude and longitude, respectively, of one point, and 
L and М» are the latitude and longitude of the second point. Find the angle 
between Pittsburgh (latitude 41.09 N, longitude 80.0? W) and Houston (lati- 
tude 29.8? N, longitude 95.3? W) by substituting into this equation. 

36. Project: Using your answer from the preceding project, compute the distance 
in miles between Pittsburgh and Houston. Check your answer by measuring a 
map or a globe. Can you explain any differences? 


FIGURE 14-90 Rotating body. The 
symbol w is lowercase Greek omega, 
not the letter w. 


14-3 Uniform Circular Motion 


Angular Velocity 


Let us consider a rigid body that is rotating about a point О, as shown in Fig. 14—20. 
The angular velocity w is a measure of the rate at which the object rotates. The 
motion is called uniform when the angular velocity is constant. The units of angular 
velocity are degrees, radians, or revolutions, per unit time. 


Angular Displacement 


The angle Ө through which a body rotates in time / is called the angular displacement. 
It is related to о and t by the following equation: 


Section 3 * Uniform Circular Motion 


This equation is similar to our old formula (distance = rate X time) for linear motion. 


+++ Example 23: A wheel is rotating with an angular velocity of 1800 rev/min. 
How many revolutions does the wheel make in 1.5 s? 


Solution: We first make the units of time consistent. Converting yields 


1800 rev 1 min 
в = А 


mm "TEN 30 rev/s 


Then, by Eq. 1026, 


30 
0 = о = = (1.5 s) = 45 rev ooo 
8 


өөө Example 24: Find the angular velocity in revolutions per minute of a pulley that 
rotates 275° in 0.750 s. 


Solution: By Eq. 1026, 


m es = 367 deg/ 
t 0750$ "E 
Converting to rev/min, we obtain 
367° 60s 1 
о = 5. 61.2 rev/min ooo 


s min 360° 
өөө Example 25: How long will it take a spindle rotating at 3.55 rad/s to make 1000 
revolutions? 
Solution: Converting revolutions to radians, we get 


27 rad 
Ө = 1000 rev: 
1 rev 


= 6280 rad 
Then, by Eq. 1026, 


0 6280 rad 
Eum = 1 = 29.5 mi 
w 3.55 rad/s Ts ш ooo 


Linear Speed 


For any point on a rotating body, the linear displacement per unit time along the cir- 
cular path is called the linear speed. The linear speed is zero for a point at the cen- 
ter of rotation and is directly proportional to the distance r from the point to the 
center of rotation. If w is expressed in radians per unit time, the linear speed v is 
given by the following equation: 


Applications 


+++ Example 26: A wheel is rotating at 2450 rev/min. Find the linear speed of a point 
35.0 cm from the center. 


417 


418 


Chapter 14 + Radian Measure, Arc Length, and Rotation 


Solution: We first express the angular velocity in terms of radians. 
2450 геу 27 rad 
i= : 
min rev 


= 15,400 rad/min 


Then, by Eq. 1027, 
15,400 rad 


min 


U = or (35.0 cm) = 539,000 cm/min 


= 89.8 m/s 


What became of “radians” in our answer? Shouldn’t the final units be 
гаа • m/s? No. Remember that radians is a dimensionless ratio; it is the ratio of two 
lengths (arc length and radius) whose units cancel. 


Alternate Solution: For each revolution, a point at radius r travels a distance equal 
to the circumference of a circle of radius л, or 277 cm/rev. Its linear speed is then, 


v = o(2rr) 
_ 2450 rev А 21(35.0) cm 


тіп rev 
= 539,000 cm/min 


ooo 


Remember when using Eq. 1027 that the angular velocity must 


be expressed in radians per unit time. 


+++ Example 27: A belt having a speed of 885 in./min turns a 12.5-in.-radius pulley. 
Find the angular velocity of the pulley in rev/min. 


Solution: By Eq. 1027, 


_ ~v _ 885 in./min 
12.5 in. 


= 70.8 rad/min 


Converting to revolutions we get 
70.8rad | rev 
c . 
min 2r rad 


= 11.3 rev/min ooo 


Cutting Speed: For machine shop operations, the cutting speed is the linear speed 
at which the outermost edge of a cutting tool meets a workpiece. Sometimes the 
tool is rotating, as in a milling machine or drill, and sometimes the workpiece is ro- 
tating, as in a lathe. 

Cutting speed is usually given in feet per minute (ft/min) or meters per minute 
(m/min). It is often called SFPM, or surface feet per minute. Ranges of typical cut- 
ting speeds are given in Fig. 14—21. Machinists will often refer to tables to compute 
cutting speeds or rotational speeds, but we will show how to find them using basic 
principles. 


Cutting Speed, m/min 


10 20 30 40 50 60 70 80 90 100 110 120 
1 1 1 1 1 1 


20 60 100 140 180 220 260 300 340 100 
Cutting Speed, ft/min 


FIGURE 14—91 
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өөө Example 98: An Application. A 4.00-in.-dia. milling machine cutter is used to 
mill a bronze casting, Fig. 14—22. The recommended cutting speed for that particu- 
lar alloy, cutter type, and lubrication is 120 ft/min. What angular velocity of the cut- 


ter will give that cutting speed? 


Solution: Converting 2.00 in. to feet gives r — 0.1667 ft. Then by our equation for 


linear speed, we get 


1 120 ft 
Qa = + 0.1667 ft 
min 


720 rad/min 


Converting to revolutions per minute, 


Not all rotational speeds will usually be available on a machine, so a value close to 
this would be chosen. 


7720 rad rev 
min 2 rad 


= 115 rev/min 


Exercise 3 • Uniform Circular Motion 


Angular Velocity 


COurhWN = 


. Convert 1850 rev/min to radians per second and degrees per second. 
. Convert 5.85 rad/s to revolutions per minute and degrees per second. 
. Convert 77.2 deg/s to revolutions per minute and radians per second. 
. Convert 37/5 rad/s to revolutions per minute and degrees per second. 
. Convert 48.1 deg/s to revolutions per minute and radians per second. 
. Convert 22,600 rev/min to radians per second and degrees per second. 


Linear Speed 


7. A disk is rotating at 334 rev/min. Find the linear speed, in ft/min, of a point 3.55 
in. from the center. 
8. A wheel rotates at 46.8 rad/s. Find the linear speed, in cm/s, of a point 36.8 
cm from the center. 
9. A point 1.14 ft from the center of a rotating wheel has a linear speed of 56.3 
ft/min. Find the angular velocity of the wheel in rev/min. 
10. The rim of a rotating wheel 83.4 cm in diameter has a linear speed of 58.3 
m/min. Find the angular velocity of the wheel in rev/min. 
Applications 
11. A flywheel makes 725 revolutions in a minute. How many degrees does it rotate 
in 1.00 s? 
19. A propeller on a wind generator rotates 60.0? in 1.00 s. Find the angular velocity 
of the propeller in revolutions per minute. 
13. A gear is rotating at 2550 rev/min. How many seconds will it take to rotate 
through an angle of 2.00 rad? 
14. A sprocket 3.00 inches in diameter is driven by a chain that moves at a speed 
of 55.5 ins. Find the angular velocity of the sprocket in rev/min. 
15. A capstan on a magnetic tape drive rotates at 3600 rad/min and drives the tape at 


a speed of 45.0 m/min. Find the diameter of the capstan in millimeters. 


+e 
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Work piece 


FIGURE 14—23 
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16. 


17. 


18. 


19. 


20. 


91. 


22. 


23. 


24. 


25. 


A blade on a water turbine turns 155° in 1.25 s. Find the linear speed of a 
point on the tip of the blade 0.750 m from the axis of rotation. 

A steel bar 6.50 inches in diameter is being turned in a lathe. The surface 
speed of the bar is 55.0 ft/min. How many revolutions will the bar make in 
10.0 s? 

Assuming the earth to be a sphere 7920 mi in diameter, calculate the linear 
speed in miles per hour of a point on the equator due to the rotation of the 
earth about its axis. 

Assuming the earth's orbit about the sun to be a circle with a radius of 
93.0 х 10 mi, calculate the linear speed of the earth around the sun. 

A car is traveling at a rate of 65.5 km/h and has tires that have a radius of 31.6 
cm. Find the angular velocity of the wheels of the car. 

A wind generator has a propeller 21.7 ft in diameter, and the gearbox between 
the propeller and the generator has a gear ratio of 1:44 (with the generator shaft 
rotating faster than the propeller). Find the tip speed of the propeller when the 
generator is rotating at 1800 rev/min. 

A milling machine cutter has a diameter of 75.0 mm and is rotating at 56.5 
rev/min. What is the linear speed at the edge of the cutter? 

For a lathe tool cutting a particular aluminum alloy, Fig. 14—23, the radius of the 
workpiece is 2.45 in. and the recommended cutting speed is 110 ft/min. What 
spindle speed will give that value? 

You are programming a numerically controlled drill press to drill holes in a cast 
iron block, whose recommended cutting speed is 30.0 m/min. What rotational 
speed of a 25.4 mm diameter drill will give that cutting speed? 

Writing: When we multiply an angular velocity in radians per second by length 
in feet, we get a linear speed in feet per second. Explain why radians do not ap- 
pear in the units for linear speed. 


+++ CHAPTER 14 REVIEW PROBLEMS ••66600660060006000600060006006 


Convert from radians to degrees. 


= 427 з. — 
7 4 9 
24r lla 
ri 96710 


. Find the central angle in radians that would intercept ап arc of 5.83 m in a cir- 


cle of radius 7.29 m. 


. Find the angular velocity in rad/s of a wheel that rotates 33.5 revolutions in 


1.45 min. 


. A wind generator has blades 3.50 m long. Find the tip speed when the blades are 


rotating at 35 rev/min. 


Convert to radians in terms of 77. 


9. 
11. 


300° 10. 150° 
230° 12. 145° 


Evaluate to four significant digits. 


13. 


15. 


sin Т 14. cos? = 
9 8 


ar M 
sin( 2) 16. 3 tan эн — 2sin Sm 
5 7 7 
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17. 


18. 


19. 


20. 
91. 


2 
4 sine —4 s (7) 
9 9 


What arc length is subtended by a central angle of 63.4? in a circle of radius 
4.85 in.? 


A winch has a drum 30.0 cm in diameter. The steel cable wrapped around the 
drum is to be pulled in at a rate of 8.00 ft/s. Ignoring the thickness of the cable, 
find the angular speed of the drum in revolutions per minute. 


Find the linear velocity of the tip of a 5.50-in.-long minute hand of a clock. 


A satellite has a circular orbit around the earth with a radius of 4250 mi. 
The satellite makes a complete orbit of the earth in 3 days, 7 h, and 35 min. Find 
the linear speed of the satellite. 


Evaluate to four decimal places. (Angles are in radians.) 


22. 
24. 
26. 
28. 
30. 
32. 


33. 


34. 


35. 


cos 1.83 23. tan 0.837 
csc 2.94 95. sin 4.22 
cot 0.371 27. sec 3.38 
2 : 2 
cos* 1.74 29. sin(2.84) 
(tan 0.475)? 31. віп2(2.24)2 айы, d 


85.0 mm 


Find the area of a sector with a central angle of 29.3? and a radius of vadis 


37.2 in. 
Find the radius of a circle in which an arc of length 384 mm intercepts a central 
angle of 1.73 rad. 


287 mm 
radius 


Find the arc length intercepted in a circle of radius 3.85 m by a central angle of 
1.84 rad. 


A parts-storage tray, shown in Fig. 14—24, is in the form of a partial sector of FIGURE 14-24 
a circle. Using the dimensions shown, find the inside volume of the tray in 
cubic centimeters. 
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Trigonometric, Parametric, 
and Polar Graphs 


OBJECTIVES 
When you have completed this chapter you should be able to 


Graph the sine wave, by calculator or manually. 


Find the amplitude, period, frequency, and phase shift for a sine wave. 


Find roots or instantaneous values on a sine wave. 


Write the equation of a given sine wave. 


Graph and analyze a sine wave as a function of time. 


Graph the cosine, tangent, cotangent, secant, and cosecant functions. 


Graph the inverse trigonometric functions. 


Graph parametric equations. 


Graph points and equations in polar coordinates. 


Convert between polar and rectangular form. 


So far we have dealt with curves that rise, or fall, or perhaps rise and fall a few 
times. Now we will introduce curves that oscillate, repeating the same shape indefi- 
nitely, the periodic functions. These are the sort of curves we find in alternating cur- 
rent, or the mechanical vibrations that could cause a bridge to collapse. We find pe- 
riodic motion in mechanical devices, such as the pistons in an automobile engine, 
the motions of the celestial bodies, sound waves, and in radio, radar, and television 
signals. Periodic signals are crucial to the operation of many of the exciting techno- 
logical devices of the twenty-first century, from computers to satellite telephones. 

In this chapter we give a small introduction to the world of periodic functions. 
Our main focus will be on the sine function, which has wide applications to alternat- 
ing current, mechanical vibrations, and so forth. Our task in this chapter will be to 
graph such functions, building upon our earlier methods for graphing and to extract 
useful information from the function. For example, given the alternating current 


I = 37.5(sin 2841 — 22°) 


Section 1 * Graphing the Sine Wave by Calculator 


you should be able to make a graph, find the amplitude and frequency of the cur- 
rent, and find the instantaneous current at any given instant. 

We will make heavy use of the graphing calculator and also show some manual 
methods. In addition to making a graph, we will find roots, just as we did with other 
functions, and find the ordinate of the function at any abscissa, the so-called instan- 
taneous value. Next we will describe functions in which both the abscissa and ordi- 
nate are described in terms of a third variable, called a parameter. This gives us 
what are called parametric equations, and we show how to graph them, both by cal- 
culator and manually. 

All the above graphing, including parametric equations, is done in our familiar 
rectangular coordinate system. Finally we introduce polar coordinates, which are 
more useful for graphing certain kinds of functions. We will do graphs in polar 
coordinates both manually and by calculator. 


15-1 Graphing the Sine Wave by Calculator 


m Exploration: 


Try this. Using your graphing calculator, graph y = sin x. A trigonometric func- 
tion is graphed the same way as we graphed other functions in Chapter 5. Enter the 
function in the editor, put the calculator into DEGREE mode, set the viewing 
window from —100 to +800 on the x axis, and —2 to +2 on the y axis, and press 
GRAPH, 

What is different about this curve than others we have studied? What are the 
maximum and minimum values of y? Are there maximum and minimum values of 
x? Increase the width of the window. Does the curve seem to repeat? How often? m 


Periodic Functions 


A curve that repeats its shape over and over, like the sine wave in our exploration, 
is called a periodic curve or periodic waveform. A function whose graph is periodic 
is called a periodic function. The horizontal axis represents either an angle (in de- 
grees or radians) or time (usually in seconds or milliseconds). In this section we 
will show waveforms for which the horizontal axis is an angle and cover those as a 
function of time later in this chapter. 

Each repeated portion of the curve is called a cycle. The period of a periodic wave- 
form is the horizontal distance occupied by one cycle. Depending on the units on the 
horizontal axis, the period is expressed in degrees per cycle, radians per cycle, seconds 
per cycle, and so forth. Using | TRACE | on the graph obtained in your exploration, you 
should find that the period is 360? per cycle. Recall that a complete graph of a function 
is one that contains all features of interest. Thus the complete graph of a periodic wave- 
form must contain at least one cycle. Let us now do an example in radians. 


+++ Example 1: Graph at least one cycle of the sine function y = sin x, where x 15 
in radians. 


Solution: We put the calculator into RADIAN mode. Let us keep the height of the view- 
ing window as before, from —2 to +2 on the y axis. The width, however, has to be the 
radian equivalent of 360°, or 27r radians. Let us thus set the width of the viewing win- 
dow fromx = —1 to +7. Set X scale and Y scale to 1. We get the graph shown. +++ 


The graphs we obtained in the preceding examples show the typical shape of the sine 
wave. However, another sine wave may have a different height or amplitude, a different 
period, or may have a horizontal offset, called a phase shift. In the next few sections we 
will show how slight changes in the sine function will result in changes in the curve. 
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Screen for y — sin x from the 
exploration. Ticks on the vertical axis 
are one unit apart, and on the horizontal 
axis are 90° apart, so the period is 360° 
per cycle. Some calculators can 
automatically set the viewing window 
for trigonometric graphs. On TI 
calculators, it is called Z Trig and is in 
the ZOOM menu. However, that 
window may not always be the best for 
a particular graph. 


Screen for Example 1. Graph of 
y — sin x, in radians. Tick marks on 
the horizontal axis are 1 radian apart. 


TI-89 graphs of y = sin x (thin) and 

y = 3 sin x (thick). Tick marks are 
spaced 1 radian on the x axis and 1 on 
the y axis. To change the line thickness 
on the TI-89, select F6, Style, when in 
the editor, and select from a 
variety of styles. 


TI-83/84 graphs of y = sin x and 

y = sin 2x (shown heavy) in radians. 
Tick marks on the horizontal axis are 1 
radian apart. On the TI-83/84, you 
change line style in the | Y— | editor. 
Move the cursor to the desired function 
and then to the left of the screen, to the 
graph style icon. Press| ENTER 
repeatedly until you find the line style 
you want. 
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The Sine Wave: Amplitude 


m Exploration: 
Try this. In the same viewing window, graph one cycle of 


у = sinx and у = 3 ѕіп х 
either in degrees ог radians. How do the two sine waves differ? What is the effect of 
the coefficient 3 in the second equation? Then in the same viewing window, graph 


y= sin x, у = 4 sin x, and y = —2 sin x. What conclusions do you draw? El 


The amplitude of a periodic function is half the difference between its greatest and 
least values. Amplitude is what distinguishes between an alternating voltage that 
will either tickle you or kill you, or between a seismic disturbance that will rock 
your house or bring it down. 

In the preceding exploration, the first curve had an amplitude of 1 and the sec- 
ond had an amplitude of 3. 

In general, the sine function has a coefficient a, and the absolute value of a is 
the amplitude of the sine wave. 


у= аѕіп х 


amplitude = lal 


The Sine Wave: Period and Frequency 


m Exploration: 
Try this. In the same viewing window, graph 


у = sinx and y = sin 2x 
either in degrees or in radians. 

How do the two waves differ? What is the effect of the x-coefficient 2 in the 
second equation? Then in the same viewing window, graph y = sin x, y = sin 3x, 


and y = sin x/2. What conclusions do you draw? E 


We earlier defined the period as the interval it takes for a periodic waveform to 
complete one cycle, after which it repeats. We saw that the period for the sine func- 
tion y = a sin x was 360? or 277 radians. 

In our preceding exploration, the curve y — sin 2x completed two cycles in the 
same interval that it took y — sin x to complete a single cycle. This is not surpris- 
ing. Since 2x is twice as large as x, then 2x will reach a full cycle twice as soon as x. 

The frequency f is the reciprocal of the period. It is frequency that lets you tune 
to different stations on an FM (frequency modulation) radio dial, that makes the 
difference between different colors of light, and that distinguishes sounds that peo- 
ple can hear from others that only dogs can hear. 

In general, 

y = sin bx 


will have a period of 360?/b, if x is in degrees, or 27r/b radians, if x is in radians. 


The frequency f is the reciprocal of the period. 


Section 1 * Graphing the Sine Wave by Calculator 


+++ Example 2: Find the period and frequency of the function y = sin бх, both in 
degrees and radians, and graph one cycle. 


Solution: Here, b = 6, so the period is 


360? 
P= Е ux 60°/cycle 
or 


2m T . 
P= E? = 3 tadians/cycle == 1.047 rad/cycle 


The frequency is the reciprocal of the period, so 
1 1 
f= P e 0.01667 cycles/degree 


60° 
or 


ae 0.9549 cycl di 
f= a= : cycles/radian. 


The graph is shown. +.. 


The Sine Wave: Phase Shift 


m Exploration: 
Try this. In the same viewing window, graph, in degrees, 


у = sinx and y = sin(x + 45°) 
How do the two graphs differ? What is the effect of adding 45° to x in the second 
equation? What do you think would be the effect of subtracting 45° from x? a 


We see that the graph of y = sin x passes through the origin but that the graph of 
y = sin (x + 45°) is shifted in the x direction. The amount of such shift is called 
the phase shift, phase angle or phase displacement. In the graph from our explo- 
ration, this phase shift was 45° in the negative direction. 

Phase shifts occur even in the simplest AC circuits. The alternating current 
through an inductor, for example, will be shifted with respect to the alternating 
voltage across that inductor. A capacitor will cause a similar phase shift, in a differ- 
ent direction. These differences in phase are important in analyzing such a circuit. 


eee Example 3: In the same viewing window, graph 
у = sinx апа у = sin (3x — 45°) 
from x = —30° to 180°. Graphically find the phase shift. 
Solution: Our calculator screen is shown with tick marks on the x axis spaced 
15° apart. We see that the graph of y = sin(3x — 45°) is shifted 15° in the posi- 


tive direction. +.. 
In general, for the sine function 


y = sin(bx + c) 
we define the phase shift as 
Phase shift = = 


In Example 3, we had c = —45? and b = 3, so the phase shift was —(—45°)/3 or 15°. 


Amplitude and Phase Shift Related 


m Exploration: 
Try this. In the same viewing window, graph 
у = sin x 
y = —sin (x + 180) 
y = —sin (x — 180) 
with your calculator in DEGREE mode. What do you see? 
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Screen for Example 2. Graph of 
y = sin 6x. Each tick mark on the 
x axis equals 10°. 


Graphs of y — sin x and 
y = sin(x + 45°). Ticks on the x axis 
are 15? apart. 


РЗ F4 F? 
тин р асган ESI REN АГ: | 


TI-89 graphs for Example 3, with 
y = sin(3x—45°) shown thick. Ticks 
are spaced 15? in x and 1 unit in y. 


A sine wave is also called 
a sinusoid. 


Screen for Example 4. Graph of 

y = 3 sin(2x — 90°). Tick marks on 
the x axis are 15° apart. As expected, 
the amplitude is 3, the period is 180°, 
and the curve is shifted to the right 
by 45°. 
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You should have observed that changing the sign of a has the same effect as shift- 
ing the sine wave by half the period, in either direction. 


Phase shift — z 


When the phase shift is 
positive, shift the curve 
to the right of its 
unshifted position. 


When the phase shift is 
negative, shift the curve 
to the left of its 
unshifted position. 


The phase shift will have the same units, radians or degrees, as the constant c. 


In the preceding sections we introduced the sine function constants a, b, and c sepa- 
rately. Now we will consider a sine function that has all three constants in place. 


The general sine function is 
y = asin(bx + c) 


where 


amplitude = la phase shift = =, 


360° 
iod = — 
репо b 


1 
frequency = : 
period 


(a) Find the amplitude, period, frequency, and phase shift. (b) Graph 
one cycle of the sine wave 


y = 3sin(2x — 90°) 


(a) We have a = 3,b = 2,andc = —90°. Therefore, 
amplitude = |a| = 3 
period P = 360°/b = 360°/2 = 180°/cycle 
frequency f = 1/P = 1/180° or 0.00556 cycles/degree 
phase shift = —c/b = —(—90°)/2 = 45° 
(b) The graph is shown. 


The zero or root of a periodic function is the value of x when y is zero, just as for 
our other functions. The instantaneous value of the function is the value of y at a 
particular value of x. On a graphing calculator we find zeros and instantaneous 
values as before, using TRACE} and ZOOM, On some calculators we can use zero 
to find a zero, or value to find an instantaneous value. 
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өөө Example 5: Graph the function 
y = 2sin(3x + 15?) 
and find the value of y when x — 45*. 


Solution: We graph the function as shown, with the calculator in Degree mode. 
On the TI-83/84, we select value from the | CALC | menu, and enter the value of 
x = 45°. The value of y at that point is displayed. ooo 


An Application 


өө, Example 6: In the mechanism of Fig. 15-1, rotating wheel W contains a pin Р, 
located at a radius of 8.75 in. from the wheel’s center. Follower F moves up and down 
in bearing B as the wheel rotates, the upper face of F being kept in contact with the 
pin by a spring. 


(a) Write an equation for the vertical displacement y of the follower, as a function 
of 0. Neglect the diameter of the pin. 

(b) Graph the equation, in degrees, for at least one cycle. 

(c) Graphically find the zeros of the equation within one cycle. 

(d) Graphically find the instantaneous value of y when 0 = 55.0°. 


Solution: 


(a) Distance y is related to the angle 0 by 


sin 0 = T 

8.75 

where 8.75 in. is the distance from the pin to the wheel center. So our function is 
y = 8.75 sin Ө inches 


(b) The graph is shown. 

(c) We see zeros at 0°, 180°, and 360°. 

(d) When Ө = 55.0°, we get y ^ 7.17 in. That is, when the wheel turns by 55.0°, 
the follower drops by 7.17 in. ooo 


Exercise 1 » Graphing the Sine Wave by Calculator 


Graph each sine wave. Find the amplitude, period, and phase shift. 


1. y=2sinx 


2. у= —3sinx 

3. y = sin 2x 

4. y = sin3x 

5. y = 3 sin 2x 

6. y = 2 sin 3x 

7. y = sin(x + 15°) 
8. y = sin(x — 45°) 
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Ү1:2510: 384153 


TI-83/84 screen for Example 5. We get 
a value of y = l atx = 45°. 


FIGURE 15-1 


THEB.?ESInCR) 


Y=7.1676 


TI-83/84 screen for Example 6. Graph 
of y = 8.75 sin 0. Tick marks are 
spaced 30° on the horizontal axis and 2 
inches on the vertical axis. Note that 
the calculator will always show the 
horizontal axis as the x axis, even 
though it is 0 in our example. 
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FIGURE 15-2 А ladder. 
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9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 
21, 
22. 
23. 
24. 


= sin(x — 7/2) 

= sin(x + 7/8) 

= 3sin(x + 45?) 

— 2sin(x — 35?) 

= —Asin(x — 7/4) 

= 5sin(x + /2) 

= sin(2x + 55?) 

— sin(3x — 25?) 

sin(3x — 7/3) 

= sin(4x + 7/6) 

= 3 sin(2x + 55°) 

= 2 sin(3x — 25°) 

= -2sin(àx — 7/2) 

= 4sin(4x + 7/6) 

= 3.73 sin(4.32x + 55.4°) 
= 1.82 sin(4.43x — 22.5°) 


ч 24 ^. 4 veo X4 ox x" бш эгээ 
! 


Zeros and Instantaneous Value 


Find the zeros in one cycle of the given functions, and the value of y at the given 


value of x. 

25. y = sin2x + 15°) x = 15° 

26. y = 3 sin(x — 35°) x = 45? 

27. y = 2sin(3x — 3) x = 1 radian 

28. y =4sin(x + 2) x = 1 radian 

Applications 

29. As the ladder in Fig. 15-2 is raised, the height Л increases as Ө increases. 
(a) Write the function h = /(0). 
(b) Graph h = f(0) for0 = 0 to 90°. 

30. Figure 15-3 shows a Scotch yoke mechanism, or Scotch crosshead. 


(a) Write an expression for the displacement y of the rod PQ as a function of 
0 and of the length R of the rotating arm. 
(b) Graph у = f(6) for = 0 to 360°. 


FIGURE 15-3 Scotch crosshead. 


Section 1 * Graphing the Sine Wave by Calculator 499 


FIGURE 15-4 А pendulum. FIGURE 15-5 A projectile. 


31. For the pendulum of Fig. 15-4: 

(a) Write an equation for the horizontal distance x as a function of Ө. 
(b) Graph x = f(6) for 6 = 0 їо 30°. 

32. The projectile shown in Fig. 15—5 is fired with an initial velocity v at an angle 
0 with the horizontal. Its range (the horizontal distance traveled before hitting 
the ground) is given by 

2 
x = — sin 20 
8 


where g is the acceleration due to gravity. 
(a) Graph the range of the projectile for Ө = 0 to 90°. Take v = 100 ft/s 
and g = 32.2 ft/s’. 
(b) What angle gives a maximum range? 
33. The vertical distance x for cog A in Fig. 15-6 is given by x = r sin 0. Write 
an expression for the vertical distance to cog B. 
34. In the mechanism shown in Fig. 15-7, the rotating arm A lifts the follower F 
vertically. 
(a) Write an expression for the vertical displacement y as a function of 0. 
Take 0 = 0 in the extreme clockwise position shown. y 
(b) Graph y = f(0) for = 0 to 90°. \ 
35. Writing: Observe and com- 
pile a list of periodic phe- 
nomena, with a one-line de- 
scription of each. Examples 
do not all have to be from 
technology and, for this exer- 
cise, do not have to repeat 
exactly from cycle to cycle. 


FIGURE 15-6 FIGURE 15-7 
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15-2 Manual Graphing of the Sine Wave 


Plotting Point Pairs 


We can graph any curve, including the sine wave, by computing and plotting point 
pairs, as we did for other functions. 


+++ Example 7: Given the sine function 
у = 3.2 sin(2x — 46°) 


find the amplitude, period, frequency, and phase shift. Make a graph of at least one 
cycle by computing and plotting point pairs. 


Solution: The constants in the equation are 


а = 3.2 р = 2 с = —46? 


Therefore, 

amplitude = la| = 3.2 

period P Ес 180°/cycle 

b 2 
frequency f — : = : — 0.00556 cycles/degree 
P 180°/сусІе 
puse = Г 
Ь 2 

Let us compute points from x = —15° to 195°, in steps of 15°. 


45° 60° 75° 909 105° 120° 135° 150° 165° 180° 195° 


y | —3.10 —2.30 —0.882 0.774 2.22 3.08 3.10 2.30 0.88 0.77 —2.22 —3.08 —3.10 —2.30 —0.88 


TI-83/84 calculator check for Example 
7 y = 3.2 sin(2x — 46°). Tick marks 
on the x axis are 30? apart. 


These points are plotted in Fig. 15-8 and connected with a smooth curve. 
For comparison, we show a calculator screen. 


YA 


FIGURE 15-8 vr 


Quick Manual Graph of the Sine Wave 


As shown in the preceding example, we can plot any curve by computing and plotting 
a set of point pairs. But a faster way to get a sketch is to first draw a rectangle whose 
height is twice the amplitude a and whose width equals the period P. Then sketch the 
sine curve (whose shape does not vary) within that box. Finally shift the curve left or 
right as needed. The steps are as follows. 

First determine the amplitude, period, and phase shift of the curve. Then do the 
following: 
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(a) Draw two horizontal lines, each at a distance equal to the amplitude a from the 
x axis. 

(b) Draw a vertical line at a distance from the origin equal to the period P. We now 
have a rectangle of width P and height 2a. 

(c) Subdivide the period P into four equal parts. Label the x axis at these points, 
and draw vertical lines through them. 

(d) Lightly sketch in the sine curve. 

(e) Shift the curve by the amount of the phase shift. 


өөө Example 8: Make a quick sketch of y = 2 sin(3x + 60°). 


Solution: We have a = 2, b = 3, апіс = 60°. So the amplitude = |а| = 2, the 
period is P = 360°/3 = 120? and phase shift = —60?/3 = —20°. The steps for 
sketching the curve are shown in Fig. 15-9. 


УА 
2 - 
(a) Draw horizontals 2 units 
. 0 > 
above and below x axis x (deg) 
2 25 
УА 
: 1 
(b) Draw a vertical at a | 
distance Р (120°) 0 | > 
from the origin , 120° x (deg) 
2 1 
YA 
an cu 
| 
(с) Divide the period into 0 | | | | - 
4 equal parts 30? 60° OU 120° x (deg) 
І | і 
2 | l | Е 
УА 
2 Е 
2 27 хайнаг «X | | 
(d) Sketch the curve б w ! | " 
lightly 30° ӨС, 24 Ў 120° x (deg) 
l Энд” 2 E 
2 
YA у= 2 sin (3x + 60°) 
(e) Shift the curve by an 2 74 . 
amount of the phase | 
shift (20°), right for | 
a positive phase shift 0 И aide ) 
9 à 22-55 ZA 8. 
and left for a negative | 7 e^ | 
2 = 
one —20° 


FIGURE 15-9 Quick sketching of the sine curve. We have just taken most of a 
page to describe the so-called quick method! You are right to be skeptical of its 
speed, but try a few and you will see that is really is faster. 


We now do an example where the units are radians. +.. 
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өө Example 9: Make a quick sketch of 
у = L5sin(5x — 2) 


Solution: From the given equation, 
а = 1.5, р = 5, апа c = —2rad 


so 
Amplitude = 1.5 
20 
Р = — = 1.26 rad 
and 5 


phase shift — 42 = 0.4 гаа 


As shown in Fig. 15-10(a), we draw a rectangle whose height is 2 X 1.5 = 3 units 
and whose width is 1.26 rad; then we draw three verticals spaced apart by 
1.26/4 = 0.315 rad. We sketch a sine wave [shown dashed in Fig. 15—10(b)] into 
this rectangle, and then shift it 0.4 rad to the right to get the final curve as shown in 


Fig. 15-10(b). 
УА 


--0.315 rad =< 0.315 гач4--«-0.315 rade 0.315 rad - 
1.5 тээг нэл rere ee 
І | | 
І | | 
І | | 
І | | 
І | | 
І | | 
кет== l 1—1 Т! 1—1 | > 
0 02 104 06! 08 L0 12 ү *(ad) 
1 | 
1 І | 
1 ! | 
1 І | 
| l | 
15 L | 
< 1.26 rad >| 
(a) 
УА 
—— 04 nd — у= 1.5 sin (5x 2) 
ыт | 
СА 1 l 
74 | | 
23 | 
д? | ee 
| la 
a “ит 
4 0.2 12,1 x (rad) 
4 | 
| 
| 
| 
| 
15 | 


(b) 
FIGURE 15-10 


Writing the Equation When the Amplitude, Period, 
and Phase Shift Are Given 


Let us now reverse the process, and write the equation when the three constants 


are given. 


өөө Example 10: Write the equation of a sine wave for which a = 5, having a 


period of тг, and a phase shift of —0.5 rad. 
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Solution: The period is given as т, so 


2m 
Р = т =— 
р 
80 
20 
b= — = 2 
T 
Then 


phase shift = —0.5 = = 


Since b = 2, we get 
c = —2(-0.5) = 1 


Substituting into the general equation of the sine function 
y = asin(bx + c) 
witha = 5,b = 2, andc = 1 gives 
y = 5sin(2x + 1) 


Writing the Equation When the Curve Is Given 


Finally, let us write the equation from a given graph of the sine wave. This is useful, 
say, when interpreting an oscilloscope display. We will show this with an example. 


eee Example 11: Write the equation of the sine wave, Fig. 15-11. 


YA 


Сат 


FIGURE 15-11 


Solution: Amplitude: We read the amplitude from the graph 


amplitude = la| = 1.5 


We could chose a = +1.5 ога = —1.5. Either is fine but would change the value of 


the phase shift we will get later. Let us choose +1.5 for simplicity. Our equation, so 


far, is then 


у = 1.5 sin (bx + c) 


Period: We see from the graph that the curve repeats every 120°, so the period P is 


120°. Then 
360° 360? 


P 120? 


b 


Our equation, so far, is then 


у = 15 sin (3x + c) 
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Phase Shift: From the graph we see that the sine wave is shifted 5° to the right, so 
the phase shift = 5°. Then 


c = —b X (phase shift) = —3(5?) = —15? 
Our final equation is then 


y = L5sin(3x — 15°) .. 


Exercise 2 • Manual Graphing of the Sine Wave 


1. Do a manual graph, either by plotting point-pairs or by the “quick” method, of 
any of the functions in Exercise 1, as directed by your instructor. 


Writing the Equation, Given a, the Period, and the Phase Shift 


2. Write the equation of a sine curve with a = 3, a period of 4 , and a phase shift 
of zero. 

3. Write the equation of a sine curve with a = —2, a period of 677, and a phase 
shift of — 7/4. 


Writing the Equation When the Curve Is Given 


4. Write the equation of each sine wave. 


(a) Tick marks are 15? apart on the x (b) Tick marks are 15? apart on the x 
axis and 1 unit apart on the y axis. axis and 1 unit apart on the y axis. 

(c) Tick marks are 45? apart on the x (d) Tick marks are 15? apart on the x 
axis and 1 unit apart on the y axis. axis and 1 unit apart on the y axis. 


5. Project, Composite Curves, Addition of Ordinates: One way to graph a function 
containing several terms is to graph each term separately and then add (or sub- 
tract) them on the graph paper. This method, called the method of addition of 
ordinates, is especially useful when one or more terms of the expression to be 
graphed are trigonometric functions. 

Graph the curve y = 8/x + cos x by separately graphing y = 8/x and 
y — cos x, and graphically adding the ordinates of each to obtain the final curve. 
Here x is in radians. 
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15-3 The Sine Wave as a Function of Time ii 


In our graphs of the sine wave so far, we have plotted y as the function of an angle. 
The units on the horizontal axis have been degrees or radians. But for many appli- 
cations we have a periodic function that varies with time, rather than an angle. For 
example, an alternating voltage varies with time, so many cycles per second. The 
same is true of mechanical vibrations and other periodic phenomena. Fortunately 
we can rewrite all our previous definitions and formulas in terms of time. 

The sine curve can be generated in a simple geometric way. Figure 15-12 shows 
a vector OP rotating counterclockwise with a constant angular velocity w. A rotating 
vector is called a phasor. Its angular velocity w is almost always given in radians per 
second (rad/s). 


FIGURE 15-12 The sine curve generated by a rotating vector. 


If the length of the phasor is a, then its projection on the y axis is 
y-asin6O 
But since the angle 0 at any instant t is equal to ot, 
y = asin ot 


Further, if the phasor does not start from the x axis but has some phase angle ф, 
we get 
у = а ѕіп(ої + ф) 


Notice in this equation that y is a function of time, rather than of an angle. 


өөө Example 12: Write the equation for a sine wave generated by a phasor of length 
8 rotating with an angular velocity of 300 rad/s and with a phase angle of 0. 


Solution: Substituting, with a = 8, о = 300rad/s, and ф = 0, we have 


y = 8 sin 300 +.. 


Period 


Recall that the period was defined as the distance along the x axis taken by one cycle 
of the waveform. When the units on the x axis represented an angle, the period was 
in radians or degrees. Now that the x axis is time, the period will be in seconds. 
From Eq. 163, 

| 2m 


b 


P 


But in the equation y = a sin wt, b = о, so we have the following formula: 


FIGURE 15-13 
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өөө Example 13: Find the period and the amplitude of the sine wave y = 6 sin 10f, 
and make a graph with time f as the horizontal axis. 


Solution: The period, from Eq. 1076, is 


= OT LET рэг 
| eo 10 ^ : 


Thus it takes 628 ms for a full cycle, 314 ms for a half-cycle, 157 ms for a quarter- 
cycle, and so forth. This sine wave, with amplitude 6, is plotted in Fig. 15-13. ooo 


Don’t confuse the function 


y = sin bx 


with the function 

y = sin ot 
In the first case, y is a function of an angle x, and b is a coefficient 
that has no units. In the second case, y is a function of time f, and 
w is an angular velocity in radians per second. 


Frequency 


We earlier saw that the frequency f of a periodic waveform is equal to the reciprocal 
of the period P. So the frequency of a sine wave is given by the following equation: 


Higher frequencies are often expressed in kilohertz (KHz), where 


1 kHz = 10? Hz 


or in megahertz (MHz), where 
1 MHz = 10° Hz 


өөө Example 14: The frequency of the sine wave of Example 13 is 


1 1 
Бы eee 
аг "B da 


When the period P is not wanted, the angular velocity can be obtained directly 
from Eq. 1077 by noting that w = 27f. 


+++ Example 15: Find the angular velocity of a 1000-Hz source. 


Solution: From Eq. 1077, 
w = 2т] = 27(1000) = 6280 rad/s ooo 
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A sine wave as a function of time can also have a phase shift, expressed in 
either degrees or radians, as in the following example. 


өөө Example 16: Given the sine wave у = 5.83 sin(114t + 15°), find (a) the am- 
plitude, (b) the angular velocity, (c) the period, (d) the frequency, and (e) the phase 
shift; and (f) make a graph. 


Solution: 
(a) The amplitude is 5.83 units. 


(b) The angular velocity is o — 114 rad/s. 
(c) From Eq. 1076, the period is 


2m 2m 
= — = — = 0.0551 s = 55.1 ms 
w 114 


(d) From Eq. 1077, the frequency is 


1 1 
P 0.0551 


f= = 18.1 Hz 

(e) The phase shift o phase angle is 15°. It is not unusual to see a sine wave 
given with wf in radians and the phase angle in degrees. Even though it is of- 
ten done, some object to mixing degrees and radians in the same equation. If 
you do it, work with extra care. We find the phase shift, in units of time, the 
same way that we earlier found the phase shift for the general sine function. 
To find the value of f at which the positive half-cycle starts, we set y equal to 
zero and solve for t. 


y = sin(ot + d) = 0 
ot = —ф 


t= к. = phase shift 
w 


Substituting our values for о and Ф (which we first convert to 0.262 radian) 
gives 


0.262 rad _ 


21222186 2 —0.002 
Mime 495 


phase shift — 


So our curve is shifted 2.30 milliseconds to the left. 

(f) This sine wave is graphed in Fig. 15-14. We draw a rectangle of height 2(5.83) 
and width 55.1 ms. We subdivide the rectangle into four rectangles of equal 
width and sketch in the unshifted sine wave, shown dashed. We then shift the 
sine wave 2.30 ms to the left to get the final (solid) curve. 


YA 


(1141+ 15?) 


- 55.1 ms >| 


FIGURE 15-14 uae 
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It's easy to get confused as to which direction to shift the curve. 
Common Check your work by substituting the value of an x-intercept (such 


Error as —0.00230 s in Example 16) back into the original equation. You 
should get a value of zero for y. 


Alternating Current 


When a loop of wire rotates in a magnetic field, any portion of the wire cuts the 
field while traveling first in one direction and then in the other direction. Since the 
polarity of the voltage induced in the wire depends on the direction in which 
the field is cut, the induced current will travel first in one direction and then in the 
other: it alternates. 

The same is true with an armature more complex than a simple loop. We get an 
alternating current. Just as the rotating point P in Fig. 15-12 generated a sine 
wave, the current induced in the rotating armature will have the shape of a sine 
wave. This voltage or current can be described by the equation 


у = аѕіп(о + ф) 
or, in electrical terms, 
i = 1, sin(@t + фу) (Eq. 1075) 


where i is the current at time f, /,, the maximum current (the amplitude), and $» the 
phase angle. We have given the phase angle ф subscripts because, in a given circuit, 
the current and voltage waves will usually have different phase angles. Also, if we 
let У, stand for the amplitude of the voltage wave, the instantaneous voltage v 
becomes 


v = V, sin(ot + $4) (Eq. 1074) 


Equations 1076 and 1077 for the period and frequency still apply here. 


: 2m 
period — 23 (8) (Eq. 1076) 


1 
frequency = | = - (Hz) (Eq. 1077) 
T 


eee Example 17: Utilities in the United States supply alternating current at a 
frequency of 60 Hz. Find the angular velocity w and the period P. 


Solution: By Eq. 1077, 


and, by Eq. 1076, 


2m 2m 
w = 377 rad/s 666 
Р 0.0167 


eee Example 18: A certain alternating current has an amplitude of 1.5 A and a fre- 
quency of 60 Hz (cycles/s). Taking the phase angle as zero, find the period, write the 
equation for the current in amperes (A) as a function of time, and find the current at 
t=0.01s. 
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Solution: From Example 17, i(A)A 
P=0.0167s and о = 377 rad/s 154 мэл 
so the equation is | 


i = 1.5 sin(3771) 


When т = 0.01 s, 


i = 1.5 510 (377)(0.01) = —0.882 A ES 
t— P=0.0167s —4 


as shown in Fig. 15-15. A calculator check is also shown, with the calculator in 


RADIAN mode. ooo FIGURE 15-15 
Phase Shift 
When writing the equation of a single alternating voltage or current, we are usually free ү1=1.Ешпт^7 н) 


to choose the origin anywhere along the time axis, so we can place it to make the phase 
angle equal to zero. However, when there are two curves on the same graph that are out 
of phase, we usually locate the origin so that the phase angle of one curve is zero. 

If the difference in phase between two sine waves is / seconds, then we often 
say that one curve leads the other by t seconds. Conversely, we could say that one 
curve lags the other by t seconds. 


v= -.ВВіВ 


+++ Example 19: Figure 15-16 shows a voltage wave and a current wave, with the TI-83/84 check for Example 18, using 
voltage wave leading the current wave by 5 ms. Write the equations for the two waves. TRACE}, 


Solution: For the voltage wave, 
Үл = 190, ф = 0, and Р = 0.02s 
By Eq. 1076, 


шин dos Bias 
w 0.02 Т rad/s 


80 >| <— 5 115 


v = 190 sin 3147 


where v is expressed in volts. For ће current wave, /„ = 2.5 A. Since the curve is FIGURE 43716 


shifted to the right by 5 ms, 


phase shift = 0.005 s = 22 
Ф 


so the phase angle ф is 
ф = —(0.005 s)(1007 rad/s) = =5 rad = —90° 


The angular frequency is the same as before, so with ф in degrees, 
i = 2.5sin(314t — 90°) 


where i is expressed in amperes. With ф in radians, our eequation becomes 


T 
1 = 2.5 sin( 3144 — z), +++ 


Exercise 3 • The Sine Wave as a Function of Time 


Find the period and the angular velocity of a repeating waveform that has a fre- 
quency of 


1. 68.0 Hz. 2. 10.0 Hz. 3. 5000 Hz. 
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Rest position 


FIGURE 15-18 Weight hanging from a 
spring. 
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Find the frequency (in hertz) and the angular velocity of a repeating waveform 
whose period is 

4. 1.00 s. e ss. 6. 95.0 ms. 

7. If a periodic waveform has a frequency of 60.0 Hz, how many seconds will it 

take to complete 200 cycles? 

8. Find the frequency in Hz for a wave that completes 150 cycles in 10 s. 
Find the period and the frequency of a sine wave that has an angular velocity of 

9. 455 rad/s. 10. 2.58 rad/s. 11. 500 rad/s. 


Find the period, amplitude, and phase angle for 


12. The sine wave shown in Fig. 15-17(a). 
13. The sine wave shown in Fig. 15-17(b). 


(a) (b) 
FIGURE 15-17 


14. Write an equation for a sine wave generated by a phasor of length 5 rotating 
with an angular velocity of 750 rad/s and with a phase angle of 0°. 
15. Repeat problem 14 with a phase angle of 15?. 


Plot each sine wave. 
16. y = sint 17. y = 3 sin 377t 


18. y = 54 sin (83t — 20°) 19. y = 375 sin(ss + =) 


Mechanical Applications 


20. The weight Fig. 15-18 is pulled down 2.50 in. and released. The distance x is 


given by 
T 
x = 2.50 sin (o + z) 


Graph x as a function of t for two complete cycles. Take w = 42.5 rad/s. 


21. The arm in the Scotch crosshead of Fig. 15-3 is rotating at a rate of 2.55 rev/s. 
(a) Write an equation for the displacement y as a function of time. 
(b) Graph that equation for two complete cycles. 


Alternating Current 
22. An alternating current has the equation 
i = 25 sin(635t — 18°) 


where i is given in amperes, A. Find the maximum current, period, frequency, 
phase angle, and the instantaneous current агт = 0.01 s. 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


Given an alternating voltage v = 4.27 sin(463t + 27°), find the maximum volt- 
age, the period, frequency, and phase angle, and the instantaneous voltage at 
t=0.12s. 


Write an equation of an alternating voltage that has a peak value of 155 V, a fre- 
quency of 60 Hz, and a phase angle of 22°. 
Write an equation for an alternating current that has a peak amplitude of 49.2 mA, 
a frequency of 35 Hz, and a phase angle of 63.2°. 
Project: Adding Sine Waves of the Same Frequency: We have seen that A sin wt 
is the y component of a phasor of magnitude A rotating at angular velocity w. 
Similarly, B ѕіп(оѓ + @) is ће y component of a phasor of magnitude B rotat- 
ing at the same angular velocity œw, but with a phase angle ¢ between A and B. 
Since each is the y component of a phasor, their sum is equal to the sum of the 
y components of the two phasors, in other words, simply the y component of the 
resultant of those phasors. 
Thus to add two sine waves of the same frequency, we simply find the resultant 
of the phasors representing those sine waves. 
Verify that the sum of the two sine waves 
y — 2.00 sin wt and y = 3.00 sin (wt + 60?) 
is equal to 
y=4.43 sin (ot + 36.6?) 
Writing: Doppler Effect: As a train approaches, the pitch of its whistle seems higher 
than when the train recedes. This is called the Doppler effect. Read about and write 
a short paper on the Doppler effect, including an explanation of why it occurs. 
Project: Beats: Beats occur when two sine waves of slightly different frequen- 
cies are combined. 
(a) Read about beats, and write a short paper on the subject. 
(b) Graph two sine waves, having frequencies of 24 Hz and 30 Hz, for about 
20 cycles. Then graph the sum of those two sine waves. 
(c) From the preceding graphs, what can you deduce about the frequency of 
the beats? 
(d) Try to produce beats, using a musical instrument, tuning forks, or some 
other device. 
(e) Name one practical use for beats. 


Project: Graph the function that is the sum of the following four functions: 
y = sinx 
y = (1/3) sin 3x 
y = (1/5) sin 5x 
y = (1/7) sin 7x 
Use a graphics calculator or computer or manual addition of ordinates on 
graph paper. 
What can you say about the shape of the composite curve? What do you think 
would happen if you added in more sine waves [y = (1/9) sin 9x) and so on]? 


15-4 Graphs of the Other Trigonometric Functions 


The Cosine Wave 


m Exploration: 


Try this. Graph at least one cycle of y — sin x. Then on the same axes, graph 
y = cos x. 


How are the two waves similar? How do they differ? How would you obtain 


one from the other? E 
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Calculator graphs of y = sin x, shown 
light, and y = cos x, shown heavy. 
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Cosine and Sine Curves Related 


Note in Fig. 15-19 and in the calculator screen that the cosine curve and the sine 
curve have the same shape. In fact, the cosine curve appears to be identical to a 
sine curve shifted 90? to the left, or 


cos 0 = sin(@ + 90?) (1) 


We can show that Eq. | is true. We lay out the two angles 0 and 0 + 90? 
(Fig. 15-20), choose points P and Q so that OP — OQ, and drop perpendiculars 
PR and QS to the x axis. Since triangles OPR and OQS are congruent, we have 
OR = QS. The cosine of 0 is then 


Tick marks are 30? apart on the x axis OR QS 
and one unit apart on the y axis. cos 0 = — = = sin(@ + 90°) 
OP OQ 
which verifies Eq. 1. 
УА 
y=cosx ycsinx 
1 2-5, 
360° Degrees 
7 2n * 
, 
ut Radians 
Ф 
FIGURE 15-19 Manual graphs of y = sin x and y = cos x. FIGURE 15-20 


Since the sine and cosine curves are Solution: From the equation, 


Graph of the General Cosine Function y = acos(bx + c) 
The equation for the general cosine function is 
y = acos(bx + c) 
The amplitude, period, frequency, and phase shift are found the same way as for the 


sine curve, and, of course, the quick plotting method works here, too. 


+++ Example 20: Find the amplitude, period, frequency, and phase shift for the curve 
y = 3 cos(4x — 120°), and make a graph. 


al = amplitude = 3. Since b = 4, the period is 


identical except for phase shift, we can 


use either one to describe periodically 


varying quantities. 


Screen for Example 20 shows the 
graph of y = 3 cos(4x — 120°). Tick 


o 


period — = 90°/cycle 
and 
1 
frequency = P — 0.0111 cycle/degree 
Since c = —120°, 
ec = 120° — 
b 4 


phase shift = 30° 


So we expect the curve to be shifted 30° to the right. The graph can be drawn man- 
ually or by calculator, as shown. ooo 


Graphs of the Tangent, Cotangent, Secant, and Cosecant Functions 


marks are 30° apart on the x axis and For completeness, the graphs of all six trigonometric functions are shown in 


one unit apart on the y axis. 


Fig. 15-21. To make them easier to compare, the same horizontal scale is used for 
each curve. Only the sine and cosine curves find much use in technology. Notice that 
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(d) y 2 cot x (e) y = sec x (f) у= ese x 
FIGURE 15-91 Graphs of the six trigonometric functions. 


of the six, they are the only curves that have no "gaps" or “breaks.” They are called 
continuous curves, while the others are called discontinuous. 

If the need should arise to graph a tangent, cotangent, secant, or cosecant func- 
tion, simply make a table of point pairs and plot them, or use a graphics calculator 
or graphing utility on a computer. With the calculator or the computer, you will 
need to use the reciprocal relations. 


The Inverse Trigonometric Functions 


If we interchange the variables of an equation, the new equation we get is called the 
inverse of the original. 


+++ Example 21: The equation 


x= у? +5 
is the inverse of the equation 

y=x +5 #04 
+++ Example 22: The equation 

y = sinx 

has the inverse 

x = sin у 
Or, solving for y, 

y = arcsin x = sin” !x ooo 
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FIGURE 15-22 Graph of arcsin x. 
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Recall that sin ! x is another way of writing arcsin x. The equation y — arcsin x 
(or y = sin ! x) is called an inverse trigonometric function. 

The graph of y = arcsin x is shown in Fig. 15—22. Note that it is identical to the 
graph of the sine function but with the x and y axes interchanged. 

Recalling the distinction between a relation and a function, we see that 
y — arcsin x is a relation, but not a function, because for a single x there may be 
more than one y. For this relation to also be a function, we must limit the range so 
that repeated values of y are not encountered. 

The arcsine, for example, is customarily limited to the interval between 
—т/2 and 7/2 (or —90? to 90°), as shown in Fig. 15-23. The numbers within this 
interval are called the principal values of the arc sine. The principal values are also 
the range of arcsin x. 

Given these limits, our relation y — arcsin x now becomes a function. The first 
letter of the function is sometimes capitalized. Thus, y — arcsin x would be the 
relation, and y — Arcsin x would be the function. 


Arc Cosine and Arc Tangent 


In a similar way, the inverse of the cosine function and the inverse of the tangent 
function are limited to principal values, as shown by the solid lines in Figs. 15-24 
and 15-25. 


180* 


| y = Arccos x 
Principal values 
Neu Oton 
x (principal values) | 
х п.л 
== 10 = 
21.22 | = 
| : ; 
/ 
| 
г--- Domain —> 
FIGURE 15-23 Principal values. FIGURE 15-24 
УА 
y = Arctan x 


FIGURE 15-25 


Section 4 * Graphs of the Other Trigonometric Functions 


Graphing an Inverse Trigonometric Function by Calculator 


We can graph an inverse trigonometric function manually by computing and plot- 
ting points, or by graphics calculator. Simply enter the function, as we did many 
times before, choose a suitable range, and graph. Be sure that the calculator is in 
RADIAN mode. Most calculators will automatically give the principal values. 

өө Example 23: Graph the inverse trigonometric function y = Arcsin x by calculator. 


Solution: We put the calculator into RADIAN mode and enter the function. We find 
a suitable viewing window by trial and error, and get the graph shown. ooo 


Exercise 4 • Graphs of the Other Trigonometric Functions 


The Cosine Curve 


Make a complete graph of each function. Find the amplitude, period, and phase shift. 


1. у= 3cos х 9. y = —2 cosx 3. y = cos3x 
4. y — cos2x 5. y = 2 соѕ Зх 6. y — 3cos2x 

т 
7. у= cosx — 1) 8. у= cos(x + 2) 9. у = 3cos(x -i) 


10. y = 2cos(3x + 1) 
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Floti Flotz Plots 
“Үл 
uy 


T1-83/84 screen for Example 23. 


Calculator graph of y — Arcsin x. Tick 
marks on the x axis are 1 unit apart and 
on the y axis are one radian apart. 
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The Tangent Curve 


Make a complete graph of each function. 


11. y = 2tanx 19. y — tan4x 13. y 


3 tan 2x 


14. y= (x-7) 15. y = 2 tan (3x — 2) 16. y = 4uan(x +2) 


Cotangent, Secant, and Cosecant Curves 


Make a complete graph of each function. 
17. y = 2 cot 2x 18. y = 3 sec 4x 19. y = 3 csc 3x 


20. y = cot(x — 1) 91. y = 2 sec (3x + 1) 22. y = csc(2x + 0.5) 


Applications 


23. 


24. 


25. 


26. 


For the pendulum of Fig. 15-4: 

(a) Write an equation for the vertical distance y as a function of 6. 

(b) Graph у = (0) for 6 = 0 to 30°. 

Repeat problem 23 taking 0 = O when the pendulum is 20° from the vertical 
and increasing counterclockwise. 

A rocket is rising vertically, as shown in Fig. 15—26, and is tracked by a radar 
dish at R. 

(a) Write an expression for the altitude y of the rocket as a function of 0. 

(b) Graph y = f(6) for 0 = 0 to 60°. 

The ship in Fig. 15—27 travels in a straight line while keeping its searchlight 
trained on a reef. 

(a) Write an expression for the distance d as a function of the angle 0. 

(b) Graph d = f(0)for0 = 0 to 90°. 
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27. If a weight W is dragged along a surface with a coefficient of friction f, as 
shown in Fig. 15-28, the force needed is 


fW 
f sin Ө + cos 0 
Graph F as a function of 0 for 0 = 0 to 90°. Take f = 0.55 and W = 5.35 kg. 


98. Project, Adding Sine and Cosine Waves of the Same Frequency: In Sec. 15-4 
we verified that 


cos wt = sin(wt + 90°) 


and saw that a cosine wave A cos wt is identical to the sine wave A sin af, 
except for a phase difference of 90° between the two curves (see Fig. 15-19). 
Thus we can find the sum (A sin wt + B cos ot) of a sine and a cosine wave the 
same way that we added two sine waves in Exercise 3, problem 26: by finding 
the resultant of the phasors representing each sine wave. 


Show that 


29. Project: Verify that the sum of the two waves 


y = 274sinwt and y = 371 cos ot 


is equal to 
y = 461 sin (wt + 53.6?) 
у 
R 0 
2.15 km 
FIGURE 15-96 Tracking a rocket. FIGURE 15-27 


F 


A 


FIGURE 15-98 A weight dragged 
along a surface. 
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(d) Graph of x = 2t and y = i? — 2. 
Tick marks are 1 unit apart on both axes. 


Chapter 15 * Trigonometric, Parametric, and Polar Graphs 


15-5 Graphing a Parametric Equation 


For the equations we have graphed so far, in rectangular coordinates, y has been 
expressed as a function of x. 

y = f(x) 
But x and y can also be related to each other by means of a third variable, say, t, if 
both x and y are given as functions of t. 


x = g(t) 
and 

y = h(t) 
Such equations are called parametric equations. The third variable г is called the 
parameter. 


To graph parametric equations, we assign values to the parameter ¢ and com- 
pute x and y for each ft. We then plot the table of (x, y) pairs. 


+++ Example 24: Graph the parametric equations 


x=2t and у= 2-2 


fort = —3to3. 


Solution: We make а table with rows for t, x, and y. We take values of t from —3 to 3, 
and for each we compute x and y. 


t =з u^ -1 0 1 2 3 
х =6 -4 -2 0 2 4 6 
y 7 2 =] =2 =] 2 7 


We now plot the (x, y) pairs, (-6,7),(-4,2),... , (6, 7) and connect them 
with a smooth curve (Fig. 15—29). The curve obtained is a parabola, the same curve 
we graphed in an earlier chapter, but obtained here with parametric equations. 

*** 


Graphing Parametric Equations by Calculator 
We will show how to do this with an example. 
+++ Example 25: Repeat Example 23 by calculator. 


Solution: We first set the calculator into parametric equation mode. On the 
TI-83/84 and TI-89 calculators this is done in the | MODE | screen. Then enter the 
two parametric equations in the | Y =| editor, screen (a). 


Next we set the range for t (from —3 to +3) and the step size (say, 0.1). The 
size of the viewing window in both x and y direction is set as before, as is the 
scale on each axis. These steps do not all fit on one screen on the TI-83/84. So 
we show two, screens (b) and (c). 


Pressing GRAPH, gives the same curve as we obtained by hand in the preceding 


example, screen (d). Note that we are in rectangular coordinates, not polar. 


РЗ F4 Far |F? 
Trace|Re3rarh Dbraw|Fen 


T1-89 screen for Example 25. The 
intermediate screens are almost 
identical to those for the TI-83/84 
so we will not repeat them here. 
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Graphing a Trigonometric Equation in Parametric Form 


The procedure is the same when our parametric equations contain trigonometric 
expressions. We will do an example of graphing by hand, with a calculator graph 
for comparison. 


eee Example 26: Plot these parametric equations for 0 from 0 to 27 radians. 


x = 3cos0 
Qo SN T1-83/84 screen for Example 26. Note 
that the calculator had to be set into 


Solution: We select values for 0 and compute x and y. 
RADIAN mode for this graph, as 0 was 


Point | 1 2 3 4 5 6 7 8 9 given in radians. 
т т 3т 5т 3т Tar 

0 0 == 22 — T == == = 2T 
4 2 4 4 2 4 

x 3 2.12, 0 —2.12 =F 2.12 0 2.12 3 

y 0 2 0 2-2 0 2 0 -2 0 


| 132124 
|(Too1s|2eom|Trace|Re3rarh Draw|Fen 


CONTACTS RAD AUTO 


TI-89 screen for Example 26. 


4 8 


FIGURE 15-30 Patterns of this sort can be obtained by applying ac voltages 

to both the horizontal and the vertical deflection plates of an oscilloscope. 

Called Lissajous figures, they can indicate the relative amplitudes, frequencies, 

and phase angles of the two applied voltages. eee 


Exercise 5 • Graphing a Parametric Equation 


Graphing a Parametric Equation by Calculator 


Graph the following parametric equations for values of t from —3 to 3. 
1.x=t,y=t $ x=3t,y =t 
3. x= t, y = 22 4. x= -2,y=ť +1 


Graphing a Trigonometric Equation in Parametric Form 


Graph each pair of parametric equations. 


5. x = sin0 6. x = sin Ө 
y = sind y = 2sin0 

7. x = sing 8. x = sind 
y = sin 20 y = sin 30 
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9. x = sind 10. x = sin8 
y = sin(0 + 7/4) y = sin(20 — 7/6) 
11. x = sin 20 19. x = sind 
y = sin 30 y — 1.32 sin 20 
13. x — 5.83 sin 20 14. x = 6.27 sin 0 
y = 424 sin Ө y = 4.83 sin(0 + 0.527) 
Applications 


15. Create a series of Lissajous figures as follows: For each, let our reference wave 
be y, = sin f. Then for у choose 


(a) у = 


(b) » 
(с) у 
(d) у 
(е) у 


(f y, 


(g у = 
h) y = 


2 sin t (double the amplitude of the reference wave) 

sin 2t (double the frequency of the reference wave) 

sin 3t (triple the frequency of the reference wave) 

sin 4t (quadruple the frequency of the reference wave) 
sin(t + 45?) (a phase shift of 45° from the reference wave) 


sin(t + 135?) (a phase shift of 135? from the reference wave) 
sin(t + 90?) (a phase shift of 90? from the reference wave) 
cos 1 (the cosine function) 


Plot each pair of parametric equations. Can you draw any conclusions about 
how to interpret a Lissajous figure on an oscilloscope? 
16. The motion of a point in a mechanism is described by the parametric equations: 


x = 4.88 sint in. 
y = 3.82 sin(t + 15?) in. 


Graph these parametric equations, getting a graph of x vs. y. 
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17. Trajectories: If air resistance is neglected, a projectile will move horizontally 
with constant velocity and fall with constant acceleration like any falling body. 
Thus if the projectile is launched with an initial horizontal velocity of 453 ft/s 
and an initial vertical velocity of 593 ft/s, the parametric equations of motion 
will be: 


x = 4531 ft ай y — 593r — 16.1? ft 


(a) Graph these equations to get the trajectory of the projectile. 
From the graph, determine 
(b) the projectile's maximum height. 
(c) the x distance for which the height is a maximum. 
(d) the projectile's maximum distance, assuming that the ground is level. 
(e) the height when x — 5000 ft. 


18. Many parametric curves, Fig 15—31, find use in gearing and in machine design. 
Using the given equations, make a graph of the 
(a) cycloid (b) trochoid (c) prolate cycloid 
(d) hypocycloid (e) involute of a circle 


451 


e 2. (5) Trochoid 
хэа(0-8ш0) р 
=a(1 — cos 0) x=a0-—b sin 0 
E y=a-—bcosé 
where b < a. (Graphed with a = 2, b= 1) 
УА УА 
> t+ I—1 
E 10 
(d) Hypocycloid or astroid (e) Involute of a circle 
х= а cos? 0 х = a(cos 0 + 0 sin 0) 
y-asin? 0 y=a(sin 0 — 0 cos 0) 


19. Project: Many of the curves, such as the cycloid, can be demonstrated using 
simple models made of cardboard or thin wood. Make one or more and show 
them in class. 


(c) Prolate cycloid 
х= a0 — bsin 0 
y-a-bcos0 
(graphed with a = 1, b = 2) 


FIGURE 15-31 Graphs of some 
parametric equations, in rectangular 
coordinates. Unless otherwise noted, 
the curves were graphed with a — 1. 
When a circle of radius r rolls without 
slipping along a straight line, 


(a) a point on the circumference 
generates a cycloid 

(b) a point on the radius, located 
between 0 and r, generates a trochoid 
(c) a point on the extension of the 
radius generates a prolate cycloid 


(d) The Aypocycloid is the path of a 
point on the circumference of a circle 
as it rolls without slipping on the inside 
of a larger circle. 

(e) The involute of a circle is the path 
of the end of a taut string as it is 
unwound from a spool. 
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Involute 


FIGURE 15-32 Spur gear teeth. 


P(r, 0) 


Pole Polar axis 


FIGURE 15-33 Polar coordinates. 


T1-83/84 graph of r = 8 sin Ө, a circle. 
On TI calculators, polar mode is Pol on 
the | MODE | menu. Selecting ZSquare 
will adjust the scales so that circles 
appear circular. 


Feet 
[Tools|2o0m|Trace|Re3rarhiMath 29109 


CONTACTS RAD AUTO 


TI-89 screen for Example 27. When 
entering the equation choose the 
variable 0, a second function on the 
key. Choose Square to 
get the display shown 
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20. CAD: Rather than use a model, generate a curve like the cycloid using a com- 
puter drawing program, like the Geometer's Sketchpad®. Such a program al- 
lows you to put figures into motion, giving a live demonstration of how the curve 
is generated. 


21. Project: Learn how to use Lissajous figures on the oscilloscope to analyze sine 
waves. Then borrow an oscilloscope and a signal generator and give a demon- 
stration to your class. 


22. Writing: The involute is the curve used for the shape of the teeth of a spur gear, 
Fig. 15-32. Write a short paper explaining what an involute is, and why it is cho- 
sen for this purpose. 


15-6 Graphing in Polar Coordinates 


Up to this point we have done all our graphing in the familiar rectangular coordinate 
system. We now introduce a new coordinate system, which is more useful than rectan- 
gular coordinates for some kinds of graphing. Most of our graphing will continue to be 
in rectangular coordinates, but in some cases polar coordinates will be more convenient. 


The Polar Coordinate System 


The polar coordinate system (Fig. 15—33) consists of a polar axis, passing through 
point O, which is called the pole. The location of a point P is given by its distance r 
from the pole, called the radius vector, and by the angle 0, called the polar angle 
(sometimes called the vectorial angle or reference angle). The polar angle is called 
positive when measured counterclockwise from the polar axis, and negative when 
measured clockwise. 

The polar coordinates of a point P are thus r and 0, usually written in the form 
P(r, 0), oras r/0 (read “r at an angle of 0"). 


eee Example 97: A point at a distance 5 from the origin with a polar angle of 28° 
can be written 
Р(5,289) or 5/28? 66 


Graphing ап Equation in Polar Coordinates by Calculator 


m Exploration: 


Try this. (a) Put your TI-83/84 calculator into POLAR and DOT modes from the 
MODE | screen. You can be in either DEGREE or RADIAN mode. 


(b) Enter the function r = 8 sin Ө in the |Y=| editor. When in polar mode, you will 


automatically get the variable 0 when pressing the | X,T, 0, п | key. 

(c) In WINDOW , set the x range from —10 to 10 and the y range from —2 to 10. Set 
Omin to 0. If in DEGREE mode, set 0max to 360 with Ostep = 1. If in RADIAN 
mode set Omax to 7 with Өѕќер = .01. 


(d) Choose ZOOM | ZSquare to make the scale spacings in х equal to the spacing in y. 
(e) Press GRAPH. | 


Describe the graph you get. Does it look anything like the sine waves we 
graphed earlier? 


өөө Example 28: Make a polar graph of the four-petaled rose, r = 8 sin 20 on the 
TI-89. 
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Solution: 


(a) Put your calculator into POLAR mode from the MODE screen. 

(b) Enter the function r — 8 sin 20 in the [Y=] editor. Use the variable 0, a second 
function on the | ^ | key. While still in the Ү= editor, press | F6 | and choose Dot. 

(c) In WINDOW , set the x range from —10 to 10 and the y range from —10 to 10. 
Set Өтіп to 0. If in DEGREE mode, set Omax to 360 with step = 1. If in RA- 


DIAN mode set Omax to 7 with Ostep = .01. 


(d) Choose ZOOM  ZoomSqr to make the scale spacings in x equal to the spacing in у. 


(e) Press GRAPH. 


Graphing an Equation in Polar Coordinates Manually 


ooo 


For manual graphing in polar coordinates, it is convenient, although not essential, 
to have polar coordinate graph paper, as in Fig. 15—35. This paper has equally 


0 02 0 
Bifolium 
r=asin 0 cos? 0 


— 


Lemniscate of Bernoulli 


г= а Үсов 20 Three-leaved rose Four-leaved rose 
r=acos 30 г= а cos 20 
Ї MS » Ї 5 і 0 1 
CN s / 
Four-leaved rose Cardioid Limagon of Pascal Strophoid 


r-b-—acos0 
(graphed with a = 3, b = 2) 


r=asin 20 г= а(1 — cos 0) 


г= a cos 20 sec 0 


| HEF roa THH 4—04 
0 1 -5 o+ 5 24 


Conchoid of Nicodemus 
т= ас с@+Ь 
(graphed with a= 1, b = 3) 


Spiral of Archimedes 


Cissoid of Diocles mE 
г= аб 


r=a (sec 0 — cos 0) 


Parabolic spiral 
г=а уб +Ь г= е 


Logarithmic spiral 


(graphed with a = b = 1) (graphed with a = 0.1) 


Hyperbolic spiral 
r — a/0 


453 


FIGURE 15-34 Some curves in polar 
coordinates. Unless otherwise noted, 
the curves were graphed with a = 1. 
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spaced concentric circles for the radii, and an angular scale for the angle, in degrees 
or radians. To plot a point P(r, 0), first assign a suitable scale to the radii. Then 
place a point on the graph at a radius r and angle 0. A point with a radius of (—r) is 
plotted in the opposite direction to (+r). 

To graph a function r = /(0), simply assign convenient values to 0 and com- 
pute the corresponding value for r. Then plot the resulting table of point pairs. 


+++ Example 29: Graph the function r = cos 0. 


Solution: Let us take values for 0 every 30? and make a table. 


60° 00° 120? 150° 180° 210° 240? 270? 300? 330° 360° 


Calculator screen for Example 29. For 
comparison, here is a calculator graph 
ofr = cos Ө. Tick marks are one unit 

apart. 


Calculator screen for Example 30: A 
graph of the parabola, for comparison. 
Tick marks are 1 unit apart. 


0.5 0 0.5 0.87 1 0.87 0.5 0 0.5 0.87 1 


Plotting these points, we get a circle as shown in Fig. 15—35. 


OX SHEER 


is oS 
SOS ROO 


22 M 
Zoos A Loco 
quM 


0 
180 Ши 10 
| 10 
190 Y 350 
20 
160 
200 L a 


100 99 80 
250 260 270 280 290 


FIGURE 15-35 Graph of r — cos 0 on polar coordinate graph paper. 1224 


In earlier chapters, we graphed a parabola in rectangular coordinates. We now 
graph an equation in polar coordinates that also results in a parabola. 


+++ Example 30: Graph the parabola 


2 р 
уг 
1 = cos ө 


with p = 1. 


Section 6 * Graphing in Polar Coordinates 


Solution: As before, we compute r for selected values of 0. 


o | 0° 30° 60° 90° 120? 150° 180° 210° 240° 


270° 


455 


300° 


330° 


360° 


r | 746 2.00 1.00 0.667 0.536 0.500 0.536 0.667 1.00 


Note that we get division by zero at 0 = 0° and 360°, so that the curve does 


not exist there. Plotting these points (except for 7.46, which is off the graph), we 
get the parabola shown in Fig. 15—36. A calculator plot is also shown. +.. 


Transforming Between Polar and Rectangular Coordinates 


We can easily see the relationships between rectangular coordinates and polar coordi- 
nates when we put both systems on a single diagram (Fig. 15-37). Using the trigono- 
metric functions and the Pythagorean theorem, we get the following equations: 


+++ Example 31: What are the polar coordinates of P(3, 4)? 


Solution: 


v9 + 16 = 5 


4 
0 = arctan z = 53.1° 


~ 
Il 


So the polar coordinates of P are (5, 53.1?). 

Recall that we used the same computation to find the resultant of two per- 
pendicular vectors. Thus the resultant of the vector having an x component of 3 
and a y component of 4 is 5/53.1°. ooo 


өө Example 32: The polar coordinates of a point are (8, 125°). What are the 
rectangular coordinates? 


Solution: 
x = 8 cos 125° = —4.59 
y = 8 sin 125° = 6.55 


So the rectangular coordinates are (—4.59, 6.55). 

Recall that we used the same method to find the x and y components of a 
vector. Thus the vector 8/ 125° has an x component of —4.59 and a y component 
of 6.55. +.. 


Transforming Between Rectangular and Polar Coordinates by Calculator 
Some calculators can convert between rectangular and polar coordinates. 

+++ Example 33: Repeat Example 31 by calculator. 

Solution: On the TI-83/84: (a) Select В Р Pr from the ANGLE, menu. Enter the 


rectangular coordinates to be converted, in parentheses. Press ENTER | to get the value 
of r. 


2.00 


7.46 


1802 


270° 


FIGURE 15-36 


УА 


«Y 


FIGURE 15-37 Rectangular and polar 
coordinates of a point. 


T1-83/84 screen for Example 33. 


Fir| Fer [F3-| Fae] FS For 
ToolsjAlzebrajCalc[Other|/Framiljclean Ur 


815 4)>Polar 


C5. 2453.13] 


DEGAUTO POL 


[3,4]*Polar 


CONTACTS aM 1/30 


TI-89 screen for Example 33. 


TI-83/84 screen for Example 34. 


Fir] Fer |ЕЗ» F5 Far 
Tools|Alzebrajcalc Fr3mlD|Clean Ue 


18, 4125 ]>Rect 
CONTACTS — DEGAUTO POL 


TI-89 screen for Example 34. 
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(b) Select R > РӨ from the | ANGLE | menu. Enter the rectangular coordinates to be 
converted, in parentheses. Press | ENTER | to get the value of 0. The angle will be in 
degrees or radians depending upon your setting. 

On the TI-89: (a) Enter the rectangular coordinates to be converted, in brackets. 
(b) Select R ФР Polar from the МАТН Matrix/Vector ops menu. (c) Press | = | to 
get decimal values. The angle will be in degrees or radians, depending upon your 
MODE | setting. өөө 


+++ Example 34: Repeat Example 32 by calculator. 


Solution: On the TI-83/84: (a) Select R > Px from the ANGLE | menu. Enter the po- 
lar coordinates to be converted, in parentheses. The angle will enter in degrees or radians, 


depending upon your | MODE | setting. Press ENTER | to get the value of x. 

(b) Select R ® Py from ће | ANGLE) menu. Enter the polar coordinates to be converted, 
in parentheses. Press | ENTER | to get the value of y. 

On the TI-89: (a) Enter the polar coordinates to be converted, in brackets. The angle 


will enter in degrees or radians, depending upon your | MODE | setting 


(b) Select P > Rect from the MATH  Matrix/Vector ops menu. (c) Press | = | to 
get decimal values. өөө 


Transforming an Equation 
We may also use Eqs. 119 through 122 to transform equations from one system of 
coordinates to the other. 
+++ Example 35: Transform the polar equation r = cos 0 to rectangular coordinates. 
Solution: Multiplying both sides by r yields 

r? = rcos6 
But, by Eq. 121, 2 = х2 + у”, and by Eq. 119, r cos 0 = x, so 


х + у? = х ooo 


+++ Example 36: Transform the rectangular equation 2x + 3y = 5 into polar form. 
Solution: By Eqs. 119 and 120, 


2r cos Ө + 3rsin0 = 5 
Or 
r(2cos0 + 3sin0) = 5 
Э 
r= 
2с050 + 35160 


oe 


Exercise 6 • Graphing in Polar Coordinates 


Plot each point in polar coordinates. 


1. (4, 35°) 2. (3, 120°) 3. (2.5, 215°) 
7 
4. (3.8, 345°) 5. (22, z) 6. © z) 
6 8 
T 2т 
7. (- =) 8. (42, 28 9. (3.6, —20?) 


10. (—2.5, =35°) 


11 (-18 -2) 12 (-37 -) 
‘a ЗГ 
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Graphing an Equation in Polar Coordinates 


Graph each function in polar coordinates. 


13. r = 2cos 0 14. г = 3sin0 15.r —^3sin0 + 3 
16. r= 2с050 — 1 17. r = З соѕ 20 18. r = 2 sin 30 


19. r = sin26 — 1 90. r = 2 + cos 30 
21. Graph any of the curves in Fig. 15—34. 


Transforming Between Rectangular and Polar Coordinates 


Write the polar coordinates of each point. 


22. (2.00, 5.00) 23. (3.00, 6.00) 
24. (1.00, 4.00) 25. (4.00, 3.00) 
26. (2.70, —1.80) 27. (—4.80, —5.90) 
98. (207, 186) 99. (—312, —509) 


30. (1.08, —2.15) 


Write the rectangular coordinates of each point. 


31. (5.00, 47.0°) 39. (6.30, 227°) 
33. (445, 312°) 34. зө, z) 
35 ( -400 2 36 (183 =) 
. ( -4.00, 2 (183. 
37. (15.0, -35.09) 38. (—12.0, —48.0°) 


T 
39. | —9:80,— — 
| 3 


Transforming an Equation 


Write each polar equation in rectangular form. 

40. г= 6 41. r = 2 510 0 

49. г = sec 0 43. r? = | — tan 
44. r(1 — соѕ 0) = 1 45. r? = 4 — rcos0 
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Write each rectangular equation in polar form. 


46. x = 2 47. y= —3 
48. x = 3 — 4y 49. х2 + y? = 1 
50. 3x – 2у = 1 51. y =x? 
Applications 


52. The hole locations for the steel plate, Fig. 15—38, are to be programmed into a 
numerically controlled jig borer. The turntable on the borer requires that the 
holes be located by giving the angle 0 of each hole and the distance r to each 
hole, as measured from hole H. Convert the dimensions of each hole. 


1.275" 
p 1.964" 3.722" 
A 
CI 
A 
5.412" 
7 2.755" 
© рь 
5 1.000" 
Y 
HS 1 
p 8.755" + 


FIGURE 15-38 


53. The plate, Fig. 15-39, is to have seven tack welds at the given locations. The 
programmable welder uses an X-Y positioning system, with coordinates as 
shown. Convert the location of each weld to rectangular coordinates. 


YA 


-Ү 


FIGURE 15-39 


Review Problems 


54. Each vane in an impeller, Fig. 15—40, has the polar equation 
r = 4.25 cos 0 


Transform this polar equation to rectangular form so that it may be used in a nu- 
merically controlled milling machine that uses X-Y positioning. 


YA 


Kk 
2) 


+++ CHAPTER 15 REVIEW PROBLEMS ++++999999999999995995999999%9%9%9%9%%% 


FIGURE 15-40 


Graph one cycle of each curve and find the period, amplitude, and phase shift. 


1. y = 3sin2x 2. y = 5 соѕ Зх 
3. у = 1.5 sin(3x + =) 4. y= -5 cos(x = =) 
| 2 6 
: 21 
5. y = 25 sin( 4x + 27) 6. y = 4tanx 


7. Write the equation of a sine curve with a = 5, a period of 377, and a phase shift 


T 

of =] 

6 
Plot each point in polar coordinates. 
8. (3.4, 125?) 9. (—2:5, 228°) 10. 2 -£) 

Graph each equation in polar coordinates. 
11. r? = cos 20 19. r+ 2с050 = 1 
Write the polar coordinates of each point, to three significant digits. 
13. (7,3) 14. (—5.30, 3.80) 
15. (—24, —52) 


Write the rectangular coordinates of each point. 


16. (3.80, 48.0?) 17. (-8.2) 
18. (3.80, —44.0°) 
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F 


FIGURE 15-41 
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Transform into rectangular form. 


19. r(1 — cos0) = 2 90. г = 2cos0 

Transform into polar form. 

21, x - Зу = 2 

99. 5x + 2у = 1 

23. Find the frequency and the angular velocity of a sine wave that has a period 
of 2.50 s. 

24. Find the period and the angular velocity of a cosine wave that has a frequency 
of 120 Hz. 

25. Find the period and the frequency of a sine wave that has an angular velocity of 
44.8 rad/s. 

26. If asine wave has a frequency of 30.0 Hz, how many seconds will it take to com- 
plete 100 cycles? 

27. What frequency must a sine wave have in order to complete 500 cycles in 2.0 s? 

28. Graph the parametric equations x — 2 sin 0, y — 3sin 40. 

29. Write an equation for an alternating current that has a peak amplitude of 92.6 mA, 
a frequency of 82.0 Hz, and a phase angle of 28.3°. 

30. Write the equation for a mechanical vibration that has an amplitude of 1.5 mm, 
a frequency of 155 Hz, and a phase angle of 0. 

31. Given an alternating voltage v = 27.4 sin (736t + 37.0°), find the maximum volt- 
age, period, frequency, phase angle, and the instantaneous voltage at = 0.250 s. 

39. Project: A force F (Fig. 15-41) pulls the weight along a horizontal surface. If f 


is the coefficient of friction, then 
Sw 
f sin 0 + соѕ Ө 


Graphically find the value of 0, to two significant digits, so that the least force 
is required. Do this for values of f of 0.50, 0.60, and 0.70. 


Trigonometric Identities 
and Equations 


OBJECTIVES 
When you have completed this chapter, you should be able to 


* Write a trigonometric expression in terms of the sine and cosine. 
* Simplify a trigonometric expression using the fundamental identities. 
* Prove trigonometric identities using the fundamental identities. 


* Simplify expressions or prove identities using the sum or difference 
formulas, the double-angle formulas, or the half-angle formulas. 


* Evaluate trigonometric expressions. 


* Solve trigonometric equations. 


In mathematics we usually try to simplify expressions as much as possible. In ear- 
lier chapters, we simplified algebraic expressions of all sorts. In this, our final chap- 
ter on trigonometry, we will simplify trigonometric expressions. For example, an 
expression such as tan x cos x simplifies to sin x. 

For this we need to know how various trigonometric functions are related. We 
will start with the simplest (and most useful) fundamental identities. These identi- 
ties are equations relating one trigonometric expression to another. Using them, we 
can replace one expression with another that will lead to a simpler result. We then 
proceed to trigonometric expressions containing sums and differences of two an- 
gles, double angles, and half angles. 

This is followed by a short section on evaluating trigonometric expressions and 
another on solving trigonometric equations. We approximately found roots of a 
trigonometric equation by calculator in the preceding chapter, and here we learn 
how to do an exact solution. For example, we know how to find the vertical and 
horizontal displacements of a projectile, Fig. 16—1, given the initial velocity and the 
launch angle 0. But how would we solve for 6, given the other quantities? We will 
learn how in this chapter. 


FIGURE 16-1 


=Y 
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D) 16-1 Fundamental Identities 


In this section we will give the identities that we will use throughout this chapter. 
We will start with some we already know and go on to derive some new ones. 
Reciprocal Relations 


We have already encountered the reciprocal relations earlier, and we repeat them 
here. 


In our next set of examples, we will show how to simplify a trigonometric expres- 
sion, that is, to rewrite it as an equivalent expression with fewer terms, and elimi- 
nating fractions where possible. A good way to simplify many expressions is to 
change all their functions to only sines and cosines. 


+++ Example 1: Rewrite the expression 
cos 0 


2 
sec“ 0 
to one containing only sines and cosines, and simplify. Recall that sec? 0 is another 
way of writing (sec 0). 
Solution: Using Eq. 117b gives us 


0 
сЕ cos 0 (cos? 0) — cos? 0 ooo 


sec? Ө 


Quotient Relations 


m Exploration: 
Try this. In the same viewing window, graph 


Screen for the exploration. sin x 
i= 
" COS x 
and 
— tan x 
m » 


using a heavier line for y». What do you see? Can you propose a trigonometric 
identity based on your observations? El 


Figure 16-2 shows an angle 0 in standard position, as when we first defined the 
trigonometric functions. We see that 


: х 
sin Ө = = and cos@ = — 
r r 


Dividing yields 


"Y 


sind _ 
FIGURE 16-2 Angle in standard cos 0 
position. 


уы 61- 
ы |= 
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But y/x — tan 0, so we have the following identities: 


where cot 0 is found by taking the reciprocal of tan 0. 


өөө Example 2: Rewrite the expression 


cot 0 _ їап 0 
с$с 0 sec 0 


so that it contains only the sine and cosine, and simplify. 


Solution: 
cotü  tanO _ cos@ 500  sin@ cosé 
cscO 860 sind 1 со80 1 
= cos Ө — sin Ө +.. 
Pythagorean Relations 
m Exploration: 
Try this. In the same viewing window, graph 
y= sin? x 
у = cos? x 
З= у + у 
Describe what you see. Do you find your result surprising? Can you suggest а 
trigonometric identity based on your observations? a 


We can get three more relations by applying the Pythagorean theorem to the trian- 
gle in Fig. 16-2. 


P+y=r 
Dividing through b 2 шаа Screen for the exploration. On the 
5 с 8 TI-83/84, you will find Y1 and Y2 on 
a ae the [VARS] Y-VARS, Function menu. 
p y p 1 On the TI-89, simply type Ү1(х) and 


Y2(x) from the keyboard. 
or 


But x/r = cos 0 and y/r = sin 0, so we get: 
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We can get a second Pythagorean relation by dividing Eq. 125 through by cos? Ө. 
sin?0 + соѕ20 = 1 
sin?0 соѕ20 1 


cos? 0 cos?0  cos?0 


Finally, we get a third Pythagorean relation by dividing Eq. 125 through by sin? Ө. 
ѕіп20 + соѕ20 = 1 
sin?@ | cos?8 1 
+ = 


sin?g sin?0 sin?0 


+++ Example 3: Simplify 
sin? Ө — csc” 0 — tan? 0 + cot? 0 + cos? 0 + sec? 0 
Solution: By the Pythagorean relations, 
sin? 0 — csc? 0 — tan? 0 + cot? 0 + cos? 0 + sec? 0 
= (sin? 0 + cos? 0) — (tan? 0 — sec? 0) + (cot? 0 — csc? 0) 
=1- (-1) + (=) = 1 өөө 


Simplifying a Trigonometric Expression 


One use of the trigonometric identities is the simplification of expressions, as in the 
preceding examples. We now give a few more examples. 


өө» Example 4: Simplify (cot? 0 + 1)(sec? 0 — 1). 
Solution: We start by replacing (cot? 0 + 1) by csc? 0 and (sec? 0 — 1) by tan? 0 
(cot? 0 + 1)(ѕес2 Ө = 1) = csc? 0 tan? 0 


29 
sin* 0 
But csc? 0 = 9 and tan? 0 = 3 дээд 
51п 0 cos* 0 
1 sin? @ 
csc? 0 tan? 0 = CP MARET 
sin^0 соѕ 0 
| 1 
cos? 0 
: : 1 
Finally, since = sec 0, 
cos 0 


(cot? Ө + 1) (sec? 8 — 1) = sec? 0 ooo 
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It easy to forget algebraic operations when working with trigonometric 
expressions. We still need to factor, to combine fractions over a common 
denominator, and so on. 


Common 


Error 


1 — sin? 8 
+++ Example 5: Simplify aE 
sin 


Solution: Factoring the difference of two squares in the numerator gives 


1 = ѕіп20 (1 — ѕіп Ө)(1 + sin 0) | 
Е = : = ] — sin 0 +++ 
sin@ + | sin@ + 1 


cos 0 sin@ — 1 


+++ Example 6: Simplify 1 in 8 0 
— sin COS 


Solution: Combining the two fractions over a common denominator, we have 
cos 0 + sin 0—1 _ cos? 0 + (sin — 1)(1 — sin 0) 
] — sin 0 cos 0 (1 — sin 0) cos 0 
cos? 0 + sin 0 — sin? 0 — 1 + sin0 
(1 — sin 0) cos 0 


Replacing соѕ20 with 1 — sin?0 and collecting terms gives 
—2 sin? 6 + 2 sin 0 
(1 — sin 0) cos 0 


Factoring the numerator, 
2 sin 0(—sin 0 + 1) 


(1 — sin 0) cos 0 


_ 250 0 

cos 0 
. | sin 0 

Finally, since = tan 0, we get 
cos 0 
0 51 =f 
eos | sin 0 аб m 
1 = sin 0 cos 0 


Simplifying a Trigonometric Expression by Calculator 


Some calculators such as the TI-89 can simplify a trigonometric expression. They 
may even simplify them automatically, as in the following example. 


+++ Example 7: Simplify by calculator, 


sin x 

cos x 
Solution: We simply enter the expression and press |ENTER|. The simplified ex- 
pression tan x appears in the display. өөө 
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Floti Flotz Plot? | 
-Ү(1:00506К94/(1-51 


nk | 
Мусім iire 


TI-83/84 check for Example 6. We 
defined the two parts of the given 
expression as Y1 and Y2, and combined 
them as Y3, finding them in the [VARS 
menu. We deselected Y1 and Y2 so that 
they will not graph. We do this by 
moving the cursor to the equals sign in 
the function to be deselected and press 
ENTER |. Then we have printed ҮЗ thin 
and Y4 heavy. 


Plot of the given identity, thin, overlaid 
by its presumed equivalent, heavy. 


Fir | Fèr ҮР?” Fur Far 
Too1s|RT3ebra|Ca1c|Dther Clean ШР 


sintx) 
со50х) 


Sintx)/“cos¢(x) 
MAIN DEGAUTO FUNC 


TI-89 screen for Example 7. 
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[Fir Fer Fer 
[Tools|Al3ebra Clean Ur 


cost) 


T+ sincay * tance 


"tCol lect 


cose 


tCollecticosCO»^Citzinc8D.. 
CONTACTS DEGAUTO POL ГЭВ! 1/260 


TI-89 screen for Example 8. 
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If the calculator will not simplify an expression by default, try using tCollect or 
tExpand from the Algebra/Trig menu. These operation works best if the calculator 
is in RADIAN mode. 


+++ Example 8: Simplify 


cos 0 


— — ——— + tan 0 
1 + sin@ 


Solution: We enter the expression and notice that it does not simplify by default, 
so we use tCollect. We get 


cos 0 " 
1 + sin@ cos 6 


ooo 


Since a trigonometric expression can take so many different forms, the calculator 
may not simplify it in a useful way. 


Proving a Trigonometric Identity 


m Exploration: 
Try this. In the same window, graph 


y, = tanx cosx and у = sinx 


using a heavier line for y2. What do you see? El 


In some problems we will be asked to manipulate a trigonometric expression so 
that it matches another expression. For example, you may be asked to verify or 
prove that the expressions in our exploration are equal, that is, 


tanx cosx = sinx 


This equation is called an identity because it is true for all values of the variable x for 
which the functions are defined (for example, the tangent is not defined at x — 90?). 

To prove an identity, we manipulate one or both sides until both sides match. 
For this we use the fundamental identities and basic operations, such as factoring, 
reducing fractions, and so forth. We work each side separately and do not treat the 
identity as if it was an equation, for which we could transpose terms and multiply 
both sides by the same quantity, for example. 

If one side of the identity is more complicated than the other, it is a good idea 
to start by simplifying that side. 


eee Example 9: Prove the following identity. 
1 


sin x sec x cot x 


-1 


Solution: Let us try expressing each trigonometric function in terms of the sine and 
cosine. Thus, sec x = 1/cos x and cot x = cos x/sin x. 


1 


sin x sec x cot x 


1 


: 1 cos x 
sin x | 
COS X sinx 


The denominator of the fraction is thus equal to 1, and the identity is proved. — *** 


=1 
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+++ Example 10: Prove the identity 


Fer [F3-| Fur Fer 
RT3ebra|Calc|Dther Clean ШР 


COS X CSC X 2 
= = CO" x 
tan x 


Solution: We write each expression on the left in terms of sines and cosines, xt ds 


and simplify. i sin(x) —— 
COSXCSCX 0 2 апсх) (tan(x)) 
Тай = cot x (cosCoO*ClzZCisin(oO22/(tan.. 
Е CONTACTS  DEGAUTO POL Tae 1/20 
1 
COS X ( : ) TI-89 screen for Example 10. Note the 
=, cot? x use of the reciprocal relations. 
sin x 
cos X 
cos? x 2 
E, cot^ x 
sin^x 
сої?х = cot? x БАХ 


Exercise 1 • Fundamental Identities 


Change to an expression containing only sin and cos. 
1. tan x — sec x 2. cot х + csc x 3. tan 0 csc 0 


tan 0 sin 0 


4. sec 0 — (ап ӨѕіпӨ 5. 6. cot x + tan x 


csc 0 tan 0 


Simplify. 
0 0 
7. 1 — sec?x 8. E 9. = 
sin 0 cot 0 
in 0 
10. sin 0 csc 0 11. tan 0 csc 0 19. = 
csc 0 
13. sec x sin x 14. sec x sin x cot x 
15. csc Ө tan 0 — tan 0 sin 0 
2 
tan x(csc^ x — 1 
16. сЕ 17. cot 0 tan? 0 cos 0 18. — ( ) 
cot x sin x sinx + cotx cos x 
19. sin 0 90. sin? x + cos?x 
cos Ө tan 0 1 — cos?x 
1 1 
91. тос J 22. sin 0(csc Ө + cot 0) 
sec^x | csc^x 
2 
tan“ 0 
23. csc x — cot x cos x 94. 1 + S 8 
1 + 86с0 
95. sec x — esc x 96. L 3 
1 = cot x 1 + sin x 1 = sin x 
27. sec? x(1 — cos? x) 98. tan x + p. 
sing + 1 
sec 0 


2 


29. cos Ө sec 0 — 30. cot?x sin? x + tan?x cos? x 


cos 0 


Prove each identity. (All identities in this chapter can be proven.) 


: sec x 
31. tan x cos x = sin x 32. tanx = 

csc x 

sin x cos X 1 


7 = 1 34. sin Ө = ————— 
csc X sec x cot 0 sec 0 
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FIGURE 16-3 


FIGURE 16-4 


FIGURE 16—5 
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. tanx — 1 
35. (соѕ20 + 5іп20)2 = 1 36. tan x = ———— —— 
1- cotx 
csc 0 COS X 
37. = cot 0 38. cot? x = ———— 
sec 0 tan x sin x 
‚2 
sin^ x . 
39. cos x + 1 = ———— 40. csc x — sin x = cot x cos x 
1 = cos х 
41. со х — cos?x = cos? x cot? x 42. csc x = cos x cot x + sin x 


tan x + sin x 
43. 1 = (csc x — cot х)(сѕс х + сох) 44. tan x = —————— 


1 + cos x 
t + 1 i + 
45. == шиээ SES 46. cot x — cot x sec? x — tan x 
1 = tan x cos x — sin x 
sin@ + 1 1 + sin0 1 + csc 
47. ————— = (tan + sec 0 48. e 
Legni BM TUS 1—sinü cscó—-1 
1 + cot 0 tan@ + 1 
49. (sec Ө — tan @)(tan@ + sec 0) = 1 50. = 
csc 0 sec 0 


Applications 


51. Figure 16-3 shows a crate of weight W hanging from a rope, and being held in 
place by a horizontal force F and the tension T in the cable. (a) Show that the 
equations of equilibrium are F = T sin 0 and W = T cos 0, and (b) that 


F = W tan 0. 


52. Inclined Plane: A block of weight W rests on an inclined plane, Fig. 16—4. 


The tangential and normal forces it exerts on the plane are 


T =Wsin@ and N = W cos ө 


When the block just begins to slide, the frictional force fis equal and opposite 
to T. Show that the coefficient of friction y, the frictional force divided by the 


normal force, is equal to tan 0. 


53. The parametric equations of an ellipse, Fig. 16—5, in terms of a parameter a, are 


X = асоѕ а 


у = bsina 


The ellipse may also be described by the equation 


Substitute the parametric equations into Eq. 1 and show that the left side does 


in fact equal 1. 


54. In calculus, we take the derivative of tan x by taking the derivative of 


sin x/ cos x, and get the expression 


(cos x) (cos x) — (sin x)(—sin x) 


cos? X 


Show that this expression is equal to sec? x. 


55. Alternating Current: Given R = Z cos 0 and Ху — Хс = Z sin Ө, where R is 
the resistance, Ху is the inductive reactance and Xç = capacitive reactance, 


evaluate and simplify 
(а) R? +(X,- Хо)? 
Xy — Xc 


(b) R 
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16-29 Sum or Difference of Two Angles EE 


Having established the fundamental trignometric identities, let us now move on to 
others that are very useful in technical work, starting with the trig functions of the 
sum or difference of two angles. 

We now wish to derive a formula for the sine of the sum of two angles, for 
example, 8ш(а + В). 


m Exploration: 
Try this. Use your calculator to evaluate 


sin 20? sin 30? sin 50? 

Does the sum of sin 20? and sin 30? equal the sine of 50?? El 
The sine of the sum of two angles is not the sum of the sine of each 
angle. 

sin(a + В) # sina + sin В 


We will show that 


sin(a + В) = sin æ cos В + cosa sin В 


We start by drawing two positive acute angles, a and В (Fig. 16-6), small 
enough so that their sum (о + 8) is also acute. From any point P on the terminal 
side of В we draw perpendicular AP to the x axis and draw perpendicular BP to line 
OB. Since the angle between two lines equals the angle between the perpendiculars 
to those two lines (can you demonstrate that this is true?), we note that angle APB 
is equal to a. 


Then 
: AP AD+PD BC+ PD 
sin(a + B) = = = 
OP OP OP 
_ BC | PD 
OP OP 


But in triangle OBC, 


BC = OBsina 
and in triangle PBD, 


FIGURE 16-6 


PD = PBcosa 
Substituting, we obtain 


OB sina PB cos а 


in(a + B) = + 
шн) ОР ОР 
But in triangle OPB, 
ов _ 
OP cos B 
and 
Е 
OP sin B 
Thus, 


Convince yourself that this is true by using your calculator to compute sin (45° + 30°) 
using this identity, and comparing it with sin (75°). 
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Cosine of the Sum of Two Angles 


Again using Fig. 16-6, we can derive an expression for cos (а + f). 
In triangle OAP 


OA ОС- AC OC - BD 


cos(a + В) = 


OP OP OP 
_ OC BD 
OP OP 
Now, in triangle OBC, 
OC = OBcosa 
and in triangle PDB, 
BD = PBsina 
Substituting, we obtain 
ОВ cosæ PBsina 
cos (а + В) = бп “лр 
As before, 
OB PB : 
op ~ PF and ОР sin В 
Therefore, 


Difference of Two Angles 


We can obtain a formula for the sine of the difference of two angles merely by 
substituting — 8 for B in the equation previously derived for sin (œ + f). 


sin[æ + (—8)] = sin æ cos(—f) + cos a sin(— B) 
But for B, which is still in the first quadrant, (— B) is in the fourth, so 
cos(— В) = cos B and sin(— 8) = —sin В 
Therefore, 
sin(a — В) = sina cos B + cos o(—sin f) 


which is rewritten as follows: 


We see that the result is identical to the formula for sin(a + B) except for a change 
in sign. This enables us to write the two identities in a single expression using the 
+ sign. When the double signs are used, it is understood that the upper signs 
correspond and the lower signs correspond. 
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Similarly, finding соз (а — В), we have 


cos [a + (—B)] = cosa cos(—8) — sina sin(— 8) 


Thus, 


or 


+++ Example 11: Expand the expression sin(x + 3y). 
Solution: Since sin(a + B) = sina cos В + cos a sin B, we write 


sin(x + 3y) = sin x cos 3y + cos x sin 3y ooo 


+++ Example 12: Simplify 
cos 5x cos 3x — sin 5x sin 3x 


Solution: This is similar in form to cos(a + f) = cosa cos B — sina sin f, 
where a = 5x and B = 3x, so 


cos 5x cos Зх — sin 5x sin 3x = cos(5x + Зх) 


cos 8x ooo 


+++ Example 13: Prove that 
cos(180° — 0) = —cos 0 
Solution: We expand the left side using the identity for соз (а — В), getting 
cos(180° — 0) = cos 180? cos Ө + sin 180? sin 0 
But cos 180? = —1 and sin 180° = 0, so 
cos(180° — 0) = (—1) cos 0 + (0) sin@ = —cos ө ooo 


Tangent of the Sum or Difference of Two Angles 


We have derived formulas for the sine and cosine of the sum or difference of two 
angles. We now do the same for the tangent. 
Since 


Тее sin 0 


cos 0 


we can get an expression for tan(a + 8) simply by dividing sin(a + В) by 
cos(a + p). 


sin(a + B) 
cos(a + B)  cosacos B — sina sin B 


sina cos B + cosa sin B 


tan(a + B) = 
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= tExpand(sin(x + 3:u» 
cos(x): sin(3:u)-* sinx): cch 


ТЕхрагй 5100 х 53429 
CONTACTS DEGAUTO POL ТЕ 1/30 


TI-89 check for Example 11, using 
tExpand from the Math) Angle menu. 
Note that part of the result is off the 
screen, requiring that we scroll to the 
right. 


Graphical check of Example 13. We 
plotted each side of the given identity 
and see that one graph overlays the 
other. 
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Dividing numerator and denominator by cos о cos B yields 
sina sin B 
— + === 
cosa cos В 


цэцийн sina sin В 


cosa cos В 


tana + tan B 
1 — tana tan B 


A similar derivation (which we will not do) will show that tan (œ — f) is identical 
to the expression just derived, except, as we might expect, for a reversal of signs. 
We combine the two expressions using double signs as follows: 


++» Example 14: Simplify 
tan 3x + tan 2x 


tan 2x tan 3x — 1 
Solution: This will match the form of tan(œ + B) if we factor (—1) from the 
denominator. 
tan Зх + tan2x _ tan 3x + tan 2x 
tan 2x tan 3x — 1 —(-tan 2x tan 3x + 1) 


tan 3x + tan 2x 


1 — tan Зх tan 2x 
—tan(3x + 2x) 


—tan 5x 666 


Ш 


+++ Example 15: Prove that 


1 + tan x 


tan(45° + x) = 
1 — tan x 


Solution: Expanding the left side by using the identity for tan (о + B) gives 
tan 45° + tan x 
1 — tan 45° tan x 


tan(45° + x) = 


But tan 45° = 1, so 


1 + tan x 
tan(45° + x) = ————— Tre 
1 — tan x 
+++ Example 16: Prove that 
cot y — cot x 
— tan(x — y) 


cot x cot y + 1 
Solution: Since the cotangent is the reciprocal of the tangent, we write 


1 1 


tan y tan x 
1 1 
tan x tan y 


= tan(x — y) 
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Multiplying numerator and denominator by tan x tan y, 


tan x — tan y 


— tan(x — 
1 + tan x tan y ( У) 


This now matches the form of (ап (œ — В), so 


tan(x — y) = tan(x — y) ooo 


Exercise 2 • Sum or Difference of Two Angles 


Expand by means of the addition and subtraction formulas, and simplify. 
1. sin(@ + 30°) 2. cos(45° — x) 


3. sin(x + 60°) 4. tan(z + 0) 
5. cos(x + =) 6. tan(2x + y) 
7. sin(0 + 29) 8. tan(20 — 3a) 
Simplify. 
9. cos 2x cos 9x + sin 2x sin 9x 10. соѕ(т + 0) + sin(z + 0) 


11. sin 30 cos 20 — cos 30 sin 20 


Prove each identity. 
19. cos x = sin(x + 90°) 
13. sin(a + B) + sin(a — B) = 2 sin а cos В 


14. cos(2z — x) = cos x 15. sin(x + z) sin(x z) cos x 
16. tan(360° — B) = —tan B 17. cos(x + 60°) + cos(60° — x) = cos x 
= 1-1 
18. ОЕ о 19, ME (т) 
sin х COS y 1 — tanx 4 
Applications 


20. Simple Harmonic Motion: The weight, Fig. 16-7, moves with what is 
called simple harmonic motion. Its vertical displacement is given by 
y = 2.51 cos (2t + 35.4°). Show that this motion is equivalent to 


y = 2.05 cos 2t — 1.45 sin 2t 


21. Inclined Plane: A horizontal force of P pounds is applied to a body on an in- 
clined plane, Fig. 16-8. When the body just begins to move up the plane, 
(a) show that the equations of equilibrium are: 


Pcos@ — Wsiné = f N — W cos 0 = Psin0 f =N tang 


where N is the component of the weight normal to the plane, f is the frictional 
force, and tan ф = p, the coefficient of friction. (b) Solve these equations for 
P, showing that Р = W tan(0 + @). 

22. Inclined Plane: The car, Fig 16-9, decelerates while going down a hill. 
(a) Show that its deceleration a is given by a = gtan acosB — gsin В, where 
tana = f/N and f is the angle of inclination of the roadway. (b) Show that 
this expression is equivalent to 


Ш g sin (а — В) 
ын COS а 


23. Project, Adding a Sine Wave and a Cosine Wave of the Same Frequency: Prove 
that the sum of the sine wave A sin wt and the cosine wave B cos ot is 


FIGURE 16-7 


W 


FIGURE 16-8 


FIGURE 16-9 
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Hint: Let A sin wt be a sine wave of amplitude A, and B cos wt be a cosine wave 
R of amplitude B, each of frequency 0/27. If we draw a right triangle (Fig. 16-10) 


шаш with sides A and B and hypotenuse R, then 
Z\ Ж А = Rcos ф and B=Rsingd 


ши! The sum of the sine wave and the cosine wave is then 


HOURE 16510 A sin wt + B cos wt = R sin ot cos ф + R cos wt sind 


= R(sin wt cos ф + cos wt sin ф) 


Do you recognize the form of the expression on the right? Try to use an identity 
from this chapter to complete the derivation. 


94. Project: Use the formula for the addition of a sine wave and a cosine wave to 
express each following expression as a single sine function. 
(a) y = 47.2 sin ot + 64.9 cos wt 
(b) y = 8470 sin wt + 7360 cos wt 
(c) y = 1.83 sin wt + 2.74 cos ot 
(d) y = 84.2 sin wt + 74.2 cos wt 


16-3 Functions of Double Angles and Half-Angles 


We come now to our last batch of identities, those involving two times an angle and 
those involving half an angle. 


Functions of Double Angles 


m Exploration: 
Is the sine of twice an angle equal to twice the sine of that angle? Is sin 2a = 2 sin o? 
Try this: By calculator, evaluate 

sin 2(40°) 2 sin(40°) 
Are these equal? Try it again with other angles. Try it for the cosine and tangent. 
What do you conclude? E 


The sine of twice an angle is not twice the sine of the angle. 
Nor is the cosine (or tangent) of twice an angle equal to twice the 


cosine (or tangent) of that angle. 
Remember to use the formulas from this section for all of the 
trig functions of double angles. 


Sine of Twice an Angle 


An equation for the sin 2a may be derived by setting B = a in the identity for 
ѕіп(о + f). 
sin(a + a) = sina cos а + cosa sina 


which we can rewrite as: 
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Cosine of Twice an Angle 
Similarly, setting В = a in the identity for cos (œ + В) gives 
cos (a + a) = cosa cos а — sina sina 


which can also be written, 


2 


There are two alternative forms to this identity. Since ѕіп2а + cos? a = 1, 


cosa = 1 — ѕіп2а 


Substituting yields 


2 2 


cos 2a = 1 — sin*a — sin^« 


Thus, 


Similarly, we can use the same identity, sin? æ + cosa = 1, to eliminate the 


sin? a term, getting 


2 


cos 2а = cos^ а — (1 — cos? a) 


Thus, 


+++ Example 17: Prove that 
cos 2A + sin(A — В) = 0 

where A and B are the two acute angles of a right triangle. 
Solution: Using the identities for cos 2o and for sin (œ — В) we get 

cos 2A + sin(A — B) = cos? A — sin?A + sin A cos B — cos Asin В 
But angles A and B are complementary, so we may use the cofunctions 

cos B = sin A and sin B = cos A 

So 
cos? A — sin? A + sin Asin A — cos Acos A 


cos? A — sin? A + sin? A — cos? А = 0 ooo 


cos 2А + sin(A — B) 


+++ Example 18: Simplify the expression 


sin 2x 
1 + cos 2x 


Solution: Using the identities for sin 2o and cos 20 gives 


sin 2x 2 sin x cos x 


1 + cos2x 1 + 2cos*x — 1 


2 sin x cos x 


2 cos* x 


sin x 
= = tan x ooo 
COS X 
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sint2-x) 
1+cos(2-x) 


sint2x)/C1l+cost2x)) 
CONTACTS DEGAUTO POL Tima 1/30 


tantx 


TI-89 check of Example 18. The 
calculator simplified this expression by 
default, so no instruction was needed. 
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Tangent of Twice an Angle 
Setting В = a in the identity for tan (æ + В) gives 


tana + tana 


(ар (а + а) = 
( ) 1 — tana tana 


Therefore, 


+++ Example 19: Prove that 


2 cot x 
— p tan 2x 
esey —2 


Solution: We use the identity for tan 20 to expand the right side. 


2 cot x 2 tanx 


сѕс2х — 2 1 — tan?x 


Replacing tan x by 1/cot x, 


2 
cot x 
1 


cot? x 


Simplifying this compound fraction by multiplying numerator and denominator by 
2 
cot” x, 


2 сойх 
cot?x — 1 
Finally, since cot?x = csc?x — 1, we get 
2cotx 2cotx 


csc?x — 2 csc?x — 2 


Functions of Half-Angles 


m Exploration: 
Is the sine of half an angle equal to half the sine of that angle? Try this: By calcu- 
lator, evaluate 


60° 


. 1. 
sin 7sin 60° 


Are these equal? Try it again with other angles. Try it for the cosine and tangent. 
What do you conclude? E 


Sine of Half an Angle 


The double-angle identities we just derived can also be thought of as half-angle 
identities. If one angle is double another, the second must be half the first. Let us 
start with the double-angle identity 


cos 20 = 1 — 2 sin? 0 
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We solve for sin 0. 


2 sin? 0 = 1 — cos 20 


йс |1 — cos 20 
= 2 


For emphasis, we replace 0 by а/2. 


The + sign in this identity is to be read as plus or minus, but not both. This sign is 
different from the + sign in the quadratic formula, for example, where we took 
both the positive and the negative values. 

The reason for this difference is clear from Fig. 16-11, which shows a graph of 
sin 2/2 and a graph of + V (1 — cos a)/2. Note that the two curves are the same 
only when sin а/2 is positive. When sin o/2 is negative, it is necessary to use 
the negative of V = cos а@)/2. This occurs when o/2 is in the third or fourth 
quadrant. Thus we choose the plus or the minus according to the quadrant in which 
a/2 is located. 


FIGURE 16-11 
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өөө Example 20: Given that cos 200° = —0.9397, find sin 100°. 
Solution: From Eq. 134, 


. 200° 1 — cos 200° 1 = (—0.9397) 
sin 27 + 2 = 2 = +0.9848 


Since 100° is in the second quadrant, the sine is positive, so we drop the minus sign 
and get 
sin 100° = 0.9848 өөө 


We would not dream of finding sin 100° in this way. We are simply trying to 
illustrate the use of the + sign. 


Cosine of a/2 
We start with the double-angle identity 

cos 20 = 2 cos? 0 — 1 
Then we solve for cos 6. 


2 cos?0 = 1 + cos 20 


re 1 + cos 20 
cos 0 = +, / 
2 


We next replace 0 by 2/2 and obtain the following: 


Here also, we choose the plus or the minus according to the quadrant in which a/2 
is located. 


Tangent of Half an Angle 


There are three formulas for the tangent of a half-angle; we will show the derivation 
of each in turn. First, 


a 
cos — 
2 


Multiplying numerator and denominator by 2 sin(a/2) gives 


2 sin? Č 
a 2 
tan 2 - (1) 


2sinf a 
sin — cos — 
2 2 


But from the identity for the sine of half an angle, 


1- 
2 sin? = 2( sa) | eosa 


and from the identity for the sine of twice an angle 


2 si a a А * 
51п-— cos = = sin — = sino 
2 2 2 
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Substituting into (1) gives 


Another form of this identity is obtained by multiplying numerator and denom- 
inator by 1 + cosa 


а 1 = cosæ 1 + cosa 
tan — = 2 5 
2 sin @ 1+ cosa 


1 — cos?a sin? 


^ sin a(l + cos а) 2 sin «(1 + cos a) 


which simplifies to 


We can obtain a third formula for the tangent by dividing the sine by the cosine. 


ИМ: 1 = cosa 
sin— +, | ————— 
Ш 2 — 2 


R 


N 
R 


gee 4 1+ cosa 
207 2 


+++ Example 21: Prove that 


0 
1 + sin?- 
3 — cos 0 2 


3 + со80 — 


0 
1 + cos?- 
Cos 2 


Solution: Using the identities for the sine and cosine of half an angle we get 


1 — cos 0 

3 — cos 0 2 
3 + cos 0 1 + cos ө 
i x 


Multiplying numerator and denominator by 2 
2 + 1 – соѕ ө 
2+ 1 + соѕ ө 

3 — соѕ6 

3 + cos 0 


oe 
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Exercise 3 • Functions of Double Angles and Half-Angles 


Double Angles 
Simplify. 
1. 2 ѕіп2х + cos 2x 
2 tan x 


` 1+ tan2x 


Prove each identity. 


2 tan 0 
s- Fon 20 
1 — їап 0 
7. tan 0 + cot@ = 2 csc 20 
1 + cot? 
9. S ma = sec 2x 
сох = 1 
2 cos 2х 
11. — 28 1 + cotx 
sin 2x — 2 sin~x 
cot?^x = 1 
13. — — —— = cot 2x 
2 cot x 
Half-Angles 


Prove each identity. 


0 
14. 2sin^7 + cos@ = 1 
0 
16. csc 0 + cot 0 = cot, 


18. tan tan 0 + 1 = ѕес 0 


Applications 


10. 


12. 


15. 


17. 


19. 


21. 


. 2 sin 20 cos 20 


2 — sec*x 


sec?x 


1 — tan?x 


lue. 757 
X 


. cot x — tan x = 2cot 2x 


sin 20 + sin 0 
] + cos 0 + cos 20 


sin 2a + 1 


cos а + sina 


— tan 0 


= sino + cosa 


ak 
4 cos? = sin? = = 1 — cos? х 
cos? — — cos 0 
0 = 1 
sin? — 
2 


22. Shear Stress: The shear stress s, on a cross section of a bar in tension, 
Fig. 16-12, is related to the axial stress s, by the formula 


Ss = s,sin 0 cos 0 


where @ is the angle between the axis of the bar and the normal to the cross 
section. Use the double-angle identities to write this expression with just a sin- 


gle trigonometric ratio. 


23. Trajectories: A projectile is launched on level ground at an angle 0 and with 
an initial velocity of vo, Fig. 16-13. In time / the x and y displacements are 


x = (vo cos 0)t 


y = (vosin yt — 1g? 


(a) Write an expression for the time elapsed before the projectile hits the ground. 
(b) Show that the expression for x at that time (this is the range R) is 


R = (v/g) sin 20 
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24. One way to determine the index of refraction of a material is to measure the 
total refraction of a light ray through a prism made of that material, Fig. 16—14. 
The index of refraction n, relative to that of air, is given by 


sin5(a + ô) 


а 
sin— 
2 


п = 


Rewrite this expression so that it does not contain functions of half-angles, 
showing that 


Ae — cos а cos ô + sina sin ô 
n= 


1 = cosa 


16-4 Evaluating а Trigonometric Expression 


Before we solve trigonometric equations in the following section, let us first evalu- 
ate some trigonometric expressions. By that we mean to find the numerical value of 
the expression. We will do that by calculator. 

Simply perform the indicated operations. Just remember that angles are as- 
sumed to be in radians unless marked otherwise. The following examples show 
the calculations with intermediate steps written down; for comparison, the 
screens show the work done in a single step. Use the method with which you 
feel most comfortable. 


eee Example 22: Evaluate the following to three significant digits: 
7.82 — 3.15 cos 67.8° 


Solution: By calculator, we find that cos 67.8° = 0.3778, so our expression 
becomes 
7.82 — 3.15(0.3778) = 6.63 


As usual when doing such calculations, we keep all the figures in the calculator 
whenever possible. If you must write down an intermediate result, as we did here 


just to show the steps, retain 1 or 2 digits more than required in the final answer. 
ooe 


eee Example 23: Evaluate the following to four significant digits: 
1.836 sin 2 + 2.624 tan 3 
Solution: Here no angular units are indicated, so we assume them to be radians. 
Switching to radian mode, we get 
1.836 sin 2 + 2.624 tan 3 = 1.836(0.90930) + 2.624(—0.14255) 
1.295 ooo 


eee Example 24: Evaluate the expression 
(sin? 48° + cos 629? 


to four significant digits. 
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o2-35.15c0s(6/, 
6.6298 


rt 
=}, 


TI-83/84 screen for Example 22. The 
calculator was in DEGREE mode for 
this example. 


TI-83/84 screen for Example 23, done 
in a single step. Here the calculator was 
in RADIAN mode. 


459 924c05¢ 
1.667 


TI-83/84 screen for Example 24, with 
the calculator in DEGREE mode. 
The computation is done here in one 
step, but with the extensive use of 
parentheses. You may prefer to do it 
in two or more steps. 


cost ф шү ы 
202.7222 


T1-83/84 screen for Example 25, done 
in a single step. The calculator was in 
DEGREE mode. 


Edge 


FIGURE 16-15 Miter angle u. 


Edge 


FIGURE 16-16 Bevel angle f. 


FIGURE 16-17 Corner angle 7. 


la 1 


FIGURE 16-18 Tilt angle 0. 
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Solution: The notation sin? 48° is the same as (sin 48°). Let us carry five digits and 
round to four in the last step. 


(sin? 48° + cos 62°)? = [(0.74314)? + 0.46947]? 
= (1.0217)? = 1.067 +.. 


Do not confuse an exponent that is on the angle with one that is on 
the entire function. 


(sin 0? = sin? Ө # sin Ө? 


+++ Example 25: Evaluate the expression 


cos 123.5? — sin? 242.7? 


to four significant digits. 


Solution: Since 
cos 123.5? — —0.55194 


and 
sin 242.7? — —0.88862 
we get 
cos 123.5? — sin? 242.7? = —0.55194 — (—0.88862)2 
= —1,342 
rounded to four digits. өөө 


An Application: Compound cuts: 


Figure 16-15 shows a board lying flat on a workbench, with a miter angle y, the acute 
angle between an edge and the end of the board. Figure 16-16 shows a bevel angle 8, 
the acute angle between the face and end of the board. When the end has both a miter 
angle and a bevel angle, we say the end is cut at a compound angle, and that the cut 
that produces it is a compound cut. Compound cuts are needed for frames, tapered 
columns, crown moldings, hoppers, and so forth. 

Figure 16-17 shows part of a frame, lying flat, having a corner angle of y. The 
corner angle is 90° for a rectangular frame, 60° for an equilateral triangle, 108° for a 
regular pentagon, and so forth. For any regular polygon of n sides, the sum of the 
interior angles is given by Eq. 72, sum of the interior angles = (n — 2)180°, so each 
corner angle y is 

(n—2)180° 
у------ 


п 


For a frame lying flat on the bench, the miter angle is equal to half the corner angle 
and the bevel angle is 90°. 

Now let us tilt the frame up from the bench by a tilt angle 0, Fig. 16-18, so that 
its faces no longer lie in the same plane. Here the end of each board will now have 
a miter angle different from half the corner angle, and a bevel angle other than 90°. 
We can find the miter and bevel angles for a compound cut with a tilt angle 0 and 
corner angle y from the following formulas, which we give without proof: 


Miter angle u = ша (өв 0 tan z) 


Bevel angle B = С Ө sin 3 


Section 4 * Evaluating a Trigonometric Expression 


«ee Example 26: Find the miter and bevel angles for a rectangular frame whose faces 
are titled at an angle of 15.0°. 


Solution: We substitute into the formulas with y = 90.0? and 0 = 15.0°. 


90° 
Miter angle u = tan cos 15° tan 2 ) 


= tan !(0.966) = 44.0° 


o , 90° 
Bevel angle B = яаг (sin 15 sin 2 ) 


sin (0.183) = 10.5° +++ 


Exercise 4 • Evaluating a Trigonometric Expression 


Evaluate each trigonometric expression to three significant digits. 
1. 5.27 sin 45.8° — 1.73 
2. 2.84 cos 73.4° — 3.83 tan 36.2° 
3. 3.72 (sin 28.3° + cos 72.3°) 
4. 11.2tan5 + 15.3 cos 3 
5. 2.84(5.28 cos 2 — 2.82) + 3.35 
6. 2.63 sin 2.4 + 1.36 cos 3.5 + 3.13 tan 2.5 
7. sin 35° + cos 35? 
8. sin 125° tan 225° 
9. cos 270° cos 150° + sin 270° sin 150° 
sin? 155° 
1 + cos 155° 
11. sin^ 75° 
19. tan? 125° — cos? 125? 
13. (cos? 206? + sin 206°)? 
14. Vsin? 112° — cos 112° 


10 


» 


Applications 


15. Trajectories: An object thrown at an angle 0 and with an initial velocity of ир 
follows the path given by 


sec? 0 feet 


16.1x? 
у = xtan@ — x 
0 


If vo = 376 ft/s and 0 = 35.5°, find y when x = 125 ft. 


16. Simple Harmonic Motion: The weight, Fig. 16-19, moves with simple har- 
monic motion, its displacement given by x = 4.52 cos(2.55t + 30.8?) inch. 
Find x when t = 110 s. 


FIGURE 16-19 
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FIGURE 16-20 


Ceiling 


Wall 


FIGURE 16-99 А typical crown 


molding. 


FIGURE 16-93 Skylight framing. 


17. 


18. 


19. 


20. 


21. 


99. 


23. 


24. 


25. 
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Pendulum: The period T for a pendulum of length L, Fig. 16—20, is approxi- 
mately given by 


L 1 0 9 0 
T == m (1 + —sin?— — sinf ) 
g 4 2 64 2 


where g = 32.2 ft/ s? and 9 is the angle between the pendulum and the verti- 
cal. For a pendulum of length 1.25 ft, find T when 0 = 7.83°. 


For the engine crank and connecting rod, Fig. 16-21, (a) show that 
х =rcosð + VI? — r’sin?@ inch 


(b) If L = 8.75 in. and r = 3.28 in., find x when 0 = 30°. 


| 
c r cos 0 
x >| 


FIGURE 16-21 


Crown Molding: A crown molding, Fig. 16-22, is the trim between a wall and 
ceiling. Find the compound cut angles if the molding is tilted at 45.0° at a cor- 
ner of the room where the walls meet at (a) 90.0° and (b) 125°. 

Skylight Framing: The rectangular opening in a roof, Fig. 16—23, is flared to 
admit more light. The tilt angle is 75.0°. Find the compound cut angles at the 
corners. 

Hexagonal Window: The faces of a regular hexagonal window are tilted by an 
angle of 18.0°. Find the compound cut angles. 

Equilateral Triangular Church Window: Find the compound cut angles for a 
church window whose faces are tilted by an angle of 25.0°. 

Project: Make a picture frame in a shop, using angles you have calculated. 
Show it in class and explain what you did. 

Computer: Make a spreadsheet showing the compound cut angles for a range 
of tilts and corner angles. Hang it in your shop for reference. 

Project: The compound cut formulas are not easy to derive. Find a derivation 
on the Web and see if you can follow it. 


Graph of y = 2 sin x + 1. Tick marks 
on the x axis are 90° apart. 


16-5 Solving a Trigonometric Equation 


We will now use our ability to manipulate trigonometric functions to solve trigono- 
metric equations. But first we will solve trigonometric equations graphically and 
then by calculator. 


m Exploration: 
Try this. Use your calculator to graph the trigonometric function 


у = 2sinx 41 


in degrees, for x = —50° to + 700°. 

Earlier when you graphically found roots of equations, what did you look for? Do 
you see any roots here? Where, approximately? Can you list all the roots? Why or 
why not? Шш 
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In your exploration, you probably found that the given equation has an infinite 
number of roots, both positive and negative. However, it is customary to list only 
nonnegative values of the roots, and only those between 0° and 360°. 


Graphical Solution of Trigonometric Equations 


In an earlier chapter, we used a graphics calculator or a graphing utility on the com- 
puter to get an approximate solution to an algebraic equation. Here we use exactly 
the same procedure to solve a trigonometric equation. 


We put the given equation into the form f(x) = О and then graph y = f(x). 
We then use the [TRACE and | ZOOM | or zero features to locate the zeros as ac- 
curately as we wish. 


+++ Example 27: Find, to the nearest tenth of a degree, any nonnegative values less 
than 360? of the zeros of the equation 


зундаа 
sinx = 5 
Solution: We rewrite the given equation in the form 
А i 
sinx —5=0 
and graph the function y = sinx — i 
at about 30? and 150°. Using | TRACE | and | ZOOM | or zero at each zero, we get 


as shown in the screen at the right. We see zeros 


x = 30.0°, 150.0? 
to the nearest tenth of a degree. 222 
Solving a Trigonometric Equation by Calculator 


We solve a trigonometric equation on the TI-89 just as we solved algebraic equa- 
tions. Enter solve from |CATALOG, followed by the equation, a comma, and the vari- 
able to be solved for. 


+++ Example 28: Solve the trigonometric equation, tan х= 1, on the TI-89, in radians. 


Solution: We enter solve (tan (x) = 1, x). To restrict the answer to values less than one 
revolution, we can enter a range for x on the command line, х = 0 and x < 27 (the 
and instruction is found in | CATALOG ). Then press ENTER. ooo 


Equations Containing a Single Trigonometric Function 
and a Single Angle 


Next we will solve some trigonometric equations using our knowledge of trigonome- 
try and the trigonometric identities, rather than by graphing. However, we will graph 
each as a check. It is difficult to give general rules for solving the great variety of pos- 
sible trigonometric equations, but we will show the approach by means of examples. 


eee Example 29: Solve the equation 
3.82 sin x — 1.24 cos x = 0 


Solution: We may notice that if we divide through by cos x we will get an equation 
with just one trigonometric function. Dividing gives 
3.82 tan x — 1.24 = 0 


Isolating tan x we get 


t i 0.3246 
anx = —— = 0. 
3.8 


Taking the inverse function by calculator 
x = tan”! 0.3246 = 17.98° 
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TI-83/84 screen for Example 27: 

E 1 1 o 
y = sinx — 5, showing roots at 30 
and 150°. We have used the zero 
feature to locate the root at x = 30°. 
Tick marks on the x axis are 90? apart. 


Fir] Fèr РЗ” Еч» FS РВ” 
Tools|Al3ebrajCalc|Other|Pr3miticlean ШР 


" solue(tan(x)71,:) 
x=Cn3-n +5 


solvectantx?z1,x) 
CONTACTS RAD AUTO POL 


TI-89 screen for Example 28. 


Fir] Fèr F3- ЕЧ” | РЕ Fr 
Tools|Al3ebrajCalc|Dther|Pr3mitjclean Ur 


®solve(tan(x)=1,x)|x=0 Ф 
л S:n 
== or x= 


QAantx321,x»5lx»-ü and х<2 
CONTACTS RAD AUTO POL ТИШ 1720 


Second TI-89 screen for Example 28, 
where we have restricted the range of x 
from 0 to one revolution. 


Fir] Fèr ҮЕЗ-| ЕЧ» | FS Fr 
Tools |R13ebra|Calc|Dther]Fr 30D] CTean Ur 


"solue(3.982:sin(x)- 1.24: cb 
х= 17.98 or х= 198. 


QOSCX3z0,x2|x2»0 and x<360 
CONTACTS DEGAUTO POL Т 1/30 


TI-89 check for Example 29. 


TI-83/84 graph of y = 3.82 sin x — 1.24 
cos x for Example 29, showing a root at 
x = 17.98°. The calculator is in 
DEGREE mode with ticks spaced 

20° in x. 
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Graphical check for Example 30: 
y = 2cos 2x — 1. DEGREE mode; 
tick marks on the x axis are 60° apart 


Graphical check for Example 31: 


1 
у= 5. ~ 4. DEGREE mode; 
cos^x 


Tick marks on the x axis are 60? apart. 


(253 Fer [ЕЗУ Fur F5 Far 
Tools|Al3ebraj|Calc|Other|Pr3miliclean ШР 


a solve 2-(sinG0)? - зім) > 
4:x = 30 or x=150 or x = 180 


„ђСх2=0, х) 1х>=0 and x<360 
CONTACTS DEGAUTO POL ТАШ 1/30 


TI-89 check for Example 32. The value 
x = 0 is off the screen. 
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But keep in mind that the tangent is positive not only in the first quadrant, but 
also in the third quadrant. Using 17.9? as our reference angle, we get a second 
value for x, 


x = 17.98? + 180° = 197.98? 


Check: We graph the function y = 3.83 tan x — 1.24 and find zeros at 17.98? 
and 197.98°. 22) 


Our next example contains a double angle. 


eee Example 30: Solve the equation 2 cos 2x — 1 = 0. 
Solution: Rearranging and dividing, we have 
cos 2x — : 
2x = 60°, 300°, 420°, 660°, .. . 
x = 30°, 150°, 210°, and 330° 


if we limit our solution to angles less than 360°. The screen shows a graph of the 
function y = 2 cos 2 x — 1 and its zeros. Note that although Example 29 contained 
a double angle, we did not need the double-angle formula. It would have been 
needed, however, if the same problem contained both a double angle and a single 
angle. өөө 


It is easy to forget to find all the angles less than 360°, especially 
when the given equation contains a double angle, such as in 
Example 30. 


Common 


Error 


If one of the functions is squared, we may have an equation in quadratic form, 
which can be solved by the methods for solving any quadratic equation. 


өө» Example 31: Solve the equation sec? х = 4. 
Solution: Taking the square root of both sides gives us 
secx= +V4= t2 


We thus have two solutions. By the reciprocal relations, we get 


1 1 
=2 and = —2 
cos X cos X 
al 21 
COS X = 5 and cosx = —5 
x = 60°, 300° and x = 120°, 240° 
Our solution is then 
x = 60°, 120°, 240°, 300° 
The screen shows a graph of the function y = z - 4and its zeros. ooo 
cos” x 


+++ Example 32: Solve the equation 2 sin?x — sin х = 0. 


Solution: This is an incomplete quadratic in sin x. Factoring, we obtain 


sin x(2 sinx — 1) = 0 
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Setting each factor equal to zero we get 


2sinx —1=0 


Р = 1 
sin x = 5 


Since sine is positive in the first and 
second quadrants, x = 30°, 150° 


sinx = 0 
x = 0°, 180° 


The screen shows a graph of the function y = 2 sin? x — sin xand its zeros. (999 


If an equation is in the form of a quadratic that cannot be factored, use the 
quadratic formula. 


өөө Example 33: Solve the equation cos? x = 3 + 5 cosx. 


Solution: Rearranging into standard quadratic form, we have 


соѕ2х — 5 соѕх — 3 = 0 


This cannot be factored, so we use the quadratic formula. 


5 + V25 — 4(—3) 


COS X — 


2 
There are two values for cos x. 
cos x = 5.54 cos x = —0.541 
(not possible) Since cosine is negative in the 


second and third quadrants, 
x = 123°, 237° 


The screen shows a graph of the function y = cos?x — 5 cos x — З and its zeros. +++ 


Equations with One Angle But More Than One Function 


If an equation contains two or more trigonometric functions of the same angle, first 
transpose all the terms to one side and try to factor that side into factors, each con- 
taining only a single function, and proceed as above. 


+++ Example 34: Solve sin x sec x — 2 sin x = 0. 
Solution: Factoring, we have 
sin x(sec x — 2) = 0 
Setting each factor equal to zero gives 
sinx = 0 secx = 2 
cos x = 2 


Since cosine is positive in the first 
and fourth quadrants, 


x = 60°, 300° 


x = 0°, 180° 


The screen shows a graph of the function y = sin x sec x — 2 sin x and its zeros. 999 


If an expression is not factorable at first, use the fundamental identities to express 
everything in terms of a single trigonometric function, and proceed as above. 


+++ Example 35: Solve sin? x + cos x = 1. 
Solution: By Eq. 125, sin?x = 1 — cos? x. Substituting gives 


1 — cos? x + cos x = 


cos x — co? х = 0 
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Graphical check for Example 32: 
2 sin? x — sin x. DEGREE mode: 
Tick marks on the x axis are 60° apart. 


Graphical check for Example 33: 

y= cos?x — 5cos x — 3. 

Degree mode: Tick marks on the x axis 
are 60? apart. 


Graphical check for Example 34: 
y = sin x sec x — 2 sin x. Degree mode: 
Tick marks on the x axis are 60? apart. 


Fi- Fer [F3-| Fur F5 Fer 
Tools|Al3ebralCalc|Other|Pr3mio|clean Ur 


" solvel(sinco)? + cos(x) = 1» 
x=0 or х= 90 or x=270 
..56х2=1,х21х>=0 and x<360 


CONTACTS DEGAUTO POL [5 1/30 


TI-89 check for Example 35. 


Graphical check for Example 35: 

y = sin? x + cosx — 1. 

DEGREE mode: Tick marks on the x 
axis are 60? apart. 


Graphical check for Example 36: 


+ tanx — 1. DEGREE 
COS X 


mode: Tick marks on the x axis are 
60° apart. 
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Factoring, we obtain 


cos x(1 — cos x) = 0 


cos x = 0 


x = 90°, 270° 


cos x = 1 


x = 0° 


The screen shows a graph of the function y = ѕіп2 х + cosx — land its zeros. 


oe 


In order to simplify an expression using the Pythagorean relations, it is often 


necessary to square both sides. 


+++ Example 36: Solve sec x + tan x = 1. 


Solution: We have no identity that enables us to write sec x in terms of tan x, but we 
do have an identity for sec” x. We rearrange and square both sides, getting 


secx = 1 — tanx 


2 


sec?x = 1 — 2 tanx + tan? x 


Replacing sec” x by 1 + tan? x gives 


1 + tan?x 


tan x 


x = 0, 180° 


= 1 — 2tan x + tan?x 


Since squaring can introduce extraneous roots that do not satisfy the original equation, 
we substitute back to check our answers. We find that the only angle that satisfies 
the given equation is x = 0°. The screen shows a graph of y = -1- + tanx — 1 and 


the zeros. 


cos x 
ooo 


Exercise 5 • Solving a Trigonometric Equation 


Solve each equation for all nonnegative values of x less than 360°. Do some by 


calculator. 


=0 

5. Asin^x =3 

7. 3sinx — 1 —2sinx 

9. 2co?x = 1 + 2sin? x 
11. 4sinfx = 1 

13. 1 + tan x = sec?x 

15. 3cot x = tan x 

17. 3sin(x/2) — 1 = 2 sin?(x/2) 
19. 4cos? x + 4cosx = -1 
91. 3 tan x = 4 sin? x tan x 
93. sec x = —csc x 


95. sinx — 2sinxcos x 


Applications 


27. Alternating Current: For the current 


. sin 


2 cos x — Мз = 0 
sin x = V3 cos x 


| 1 
2 sin 3x = 2 
csc?x = 4 


2 sec x = —3 — cos x 


. 2csc x — cot x = tan x 


. 1 + cot? x = ѕес2х 


?x —1-— 6sinx 


. sin x = cos x 

‚ 1 + sin x = sin x cos x + cos x 
. 3sin x tan x + 2tanx = 0 

. sin x = 2 cos(x/2) 


. cos x sin 2x = 0 


i = 274 sin(144r + 35.0) mA 


find the smallest time f, greater than 0, at whichi = 100 mA. 


Review Problems 


28. 


29. 


30. 


31. 


32. 


Snell’s Law: For a ray of light passing between glass and air, Fig. 16-24, the 
angles 0 and ф are related by Snell’s law, 


sind 
sind 
The constant is called the index of refraction of one material relative to the other, 


and is approximately 1.50 for glass relative to air. Find ф for a ray of light pass- 
ing from air to glass and striking the glass surface at 0 = 45.0°. 


= constant 


Trajectories: An object thrown at an angle @ from the horizontal and with an 
initial velocity of vo follows the path given by 


16.1x? 


vj 


sec? 0 ft 


у = xtanð — 


If the initial velocity is 125 ft/s and the object is to land 224 ft from the launch 
point, assuming level ground, at what angle(s) should the object be thrown? 


Moment of Inertia: The moment of inertia, about the x axis, of the segment of 


Fig. 16-25 is 
4 
I= 7e — sina cos a) inch* 


where a is in radians. For a sector of radius 4.85 in., use a graphical method to 
find the angle а that will give a moment of inertia of 57.0 in.*. 

Writing: Explain in your own words the difference between a trigonometric 
identity and a trigonometric equation. 

Writing: Describe how to approximately solve a trigonometric equation by 
graphics calculator. How is this different or the same as the method used ear- 
lier to solve other equations? 


+++ CHAPTER 16 REVIEW PROBLEMS •••66606606006000060000000060060 


Prove. 
t t8 +1 1 + tan 0 
See = cot(a — B) 2. ES sec 20 + tan 20 
cot B — cota 1 — tan 0 
0 
3. sin 0 cot z = cos + 1 4. sin^0 + 2 sin? 0 cos? 0 + соѕ 0 = 1 
in 0 0 
Ec eg 6. sec? 0 — sin? 0 sec? 0 = 1 
tan 0 
7. sec Ө sec Ө -— € 
sec) = 1 sec + 1 
8. cos 0 tan 0 csc 0 = 1 9. (sec 0 — 1)(sec 0 + 1) = tan?0 
10. = „tan? 6 + 1 Эг 
1 + cot“ 0 tan 0 
44. zi SURE = sin 0 + cos 0 
1 — tan 0 1 = cot 0 
19. (1 — sin? 0) sec? 0 = 1 13. tan?0(1 + cot?0) = sec?0 
14. їп Ө — 2sin@cos@ | -— 


2 — 2sin?0 — cos 0 


Solve for all positive values of Ө less than 360°. 


15. 
17. 


1 + 2sin?0 = 3 sin 0 16. 3 + 5 cos 0 = 2 cos? 0 
cos Ө — 2 cos? 0 = 0 18. 8140 + cos 20 = 1 
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FIGURE 16-24 


=Y 


FIGURE 16-25 
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95.0 cm —— 


\ | 
= Y 


75.0 cm Жа 


FIGURE 16-96 А hopper. Compound 


cuts are sometimes called “hopper cuts.” 


FIGURE 16-27 
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19. 
91. 


sind = 1 — 3 cos 0 20. sin? 0 = 1 + 6sin 0 


0 
16 cos = =9 


Evaluate each trigonometric expression to three significant digits. 


22. 
23. 
24. 
25. 
26. 


27. 


28. 


29. 


63.4 cos 4.11 + 72.4 tan 5.73 

3.85(cos 52.5° + sin 22.6°) 

cos? 46.2? 

sin? 3.53 + cos? 1.77 

Find the compound cut angles for the rectangular hopper, Fig. 16—26. 


Project: We have proven that the identities in this chapter were true for acute 
angles. They are, in fact, true for any angles, obtuse or acute. Choose any iden- 
tity and prove this assertion. 


Project, Area of a Segment of a Circle: Prove that the area of the segment that 
subtends an angle 0 in a circle of radius r, Fig. 16-27, is 


Hint: From the area of sector OACB subtract the area of triangle OAB, and sim- 
plify. You will need to use the identity for the sine of twice an angle. 


Project: Several sections of rail were welded together to form a continuous 
straight rail 255 ft long. It was installed when the temperature was O?F, and the 
crew neglected to allow a gap for thermal expansion. The ends of the rail are 
fixed so that they cannot move outward, so the rail took the shape shown 
in Fig. 16-28 when the temperature rose to 120?F. Assuming the curve to be 
circular, find the height x at the midpoint of the track. 


MEuuul|;ig? Q)3as si] T или, 


p 255 ft 
FIGURE 16-98 


Ratio, Proportion, and Variation 


OBJECTIVES 

When you have completed this chapter, you should be able to 

* Set up and solve a proportion for a missing quantity. 

* Solve applied problems using proportions. 

* Find dimensions, areas, and volumes of similar geometric figures. 


* Set up and solve problems involving direct variation, inverse variation, 
joint variation, and combined variation. 


* Solve applied problems involving variation. 
* Set up and solve power function problems. 


We earlier described a ratio as the quotient of two quantities, say a/b. Here we will 
set one ratio equal to another to get a proportion. We will learn how to solve pro- 
portions for a missing quantity. 

We next apply the idea of proportions to the very important subject of similar 
figures. In technology we often have to relate an actual object to a drawing or 
model of that object—from a machine part to an engineering drawing of that part, 
from a geographical area to a map of that area, from a building to a scale model of 
that building. How do dimensions, areas, and volumes on one relate to those on the 
other? For example, if a one-fourth scale model of a space probe, Fig. 17-1, has a 
surface area of 13.5 m?, what is the surface area of the actual probe? Here we give 
you the tools to handle such problems. 

When two quantities, say, x and y, are connected by some functional relation, 
y = f(x), some variation in the independent variable x will cause a variation in the 
dependent variable y. In our study of functional variation, we study the changes in 
y brought about by changes in x, for several simple functions. We often want to 
know the amount by which y will change when we make a certain change in x. The 
quantities x and y will not be abstract quantities but quantities we care about, such 
as; By how much will the deflection y of a beam increase when we decrease the 
beam thickness x by 5096? 


FIGURE 17-1 
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We will see that the methods in this chapter also give us another powerful 
tool for making estimates. In particular, we will be able to estimate a new value 
for one variable when we change the other by a certain amount. Again, we will be 
interested in such real quantities as the velocity of an object or the resistance of a 
circuit. 

We have, in fact, already studied some aspects of functional variation—first when 
we substituted numerical values for x into a function and computed corresponding 
values of y, and later when we graphed functions. We do some graphing here, too, and 
also learn some better techniques for solving numerical problems. 


17-1 Ratio and Proportion 


Ratio 

In our work so far, we have often dealt with expressions of the form 
a 
b 


There are several different ways of looking at such an expression. We can say that 
a/b is 


• A fraction, with a numerator a and a denominator b 
* À quotient, where a is divided by b 
* The ratio of a to b 


Thus a ratio can be thought of as a fraction or as the quotient of two quantities. 
Another way to write a ratio is to use a colon (:) instead of a fraction line. Thus the 
ratio a/b can also be written 

a:b 
Dimensionless Ratios 


For a ratio of two physical quantities, it is usual to express the numerator and de- 
nominator in the same units, so that they cancel and leave the ratio dimensionless. 


өө Example 1: A corridor is 8 ft wide and 12 yd long. Find the ratio of length to width. 


Solution: We first express the length and width in the same units, say, feet. 


12 yd = 36 ft 
So the ratio of length to width is 
3 o» 
8 2 
Note that this ratio carries no units. +++ 


Dimensionless ratios are handy because you do not have to worry about units. 
For this reason they are often used in technology. 


+++ Example 2: The fuel-air ratio is the ratio of the mass of fuel to air in a combus- 
tion chamber. The turns ratio is the ratio of turns of wire in the secondary winding of 
a transformer to the number of turns in the primary winding. Some other dimension- 
less ratios are: 


Poisson's ratio load ratio gear ratio 
endurance ratio pi trigonometric ratio 
radian measure of angles ooo 
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The word specific is often used to denote a ratio when there is a standard unit 
to which a given quantity is being compared under standard conditions. 


өөө Example 3: The specific gravity of a substance is the ratio of the weight 
of a given volume of that substance to the weight of the same volume of water. 
The specific heat is the ratio of the amount of heat necessary to raise the tem- 
perature of a given mass of a substance by 1°C to the amount necessary to 
raise the temperature of an equal mass of water by the same amount. Other 
examples are: 


specific weight specific conductivity 
specific volume specific speed ooo 


eee Example 4: Aluminum has a density of 165 Ib/ ft, and water has a density of 
62.4 Ib/ ft^. Find the specific gravity (SG) of aluminum. 


Solution: Dividing gives 


_ 165 1b/f _ 
62.4 Ib/ ft? 


Note that specific gravity is a dimensionless ratio. oe 


Proportion 


A proportion is an equation obtained when one ratio is set equal to another. If the 
ratio a: b is equal to the ratio c: d, we have the proportion 


a:b = c:d 


which reads “the ratio of a to b equals the ratio of c to d" or “a 15 to b as c is to d.” 
The quantities in the proportion (here a, b, c, and d) are called the terms of the 
proportion. The two inside terms of a proportion are called the means, and the two 
outside terms are the extremes. 


extremes 
555 Ни 


a:b = c:d 
| means | 


We will often write such a proportion in the form 


Finding a Missing Term 

Solve a proportion just as you would any other fractional equation. 
"T 

+++ Example 5: Find x if xe 


Solution: Multiplying both sides by the LCD, 9x, we obtain 
27 = 7x 


х = 2 ooo 
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| Fir] Fer [|F3-| Fur] FS Far 
Tools |RT3ebra|CaTc|Dther]Fr37D|CTean Шр 


" solve(= =7;9, х) х= 27/7 


solvet3/x=/7/9,x) 
CONTACTS RAD AUTO POL ГЭВ! 1720 


Of course, you can use certain 
calculators to solve these problems. Here 
is the T1-89 solution for Example 3. 
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A D B 


FIGURE 17-2 Ап altitude drawn to 
the hypotenuse of a right triangle. 
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+++ Example 6: Find x if 


Solution: Multiplying through by 15 gives 
5(х + 2) = 3(x — 1) 
5x + 10 = 3x — 3 


2x = —13 
13 

х= = +.. 
2 


+++ Example 7: Insert the missing quantity z in the following equation: 


x-3 z 


2x Ax? 


Solution: Solving for z gives us 
4x7 (x — 3) 
2x 
2x(x — 3) +++ 


Mean Proportional 


We sometimes encounter the term mean proportional or geometric mean. For 
example, from geometry we have the theorem: 


The altitude drawn to the hypotenuse of a right triangle is the mean proportional 
between the segments into which it divides the hypotenuse. What does that mean? 


When the means (the two inside terms) of a proportion are equal, as in 
a:b = bic 


the term b is called the mean proportional between a and c. Solving for b, we get 


The mean proportional b is also called the geometric mean between a and c, 
because a, b, and c form a geometric progression (a series of numbers in which 
each term is obtained by multiplying the previous term by the same quantity). 


+++ Example 8: Find the mean proportional between 3 and 12. 
Solution: From Eq. 47, 


b= +V3(12) = +6 666 


Returning to our triangle, Fig. 17-2, and with our definition of mean proportional, 
we can interpret the theorem to read, 
AD h 
h DB 
Try to prove this theorem by using similar triangles. We will use the mean proportional 
in a later chapter, to insert a geometric mean between two given terms. 
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Applications 


All the remaining sections in this chapter will use ratio and proportion to solve 
problems from technology. We will give a few simple applications here. 


+++ Example 9: Gear Ratio: The ratio of the speeds of two gears, Fig. 17-3, is found 
from the ratio of the number of teeth in each, with the smaller gear always turning 
faster than the larger. Find the speed N of gear A, having 44 teeth, if gear B has 12 
teeth and rotates at 486 rev/min. 


Solution: We set up the proportion 


from which 


"s (12)(486) 


44 7 133 rev/min ooo 


+++ Example 10: Wire Resistance: The resistance of a wire to the flow of current is 
proportional to its length. If a 15.0 ft length of wire has a resistance of 0.500 О, find 
the resistance of 12.0 ft of the same wire. 


Solution: If we let R be the resistance of the 12.0 ft length, we can write the 
proportion 


R _ 0.500 
12.0 15.0 
Solving for R we get 
12(0.500) 
= - 450. — 0.400 Q $99 


+++ Example 11: Actual Mechanical Advantage: A simple machine, such as the lever 
in Fig. 17-4, can be thought of as a force-multiplying device. Here a force F applied 
to the lever can lift a weight W. The ratio of W to F is called the actual mechanical 
advantage R, of the machine. 


tput fi 
Actual mechanical advantage R, = output force _ W 


input force F 


Find the actual mechanical advantage of the lever shown if a force of 125 1b can lift 
a weight of 258 Ib. 


Solution: We take the ratio of the output force (the weight) to the input force, 


Actual mechanical advantage №, = output torte = ш = 258 


input force F 125 
— 2.06 


Note that mechanical advantage is a dimensionless ratio. ooo 


өөө Example 12: Ideal Mechanical Advantage: The work done by a constant force 
acting on an object is the product of the force and the distance that the object moves. 
Thus the work done by the force F in Fig. 17-4 is equal to Fd, where d is the dis- 
tance traveled by the force. The work done lifting the weight is Ws, where s is the 


FIGURE 17-3 


FIGURE 17-4 
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FIGURE 17-5 
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distance traveled by the weight. The ideal mechanical advantage R; is the dimen- 
sionless ratio of the distance d traveled by the force to the distance s traveled by the 
weight, 


dist traveled by the f 
Ideal mechanical advantage R; = = шиг Е 22 
distance traveled by the weight — s 


The weight lifted by the pulley system, Fig. 17—5, moves 1.00 meter for every 6.00 
meters of rope reeled in. The ideal mechanical advantage R; is thus 6.00. ooo 


eee Example 13: Efficiency: In an ideal machine the ideal and actual mechanical 
advantages would be equal, but in a real machine having friction the actual is less than 
the ideal. 


We had earlier defined efficiency, in general, as output + input (Eq. 19). The 
efficiency E of a machine is defined as the work output divided by the work input, 


work output 


work input 


But the work done by a constant force equals the force times the distance traveled 
by that force (Eq. 1005). So the work output is Ws and the work input is Fd. 


Ws  W/d R 
Fd Ез R; 


Е = 


Thus the efficiency is the dimensionless ratio of the actual mechanical advantage to 
the ideal mechanical advantage. 


For the pulley system in Fig. 17-5, it takes a force of 115 Ib to lift a weight of 600 Ib. 
Find the efficiency of the pulley system. 


Solution: The actual mechanical advantage is 


_ 600 
115 
5.22 


a 


We had already determined, in Example 12, that the ideal mechanical advantage R; 
was 6.00, so the efficiency is 


Ry 522 
E = — =— 
Ri 6.00 

= 0.870 or 87.0% өө 


Exercise 1 • Ratio and Proportion 


Find the value of x. 
1. 3:x = 4:6 9. х:5 = 3:10 3.4:6 = x:4 
4. 3:x = x:12 5. х:(14 — x) = 4:3 6. x:12 = (x — 12:3 
7. x:6 2 (x + 6:101. 8. (x — 7):(х + 7) = 2:9 


Insert the missing quantity. 


X ? ? 7 5a ? 
9. = = – .— = — == = 
3 9 18 4х 16х n "Ib —'Ib 
а= Б b-a xcr2 ? 
19. —— = 13, — = 
Cd, ? 5x 5 


Find the mean proportional between the following. 


14. 2 and 50 15. 3 and 48 16. бапа 150 
17. 5 апа 45 18. 4 and 36 
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Applications 


19. Transformer Turns Ratio: For the transformer shown in Fig. 17-6, the ratio of 
the number of turns in the secondary winding to the number of turns in the pri- 
mary winding is 15. The secondary winding has 4500 turns. Find the number 
of turns in the primary. 


20. Gear Ratio: Find the speed of gear G, Fig. 17-7. 


21. Actual Mechanical Advantage: Find the actual mechanical advantage for the 
crank and axle machine, Fig. 17-8. 


29. Ideal Mechanical Advantage: Find the ideal mechanical advantage for the screw 
jack, Fig. 17—9, if the end of the jack handle moves 57.3 cm to raise the weight 
1.57 cm. 


23. Efficiency: It takes a force of 34.8 Ib to raise a weight of 74.8 Ib along the in- 
clined plane, Fig. 17—10, and the crate moves 28.7 in. along the plane while ris- 
ing vertically by 12.8 in. Find (a) the actual mechanical advantage, (b) the ideal 
mechanical advantage, and (c) the efficiency of the plane. 


24. Golden Ratio: A line, as shown in Fig. 17-11, is subdivided into two segments 
a and b such that the ratio of the smaller segment a to the larger segment b 
equals the ratio of the larger b to the whole (a + b). The ratio a/b is called the 
golden ratio or golden section. Set up a proportion, based on the above defini- 
tion, and compute the numerical value of this ratio. 


FIGURE 17-9 Screw jack. FIGURE 17-10  Inclined plane. 
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Primary Secondary 
winding winding 
N; turns М» turns 


FIGURE 17-6 A transformer. 


15 teeth 
1650 rev/min 


G 


50 teeth 


FIGURE 17-7 Spur gears. 


2 


Е = 10616 


W = 279 10 
FIGURE 17-8 Crank and axle. 


a b 
Va 


FIGURE 17-11 А line subdivided by 
the golden ratio. 


17-2 Similar Figures 


Our main use for ratio and proportion will be for similar figures, with applications 
to scale drawings, maps, and scale models. 


m Exploration: Try this. 


(a) Arrange four equal cardboard squares to form a square whose side is twice 
the side of a single square, Fig. 17-12(а). Measure the diagonal of a single 
square and also that of the four-square array. How do they compare? How does 
the area of the four-square array compare with the area of a single square? 

(b) Arrange eight children's blocks to form a cube, Fig. 17—12(b), each side of 
which is twice that of a single block. How does the volume of the eight-block 
cube compare with the volume of a single block? 


Now suppose you had a scale drawing of a computer on which all dimensions were 
half those on the actual object, and the area of the screen measures 42 in.” on the 
drawing. What would you suppose the actual screen area would be? 


"в 


) 


eo 
5 
38 


b 
FIGURE 17-12 
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FIGURE 17-14 We сап, in our minds, 
make the squares so small that they 
completely fill any irregular area. We 
use a similar idea in calculus when 
finding areas by integration. 
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Again given the half-scale drawing just mentioned, and the volume of the com- 
puter’s case that measures 288 in.? on the drawing, what would you suppose its ac- 
tual volume would be? Ej 


We considered similar triangles in our chapter on geometry and said that correspon- 
ding sides were in proportion. We now expand the idea to cover similar plane fig- 
ures of any shape, and also similar solids. 


Similar figures (plane or solid) are those in which the distance between any 
two points on one of the figures is a constant multiple of the distance between two 
corresponding points on the other figure. In other words, if two corresponding di- 
mensions are in the ratio of, say, 2:1, all other corresponding dimensions must be 
in the ratio of 2:1. In other words, 


We are using the term dimension to refer only to linear dimensions, such as lengths 
of sides or perimeters. It does not refer to angles, areas, or volumes. 


өөө Example 14: Two similar solids are shown in Fig. 17-13. Find the hole 
diameter D. 


FIGURE 17-13 Similar solids. 


Solution: By Statement 99, we write the proportion 


D 526 
22.5 3.15 
22.5(5.26) 
р = ———— = 37. 
3.15 37.6 mm 


Note that since we are dealing with ratios of corresponding dimensions, it was 
not necessary to convert all dimensions to the same units. ooo 


Areas of Similar Figures 


The area of a square of side s is s X s or s?. Thus if a side is multiplied by a factor 
k, the area of the larger square is (ks) X (ks) or 252. We see that the area has in- 
creased by a factor of k?. 

An area more complicated than a square can be thought of as being made up of 
many small squares, as shown in Fig. 17-14. Then, if a dimension of that area is 
multiplied by k, the area of each small square increases by a factor of 42, and hence 
the entire area of the figure increases by a factor of К”. Thus, 
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Thus if a figure has its sides doubled, the new area would be four times the original 
area. This relationship is valid not only for plane areas, but also for surface areas 
and cross-sectional areas of solids. 


өөө Example 15: The triangular top surface of the smaller solid shown in Fig. 17-13 
has an area of 4.84 in.?. Find the area A of the corresponding surface on the larger solid. 
Estimate: If each dimension on the larger solid were twice those on the smaller, then 
corresponding areas would be four times as large. The area of the top surface would 
then be about 19 in.”. But the larger dimensions are /ess than double that of the smaller, 
50 we expect an area less than 19 in? (and, of course, greater than 4.84 iri. ^J. 
Solution: By Statement 100, the area A is to 4.84 as the square of the ratio of 5.26 
to 3.15. We write the proportion 


A - (825) 
484 \3.15 


5.26 V? 
А = asa( 2%) = 13.5 in? +.. 


Scale Drawings 


An important application of similar figures is in the use of scale drawings, such as 
maps, engineering drawings, surveying layouts, and so on. The ratio of distances on 
the drawing to corresponding distances on the actual object is called the scale of the 
drawing. Use Statement 100 to convert between the areas on the drawing and areas 
on the actual object. 


өөө Example 16: A certain map has a scale of 1: 5000. How many acres on the land 
are represented by 168 in.” on the map? 


Solution: If A — the area on the land, then, by Statement 100, 
A Ge 
168 1 
A = 168(25,000,000) = 4.20 x 10? in? 


2 
) = 25,000,000 


Converting to acres, we have 


1 ft? 1 
А = 420 x 10° in2( 31 n ;) = 670 acres e 
144 in?/ \ 43,560 ft 


Volumes of Similar Solids 


Just as we thought of an irregular area as made up of many small squares, we can 
think of any solid as being made up of many tiny cubes, each of which has a vol- 
ume equal to the cube of its side. Thus if the dimensions of the solid are multiplied 
by a factor of k, the volume of each cube (and hence the entire solid) will 
increase by a factor of K^. 
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+++ Example 17: If the volume of the smaller solid in Fig. 17-13 is 15.6 in, find 
the volume V of the larger solid. 


Solution: By Statement 101, the volume V is to 15.6 as the cube of the ratio of 5.26 
to 3.15. So we have the proportion 


V - (2) 
15.6 43.15 


526 WV 3 
= 15. = 72.6 in. 
V se(338) біп 


Note that we know very little about the size and shape of these solids, yet we аге 
able to compute the volume of the larger solid. The methods of this chapter give us 
another powerful tool for making estimates. ooo 


Students often forget to square corresponding dimensions when 
finding areas and to cube corresponding dimensions when finding 
volumes. 


Common 


Error 


A scale model of something, such as a building, and the object itself, are similar 
solids. Thus we can use proportions to find dimensions, areas, and volumes on one 
given the scale and the corresponding quantity on the other. 


+++ Example 18: The model of a rocket fuel tank has a scale of 1:5. The model has 
a surface area of 536 in.? and a volume of 875 in.?. Find (a) the surface area S and 
(b) the volume V of the full-sized tank. 


Solution: (a) Areas are proportional to the squares of corresponding dimensions, so 


we write the proportion 
2-5 Bi 
536 1 


= 25(536) = 13,400 square inches 


or 13,400 + 144 = 93.1 #2. 


(b) Volumes are proportional to the cubes of corresponding dimensions, so we write 
the proportion 

V Bi 

875 1 


V = 125(875) = 109,375 cubic inches 


or 109,375 + 1728 = 63.3 ft’. өөө 


Exercise 2 • Similar Figures 


1. A container for storing propane gas is 0.755 m high and contains 20.0 liters. How 
high must a container of similar shape be to have a volume of 40.0 liters? 

2. A certain wood stove has a firebox volume of 4.25 f?. What firebox volume 
would be expected if all dimensions of the stove were increased by a factor 
of 1.25? 

3. If the stove in problem 2 weighed 327 lb, how much would the larger stove be 
expected to weigh? Remember that the weight of an object is proportional to 
its volume. 

4. A certain solar house stores heat in 155 metric tons of stone which are in 
a chamber beneath the house. Another solar house is to have a chamber of 


Section 3 * Direct Variation 


17. 


18. 


similar shape but with all dimensions increased by 15%. How many metric 
tons of stone will it hold? 


. Each side of a square is increased by 15.0 mm, and the area is seen to increase 


by 2450 mm^. What were the dimensions of the original square? 


. The floor plan of a certain building has a scale of я in. = 1 ft and shows a room 


having an area of 40 іп.2. What is the actual room area in square feet? 


. The area of a window of a car is 18.2 in ona drawing having a scale of 1:4. 


Find the actual window area in square feet. 


. A pipe 3.00 inches in diameter discharges 500 gal of water in a certain 


time. What must be the diameter of a pipe that will discharge 750 gal in the 
same time? Assume that the amount of flow through a pipe is proportional to 
its cross-sectional area. 


. If it cost $756 to put a fence around a circular pond, what will it cost to enclose 


another pond having i the area? 


. A triangular field whose base is 215 m contains 12,400 m^. Find the area of a 


field of similar shape whose base is 328 m. 


. The site for an industrial park has an area of 2.75 in? on a map drawn to a 


scale of 1:10,000. Find the area of the park, in acres. 


. AUS. Geological Survey map has a scale of 1: 24,000. If two buildings are 3.86 


miles apart, how many inches apart are they on the map? 


. How many acres are there in a woodland that measures 1.75 in.” on the USGS 


map of the preceding problem? 


. A scale model of a building has a scale of 1:25. The roof on the model meas- 


ures 225 in.”. Find the area, in square feet, of the actual roof. 


. A room in the model of the preceding problem has a volume of 837 in.? What is 


the volume, in cubic feet, of the corresponding room in the actual building? 


. A scale model of a space capsule has a scale of 1:8. Its volume is found, by 


immersion in water, to be 556,000 ст?. Find the volume of the actual capsule, 
in cubic meters. 

Writing: Suppose that your company makes plastic trays and is planning new ones 
with dimensions, including thickness of the material, double those now being made. 
Your company president is convinced that they will need only twice as much 
plastic as the older version. “Twice the size, twice the plastic,” he proclaims, and 
no one is willing to challenge him. Your job is to make a presentation to the presi- 
dent where you tactfully point out that he is wrong and where you explain that the 
new trays will require eight times as much plastic. Write your presentation. 

Team Project: We saw that the volumes (and hence the weights) of solids are 
proportional to the cube of corresponding dimensions. Applying that idea, 
suppose that a sporting goods company has designed a new line of equipment 
(ski packages, wind surfers, diving gear, jet skis, clothing, etc.) based on the 
following statement: 


The weights of people of similar build are proportional to the cube of their heights. 


The goal of this project is to prove or disprove the given statement. Your team 
will use data gathered from students on your campus in reaching a conclusion. 


17-3 Direct Variation 


m Exploration: 
Try this. In the same viewing window, graph 


y=x у = 2x y = 3x 


(a) What happens to y, for each function, as x increases? (b) What is the effect of the 
coefficient of x? ш 


If two variables are related, as in our exploration, by an equation of the form 


у kx 
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Of course, the same proportion can also 
be written in the form y4/X1 = yo/ Xo. 
Two other forms are also possible: 
X _ Xo 
yk y 
and 
A 40 
Xo Yo 
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where К is a constant, we say that 
y varies directly as x 
or that 
y is directly proportional to x 
The constant k is called the constant of proportionality. Direct variation can also be 
indicated by using the special symbol ёс, which means is proportional to. With 
either symbol, we have what is called direct variation. 


Solving Variation Problems 


Variation problems can be solved with or without evaluating the constant of propor- 
tionality. We first show a solution in which the constant is found by substituting the 
given values into Eq. 49. 


+++ Example 19: If y is directly proportional to х, and y is 27 when x is 3, find y 
when x is 6. 
Solution: Since y varies directly as x, we use Eq. 49. 

у = kx 
To find the constant of proportionality, we substitute the given values for x and y, 
3 and 27. 


27 = k(3) 
So k = 9. Our equation is then 
y = 9x 
When x = 6, 
у = 9(6) = 54 $69 


We now show how to solve such a problem without finding the constant of 
proportionality. 


eee Example 20: Solve Example 17 without finding the constant of proportionality. 


Solution: When quantities vary directly with each other, we can set up a proportion 
and solve it. Let us represent the initial values of x and y by x, and уу, and the second 
set of values by Хэ and y». Substituting each set of values into Eq. 49 gives us 


yy = К 
and 
уз = kx? 


Note that k has the same value in both equations. We divide the second equation by 
the first, and k cancels. 


MI x, 
The proportion says: “The new y is to the old y as the new x is to the old x." We 
now substitute the old x and y (3 and 27), as well as the new x (6). 


» 6 
27 3 
Solving yields 


6 
y» = 27 Ө = 54 as before. ooo 
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eee Example 21: If y varies directly as x, fill in the missing numbers in the table 
of values. 


X 
y| | | 16] 20] 28 


Solution: We find the constant of proportionality from the given pair of values 
(5, 20). Starting with Eq. 49, we have 


у = kx 
and substituting gives 
20 = k(5) 
k=4 
so 
у = 4х 


With this equation we find the missing values. 


When x = 1: y=4 
When x = 2: y=8 
16 
When y = 16: dade нийг 
28 
When y = 28: х= — = 7 
4 
So the completed table is 
х|1|2|4\ Sp 9 
y | 4 18 | 16| 20 | 28 22 


Applications 


Many practical problems can be solved using direct variation. Once you know that 
two quantities are directly proportional, you may assume an equation of the form of 
Eq. 49. Substitute the two given values to obtain the constant of proportionality, 
which you then put back into Eq. 49 to obtain the complete equation. From it you 
may find any other corresponding values. 

Alternatively, you may decide not to find k, but to form a proportion in which 
three values will be known, enabling you to find the fourth. 


өө Example 22: The force F needed to stretch a spring (Fig. 17-15) is directly pro- ud 
portional to the distance x stretched. If it takes 15 N to stretch a certain spring 28 cm, = 
how much force is needed to stretch it 34 cm? 
Estimate: We see that 15 N will stretch the spring 28 cm, or about 2 cm per newton. 
Thus a stretch of 34 cm should take about 34 + 2, or 17 М. 2 
Solution: We assume an equation of the form 
ГЄ--Х 
F = kx 
FIGURE 17-15 


where k is a constant (called the spring constant) for a particular spring, and 
depends upon its material, wire thickness, heat treatment, and so forth. Substituting 
the first set of values, we have 

15 = k(28) 
15 
28 
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X 


Weight 


Plunger 


FIGURE 17-16 
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15 
So the equation is F — ae When x = 34, 


1 
Е = (S) — |8 N (rounded) 


which is close to our estimated value of 17 N. +++ 


Exercise 3 » Direct Variation 


1: 
2. 


If y varies directly as x, and y is 56 when x is 21, find y when x is 74. 
If w is directly proportional to z, and w has a value of 136 when z is 10.8, find 
w when z is 37.3. 


. If p varies directly as д, and p is 846 when q is 135, find q when p is 448. 
. If y is directly proportional to x, and y has a value of 88.4 when x is 23.8, 


(a) Find the constant of proportionality. 
(b) Write the equation y = f(x). 

(c) Find y when x — 68.3. 

(d) Find x when y — 164. 


Assuming that y varies directly as x, fill in the missing values in each table of 


ordered pairs. 


5. x | 9 | 11 | 
»|45| | 75 
6. х 3.40 | 7.20 12.3 
y 50.4 |68.6 
7. x| 115 | 125 154 
y 167 | 187 
Applications 
8. The distance between two cities is 828 km, and they are 29.5 cm apart on a map. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Find the distance between two points 15.6 cm apart on the same map. 


If the weight of 2500 steel balls is 3.65 kg, find the number of balls in 
10.0 kg. 


If 80 transformer laminations make a stack 1.75 cm thick, how many lamina- 
tions are contained in a stack 3.00 cm thick? 


If your car now gets 21.0 mi/gal of gas, and if you can go 251 mi on a tank of 
gasoline, how far could you drive with the same amount of gasoline with a car 
that gets 35.0 mi/gal? 


A certain automobile engine delivers 53 hp and has a displacement (the total 
volume swept out by the pistons) of 3.0 liters. If the power is directly propor- 
tional to the displacement, what horsepower would you expect from a similar 
engine that has a displacement of 3.8 liters? 


The resistance of a conductor is directly proportional to its length. If the resist- 
ance of 2.60 mi of a certain transmission line is 155 О, find the resistance of 
75.0 mi of that line. 


The resistance of a certain spool of wire is 1120 O. A piece 10.0 m long is 
found to have a resistance of 12.3 О. Find the length of wire on the spool. 

If a certain machine can make 1850 parts in 55 min, how many parts can it 
make in 7.5 h? Work to the nearest part. 


In Fig. 17-16, the constant force on the plunger keeps the pressure of the gas 
in the cylinder constant. The piston rises when the gas is heated and falls when 


Section 4 * The Power Function 


the gas is cooled. If the volume of the gas is 1520 cm? when the temperature is 
302 K, find the volume when the temperature is 358 K. 


17. The power generated by a hydroelectric plant is directly proportional to the flow 
rate through the turbines, and a flow rate of 5625 gallons of water per minute 
produces 41.2 MW. How much power would you expect when a drought reduces 
the flow to 5000 gal/min? 
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For problem 16, use Charles's law: The 
volume of a gas at constant pressure is 
directly proportional to its absolute 
temperature. K is the abbreviation for 
kelvin, the SI absolute temperature scale. 
Add 273.15 to Celsius temperatures to 
obtain temperatures on the kelvin scale. 


17-4 The Power Function Rc ——— 


Definition 
Earlier in this chapter we saw that we could represent the statement “y varies 
directly as x" by Eq. 49, 


y=kx 
Similarly, if y varies directly as the square of x, we have 
у = kx? 
or if у varies directly as the square root of x, 


y= kV x = kx!’ 


These are all examples of the power function. 


The constants can, of course, be represented by any letter. Appendix A shows a 
instead of k. 


The constants k and n can be any positive or negative number. This simple function 
gives us a great variety of relations that are useful in technology and whose forms de- 
pend on the value of the exponent, n. A few of these are shown in the following table: 


п = 1 Linear function y = kx (direct variation) Straight line 
n=2 Quadratic function y = kx? Parabola 
n-3 Cubic function у= kx Cubical parabola 
k 
n= -1 y = — (inverse variation) Hyperbola 
x 


Graph of the Power Function 

The graph of a power function varies greatly, depending on the exponent. We first 
show some power functions whose exponents are positive integers. 

+++ Example 23: Graph the power functions у = x? and y = x? for a range of x 
from —3 to +3, by calculator. 


Solution: The curves y = x? and y = x? are plotted as shown. Notice that the plot 
of y = x? has no negative values of y. This is typical of power functions that have 


For exponents of 4 and 5, we have 
the quartic and quintic functions, 
respectively. 


Screen for Example 21: y = x”, shown 
heavy, and y = x°, shown light. 
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Screen for Example 22: y = x 
Tick marks are 1 unit apart. 


1/2 
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even positive integers for exponents. The plot of y — x? does have negative y's for 
negative values of x. The shape of this curve is typical of a power function that has an 
odd positive integer for an exponent. +.. 


When we are graphing a power function with a fractional exponent, the curve 
may not exist for negative values of x. 


1/2 


+++ Example 24: Graph the function y = x /^for x = —2 to 9 by calculator. 


Solution: We see that for negative values of x, there are no real number values of y. 
For the nonnegative values, we get the graph as shown in the screen at left. ooo 


Solving Power Function Problems 


As with direct variation (and with inverse variation and combined variation, treated 
later), we can solve problems involving the power function with or without finding 
the constant of proportionality. The following example will illustrate both methods. 


eee Example 25: If y varies directly as the 3 power of x, and у is 54 when x is 9, find 
y when x is 25. 


Solution by Solving for the Constant of Proportionality: We let the exponent n 
in Eq. 148 be equal to 2, 
у = кх??? 


As before, we evaluate the constant of proportionality by substituting the known 
values into the equation. Using x = 9 and y = 54, we obtain 


54 = k(9? = k(27) 


so k = 2. Our power function is then 


y= 233 


This equation can then be used to find other pairs of corresponding values. For 
example, when x — 25, 


y = 2(25у72 = 250 


Solution by Setting Up a Proportion: Here we set up a proportion in which three 
values are known, and we then solve for the fourth. If 

у = Кх? 
and 

у = kx? 


then y» is to y; as кд? 15 (0 кхї?. 
X2 _ (2)" 
yı Х1 


Note that the constant k has canceled out. Substituting y; = 54, x, = 9, and 
X2 = 25 we get 


from which 


as before ooo 
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An Application 


өөө Example 26: The horizontal distance S traveled by a projectile is directly pro- 
portional to the square of its initial velocity V. If the distance traveled is 1250 m 
when the initial velocity is 190 m/s, find the distance traveled when the initial 
velocity is 250 m/s. 


Solution: The problem statement implies a power function of the form 5 = kV”. 
Substituting the initial set of values gives us 


1250 = k(190)? 


1250 
= z = 0.0346 
(190) 
So our relationship is 
S = 0.0346V? 


When V — 250 m/s, 
S = 0.0346(250)* = 2160 m 


Check: We use our graphics calculator to plot $ — 0.03463V?. Then using the 
TRACE | feature, we check that 5 = 2160 when V = 250, that S = 1250 when 
V = 190, and that $ = 0 whenV = 0. 53322 


Some problems may contain no numerical values аг all, as in the following 
example. 


eee Example 27: If y varies directly as the cube of x, by what factor will y change if 
(a) x is doubled, and (b) x is increased by 2596? 


Solution: The relationship between x and y is 
y= kx? 


If we give subscripts | to the initial values and subscripts 2 to the final values, we 
may write the proportion 

» _ kx _ (2) 

MI kx} ХІ 


(a) If ће new x is twice the old х, we have 


х = 2x1 
Substituting, 3 
3 2 3 
уз (2) -( ч) dics 
У ХІ XI 
So 
»78y 


Thus y has increased by a factor of 8. 


(b) If the new х is 25% greater than the old x, then x. = x, + 0.25x, or 1.25x4. 
We thus substitute 


X2 = 1.25х1 
SO 
y 1.25x1 Ү? 1250 
22 = ( a) -( ) = 1,95 
yı X1 1 
or 
у = 1.95y, 


So y has increased by a factor of 1.95. өөө 
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Exercise 4 • The Power Function 


1. 


9. 


З. 


10. 


11. 


12. 
13. 
14. 


If y varies directly as the square of x, and y is 726 when x is 163, find y when x 
is 274. 

If y is directly proportional to the square of x, and y is 5570 when x is 172, 
find y when x is 382. 

If y varies directly as the cube of x, and y is 4.83 when x is 1.33, find y when x 
is 3.38. 


. If y is directly proportional to the cube of x, and y is 27.2 when x is 11.4, find 


y when x is 24.9 


. If y varies directly as the square of x, and y is 285.0 when x is 112.0, find y 


when x is 351.0. 


. If y varies directly as the square root of x, and y is 11.8 when x is 342, find y 


when x is 288. 


. If y is directly proportional to the cube of x, and y is 638 when x is 145, find y 


when x is 68.3 


. If y is directly proportional to the five-halves power of x, and y has the value 


55.3 when x is 17.3, 

(a) Find the constant of proportionality. 
(b) Write the equation y = f(x). 

(c) Find y when x = 27.4. 

(d) Find x when y — 83.6. 


. If y varies directly as the fourth power of x, fill in the missing values in the 


following table of ordered pairs: 


x | 182 | 756 | 
у | 297 | | 154 


If y is directly proportional to the 3 power of x, fill in the missing values in the 


following table of ordered pairs: 


x | 1.054 | 1.135 | 
y | | 4.872 | 6.774 


If y varies directly as the cube root of x, fill in the missing values in the 
following table of ordered pairs: 

x | 315 | | 782 

y | | 148 | 275 
Graph the power function y = 1.04x? for x = —5to 5. 


Graph the power function y — 0.5533? for x = —3 to 3. 
Graph the power function y — 1.25x?? for x = 0 to 5. 


Freely Falling Body For these problems, we use Eq. 1018, s = vot + ar?/2, 
which says that, if assume the initial velocity is zero, the distance s fallen by a body 
(from rest) varies directly as the square of the elapsed time t. 


15. 
16. 


17. 
18. 


If a body falls 176 m in 6.00 s, how far will it fall in 9.00 s? 

If a body falls 4.90 m during the first second, how far will it fall during the 
third second? 

If a body falls 129 ft in 2.00 s, how many seconds will it take to fall 525 ft? 

If a body falls 738 units in 3.00 s, how far will it fall in 6.00 s? 


Power in a Resistor From Eq. 1066, P — I? R, we see that power P dissipated 
in a resistor varies directly as the square of the current Z in the resistor. 


19. 


If the power dissipated in a resistor is 486 W when the current is 2.75 A, find 
the power when the current is 3.45 A. 
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20. If the current through a resistor is increased by 28%, by what percent will the 
power increase? 

21. By what factor must the current in an electric heating coil be increased to triple 
the power consumed by the heater? 


Photographic Exposures 


22. The exposure time for a photograph is directly proportional to the square of the 
f stop. (The f stop of a lens is its focal length divided by its diameter.) A certain 
photograph will be correctly exposed at a shutter speed of 1/100 s with a lens 
opening of f5.6. What shutter speed is required if the lens opening is changed to 
f8? 

23. For the photograph in problem 22, what lens opening is needed for a shutter 
speed of 1/50 s? 

24. Most cameras have the following f stops: f2.8, f4, f5.6, f8, f11, and #16. 
To keep the same correct exposure, by what factor must the shutter speed be 
increased when the lens is opened one stop? (Photographer's rule of thumb: 
Double the exposure time for each increase in f stop.) 

25. A certain enlargement requires an exposure time of 24 s when the enlarger's lens 
is set at f22. What lens opening is needed to reduce the exposure time to 8 s? 

26. Computer: The power function y = 11.9x??? has been proposed as an equation 
to fit the following data: 


X | 1 2 3 4 5 6 7 8 9 10 
y | 11.9 594 152 292 496 754 1097 1503 1901 2433 


Write a program or use a spreadsheet that will compute and print the following 
for each given x: 


(a) The value of y from the formula. 
(b) The difference between the value of y from the table and that obtained 
from the formula. This is called a residual. 


17-5 Inverse Variation 


ш Exploration: The two functions 
y=x and y = 1/х 


look somewhat alike. (a) Can you predict, for each, what happens to y as x gets larger? 
(b) What happens to y for each as x gets very large? (c) What happens to y for each as 
x gets very small? 
Try this. Graph the two functions in the same viewing window, for x = 0 to 3. 
Does your graph bear out your predictions? 

For the bar in tension, Fig.17-17, the stress ø is equal to the applied force Р 


P 
divided by the cross-sectional area a of the bar, or a. = —. What happens mathemati- 
a 


cally to the stress as a increases? As a gets very small? Does the mathematics agree 
with what you know about the stress in a bar? ш 


When we say that “у varies inversely as x” or that “y is inversely proportional to х,” 
we mean that x and y are related by the following equation, where, as before, k is a 
constant of proportionality: 
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FIGURE 17-17 А bar in tension. 
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The equation y = К/х can also be written as 
y= kx! 
that is, a power function with a negative exponent. Another form is obtained by 
multiplying both sides of y = k/x by x, getting 
ху = К 
Each of these three forms indicate inverse variation. Inverse variation problems аге 


solved by the same methods as for any other power function. As before, we can 
work these problems with or without finding the constant of proportionality. 


+++ Example 28: If y is inversely proportional to x, and y is 8 when x is 3, find y 
when x is 12. 


Solution: The variables x and y are related by y = k/x. We find the constant of 
proportionality by substituting the given values of x and y (3 and 8). 


_ К 
3 
k = 3(8) = 24 
So y = 24/x. When x = 12, 
24 = 2 ooo 
7 39 
Common А Laue И : : 
Enon Do not confuse inverse variation with the inverse of a function. 


+++ Example 29: If y is inversely proportional to the square of x, by what factor will 
y change if x is tripled? 


Solution: From the problem statement we know that y = k/ x ork = x? y. If we 
use the subscript 1 for the original values and 2 for the new values, we can write 


= 00 
k = хуу = хуу) 
Since the new х is triple the old, we substitute 3x, for x». 


xi?y = Bx)?» 


= 9x17 yp 
уу = Ээ» 
ог 
ya Жаш 2 
^9 
So the new y is one-ninth of its initial value. өөө 


өөө Example 30: If y varies inversely as x, fill in the missing values in the table: 
x | 1 9 12 
y 12 | 4 

Solution: We substitute the ordered pair (9, 4) into Eq. 50. 


k 
4=-—- 
9 
k = 36 
So 
36 
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Filling in the table, we have 


х|1 3 9 1 
»l36 12 4 3 ooo 


An Application 


өөө Example 31: The number of oscillations N that a pendulum (Fig. 17-18) makes 
per unit time is inversely proportional to the square root of the length L of the 
pendulum, and N = 2.00 oscillations per second when L = 85.0 cm. 


(a) Write the equation N = f(L). 
(b) Find N when L — 115 cm. 


Solution: 


(a) From the problem statement, the equation will be of the form 


k 
N=—= 


VL 


Substituting N — 2.00 and L — 85.0 gives us 


k 


V 85.0 
k = 2.00V 85.0 = 18.4 


2.00 — 


So the equation is 


N= 18.4 
VL 
(b) When L = 115, 
18.4 "ND 
М = —— = 1.72 oscillations per second 


V 115 


Check: Does the answer seem reasonable? We see that N has decreased, which 
we expect with a longer pendulum, but it has not decreased by much. As a check, 
we note that L has increased by a factor of 115 + 85, or 1.35, so we expect N to 
decrease by a factor of V 1.35, or 1.16. Dividing, we find that 2.00 + 1.72 = 1.16, 
so the answer checks. +++ 


Exercise 5 • Inverse Variation 


1 


3. 
. If y varies inversely as x, and y has the value 104 when x is 532, 


. If y varies inversely as x, and y is 385 when x is 832, find y when x is 226. 
2. 


If y is inversely proportional to the square of x, and y has the value 1.55 when 
x is 7.38, find y when x is 44.2. 
If y is inversely proportional to x, how does y change when x is doubled? 


(a) Find the constant of proportionality. 
(b) Write the equation y = f(x). 

(c) Find y when x is 668. 

(d) Find x when y is 226. 


. If y is inversely proportional to x, fill in the missing values. 


X 


y 


306 | 622 
125 | 


418 


511 


A simple pendulum. 
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6. Fill in the missing values, assuming that y is inversely proportional to the 


square of x. 
2.69 7.83 


1.52 


X 


y 1.16 
7. If y varies inversely as the square root of x, fill in the missing values. 
х 3567 5725 


y | 1136 | 1828 


8. If y is inversely proportional to the cube root of x, by what factor will y change 
when x is tripled? 

9. If y is inversely proportional to the square root of x, by what percentage will y 
change when x is decreased by 50.096? 


10. Plot the curve y = 5/x? for x = 0105. 
11. Plot the function y = 1/x for x = 0 to 10. 


Boyle's Law 


Boyle's law states that for a confined gas at a constant temperature, the product of 
the pressure and the volume is a constant. Another way of stating this law is that 
the pressure is inversely proportional to the volume, or that the volume is in- 
versely proportional to the pressure. Assume a constant temperature in the fol- 
lowing problems. 


19. A certain quantity of gas, when compressed to a volume of 2.50 m?, has a pres- 
sure of 184 Pa. The pascal (Pa) is the SI unit of pressure. It equals 1 newton per 
square meter. Find the pressure resulting when that gas is further compressed to 
1.60 m. 

13. The air in a cylinder is at a pressure of 14.7 Ib/ in.” and occupies a volume of 
175 in? Find the pressure when it is compressed to 25.0 in. 

14. A balloon contains 320 m? of gas at a pressure of 140,000 Pa. What would the 
volume be if the same quantity of gas were at a pressure of 250,000 Pa? 


Gravitational Attraction 


Newton's law of gravitation states that any two bodies attract each other with a 
force that is inversely proportional to the square of the distance between them. 


15. The force of attraction between two certain steel spheres is 3.75 X 1077 Чупе 
when the spheres are placed 18.0 cm apart. Find the force of attraction when 
they are 52.0 cm apart. 

16. How far apart must the spheres in problem 15 be placed to cause the force of 
attraction between them to be 3.00 x 1075 dyne? 

17. The force of attraction between the earth and some object is called the weight 
of that object. The law of gravitation states, then, that the weight of an object 
is inversely proportional to the square of its distance from the center of the 
earth. If a person weighs 150 Ib on the surface of the earth (assume this to be 
3960 mi from the center), how much will he weigh 1500 mi above the surface 
of the earth? 

18. How much will a satellite, whose weight on earth is 675 N, weigh at an altitude 
of 250 km above the surface of the earth? 


Illumination 


The inverse square law states that for a surface illuminated by a light source, the in- 
tensity of illumination on the surface is inversely proportional to the square of the 
distance between the source and the surface. 
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19. A certain light source produces an illumination of 800 lux (a lux is 1 lumen per 
square meter) on a surface. Find the illumination on that surface if the distance 
to the light source is doubled. 

20. A light source located 2.75 m from a surface produces an illumination of 528 lux 
on that surface. Find the illumination if the distance is changed to 1.55 m. 

21. A light source located 7.50 m from a surface produces an illumination of 426 
lux on that surface. At what distance must that light source be placed to give 
an illumination of 850 lux? 

29, When a document is photographed on a certain copy stand, an exposure time of 
5 s is needed, with the light source 0.750 m from the document. At what dis- 
tance must the light be located to reduce the exposure time to 16 82 


Electrical 


23. The current in a resistor is inversely proportional to the resistance. By what fac- 
tor will the current change if a resistance increases 10.0% due to heating? 

24. The resistance of a wire is inversely proportional to the square of its diameter. 
If an AWG (American wire gauge) size 12 conductor (0.0808-in. diameter) 
has a resistance of 14.8 O, what will be the resistance of an AWG size 10 
conductor (0.1019-in. diameter) of the same length and material? 

25. The capacitive reactance X, of a circuit varies inversely as the capacitance C of 
the circuit. If the capacitance of a certain circuit is decreased by 25.0%, by what 
percentage will X, change? 


Graphics Calculator 
26. Use a graphics calculator or computer to graph 
у = 1/х ad y= 1/x? 


in the same viewing window from x = —4 to 4. How do you explain the 
different behavior of the two functions for negative values of x? 


17-6 Functions of More Than One Variable re 


So far in this chapter, we have considered only cases where y was a function of a 
single variable x. In functional notation, this is represented by y = f(x). In this 
section we cover functions of two or more variables, such as 


y = f(x, м) 


and 
y = f(x, м, z) 


and so forth. 


Joint Variation 


When y varies directly as both x and w, we say that y varies jointly as x and w. The 
three variables are related by the following equation, where, as before, k is a con- 
stant of proportionality: 


өө Example 32: If y varies jointly as both x and w, how will y change when х is 
doubled and w is one-fourth of its original value? 
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Solution: Let y' be the new value of y obtained when x is replaced by 2x and w is 
replaced by w/4, while the constant of proportionality k, of course, does not change. 
Substituting in Eq. 51, we obtain 
w 
"= KQx)| — 
213 


y= 
| kxw 
CA 
But, since kxw = y, then 
Polo» 
y 2 
So the new y is half as large its former value. өөө 


Combined Variation 


Relationships more complicated than that in Eq. 51 are usually referred to as com- 
bined variation. The way they are related can be found by careful reading of the 
problem statement. 


+++ Example 33: If y varies directly as the cube of x and inversely as the square of z, 
we write 


y=- ФФ 


+++ Example 34: If y is directly proportional to x and the square root of у, and in- 
versely proportional to the square of z, we write 
kx V/w 
y= 2 ooo 
z 


Once you have an equation, the problem is solved in the same way as we did sim- 
pler types. 


+++ Example 35: If y varies directly as the square root of x and inversely as the 
square of w, by what factor will y change when x is made four times larger and w 
is tripled? 


Solution: First write the equation linking y to x and w, including a constant of 
proportionality k. From the problem statement 
_ kV x 


M "i 


We get a new value for y (let's call it у”) when x is replaced by 4x and w is replaced 


by 3w. Thus 
ЭМЭЭ" 2V/x 
y = = 
(Зи)? 9w? 
2 ee ) 2 
ow J 9 
We see that y’ is 2 as large as the original у. өөө 


+++ Example 36: If y varies directly as the square of w and inversely as the cube root 
of x, and y = 225 when w = 103 and x = 157, find y when w = 126 and x = 212. 


Solution: From the problem statement, 
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Solving for k, we have 


225 = ЧО = 1967k 
W157 
or k = 0.1144. So 
_ 0.1144? 


Wx 
When w = 126 and x = 212, 
| 01144026? — 


37212 


өөө Example 37: Assume y is directly proportional to the square of x and inversely 
proportional to the cube of w. By what factor will y change if x is increased by 15% 
and w is decreased by 20%? 


305 +++ 


Solution: The relationship between x, y, and w was given verbally. As an equation, 


= 
y-k3 
Ww 
so we can write the proportion 
x 
k 3 
» w2 X2 Wi (2) (=) 
У жү? w? X1 X1 w2 
к 
| 


We now replace x5 with 1.15x, and replace w with 0.8w;. 


1.15x, V2 3 (1.15 
2 = ( ШЇС- ) m Y= 258 
yi хү 0.8w1 (0.8) 


So y will increase by a factor of 2.58. өөө 


An Application 


eee Example 38: If the strength S of a rectangular beam, Fig. 17—19, varies jointly 
as its width w, the square of its depth d, and inversely as its length L, how will the 
strength change if all three dimensions are increased by a factor of 1.50? 


Solution: The strength of the original beam may be written 


kwd? 
5-2 
Ї 


and the strength of the new beam is 
К k(1.50w)(1.50d)* 
= 


1.50L 


Dividing one by the other we get 


k (1.50w) (1.504)? 


85 1.50L > 
= —— - (1.50)? = 2.25 
51 kwd? ш 

L 


Thus the strength of the new beam is 2.25 times that of the old. +++ 
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FIGURE 17-19 A rectangular beam. 
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Exercise 6 • Functions of More Than One Variable 


Joint Variation 


1. If y varies jointly as w and x, and y is 483 when x is 742 and w is 383, find y 
when x is 274 and w is 756. 

9. If y varies jointly as x and w, by what factor will y change if x is tripled and w 
is halved? 

3. If y varies jointly as w and x, by what percent will y change if w is increased 
by 12% and x is decreased by 7.0%? 

4. If y varies jointly as w and x, and y is 3.85 when w is 8.36 and x is 11.6, evalu- 
ate the constant of proportionality, and write the complete expression for y in 
terms of w and x. 

5. If y varies jointly as w and x, fill in the missing values. 


46.2 18.3 127 
19.5 41.2 

8.86 155 
12.2 79.8 


Combined Variation 


6. If y is directly proportional to the square of x and inversely proportional to 
the cube of w, and y is 11.6 when x is 84.2 and w is 28.4, find y when x is 5.38 
and w is 2.28. 

7. If y varies directly as the square root of w and inversely as the cube of x, by 
what factor will y change if w is tripled and x is halved? 

8. If y is directly proportional to the cube root of x and to the square root of w, by 
what percent will y change if x and w are both increased by 7.096? 

9. If y is directly proportional to the 3 power of x and inversely proportional to w, 
and y is 284 when x is 858 and w is 361, evaluate the constant of proportional- 
ity, and write the complete equation for y in terms of x and w. 

10. If y varies directly as the cube of x and inversely as the square root of w, fill in 
the missing values in the table. 


1.27 3.05 

5.66 1.93 
4.66 2.75 3.87 
7.07 1.56 


Geometry 


11. The area of a triangle varies jointly as its base and altitude. By what percent will 
the area change if the base is increased by 15% and the altitude decreased by 25%? 

19. If the base and the altitude of a triangle are both halved, by what factor will the 
area change? 


Electrical 


13. When an electric current flows through a wire, the resistance to the flow varies di- 
rectly as the length and inversely as the cross-sectional area of the wire. If the 
length and the diameter are both tripled, by what factor will the resistance change? 

14. If 750 m of 3.00-mm-diameter wire has a resistance of 27.6 O, what length of 
similar wire 5.00 mm in diameter will have the same resistance? 
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Gravitation 


15. Newton’s law of gravitation states that every body in the universe attracts every 
other body with a force that varies directly as the product of their masses and in- 
versely as the square of the distance between them. By what factor will the force 
change when the distance is doubled and each mass is tripled? 

16. If both masses are increased by 60% and the distance between them is halved, 
by what percent will the force of attraction increase? 


Illumination 


17. The intensity of illumination at a given point is directly proportional to the in- 
tensity of the light source and inversely proportional to the square of the distance 
from the light source. If a desk is properly illuminated by a 75.0-W lamp 8.00 
ft from the desk, what size lamp will be needed to provide the same lighting at 
a distance of 12.0 ft? 

18. How far from a 150-candela light source would a picture have to be placed so 
as to receive the same illumination as when it is placed 12 m from an 85- 
candela source? 


Gas Laws 


19. The volume of a given weight of gas varies directly as its absolute temperature t and 
inversely as its pressure p. If the volume is 4.45 m? when p = 225 kilopascals (kPa) 
апат = 305 K, find the volume when p = 325 kPa and t = 354 К. 

20. If the volume of a gas is 125 ft^, find its volume when the absolute temperature 
is increased 10% and the pressure is doubled. 


Work 


21. The amount paid to a work crew varies jointly as the number of persons work- 
ing and the length of time worked. If 5 workers earn $5123.73 in 3.0 weeks, in 
how many weeks will 6 workers earn a total of $6148.48? 

22. If 5 bricklayers take 6.0 days to finish a certain job, how long would it take 7 brick- 
layers to finish a similar job requiring 4 times the number of bricks? 


Strength of Materials 


23. The maximum safe load of a rectangular beam (Fig. 17—20) varies jointly as its 
width and the square of its depth and inversely as the length of the beam. If a 
beam 8.00 in. wide, 11.5 in. deep, and 16.0 ft long can safely support 15,000 Ib, 
find the safe load for a beam 6.50 in. wide, 13.4 in. deep, and 21.0 ft long made 
of the same material. 

24, If the width of a rectangular beam is increased by 11%, the depth decreased by 
8%, and the length increased 6%, by what percent will the safe load change? 


Mechanics 


25. The number of vibrations per second made when a stretched wire (Fig. 17-21) 
is plucked varies directly as the square root of the tension in the wire and in- 
versely as its length. If a 1.00-m-long wire will vibrate 325 times a second when 
the tension is 115 N, find the frequency of vibration if the wire is shortened to 
0.750 m and the tension is decreased to 95.0 N. 

26. The kinetic energy of a moving body is directly proportional to its mass and the 
square of its speed. If the mass of a bullet is halved, by what factor must its speed 
be increased to have the same kinetic energy as before? 


Depth 
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FIGURE 17-90 А rectangular beam. 


@—> Tension 


FIGURE 17-21 


A stretched wire. 
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FIGURE 17-92 


A vertical cylindrical tank. 
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Fluid Flow 


97. 


28. 


10. 


11. 


12. 


13. 


14. 


The time needed to empty a vertical cylindrical tank (Fig. 17—22) varies directly 
as the square root of the height of the tank and the square of its radius. By what 
factor will the emptying time change if the height is doubled and the radius 
increased by 25%? 

The power available in a jet of liquid is directly proportional to the cross- 
sectional area of the jet and to the cube of the velocity. By what factor will 
the power increase if the area and the velocity are both increased 50%? 


CHAPTER 17 REVIEW PROBLEMS *999999999999999999999999999999 


. If y varies inversely as x, and y is 736 when x is 822, find y when x is 583. 
. If y is directly proportional to the 3 power of х, by what factor will y change 


when x is tripled? 


. If y varies jointly as x and z, by what percent will y change when x is increased 


by 15.0% and z is decreased by 4.00%? 


. The braking distance of an automobile varies directly as the square of the speed. 


If the braking distance of a certain automobile is 34.0 ft at 25.0 mi/h, find the 
braking distance at 55.0 mi/h. 


. The rate of flow of liquid from a hole in the bottom of a tank is directly propor- 


tional to the square root of the liquid depth. If the flow rate is 225 L/min when 
the depth is 3.46 m, find the flow rate when the depth is 1.00 m. 


. The power needed to drive a ship varies directly as the cube of the speed of the 


ship, and a 77.4-hp engine will drive a certain ship at 11.2 knots. Find the horse- 
power needed to propel that ship at 18.0 knots. 


. If the tensile strength of a cylindrical steel bar varies directly as the square of its 


diameter, by what factor must the diameter be increased to triple the strength of 
the bar? 


. The life of an incandescent lamp varies inversely as the 12th power of the ap- 


plied voltage, and the light output varies directly as the 3.5th power of the ap- 
plied voltage. By what factor will the life increase if the voltage is lowered by 
an amount that will decrease the light output by 10%? 


. One of Kepler’s laws states that the time for a planet to orbit the sun varies directly 


as the 3 power of its distance from the sun. How many years will it take for Sat- 
urn, which is about 9: times as far from the sun as is the earth, to orbit the sun? 
The volume of a cone varies directly as the square of its base radius and as its 
altitude. By what factor will the volume change if its altitude is doubled and its 
base radius is halved? 

The number of oscillations made by a pendulum in a given time is inversely pro- 
portional to the length of the pendulum. A certain clock with a 30.00-in.-long 
pendulum is losing 15.00 min/day. Should the pendulum be lengthened or 
shortened, and by how much? 

A trucker usually makes a trip in 18.0 h at an average speed of 60.0 mi/h. Find 
the traveling time if the speed were reduced to 50.0 mi/h. 

The force on the vane of a wind generator varies directly as the area of the vane 
and the square of the wind velocity. By what factor must the area of a vane be 
increased so that the wind force on it will be the same in a 12-mi/h wind as it 
was in a 35-mi/h wind? 

The maximum deflection of a rectangular beam varies inversely as the product 
of the width and the cube of the depth. If the deflection of a beam having a width 
of 15 cm and a depth of 35 cm is 7.5 mm, find the deflection if the width is made 
20 cm and the depth 45 cm. 


Review Problems 


15. 


16. 


17. 


18. 


19. 


20. 


21 


n 


22. 


23. 


24. 


25. 


26. 
27. 


28. 


29. 


30. 


31, 


32. 


33, 


34. 


35. 


When an object moves at a constant speed, the travel time is inversely proportional 
to the speed. If a satellite now circles the earth in 26 h 18 min, how long will it 
take if booster rockets increase the speed of the satellite by 1596? 

The life of an incandescent lamp is inversely proportional to the 12th power of 
the applied voltage. If a lamp has a life of 2500 h when run at 115 V, what will 
its life expectancy be when it is run at 110 V? 

How far from the earth will a spacecraft be equally attracted by the earth and the 
moon? The distance from the earth to the moon is approximately 239,000 mi, 
and the mass of the earth is about 82.0 times that of the moon. 

Ohm’s law states that the electric current flowing in a circuit varies directly as the 
applied voltage and inversely as the resistance. By what percent will the current 
change when the voltage is increased by 25% and the resistance increased by 15%? 
The allowable strength F of a column varies directly as its length L and inversely 
as its radius of gyration r. If F — 35 kg when L is 12 m and r is 3.6 cm, find F 
when L is 18 m and r is 4.5 cm. 

The time it takes a pendulum to go through one complete oscillation (the period) 
is directly proportional to the square root of its length. If the period of a 1-m pen- 
dulum is 1.25 s, how long must the pendulum be to have a period of 2.5 s? 

If the maximum safe current in a wire is directly proportional to the 3 power of 
the wire diameter, by what factor will the safe current increase when the wire 
diameter is doubled? 

Four workers take ten 6-h days to finish a job. How many workers are needed to 
finish a similar job which is 3 times as large, in five 8-h days? 

When a jet of water strikes the vane of a water turbine and is deflected through 
an angle 0, the force on the vane varies directly as the square of the jet velocity 
and the sine of 0/2. If 0 is decreased from 55° to 40°, and if the jet velocity in- 
creases by 4096, by what percentage will the force change? 

By what factor will the kinetic energy change if the speed of a projectile is dou- 
bled and its mass is halved? Use the fact that the kinetic energy of a moving body 
is directly proportional to the mass and the square of the velocity of the body. 
The fuel consumption for a ship is directly proportional to the cube of the ship's 
speed. If a certain tanker uses 1584 gal of diesel fuel on a certain run at 15.0 
knots, how much fuel would it use for the same run when the speed is reduced 
to 10.0 knots? A knot is equal to 1 nautical mile per hour. (1 nautical mile = 
1.151 statute miles.) 

The diagonal of a certain square is doubled. By what factor does the area change? 
A certain parachute is made from 52.0 m? of fabric. If all of its dimensions are 
increased by a factor of 1.40, how many square meters of fabric will be needed? 
The rudder of a certain airplane has an area of 7.50 ft. By what factor must the 
dimensions be scaled up to triple the area? 

A 1.5-in.-diameter pipe fills a cistern in 5.0 h. Find the diameter of a pipe that 
will fill the same cistern in 9.0 h. 

If 315 m of fence will enclose a circular field containing 2.0 acres, what length 
will enclose 8.0 acres? 

The surface area of a one-quarter model of an automobile measures 1.10 m?. 
Find the surface area of the full-sized car. 

A certain water tank is 25.0 ft high and holds 5000 gal. How much would a 35.0- 
ft-high tank of similar shape hold? 

A certain tractor weighs 5.80 tons. If all of its dimensions were scaled up by a 
factor of 1.30, what would the larger tractor be expected to weigh? 

If a trough 5.0 ft long holds 12 pailfuls of water, how many pailfuls will a sim- 
ilar trough hold that is 8.0 ft long? 

A ball 4.50 inches in diameter weighs 18.0 oz. What is the weight of another 
ball of the same density that is 9.00 inches in diameter? 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 


A ball 4.00 inches in diameter weighs 9.00 Ib. What is the weight of a ball 25.0 
cm in diameter made of the same material? 

A worker’s contract has a cost-of-living clause that requires that his salary be 
proportional to the cost-of-living index. If he earned $1600 per week when the 
index was 94.0, how much should he earn when the index is 127? 

A woodsman pays a landowner $8.00 for each cord of wood he cuts on the 
landowner’s property, and he sells the wood for $75.00 per cord. When the price 
of firewood rose to $95.00, the landowner asked for a proportional share of the 
price. How much should he get per cord? 

The series of numbers 3.5, 5.25, 7.875, . . . form a geometric progression, where 
the ratio of any term to the one preceding it is a constant. This is called the com- 
mon ratio. Find this ratio. 

The specific gravity (SG) of a solid or liquid is the ratio of the density of the sub- 
stance to the density of water at a standard temperature (Eq. 1044). Taking the 
density of water as 62.4 Ib/ ft, find the density of copper having a specific grav- 
ity of 8.89. 

An iron casting having a surface area of 746 cm? is heated so that all its dimen- 
sions increase by 1.00%. Find the new area. 

A certain boiler pipe will permit a flow of 35.5 gal/min. Buildup of scale inside 
the pipe eventually reduces its diameter to three-fourths of its previous value. 
Assuming that the flow rate is proportional to the cross-sectional area, find the 
new flow rate for the pipe. 


Exponential and 
Logarithmic Functions 


OBJECTIVES 


When you have completed this chapter, you should be able to 
* Graph the exponential function. 


* Solve exponential growth and decay problems by formula or by 
the universal growth and decay curves. 


* Convert expressions between exponential and logarithmic form. 

* Evaluate common and natural logarithms and antilogarithms. 

* Evaluate, manipulate, and simplify logarithmic expressions. 

* Solve exponential and logarithmic equations. 

* Solve applied problems involving exponential or logarithmic equations. 


According to legend, the inventor of chess asked that the reward for his invention 
be a single grain of wheat on the first square of a chessboard, then two grains on the 
second square, four on the next, and so forth, each square having double the num- 
ber on the preceding square. If that were done, the total amount of wheat given 
would be greater than that grown by mankind since the beginning of agriculture. 
This is an illustration of the astounding properties of exponential growth. 

We will study the exponential function here and give other, more practical 
examples of its use. We also introduce logarithms and study their properties. 
Logarithms were once widely used for computation but now have been replaced by 
calculators and computers. We will use logarithms mainly to solve exponential 
equations. Of course, we will also use our calculators to solve these equations, as 
well as the logarithmic equations to follow. 

This chapter is loaded with interesting applications from many fields. These in- 
clude computation of compound interest and other financial quantities, temperature 
changes with time, the catenary, a curve used in suspension bridges, population 
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FIGURE 18-1 


Graphs of y = 2* (solid) and y = x? 
(dotted). Tick marks on the horizontal 
axis are | unit apart. 


Graphs of у = 2* (solid) and y = 2 * 
(dotted). Tick marks on the horizontal 
axis are | unit apart. 
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growth and decline, speed changes in a rotating wheel, decrease in light intensity as it 
passes through glass or water, change in atmospheric pressure with altitude, radioac- 
tive decay, star magnitudes, decibels gained or lost in terms of power, sound level, 
voltage, or current, heat losses from pipes, swings of a pendulum, density change of 
seawater with depth, the Richter scale for earthquakes, and the pH value of liquids. 

For example, the current in the capacitor, Fig. 18-1, at any time f is given by 
the exponential equation 

"E E e '/RC 
R 

Could you solve for the time at which a given current is reached, given the other 
quantities? We will show how in this chapter. 


18-1 The Exponential Function 
Definition 


An exponential function is one in which the independent variable appears in the 
exponent. The quantity that is raised to the power is called the base. 


+++ Example 1: The following are exponential functions if a, b, and e represent 
positive constants: 


X 


y=5* y-b y=e y = 107 
y = 3a* gy Ege ye prot +.. 


Realize that these exponential functions are different from the power function, 
y = ax”. In the power function the exponent is a constant. Here the unknown is in 
the exponent. We shall see that e, like 7, has a specific value which we will dis- 
cuss later in this chapter. 


Graph of the Exponential Function 


m Exploration: 
Try this. Use your graphing calculator to graph the exponential function 
y-2* 


For comparison, graph the power function y — x? in the same viewing window. 


Both functions contain the same three quantities, y, x, and 2. Are the two curves the 
same? What are some important differences? E 


Note in the screen shown at left that the graph of the exponential function is com- 
pletely different from the graph of the power function. The power function graphs 
as a parabola, which is symmetrical about the y axis, while the exponential function 
has no symmetry. The power function has no asymptote (a line that a curve ap- 
proaches ever closer as the distance from the origin increases) while the exponential 
function has the x axis as an asymptote. 

Now let us see what happens if an exponential function has a negative exponent. 


m Exploration: 
Try this. Graph y = 2* and y = 2 * in the same viewing window. 
What is the effect of making the exponent negative? a 


When the exponent is positive, we say that the graph increases exponentially, 
and that when the exponent is negative, the graph decreases exponentially. Also 
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notice that neither curve reaches the x axis. Thus for the exponential functions 
y = 2* and y = 2 ^, y cannot equal zero. 


Compound Interest 


We refer to an exponential increase as exponential growth, and to exponential 
decrease as exponential decay. We want to be able to write an equation describing 
exponential growth or decay so we can use that equation to predict the behavior of 
that quantity over time. For example, if a radioactive substance decays exponen- 
tially by 296 per year, how much will be left after 50 years? 

To get such an equation, we will start with a familiar example of money de- 
posited at compound interest. Then in the next section we will extend our findings 
to the exponential growth or decay of other quantities. 

When an amount of money a (called the principal) is invested at an interest 
rate n (expressed as a decimal), it will earn an amount of interest (ап) at the end of 
the first interest period. If this interest is then added to the principal, and if both 
continue to earn interest, we have what is called compound interest, the type of 
interest commonly given to bank accounts. 


m Exploration: 
Try this. Say you deposit $1000 in a bank account giving an interest of 596 at the end 
of each year. How much will you earn in interest in one year? How much will you 
have at the end of the first year? 

Now say that you keep the interest earned, plus the initial $1000, in the account 
for another year. How much will you have at the end of the second year? 


Make a table showing your balance at the end of each year for several years. It 
should look something like this. 


Starting amount: $1000 

End of year one: $1000 + 5% of $1000 = $1000(1.05) = $1050 

End of year two: $1050 + 5% of $1050 = $1050(1.05) = $1102.50 
What can you say about the growth of your money? a 


You should have found that the amount y, you have at the end of any year t is 
equal to the amount at the start of that year multiplied by (1 + n). Stated as a 
formula, 


This equation is called a recursion relation, from which each term in a series of 
numbers may be found from the term immediately preceding it. Let us use Eq. 1010 
to make a table showing the balance at the end of a number of interest periods. 


1 a(l + n) 
2 a(l +n? 
3 a(1 + n 
4 a(l + nf 
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We thus get the following exponential function, with a equal to the principal, n equal 
to the rate of interest, and t the number of interest periods: 


өөө Example 2: An Application: To what amount (to the nearest cent) will an initial 
deposit of $500 accumulate if invested at a compound interest rate of 6196 рег уеаг 
for 8 years? 


Solution: We are given 
Principal a = $500 
Interest rate n = 0.065, expressed in decimal form 
Number of interest periods t = 8 


Substituting into Eq. 1009 gives 


y = 500(1 + 0.065)? 
— $827.50 66 


Compound Interest Computed т Times рег Period 


We can use Eq. 1009 to compute interest on a savings account for which the inter- 
est is computed once a year. But what if the interest is computed more often, as 
most banks do, for example, monthly, weekly, or even daily? 

Let us modify the compound interest formula. Instead of computing interest 
once per period, let us compound it m times per period. The exponent in Eq. 1009 
thus becomes mt. The interest rate n, however, has to be reduced to (1/m)th of its 
old value, or to n/m. Our equation then becomes: 


өөө Example 3: Repeat the computation of Example 2 with the interest computed 
monthly rather than annually. 


Solution: As in Example 2, a = $500, annual interest rate п = 0.065, and t = 8. 

But n is an annual rate, so we must use Eq. 1011 with m — 12. 

0.065 
2 


12(8) 
y= 500 (1 + ТН = 500(1.00542)?6 


— $839.83 


or $12.33 more than in Example 2. өөө 


Exponential Growth 


Equation 1011, y = a(1 + n/m)", allows us to compute the amount obtained, 
with interest compounded any number of times per period that we choose. We 
could use this formula to compute the interest if it were compounded every week, 
or every day, or every second. But what about continuous compounding, or con- 
tinuous growth? What would happen to Eq. 1011 if m got very, very large, in fact, 
infinite? Let us make m increase to large values; but first, to simplify the work, we 
make a substitution. Let 
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Equation 1011 then becomes 


which can be written 


Then as m grows large, so will k. 


m Exploration: 
Try this. Given the expression 


(a) Try to predict what will happen to the value of this expression as k grows without 
bound. Will the entire expression also grow without bound? Reach a limiting value? 
Vanish? Then, (b) set this expression equal to y and graph for positive values of k (ex- 
cept on the graphics calculator you would use x rather than k) or (c) using a calculator 
or spreadsheet, compute values of this expression for ever increasing values of k. 
What did you find from your graph or computation? Did you predict correctly? ш 


In your exploration you may have gotten the surprising result that as m (and k) con- 
tinue to grow infinitely large, the value of (1 + 1/ ЮУ, does not grow without limit, 
but approaches a specific value: 2.7183. . . . This important number is given the 
special symbol e. We can express the same idea in limit notation by writing the 
following equation: 


Thus when т gets infinitely large, the quantity (1 + 1 ДЮК approaches е, and 
the formula for continuous growth becomes the following: 


өөө Example 4: Repeat the computation of Example 2 with the interest compounded 
continuously rather than monthly. Use the |e*| key on your calculator. 


Solution: From Eq. 151, 
y = 500600656) 


= 50060292 
— $841.01 
or $1.18 more than when compounded monthly. ooo 


When you are using Eq. 151, the time units of n and t must agree. 


өөө Example 5: An Application: A colony of bacteria used to clean up an oil spill 
grows exponentially at the rate of 2% per minute. By how many times will it have 
increased after 4 h? 
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The number e is named after a Swiss 
mathematician, Leonhard Euler 
(1707-83). Its value has been 
computed to thousands of decimal 
places. In the exercise we show how to 
find e using series. 
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Temp. A 
Initial 
temp. > y=a gt 
of steel 
Room -»-------217 17 
їешр. —— ж 
Time 


FIGURE 18-2 Exponential decrease 
in temperature. This is called Newton’s 
law of cooling. 


FIGURE 18-3 The amount in bucket 2 
grows exponentially to an upper limit a. 


y-a(1-e") 


> 
t 


FIGURE 18-4 Exponential growth to 
an upper limit. 
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Solution: The units of n and t do not agree (yet). 
n = 296 per minute and t = 4 hours 
So we convert one of them to agree with the other. 
t = 4h = 240 min 
Using Eq. 151, 
y = ае" = ас002040) = 4098 = 1226 
So the final amount is 122 times as great as the initial amount. ooo 


Exponential Decay 


When a quantity decreases so that the amount of decrease is proportional to the 
present amount, we have what is called exponential decay. Take, for example, a 
piece of steel just removed from a furnace. The amount of heat leaving the steel de- 
pends upon its temperature: The hotter it is, the faster heat will leave, and the faster 
it will cool. But as the steel cools, its lower temperature causes slower heat loss. 
Slower heat loss causes slower rate of temperature drop, and so on. The result is the 
typical exponential decay curve shown in Fig. 18-2. Finally, the temperature is said 
to asymptotically approach room temperature. 

The equation for exponential decay is the same as for exponential growth, except 
that the exponent is negative. 


өөө Example 6: An Application: A room initially 80°F above the outside tempera- 
ture cools exponentially at the rate of 2596 per hour. Find the temperature of the room 
(above the outside temperature) at the end of 135 min. 


Solution: We first make the units consistent: 135 min — 2.25 h. Then, by Eq.153, 
у = 80е 045059) = 45.6°R +.. 


Exponential Growth to an Upper Limit 


Suppose that the bucket in Fig. 18-3 initially contains a gallons of water above the 
hole. Then assume that y,, the amount remaining in the bucket, decreases exponen- 
tially. By Eq. 153, 

y = ае" 
The amount of water in bucket 2 thus increases from zero to а final amount а. The 
amount y in bucket 2 at any instant is equal to the amount that has left bucket 1, or 


у= а у 


= а – ае" 


Factoring, we get 


So the equation for this type of growth to an upper limit is exponential, where a 
equals the upper limit quantity, n is equal to the rate of growth, and / represents 
time (see Fig. 18-4). 
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өөө Example 7: An Application: The voltage across a certain capacitor grows 
exponentially from 0 V to a maximum of 75 V, at a rate of 7% per second. Write the 
equation for the voltage at any instant, and find the voltage at 2.0 s. 


Solution: From Eq. 154, with a = 75 and n = 0.07, 
у = 75(1 — e 997r) 
where v represents the instantaneous voltage. When t = 2.0 s, 


v= 75(1 = e 9.07(2.0)) 
= 9.80 V +.. 


+++ Example 8: An Application: A colony of “oil-eating” bacteria colonizing a new 
area of a spill grows at a rate of 7% per day, with an upper limit of 212,000 bacteria 
per liter. (a) Write the equation for the population y at any instant. (b) Find the pop- 
ulation at five days. 


Solution: (a) From Eq. 154, with a = 212,000 and n = 0.07, 
y = 212,000(1 — e 907 


у = 212,000(1 — e 9076)) 
— 62,600 bacteria/liter +.. NSI 


FIGURE 18-5 A rope or chain hangs 


(b) When т = 5 days, 


+++ Example 9: An Application; The Catenary: A chain or flexible rope or cable will in the shape of a catenary. Mount your 
hang in a shape called a catenary, Fig. 18—5. Its equation is finished graph for Example 9 vertically, 
and hang a fine chain from the 
а( eg" фе - хау endpoints. Does its shape (after you 
y= 2 have adjusted its length) match that of 
your graph? 
Graph the catenary equation for values of x from —5 to 5, fora — 1, fora — 2, and 
а= 3. 
Їл a=1 a=2 a=3 
Solution: We use a graphing utility or make and plot a table of point pairs, getting 8 
the three curves shows in Fig. 18-6. 7 
Note thata is the y-intercept and it also determines the shape of the curve. ees 6 
5 
4 
Time Constant 3 
Our equations for exponential growth and decay all contained a rate of growth л. 2 
Often it is more convenient to work with the reciprocal of п, rather than n itself. 1 
This reciprocal is called the time constant, T. 227—3 0 BEZ y ma 


FIGURE 18-6 Graph of 
ale” te^ ха) 


цан 2 


eee Example 10: If a quantity decays exponentially at a rate of 25% per second, what 
is the time constant? 


Solution: 


Notice that the time constant has the units of time. +++ 
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Universal Growth and Decay Curves 


If we replace n by 1/T in Eq. 153, we get 


y= dg 
Then we divide both sides by a. 

у = e T 

a 


We plot this curve with the dimensionless ratio t/T for our horizontal axis and the 
dimensionless ratio y/a for the vertical axis (Fig. 18-7). Thus the horizontal axis is 
the number of time constants that have elapsed, and the vertical axis is the ratio of 
the final amount to the initial amount. The resulting graph is called the universal 
decay curve. 

We can use the universal decay curve to obtain graphical solutions to exponential 
decay problems. 
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FIGURE 18-7 Universal growth and decay curves. 


+++ Example 11: An Application: A current decays from an initial value of 300 mA 
at an exponential rate of 2096 per second. Using the universal decay curve, graphi- 
cally find the current after 7 s. 
Solution: We have n — 0.20, so the time constant is 

1 1 

T =-= —— = 55 

n 0.20 

At our given time t = 7 s the number of time constants elapsed is then equal to 


t 7 
— = — = 1.4 time constants 
T 5 


From the universal decay curve, at t/T = 1.4, we read 


7 2025 
a 
Since a = 300 mA, 
y = 300(0.25) = 75 mA +++ 


Figure 18-7 also shows the universal growth curve 
шэн | — e t/T 
a 


It is obtained and used in the same way as the universal decay curve. 
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Exercise 1 • The Exponential Function 


Exponential Function 


Graph each exponential function, manually or by calculator, for the given values of x. 


Take e — 2.718. 
1. y = 02(3.2)* (x = —4to +4) 
2. уе Зу" (x = —1to 5) 
3. y=5(1-e%) (x = Oto 10) 
4. y = 4e? (x = 0to4) 
The Catenary 


5. A cable hangs from the tops of two poles spaced 10.00 m apart, Fig. 18-8. (a) 
Use the equation y = (a/2)(e"* + e^") with a = 4 to determine the value of 
y at the ends of the cable. (b) Find the sag s from the cable ends to its low points. 
(c) Determine the pole height Л so that the cable clears the ground Бу 3.00 m. 


Compound Interest 


6. Find the amount to which $500 will accumulate in 6 years at a compound inter- — (10.00 m) — 
est rate of 6% per year compounded annually. 
7. If our compound interest formula is solved for a, we get 


y 


ETE 


where a is the amount that must be deposited now at interest rate n to produce 
an amount y in f years. The amount a is called the present worth or present 
value of the future amount y. This formula, and the three that follow, are stan- 


dard formulas used in business and finance. How much money (to the nearest FIGURE 18-8 A cable hanging 
dollar) would have to be invested at 73% per year to accumulate to $10,000 in between two poles. 
10 years? 


8. What annual compound interest rate (compounded annually) is needed to 
enable an investment of $5000 to accumulate to $10,000 in 12 years? Use Eq. 
1009, y = a(1 +n”. 


mt 
9. Using Eq. 1011, y = 4 1 + Jj , find the amount (to the nearest cent) to 
m 


which $1 will accumulate in 20 years at a compound interest rate of 1096 per 
year (a) compounded annually, (b) compounded monthly, and (c) compounded 
daily. 

10. If an amount of money R is deposited every year for t years at a compound 
interest rate n, it will accumulate to an amount y, where 


b 
TEE ] 


п 


A series of annual payments such as these is called an annuity. If a worker 
pays $2000 per year into a retirement plan yielding 6% annual interest, 
what will the value of this annuity be after 25 years? (Work to the nearest 
dollar.) 


11. If the equation for an annuity in problem 10 is solved for R, we get 


ny. 


R= — 
d+nf-1 
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where R is the annual deposit required to produce a total amount y at the end 
of t years. This is called a sinking fund. How much, to the nearest dollar, 
would the worker in problem 10 have to deposit each year (at 6% per year) to 
have a total of $100,000 after 25 years? 
12. The yearly payment R that can be obtained for t years from a present invest- 
ment a is 
R " + 
я 


п 


This is called capital recovery. If a person has $85,000 in a retirement fund, 
how much (to the nearest dollar) can be withdrawn each year so that the fund 
will be exhausted in 20 years, if the amount remaining in the fund is earning 
61% рег уеаг? 


Exponential Growth 


Use either the formulas or the universal growth and decay curves, as directed 
by your instructor. 


13. A quantity grows exponentially at the rate of 5.00% per year for 7 years. Find 
the final amount if the initial amount is 201 units. 

14. A yeast manufacturer finds that the yeast will grow exponentially at a rate of 
15.0% per hour. How many pounds of yeast must the manufacturer start with 
to obtain 499 Ib at the end of 8 h? 

15. If the population of a country was 11.4 million in 2010 and grows at an annual 
rate of 1.63%, find the population by the year 2015. 

16. If the rate of inflation is 12.096 per year, how much could a camera that now 
costs $225 be expected to cost 5 years from now? 

17. The oil consumption of a certain country was 12.0 million barrels in 2010, and 
it grows at an annual rate of 8.3096. Find the oil consumption by the year 2015. 

18. A pharmaceutical company makes a vaccine-producing bacterium that grows 
at a rate of 2.5% per hour. How many units of this organism must the company 
have initially to have 1000 units after 5 days? 


Exponential Growth to an Upper Limit 


19. A steel casting initially at 0°C is placed in a furnace at 801°C. If it increases in tem- 
perature at the rate of 5.00% per minute, find its temperature after 20.0 min. 

20. Equation 154, y = a(1—e "^, approximately describes the hardening of con- 
crete, where y is the compressive strength (Ib/ in?) : days after pouring. Using 
values of a = 4000 and n = 0.0696 in the equation, find the compressive 
strength after 14 days. 

21. When the switch in Fig. 18—9 is closed, the current i will grow exponentially 
according to the following equation: 


where L is the inductance in henries and R is the resistance in ohms. Find the 
FIGURE 18-9 current at 0.0750 sif R = 6.25 Q, L = 186 H, and E = 249 V. 


Exponential Decay 


29. A flywheel is rotating at a speed of 1805 rev/min. When the power is discon- 
nected, the speed decreases exponentially at the rate of 32.096 per minute. Find 
the speed after 10.0 min. 
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23. A steel forging is 1495?F above room temperature. If it cools exponentially at 
the rate of 2.0096 per minute, how much will its temperature drop in 1 h? 

24. As light passes through glass or water, its intensity decreases exponentially 
according to the equation 


l=" 


where / is the intensity at a depth x and Jp is the intensity before entering the 
glass or water. If, for a certain filter glass, k = 0.500/cm (which means that each 
centimeter of filter thickness removes half the light reaching it), find the fraction 
of the original intensity that will pass through a filter glass 2.00 cm thick. 

25. The atmospheric pressure p decreases exponentially with the height л (in "d о 
miles) above the earth according to the function р = 29.92e 5 in, of mercury. 
Find the pressure at a height of 30,100 ft. c i = R 

26. A certain radioactive material loses its radioactivity at the rate of 23% per year. 

What fraction of its initial radioactivity will remain after 10.0 years? 

27. When a capacitor C, charged to a voltage E, is discharged through a resistor R 
(Fig. 18-10), the current i will decay exponentially according to the following FIGURE 18-10 
equation: 


Find the current after 45 ms (0.045 s) in a circuit where E = 220 V, 
C = 130 uF (130 х 107 P), and R = 2700 О. 
28. When a fully discharged capacitor C (Fig. 18-11) is connected across a bat- Е 


tery, the current i flowing into the capacitor will decay exponentially accord- Т. D 
ing to Eq. 1082. If E = 115 V, R = 351 Q, C = 0.000750 F, find the current 
R 


after 75.0 ms. 

29. In a certain fabric mill, cloth is removed from a dye bath and is then observed 
to dry exponentially at the rate of 24% per hour. What percent of the original FIGURE 18-11 
moisture will still be present after 5 h? 

30. Team Project, Computer: Use a computer to make a large-scale duplicate of the 
universal growth and decay curves, Fig. 18-7. It should have a grid fine enough 
to make it useful in solving the problems in this section. 


31. Computer: Assuming that the present annual world oil consumption is 
17 х 10? barrels/yr, that this rate of consumption is increasing at a rate of 
5% per year, and that the total world oil reserves are 1700 X 10? barrels, 


compute and print the following table: 


17 1700 
1 17.85 1682.15 


. 


Have the computation stop when the oil reserves are almost gone. 
32. Computer: We can get an approximate value for e from the following infinite series: 


where 4! (read “4 factorial”) is 4(3)(2)(1) = 24. Write a program to compute e 
using the first five terms of the series. 
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33. Computer: The infinite series often used to calculate е* is as follows: 


Write a program to compute e* by using the first 15 terms of this series, and use 
it to find е?. 


34. Computer: The series expansion for Б^ is as follows: 


Write a program to compute b* using the first x terms of the series and use it 
to find 2.65. 


ма 18-2 Logarithms 


Let us look at the exponential function 

yeu 
This equation contains three quantities. Given any two, we should be able to find 
the third. 


m Exploration: 
Try this. Find each missing quantity by calculator. 


(а) y = 2.48350 (b) 24.0 = $^? (с) 24.0 = 2.48* 


Were you able to find у, b, and x ? 

We already have the tools to solve the first two of these. By calculator, 
(a) y = 2.48°°° = 24.0 

(b) b = 24.01/350 = 2.48 


However, none of the math we have learned so far will enable us to find x. For 
this and similar problems, we need logarithms. 


TI-83/84 screen for the exploration. 


Definition of a Logarithm 


The logarithm of some positive number y is the exponent to which a base b must be 
raised to obtain y. 


+++ Example 12: Since 10? = 100, we say that “2 is the logarithm of 100, to the 
base 10” because 2 is the exponent to which the base 10 must be raised to obtain 100. 
This is written 
108 10100 -2 

Notice that the base is written as a subscript after the word log. The statement is 
read “The log of 100 (to the base 10) is 2.” This means that 2 is an exponent be- 
cause a logarithm is an exponent; 100 is the result of raising the base to that power. 
Therefore these two expressions are equivalent: 


10? = 100 
10810100 -2 ooo 
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Given the exponential function y = b", we say that “х is the logarithm of y, to 
the base b” because x is the exponent to which the base b must be raised to obtain y. 


In practice, the base b is taken as either 10 for common logarithms or e for 
natural logarithms. If “log” is written without a base, the base is assumed to be 10. 


+++ Example 13: 
log 5 = logig5 +.. 


Converting between Logarithmic and Exponential Forms 


In working with logarithmic and exponential expressions, we often have to switch 
between exponential and logarithmic forms. When converting from one form to the 
other, remember that (1) the base in exponential form is also the base in logarithmic 
form and (2) “the log is the exponent.” 


өө» Example 14: Change the exponential expression 3? = 9 to logarithmic form. 


Solution: The base (3) in the exponential expression remains the base in the loga- 
rithmic expression. 


Го 
logs( ) = () 
The log is the exponent. 
3M = 9 
logs ( y= 2 
So our expression is 
log39 = 2 


This is read “the log of 9 (to the base 3) is 2.” (We could also write the same expres- 
sion in radical form as V9 = 3.) +.. 


+++ Example 15: Change log, x = 3 to exponential form. 


Solution: 
log, x = 3 
LX ooo 


өөө Example 16: Change 10? = 1000 to logarithmic form. 


Solution: 
10810 1000 = 3 ooo 
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Common logarithms are also called 
Briggs’ logarithms, after Henry Briggs 
(1561-1630). 


10974.59) 


TI-83/84 screen for Example 18. The 
first calculation has scrolled out of 
view. 


[Fir Fer Fer 
ToolsjAlzebra Clean ШР 


CONTACTS DEG AUTO FUNC 4/30 


On the TI-89, log is found in 
CATALOG |. 
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Common Logarithms 


Although we may write logarithms to any base, only two bases are in regular use: 
the base 10 and the base e. Logarithms to the base e, called natural logarithms, are 
discussed later. Now we study logarithms to the base 10, called common loga- 
rithms. We use the calculator key marked | LOG | to find common logarithms. 


+++ Example 17: Verify that 
log 74.85 = 1.8742 +.. 


A logarithm such as 1.8742 can be expressed as the sum of an integer, called the 
characteristic, and positive decimal number 0.8742, called the mantissa. 


1 + 0.8742 


21 


Characteristic Mantissa 
++» Example 18: Verify that 
(a) log 7.485 = 0.8742 
(b) log 74.85 = 1.8742 
(c) log 748.5 = 2.8742 
(d) log 7485 = 3.8742 +++ 


It’s clear from this example that the characteristic, which locates only the decimal 
point, is not a significant digit. Thus, we round the mantissa of a logarithm to as 
many significant digits as in the original number. (When a logarithm or antiloga- 
rithm is used as an intermediary step in a longer calculation, it is a good idea to 
carry one more significant digit, and round the final answer.) 


Log [74.85] = 1/8749] 


4 significant digits 2-4 D 4 significant digits 


+++ Example 19: Verify the following: 


(a) log 8372 — 3.9228 
(b) log 52.5 = 1.720 
(c) log 4.80 — 0.681 
(d) log 136 = 2.134 


Here we have rounded the mantissa of each logarithm to the same number of signif- 
icant digits as in the original number. 22 


+++ Example 20: An Application. The number of years t it will take for an invest- 
ment of $1000 to reach a value of $3000 at an interest rate of 2.5% is given by 


log 3000 — log 1000 
log 1.025 


Find t. 
Solution: By calculator, 
log 3000 — log 1000 _ 3.4771 — 3.000 


log 1.025 0.0107 
— 44.6 years PTS 
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eee Example 21: Try to take the common logarithm of —2. You should get an error 
indication. We cannot take the logarithm of a negative number. ooo 


Many calculators will supply the open parentheses when a 
logarithm key is pressed, and it is usually not necessary to close 
parentheses to evaluate a logarithm. Thus log(55 will correctly 
return 1.740. However, if you want to evaluate, say, log 55 + 2, 
you must remember to close parentheses after entering 55, getting 


log (55) + 2 = 3.74 
Otherwise you will erroneously get 
(02555) se 22 = 178 


which is actually the log of 57. 


Antilogarithms 


Suppose that we have the logarithm of some number N and want to find the number 
itself. This process is called finding the antilogarithm (antilog). If, for example, 


log N — 1.8742 


we can find N by switching to exponential form. 


N = 101872 


This is evaluated using the | 10*| key on the calculator. Round an antilogarithm to as 
many significant digits as in the mantissa (the digits to the right of the decimal 
point). 


Antilog of 1.8749| = 74.85 


4 significant digits 21 To 4 significant digits 


+++ Example 22: Find x if log x = 2.7415. 


Solution: By calculator, 
1027413 = 5514 


rounded to the four significant digits found in the mantissa of the logarithm 2.7415. 
ФФ 


өөө Example 23: Verify the following antilogarithms. 


(a) The antilogarithm of 1.815 is 65.3 
(b) The antilogarithm of 0.8462 is 7.018 
(c) The antilogarithm of 2.322 is 210 
(d) The antilogarithm of 1.375 is 23.7 


We have rounded each antilog to the same number of significant digits as in the 
mantissa of the logarithm. 22 


өөө Example 24: An Application. The atmospheric pressure В (in inches of mercury, 
in. Hg) at an altitude of 35,000 ft can be found from the equation 


29.92 
60,470 (7522) = 35,000 
Evaluate B. 


Solution: Dividing by 60,470 and taking the antilogarithm we get 
29.92 
E m 1005788 = 3.793 
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TI-83/84 screen. 


TI-83/84 screen for Example 22. 
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TI-89 screen for Example 23. On the 
TI-89, 10* is found in | CATALOG |. 
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Solving for B gives 


= 2932 = 7.888 in. Н 2222 
Со Эмили 


Natural Logarithms 


—Ü | ЖЕ You may want to refer to Sec. 18—1 for our earlier discussion of the number е 
atural logarithms are also calle : : . : _ 
Napierian logarithms, after John Napier Q.718 approximately). Since we have already defined e, we can use it as a base; loga 
(1550-1617), who first wrote about rithms using e as a base are called natural logarithms. They are written In x. Thus In x 
logarithms. is understood to mean log, x. 


Use the same rules to round natural logarithms and antilogarithms as for common logs 
and antilogs. 


eee Example 25: Verify the following natural logarithms. 


(a) In 2.446 — 0.8945 
(b) In 3.85 — 1.348 
(c) In 2.826 — 1.0389 
(d) In 25.0 = 3.219 


We have rounded the mantissa of each logarithm to the same number of significant 
digits as in the original number. өөө 


TI-83/84 screen for Example 25. 
+++ Example 26: An Application. A certain pendulum, after being released from a 


ACER LERRA RUM Гуз DO height of 4.00 cm, reaches a height y after 3.00 seconds, where y can be found from 


inf 2 ЇЕ —0.50 
4.00 


Solution: Taking the natural antilogarithm of both sides gives 


Evaluate y. 


CONTACTS DEGAUTO FUNC M = e 050 


— 0.607 
4.00 


From which 


y = 4.00(0.607) 


2.43 cm ooo 


Natural Antilogarithms 


If we know that the natural logarithm of some number N is, say, 3.825 


In N = 3.825 
we can find N by switching to exponential form, where the base is e. 
N = 63825 


TI-83/84 screen for Example 27. 


“ 


We evaluate this using the | e^ | key on the calculator. 


eee Example 27: Verify the following natural antilogarithms. 


(a) The natural antilogarithm of 0.8462 is 2.331 
(b) The natural antilogarithm of 1.884 is 6.58 
(c) The natural antilogarithm of 2.174 is 8.79 
(d) The natural antilogarithm of 1.4945 is 4.457 


e^cl.4945» 
CONTACTS  DEGAUTO FUNC 2730 


We have rounded each antilog to the same number of significant digits as in the 
TI-89 screen for Example 27. mantissa of the logarithm. ooo 
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өөө Example 28: An Application. The temperature T of a bronze casting initially at 
1250? F decreases exponentially with time. Its temperature after 5.00 s can be found 


from the equation 
1 СЭ = —1.55 
"A 1250 | 


Solution: Taking the natural antilogarithm gives 


T 
—— me 920212 
1250 


Evaluate T. 


From which 


T = 1250(0.212) = 265°F +++ 


Exercise © • Logarithms 


Converting Between Logarithmic and Exponential Forms 


Convert to logarithmic form. 
1. 34 = 81 2. 5 = 125 3. 4° = 4096 
4. P = 343 5. x? — 995 6. a? — 6.83 


Convert to exponential form. 
7. 1050 100 = 2 8. logs 16 = 4 9. logs 125 = 3 
10. logy 1024 = 5 11. log3x = 57 12. log, 54 = 285 


Common Logarithms 


Find the common logarithm of each number. 


13. 27.6 14. 4.83 15. 5.93 
16. 9.26 17. 48.3 18. 385 
19. 836 20. 1.84 21. 27.4 


Find the number whose common logarithm is given. 


22. 1.584 23. 2.957 24. 5.273 
25. 0.886 26. 2.857 27. 0.366 
28. 2.227 29. 4.974 30. 3.979 


Natural Logarithms 


Find the natural logarithm of each number. 


31. 48.3 32. 846 33. 2365 
34. 1.285 35. 1.845 36. 4.77 
37. 1.374 38. 45,900 39. 1.364 


Find the number whose natural logarithm is given. 


40. 2.846 41. 4.264 42. 0.879 
43. 1.845 44. 0.365 45. 5.937 
46. 0.936 47. 4.9715 48. 3.8422 
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FIGURE 18-12 Ап insulated pipe. 
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Applications 


49. 


50. 


51. 


59, 


5З. 


54. 


55. 


An amount of money a invested at a compound interest rate of п per year will 
take f years to accumulate to an amount y, where t is 


. logy — loga 
“10 (1 +n) 


How many years will it take an investment of $10,000 to triple in value when 
deposited at 8.0096 per year? 

(The equation in this problem is derived from the compound interest for- 
mula. The equations in problems 50 and 51 are obtained from the equations 
for an annuity and for capital recovery from Exercise 1.) 

If an amount R is deposited once every year at a compound interest rate n, the 
number of years it will take to accumulate to an amount y is 


ny 
1 о ( R + 1) 
ae ea 

How many years will it take an annual payment of $1500 to accumulate to 
$13,800 at 9.0% per year? 

If an amount a is invested at a compound interest rate n, it will be possible 
to withdraw a sum R at the end of every year for t years until the deposit is 
exhausted. The number of years is given by 


1 ( = +1) 
О 
Б\р—ап 


Ї = 
log(1 + n) шешз) 


If $200,000 is invested at 12% interest, for how many years can an annual 
withdrawal of $30,000 be made before the money is used up? 
The magnitude M of a star of intensity / 15 


(years) 


1, 
М = 2.5 log 7 +1 


where / is the intensity of a first-magnitude star. What is the magnitude of a 
star whose intensity is one-tenth that of a first-magnitude star? 

The difference in elevation h (ft) between two locations having barometer read- 
ings of B, and B; inches of mercury (in. Hg) is given by the logarithmic equation 


h = 60,470 log (B5/ B) 


where B, is the pressure at the upper station. Find the difference in elevation 
between two stations having barometer readings of 29.14 in. Hg at the lower 
station and 26.22 in. Hg at the upper. 


The heat 1088 q per foot of cylindrical pipe insulation (Fig. 18-12) having an 

inside radius гү and outside radius ry is given by the logarithmic equation 

" 2mk (t Т 15) 
In(r?/ri) 

where ї| and f are the inside and outside temperatures (°F) and k is the 

conductivity of the insulation. Find q for a 4.0-in.-thick insulation having a 


conductivity of 0.036 and wrapped around a 9.0-in.-diameter pipe at 550?F if 
the surroundings are at 90.0°F. 


q (Btu/h) 


If a resource is being used up at a rate that increases exponentially, the time it 
takes to exhaust the resource (called the exponential expiration time, EET) is 


1 nR 
EET = —l1n| — + 1 
n r 
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where n is the rate of increase in consumption, R the total amount of the 
resource, and r the initial rate of consumption. If we assume that the United 
States has oil reserves of 207 X 10° barrels and that our present rate of 
consumption is 6.00 X 10? barrels/yr, how long will it take to exhaust these 
reserves if our consumption increases by 7.0096 per year? 

56. Computer: The series approximation for the natural logarithm of a positive 
number x is as follows: 


Write a program to compute In x using the first 10 terms of the series and use it 
to find In 4. 

57. Writing, History of Logarithms: Logarithms have an interesting history. For 
example, the French mathematician Pierre Laplace (1749-1827) wrote that 
“the method of logarithms, by reducing to a few days the labor of many months, 
doubles, as it were, the life of the astronomer, besides freeing him from the errors 
and disgust inseparable from long calculation?" Write a short paper on the 
history of logarithms. 


18-3 Properties of Logarithms [aS 


Products 


We will soon be solving exponential and logarithmic equations. For them we need 
to know some properties of logarithms. For example, how do we find the logarithm 
of the product of two numbers? 


m Exploration: 
Try this. Find by calculator, using common logs: 


log 4 log 2 log 8 T1-83/84 screen for the exploration. 
(a) Can you find any relationship between the three numbers you have found? You may have observed in the 
(b) Can you express this relationship, if it turns out to be true, as a general rule? exploration that log 8 is the sum of log 
(c) Repeat, using natural logs. Does the same relationship seem to hold? | 4 and log 2. The calculator is set to 


show two decimal places. 


We wish to write an expression for the log of the product of two positive numbers, 
say, M and N. 


log, MN =? 
Let us substitute: M = b° and N = b^ where b > O and b + 1. Then 
MN = рер“ = pera 
by the laws of exponents. Writing this expression in logarithmic form, we have 
log, MN = с + а 


But, since b^ = М, с = log, M. Similarly, d = log, №. Substituting, we have the 
following equation: 
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өөө Example 29: Here are examples showing the log of a product. 


(a) log 7x = log 7 + log x 
(b) log3 + log x + log y = log 3xy +.. 


The log of a sum is not equal to the sum of the logs. 
log,(M + N) = log, M + log, N 


The product of two logs is not equal to the sum of the logs. 
(log; M) (log, №) = log, M + log, N 


Quotients 


m Exploration: 
Try this. Using either natural or common logs, find by calculator 


log 12 log 3 log 4 


How do the three numbers you have found appear to be related? Can you express 
this relationship, if it turns out to be true, as a general rule? [| 


Let us now consider the quotient M divided by N. Using the same substitution as 
above, we obtain 

M = b эж рс-4 
N Ы 
Going to logarithmic form yields 


M 
log, — —c-d 
8b yy C 


Finally, substituting c = log, M and d = log; N gives us the following equation: 


+++ Example 30: Here we show the log of a quotient. 
3 
log in log3 — log 4 +.. 
+++ Example 31: Express the following as the sum ог difference of two or more 
logarithms: 


log — 
og xy 
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Solution: By Eq. 140, 
ab 
log = log ab — log xy 
and by Eq. 139, 


log ab — log xy = loga + log b — (log x + log y) 
= loga + logb — log x — logy +.. 


өө» Example 32: The expression log 10x? — log 5x can be expressed as a single 

logarithm as follows: 

10x? 
5x 


log or log 2x +.. 


Similar errors are made with quotients as with products. 


log,(M — N) + log, M — log, N 


log, M 
# log, M — log, N 
log, N 


Powers 

m Exploration: 

Try this. Using either natural or common logs, find by calculator 
log 7 log 7 


Can you find any relationship between the two numbers you have found? Can you 
express it, if it turns out to be true, as a general rule? п 


Consider now the quantity M raised to a power p. Substituting b° for M, as before, 
we have 


MP = (b^)? = pc? 
In logarithmic form, 
log, М? = cp 


Substituting c = log, M gives us the following equation: 


өөө Example 33: Here we show how to rewrite the log of a power as a product. 


log 3.8514 = 1.4 log 3.85 eee 


өөө Example 34: The expression 7 log х can be expressed as a single logarithm with 
a coefficient of 1 as follows: 


log x! ooo 


541 
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eee Example 35: Express 2 log 5 + 3 log 2 — 4 log 1 asa single logarithm. 
Solution: 


21og 5 + 31og2 — 4log 1 = log 5? + log 2? — log 1^ 


_ 27 
— log T 
log 220) = tog 200 
~ 108 1 CONS ooo 
өөө Example 36: Express as a single logarithm with a coefficient of 1: 
dis digs = Sigs 
og = og — — 3 log — 
83 85 8 y 
Solution: 
Diu sa euis Se т odit 
og = o og — = lo o o 
83 85 8 y g 32 g рі 8 y, 
| 4а*уЎ 
95 9p*x3 ooo 


+++ Example 37: Rewrite the following equation without logarithms. 

log (a? — b°) + 2loga = log (а — b) + 3 log b 
Solution: We first try to combine all of the logarithms into a single logarithm. 
Rearranging gives 


log (a? — b?) — log (a — b) + 2loga — 3logb = 0 


By the properties of logarithms, 


2 _ p 2 
log =} "IE rd 
Or 
a^(a — b)(a + b) 
log 5 -0 
b'(a — b) 
Simplifying yields 
2 
a^(a + b) 
log > эр =0 
We then eliminate logarithms by going from logarithmic to exponential form. 
2 
+b 
: E = 10? = 1 
or 
a’ (a + b) = b? .. 


+++ Example 38: An Application. We have seen that the formula of compound inter- 
est, Eq. 1009, will give the value y of an invesment of an initial amount a for a period 
of t years at interest rate n. 

у=а(1 + n) 
But suppose we want to know how many years it will take for a given investment to 
reach a certain amount. For this we have to solve this equation for t. 
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Solution: We first divide by a, and then take the logarithms of both sides. 


((+пу=” 
а 


log(1 + ny = log” 
a 


We simplify by using the property of the log of a power (Eq. 141) and for the log of 
a quotient (Eq. 140). 


tlog(l + n) = logy — loga 
Finally we solve for t. 
_ logy — loga 


log(1 + n) ooo 


Roots 


m Exploration: 
Try this. Using either natural or common logs, find by calculator 


log V/64 log 64 
Is there any relationship that you can see between the numbers you have found? 
If true, can you express it as a general rule? L| 


We can write a given radical expression in exponential form and then use the rule 
for powers. Thus, by Eq. 29, 


WM = м!“ 


We may take the logarithm of both sides of an equation, just as we took the square 
root of both sides of an equation or took the sine of both sides of an equation. 
Taking the logarithm of both sides, we obtain 


log, Wm = log, M 4 


Then, by Eq. 141, 


+++ Example 39: These examples show the use of Eq. 142. 
5 1 1 
(a) log Vs = 5108 8 = z (0.9031) == 0.1806 


logx  logz | 4 
(Ойн нийн" = log Vx log V/z — 


Log of 1 
Let us take the log to the base b of 1 and call it x. Thus 
x = log, 1 
Switching to exponential form, we have 
b* = 1 
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This equation is satisfied, for any positive b, by x = 0. Therefore: 


+++ Example 40: 
(а) 1081-0 (b nl =0 ooo 


Log of the Base 
We now take the log; of its own base b. Let us call this quantity x. 
log, b = x 
Going to exponential form gives us 
b* =b 


So x must equal 1. 


+++ Example 41: These examples show the log of the base. 
(a) logs5 = 1 (b) log 10 = 1 (с) ne=1 +.. 


Log of the Base Raised to a Power 


Consider the expression log, b”. We set this expression equal to x and, as before, go 
to exponential form. 


log, b" = x 
рх = р" 
х= п 


Therefore: 


+++ Example 42: Here we show the use of Eq. 145. 
(a) log; 248 = 4.83 (B). bpa 2x 
(c) logio 0.0001 = 10810 10 * = —4 шах 


Base Raised to a Logarithm of the Same Base 
We want to evaluate an expression of the form 
plogi* 
Setting this expression to y and taking the logarithms of both sides 
y = plos 
Taking logs of both sides, 
log y = log, Б 
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But, by Eq. 141, the log of a number raised to a power equals the power times the 
log of the number, so 


log y = log, x log, b 


Since log, b = 1, we get 
logy = log,x 
Taking the antilog of both sides we get 
У 


But y = БО» so 


+++ Example 43: 


(а) 1019 w = үр (b) бол = 3x PTT 


Change of Base 


We can convert between natural logarithms and common logarithms (or between 
logarithms to any base) by the following procedure. Suppose that log N is the com- 
mon logarithm of some number N. We set it equal to x. 


logN =x 
Going to exponential form, we obtain 
10* = N 


Now we take the natural log of both sides. 


In 10* = InN 
By Eq. 141, 
xln 10 = InN 
In N 
~ In 10 


But x = log N, so we have the following equation: 


Some computer languages enable us to find the natural log but not the common log. 
This equation lets us convert from one to the other. 


+++ Example 44: Find log N if In N = 5.824. 


Solution: By Eq. 147, 
5.824 

= = 2 
2.3026 


529 606 


log N 
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+++ Example 45: What is In N if log N = 3.825? 
Solution: By Eq. 147, 


In N = In 10(105 N) 
= 2.3026(3.825) = 8.807 .. 
Exercise 3 • Properties of Logarithms 


Write as the sum or difference of two or more logarithms. 


1: log? 2. log 4x 
3. log ab 4 log 7 

5. log xyz 6. log 2ax 

3x 

7. log — 8. log — 
ов 1 og x 

1 2x 

9. log — 10. log — 
98 2х = Зу 

jd; ies 19. log — 

(924 “298 2ар 


Express as a single logarithm with a coefficient of 1. Assume that the logarithms in 
each problem have the same base. 


13. log3 + log 4 14. log 7 — log5 

15. log2 + log3 — log4 16. 31og2 

17. 4log 2 + 3 log3 — 2 log 4 18. log x + log y + log z 
logx logy 

19. 3loga — 2logb + 4logce 20. 3 + 2 


x y < 
21. log— + 21og — + 31og— 
o7 g7 og- 


Rewrite each equation so that it contains no logarithms. 


99. logx + 3loggy = 0 23. logy x + 2log2y = x 

94. 2log(x — 1) = 5 log(y + 2) 95. log(p? — q?) — log(p + q) = 2 
Simplify each expression. 

26. logs 2 97. logo e 28. logo 10 

29. log, 3? 30. log, е" 31. 10910 10* 

39. єв 33, 2108:37 34. 10192" 


Change of Base 


Find the common logarithm of the number whose natural logarithm is the given value. 


35. 8.36 36. —3.846 37. 3.775 

38. 15.36 39. 5.26 40. —0.638 

Find the natural logarithm of the number whose common logarithm is the given value. 
41. 84.9 42. 2.476 43. —3.82 

44. 73.9 45. 2.37 46. —2.63 


47. Project: Use a graphing utility to separately graph each side of the equation 
log 2x 5 log 2 + log x 


from x = 0 to 10. Then graph both sides of 
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log(2 + x) = log2 + log x 
and 
(log 2) (logx) = log 2 + log x 


What do your graphs tell you about these three expressions? 


48. Project, Logarithmic and Semilogarithmic Graph Paper: Graphing data on 
paper ruled with logarithmic spacing along one or both axes, one can deduce 
certain things about those data. To find out more, check our textbook Web site 
at www. wiley.com/college/calter. 


18-4 Solving an Exponential Equation 
We now return to the problem we started in the exploration of Sec. 18-2 but could 
not finish. We tried to solve the following equation for x. 
24.0 = 2.48* 
We will show several methods for solving this equation: 


(a) Graphical solution 

(b) Using a calculator's equation solver 
(c) Using a symbolic algebra calculator 
(d) Algebraically 


Graphical Solution 
We can, of course, find an approximate graphical solution to this equation in the 


usual way. 


+++ Example 46: Graphically solve 24.0 = 2.48* for x. 


Solution: We move both terms to one side of the equals sign and set the resulting 
expression equal to y. 
y = 248* — 24.0 


We graph this function, as shown, and find a root at x ~ 3.50. +.. 


Solution by Calculator 

We can use any built-in equation solver to solve an exponential equation just as we 
used it earlier to solve other equations. 

+++ Example 47: Solve the equation of Example 46 using the TI-83/84 equation 
solver. 


Solution: 


(a) We select Solver from the Math, menu and enter the equation (Screen 1). As 
for graphing, the equation must be in explicit form, with all terms on one side 
and 0 on the other side. 

(b) Press| ENTER |. A new screen is displayed (Screen 2), showing a guess value 
of x and a bound. You may accept the default values or enter new ones. Let us 
enter a new guess of x — 3 and a new bound of 0 to 5. 


(c) Move the cursor to the line containing “x=” and press | SOLVE |. (This is 
ALPHA || ENTER | on the TI-83/84.) A root falling within the selected bound 
is displayed (Screen 3). 
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cere 
n=2.4991 т=й 


T1-83/84 screen for Example 46: 
y = 2.48* — 24.0. Tick marks on the 
horizontal axis are 1 unit apart. 
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Fer | FS For 
AlZebrajcatc Clean Up 


a solvel 24 =(2.48)*, x) 
х= 5.499 
ѕо1уе(24= Үл 48^x;x»?| 


GAUTO FUNC 


TI-89 screen for Example 48. 
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EQUATION SOLVER 2,498^k-24-H 
bound={8, 5} 


eun: B-2.45^x-24B8 


(1) The given equation is entered in (2) An initial guess for x, and 
the TI-83/84 equation solver. the lower and upper bounds, are 
chosen here. 


2.49^x-24-H 
2 5-3.4990629958.. 
bournd={8, 53 

left- rt- а 


(3) The computed value of х is shown, 

within the chosen bound. The last line says 

that the difference between the left and 

right sides of the equation is zero, showing 

that the equation is indeed balanced. ooo 


To solve an exponential equation or any other equation by graphing or by the 
TI-83/84 equation solver, the equation must be in explicit form. However, some cal- 
culators that can do symbolic manipulation such as the T1-89 can solve an equation 
that is in implicit form, as we have seen earlier in this text. 


+++ Example 48: Solve the equation from the preceding example using the TI-89. 
Solution: 


(a) We select solve from the Algebra menu. 
(b) Enter the equation, followed by the variable (x) for which we want to solve. 
Unlike the TI-83/84, the equation does not have to be in explicit form. 


(c) Pressing | ENTER | would give the exact solution, while pressing | ~ | (located 
above the | ENTER | key) gives the approximate decimal solution, as shown. 


Note that it was not necessary to enter a first guess or bounding values. ooo 


Algebraic Solution 


For an algebraic solution to this type of equation we need logarithms. The key to 
solving exponential equations is to take the logarithm of both sides. This enables us 
to use Eq. 141, log, М? = p log, M, to extract the unknown from the exponent. 
We used common logs in this example, but natural logs would work as well. Taking 
the logarithm of both sides gives 


24.0 = 2.48* 
log 24.0 = log 2.48* 


By Eq. 141, 
log 24.0 = x log 2.48 
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log 24.0 1.380 
*' log248 0.3945 


= 3.50 


This agrees with our graphical and computer solutions. 
Solving an Exponential Equation with Base e 


+++ Example 49: Solve for x: 
157 = 112,2*"* 


Solution: Dividing by 112, we have 

1.402 = 9572 
If an exponential equation contains the base e, we take natural logs rather than 
common logarithms. However, simply switching from exponential to logarithmic 


form will sometimes be the best approach, as in the following example. 
Going from exponential to logarithmic form, 


In 1.402 = 3x + 2 
In 1.402 — 2 
3 


— —0.554 +++ 


eee Example 50: Solve for x to three significant digits: 

Zet + 2e * = 4(e* —e *) 
Solution: Removing parentheses gives 

3e* + 2e * = 4e* — 4e 7 
Combining like terms yields 

e* — бе *= 
Factoring gives 
e (e — 6) = 0 
This equation will be satisfied if either of the two factors is equal to zero. So we set 
each factor equal to zero (just as when solving a quadratic by factoring) and get 
е^ = 0 апа е?* = 6 

There is no value of x that will make е * equal to zero, so we get no root from that 
equation. We solve the other equation by taking the natural log of both sides. 


2x Ine = In 6 = 1.792 
x = 0.896 +++ 


+++ Example 51: Solve for x to three significant digits. 


2e +2 = Дех 


Solution: Dividing, we get, 


Then by the laws of exponents, 
eO * 2 -G—- D. 2 
e2x * 9 -2 


Taking the natural logarithm of both sides gives 


2x +3 = In2 
In2-3 
gya юше Ше 


= —115 +e. 
2 
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Graphical check for Example 49: 
y = 112 e *? — 157. Tick marks on 
the horizontal axis are 1 unit apart. 


Graphical check for Example 50: 

y73e'-2e*-—4(e*—e *). 
Tick marks on the horizontal axis 
are | unit apart. 


Graphical check for Example 51: 
Graph of y = 2e? *? — 4e*-l, 
Tick marks on the x axis are 1 unit 
apart. 
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i ered: oe UEBER)! 


нэс1.Ч382 1 T=9987 2064 „ 


Graphical check for Example 52, 
showing a point at approximately 
(21.4, 9988). We could zoom in for 
greater accuracy. Tick marks are 5 units 
apart on the horizontal axis and 

2000 units apart on the vertical axis. 


Graphical check for Example 53: 
y = 10?* — 2(10**). Tick marks on 
the horizontal axis are 0.25 unit apart. 
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өөө Example 52: An Application. Population Growth. The equations for exponential 
growth can naturally be applied to living organisms. We would expect this, as the 
number of children produced in a generation depends on the number of parents. The 
populations of organisms for which we can control the conditions of growth (tem- 
perature, food supply, available space) grow at nearly ideal exponential rates. In par- 
ticular, a population of a colony of bacteria will grow exponentially if we provide 
them with enough food. 

A bacterial sample contains 2850 bacteria and grows at a rate of 5.85% per 
hour. Assuming that the bacteria grow exponentially, 


(a) Write the equation for the number N of bacteria as a function of time. 
(b) Find the time for the sample to grow to 10,000 bacteria. 


Solution: 


(a) We substitute into the equation for exponential growth, у = ae", with y = N, 
a — 2850, and n — 0.0585, getting 


N = 285000585, 
(b) Setting N = 10,000 and solving for t, we have 
10,000 = 285090285! 
Dividing through by 2850 and switching sides gives 
gat зс] 


Going to logarithmic form, 


0.05851 In e = In 3.51 


0.0585 ` 666 


Solving an Exponential Equations with Base 10 
If an equation contains 10 as a base, the work will be simplified by taking common 
logarithms. 


өө» Example 53: Solve 10°* = 2(107*) to three significant digits. 


Solution: Dividing both sides by 10?* and simplifying using the law of exponents for 
quotients, 


1075 


10% 
1094 2х — 1035 - 2 
We then take the common log of both sides, or switch to logarithmic form. 
3x log 10 = log 2 


_ log2 


= 0.100 


X 


since log 10 — 1. өөө 


Half-Life 


Being able to solve an exponential equation for the exponent allows us to return to 
the formulas for exponential growth and decay (Sec. 18-1) and to derive two inter- 
esting quantities: half-life and doubling time. 
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When a material decays exponentially according to Eq. 153, 
у = ае" 

The time it takes for the material to be half gone is called the half-life. If we let 

y = a/2, 


Taking natural logarithms gives us 


In2 = In e" = nt 


+++ Example 54: An Application. Find the half-life of a radioactive material that 
decays exponentially at the rate of 2.096 per year. 


Solution: 


half-life — er = 35 ooo 
ali-Hie = 0.020 = years 


Doubling Time 


If a quantity grows exponentially according to the following function Eq. 151, 
y = ae" 


it will eventually double (y will be twice a). Setting y — 2a, we get 


2a = ае" 


or 2 = e”. Taking natural logs, we have 
In2 = Ine" = ntlne = nt 


Solving for t we get 


Notice that the equations for half-life and doubling time are identical. Further, if we 
let P be the rate of growth expressed as a percent (not as a decimal), and since 
In 2 ~ 0.7, we get the following rule of thumb; a valuable tool for estimation. 


70 
Half-Life or Doubling Time ~ P 


eee Example 55: An Application. Radioactive Decay. Radioactive materials decay 
exponentially because the rate of decay depends only on how many atoms are pres- 
ent to decay. Certain isotopes of certain elements have half-lives so short that we can 
watch them decay on a human time scale, while others take thousands of years. We 
use radioactive decay to generate electricity and also to date archeological artifacts. 
This takes advantage of the presence of a small amount of carbon-14 in the atmos- 
phere. Plants take in this carbon-14 and after the plants dies, it decays with a half-life 
of 5730 years. We measure the amount of carbon-14 left in a plant sample found with 
an artifact to tell how long the plant has been dead. 
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Remember, there is still half of the original radioactivity left after one half-life 
has passed. It takes over three half-lives for the original radioactivity to decay by 90%. 


How long does it take for 90% of a sample of strontium-90 to decay? 


Solution: After 90% of the sample has decayed, 10% or 1/10, remains, so a/y = 10. 
From the equation for exponential decay, Eq. 153. 


Taking the natural log of both sides, 


Solving for t we get, 
—]n(y/a)  lIn(a/y) 


n n 


where —In(y/a) = In(a/y). The time tio to reach the 10% level is then Eq. 152, 
In10 
fino = с 
n 
Now we need to use the half-life of strontium-90 (28.8 years) to find n. From Eq. 152, 
In2 0.693 
A= = 


= 0.0241 per year 


fip 28.8 
and 
Пэн oss 
110 = OL 777 years .. 


Exercise 4 • Solving an Exponential Equation 


Solve for x to three significant digits. 


1.2727 2. (7.26): = 86.8 

3. (115)**? = 12.5 4. (275) = (0.725) 

5. (15.4) * = 72.8 6. e* = 125 

7. 5.62е?^ = 188 8. 10565571 = 5.96 

9, 625-1 = зөхл 10. 14.8e?* = 144 

11. 5% = 73-2 19. 35 = 175*-! 
13. 10% = 3(10*) 14. e + ех = 2(е* — ех) 
15. 29x t1 = 32x41 16. 52x = 33x41 


17, 7265-23, 


Applications 
18. The current i in a certain circuit is given by 
i = 6.25e7 !?>! (amperes) 
where f is the time in seconds. At what time will the current be 1.00 A? 
19. The current through a charging capacitor is given by 


E 
хаг: g uke (Eq. 1082) 


If E = 325 V, R = 1.35 О, and C = 3210 uF, find the time at which the 
current through the capacitor is 0.0165 A. 
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20. The voltage across a charging capacitor is given by 
y = E(1 — е MRC) (Eq. 1083) 
If E = 20.3 V and К = 4510 О, find the time when the voltage across a 
545-4 F capacitor is equal to 10.1 V. 


91. The temperature above its surroundings of an iron casting initially at 2005?F 
will be 
T= 2005e~ 9.96208 


after t seconds. Find the time for the casting to be at a temperature of 500°F 
above its surroundings. 


22. A certain long pendulum, released from a height yo above its rest position, will 


be at a height 


y = e Ot 


at t seconds. If the pendulum is released at a height of 15 cm, at what time will 
the height be 5.0 cm? 


23. The population of a certain city growing at a rate of 2.0% per year from an 
initial population of 9000 will grow in t years to an amount 


Р = 9000690?! 


How many years (to the nearest year) will it take the population to triple? 


24. The barometric pressure in inches of mercury at a height of h feet above sea 


level is 

р = 3006 ™ 
where k = 3.83 X 107°. At what height will the pressure be 10.0 in. of 
mercury? 


25. The approximate density of seawater at a depth of h mi is 
d = 64.0е0:00676^ (Ib/ft?) 


Find the depth л at which the density will be 64.5 Ib/ ft". 
26. A rope passing over a rough cylindrical beam (Fig. 18—13) supports a weight W. 
The force F needed to hold the weight is 
Е = We "? 


where m is the coefficient of friction and 0 is the angle of wrap in radians. If 
ш = 0.150, what angle of wrap is needed for a force of 100 Ib to hold a 
weight of 200 Ib? 


27. Using the formula for compound interest, Eq. 1009, y = a(1 + n), calculate 
the number of years it will take a sum of money to triple when invested at a F 


rate of 1246 per year. FIGURE 18-13 


28. Using the formula for present worth, a — dug in how many years will 
n 


it take for $50,000 accumulate to $70,000 at 1596 interest? 


29. Find the half-life of a material that decays exponentially at the rate of 3.50% 
per year. 


30. How long will it take the U.S. annual oil consumption to double if it is in- 
creasing exponentially at a rate of 7.096 per year? 


31. How long will it take the world population to double at an exponential growth 
rate of 1.64% per year? 


39. What is the maximum annual growth in energy consumption permissible if the 
consumption is not to double in the next 20 years? 
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18-5 Solving a Logarithmic Equation 


Graphical Solution 
m Exploration: 


Try this. We have used our graphics calculators to find approximate solutions to many 
kinds of equations. Now use your calculator to graphically find the roots of the equation 


3 log(x? + 2) = 6 a 
ecko In your exploration you probably graphed the function 
“=g gugc y p youp y grap 

у = 3 log(x* + 2) – 6 


TI-83/84 h of 
y=3 кы. 19) Iob ESO as shown, and found roots at x ^ 9.90 and —9.90. 


the horizontal axis are 1 unit apart. 
Using a Calculator's Equation Solver 


We will now use a built-in equation solver to solve a logarithmic equation, just as 
we solved exponential equations earlier in this chapter. 


eee Example 56: Solve the equation from the exploration using the TI-83/84 
equation solver. 


Solution: We select Solver from the MATH, menu and enter the equation. Enter a 


new guess of x — 5 and a new bound of 0 to 20. Move the cursor to the line contain- 
ing “x =” and press | SOLVE |. 


TI-83/84 screen for Example 56. The The root falling within the selected bound is displayed. To find the other root 


computed value of x is shown, within we would change the initial guess and the bound to include negative values. ooo 
the chosen bound. 


Solving Equations That Are in Implicit Form 

CREE хорт БЛЬГ | 

тшдер ч HIIS шин w| | +++ Example 57: Solve the equation from the preceding example using the TI-89 
equation solver: 

Solution: We select solve from the Algebra menu, enter the equation, followed by 
the variable (x) that we want to solve for, and press to get the approximate deci- 


SolveCGG*loaCx^242)026,x)] || 80х7282У-6.Х3 mal solution. Note that both solutions are given. +.. 


MAIN DEG AUTO FUNC 1/30 


TI-89 screen for Example 57. Algebraic Solution 


Often a logarithmic equation can be solved simply by rewriting it in exponential 
form. If just one term in our equation contains a logarithm, we isolate that term on 
one side of the equation before going to exponential form. 


+++ Example 58: Algebraically solve the logarithmic equation of the preceding 
examples, to three significant digits. 


Solution: Rearranging and dividing by 3 gives 
log(x? + 2) =2 
Going to exponential form, we obtain 
x? + 2 = 10? = 100 
x? = 98 


x = +9.90 +++ 


If every term contains “log,” we use the properties of logarithms to combine 
those terms into a single logarithm on each side of the equation and then take the 
antilog of both sides. 
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eee Example 59: Solve for x to three significant digits: 
3 log x — 2 log 2x = 2 log 5 
Solution: Using the properties of logarithms for quotients (Eq. 140) and for 


powers (Eq. 141) gives 


x3 


log ——; = log 5? 
8 Ох)? 8 
log ~ = log 25 
og — = lo 
84 8 
Taking the antilog of both sides, we have 


= 25 


з 313 


= 100 өөс 
If one or more terms do not contain a log, combine all of the terms that do соп- 
tain a log on one side of the equation. Then go to exponential form. 
+++ Example 60: Solve for x: 
log(5x + 2) — 1 = log(2x = 1) 
Solution: Rearranging yields 
log(5x + 2) —log2x – 1) = 1 
Using the property of logarithms for quotients (Eq. 140), 


А 5x + 2 1 
о = 
Ваау 
Expressing in exponential form gives 
5x 2 
2-40 er qu 
23:51 


Solving for х, we have 


5x + 2 = 20x — 10 


12 = 15x 
4 

х= өөө 
5 


An Application 


eee Example 61: The Richter Scale. The Richter magnitude R, used to rate the 
intensity of an earthquake, is given by 


a 
R = log — 
ao 


where a and aj are the vertical amplitudes of the ground movement of the measured 
earthquake and of another earthquake taken as reference. Figure 18-14 shows the 
Richer magnitude for earthquakes of different severities. 


o 

2 

БЫ 

5 2 

A, © 
B 

z a 


Richter Scale 
FIGURE 18-14 
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Graphical check for Example 59: 

y —3log x — 21og 2x — 21085 
showing a root at x — 100. Tick marks 
on the horizontal axis are 50 units apart. 


3logsclgBa35—-21o8€£2 
aa 


T1-83/84 check for Example 59. As 
usual, we must beware of extraneous 
roots. Here we have checked our 
answer of x — 100 by substituting it 
separately into each side of the given 
equation. 


Graphical check for Example 60: 


y = log(5x + 22 — 1 — log(2x — 1) 
showing a root at x = 0.8. Tick marks 
on the horizontal axis are 1 unit apart. 
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FIGURE 18-15 


The belis named for Alexander Graham 
Bell (1847-1999), who is credited with 
inventing the first practical telephone. 
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If two earthquakes measure 4 and 5 on the Richer scale, by what factor is the ampli- 
tude of the stronger quake greater than that of the weaker? 


Solution: Let us rewrite the equation for the Richter magnitude using the laws of 
logarithms. 
R = loga — log ao 


Then, for the first earthquake, 


4 = log a; — log ao 
and for the second, 
5 = log ас log ao 


Subtracting the first equation from the second gives 
1 = log a — log а] 
= (log a»/ a1) 


Going to exponential form, we have 


22 104210 
ay 
a = 10a, 


So the second earthquake has 10 times the amplitude of the first. 


Check: Does this seem reasonable? From our study of logarithms, we know that as 
a number increases tenfold, its common logarithm increases only by 1. For example, 
log 45 — 1.65 and log 450 — 2.65. Since the Richter magnitude is proportional to 
the common log of the amplitude, it seems reasonable that a tenfold increase in 
amplitude increases the Richter magnitude by just 1 unit. oe 


өөө Example 62: An Application: Decibels and Power Gain or Loss 
An important use of logarithms is to compare power levels, voltage levels, or sound 
levels. Let us first do electrical power and voltage, and then sound levels. 

If the power input to a certain network or device, Fig. 18-15, is P; and the power 
output is P», the power gain or loss Gp in the device is defined by the following log- 
arithmic equation: 


Р, 
Gp = 1060 — bels 
Pi 


The bel is too large a unit for practical use so it is customary to use the decibel 
(dB) instead, where a decibel is 1/10 of a bel. Our equation then becomes: 


A certain amplifier has a power output of 500 W for an input of 20 W. Find the 
decibels gained or lost. 


Solution: From Eq. 1103 with P, = 20,W and P; = 500 W, 


Gp — 101 эм 
Р 0810 20 


= 10 10810 25 


14 decibels 


or a gain of 14 dB. +.. 
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өөө Example 63: An Application: To find P, or P given the gain, we must solve the 
logarithmic Eq. 1103 by methods given earlier in this chapter. 

A certain device has a gain of 2.50 dB with an input of 75.0 W. What is the power 
output? 


Solution: From Eq.1103, 


2.50 — 101 Е 
ae т 
2.50 lo Р, 
10 810 75.0 
Going from logarithmic to exponential form, 
Р, 
100-250 = 
75.0 
P, = 75.0 x 100250 
= 133 W +++ 


y? 
Using the fact (Eq. 1065) that power P is equal to P — P Eq. 1103 becomes: 


№2/8 
М2/К 


VM? 
= 10100, V 


Where Gy is the voltage gain or loss. 


Gy 


10 10810 


Here we have used Eq. 141, the log of a number raised to a power equals the power times 
the log of the number. We also use the subscript V to distinguish voltage gain from 
power gain. 


өөө Example 64: An Application: Voltage Gain or Loss 


The voltage of a section of transmission line is 2550 V at the near end and 2440 V at 
the far end. Find the decibels lost. 


Solution: From Eq. 1104, we get 


G 201 2440 

= о = 
V £10 2550 
— 0.38 decibel 


or a loss of 0.38 dB. 666 


өөө Example 65: An Application: Sound Decibel Level 


A common use for the decibel scale is for indicating sound levels. That is because the 
human ear does not respond to sound in a linear fashion, but in a logarithmic fashion. 
For example, a doubling in sound level is not perceived by the ear as a doubling in 
loudness, but a tenfold increase is perceived by the ear as doubling in loudness. If the 
output of an audio amplifier is doubled from 10 W to 20 W, it will not sound twice as 
loud, but if the output of an audio amplifier is increased tenfold from 10 W to 100 W, 
it will sound twice as loud. 
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The loudness of a sound is perceived as approximately proportional to the logarithm 
of the intensity level. If we have two sources of sound having intensities of / and h, 


Find the decibel level of the loudest tolerable sound (threshold of pain) that has an 
intensity level of 10 ^ watts/cm? relative to the faintest audible sound (threshold of 
hearing) that has an intensity level of 107719 watts/cm?. 


Solution: Substituting the given valves, 

G, = 101 цг = 120 dB 
d 0810 10—16 = РРР 
The span between these two values is called the dynamic range. Some approximate 
decibel levels are given in Fig. 18-16. 


5 2 
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G, (db) 
FIGURE 18-16 Approximate sound levels. 


Exercise 5 • Solving a Logarithmic Equation 


Find the value of x in each expression. 


1. x = log39 2. x = log, 8 3. х = logg 2 
4. x = logg 27 5. x = logz 9 6. x — log48 
7. x = logg4 8. x = 10827 81 9. log, 8 = 3 
10. loga x = 4 11. log, 27 = 3 12. log, 16 = 4 
13. logs x = 2 14. log, 2 = : 15. 108з6 x = : 
16. logy x = 3 17. x = 10925 125 18. x = logs 125 
Solve for x. Give any approximate results to three significant digits. Check your answers. 
19. log2x + 5) = 2 90. 2log(x + 1) = 3 
91. log(2x + х2) = 2 22. Inx — 2Inx = In 64 
23. In 6 + In(x — 2) = In(3x — 2) 94. ln(x + 2) — ln 36 = ах 
25. In(5x + 2) — In(x + 6) = In4 26. log x + log4x = 2 
97. nx + ш(х + 2) = 1 28. log 8x? — log 4x = 2.54 
29. 2logx — log(1 — x)= I 30. 3log x — 1 = 3 log(x — 1) 
31. log (x? — 4) — 1 = log(x + 2) 39. 2log x — 1 = log(20 — 2x) 
33. log(x? — 1) — 2 = log(x + 1) 34. In2x — In4 + In(x - 2 = 1 


Applications 


35. The barometer reading is 29.66 in. Hg at a lower station, 3909 ft below the 
upper station. Find the barometer reading at the upper station. An equation 
giving difference in elevation h between two stations having different barome- 
ter readings B, and В» is given by Л = 60,470 log( B5/ B). 

36. What will be the barometer reading 815.0 ft above a station having a reading 
of 28.22 in. Hg? 
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Р 
37. Use Eq. 1103, G, = 10 logyg -| to find the power transmitted by a transmission 
1 


line with an input of 2750 kW and a loss of 3.25 dB. 

38. What power input is needed to produce a 250-W output with an amplifier 
having a 50 dB gain? 

39. For a pipe diameter of 11.4 in., a temperature difference of 528°F, and an insu- 
lation conductivity of 0.044, find the outside radius г» of the insulation that will 
result in a heat loss of 215 Btu/h. Use the expression for the heat loss from 

28К(1-1,) 

In (r/r) 

40. pH: The pH value of a solution having a concentration C of hydrogen ions is 

given by the following equation: 


The units of C are moles of hydrogen ions per liter of solution. A mole is a 
unit used in chemistry for expressing large quantities of very small entities. 
A mole of hydrogen ions, for example, has a mass of one gram. Find the con- 
centration of hydrogen ions in a solution having a pH of 4.65. 

41. A pH of 7 is considered neutral, while a lower pH is acidic and a higher pH is 
alkaline. What is the hydrogen ion concentration at a pH of 7.0? 

42. The acid rain during a certain storm had a pH of 3.5. Find the hydrogen ion 
concentration. How does it compare with that for a pH of 7.0? Show that 
(a) when the pH doubles, the hydrogen ion concentration is squared. 
(b) when the pH increases by a factor of n, the hydrogen ion concentration is 

raised to the nth power. 

43. Two earthquakes have Richter magnitudes of 4.6 and 6.2. By what factor is 

the amplitude of the stronger quake greater than that of the weaker? 


a pipe q = 


a 
Use the equation R = log —. 
ао 


44. A certain amplifier is to give a power output of 1000 W for an input of 50 W. 
Find the dB gain. 

45. The power output of a certain device is half the input. What is the change in 
decibel level? 

46. For a certain device, P; = 4.0 W and P»; = 280 W. Find the change in decibel 
level. 

47. A 20-W speaker is replaced with a 400-W speaker. Find the increase in decibel 
level. 

48. The power delivered by a transmission line is 80% of the initial power. Find the 
change in decibel level. 

49. Find the voltage gain of an amplifier that raises the voltage from 1.0 V 
to 84 V. 

50. The voltage in a section of transmission line drops from 1555 V to 1524 V. Find 
the change in decibel level. 

51. The voltage at the end of a certain transmission line is 90% of the initial 
voltage. Find the change in decibel level. 

52. The voltage at the end of a certain transmission line is three-fourths the initial 
voltage. Find the change in decibel level. 

53. Decibel Level Decrease with Distance: The decibel decrease G when moving 
from a sound source at a distance d, to a distance dy is given by 


ds 
G = 20 logio — dB 
d, 


Find the decibel drop when moving twice as far from a sound source. 
54 Find the decibel drop when moving three times as far from a sound source. 
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ooo CHAPTER 18 REVIEW PROBLEMS *999999999999999999999999999999 


Convert to logarithmic form. 
1. 302 = 352 9. 4.8* = 58 
3. 24! = х 


Convert to exponential form. 
4. loga 56 = x 5. log, 5.2 = 124 
6. logy х = 482 

Solve for x. 


7. 1098] 27 = x 8. log x = 4 


9. log, 32 = —3 


Write as the sum or difference of two or more logarithms. 
3x 
10. log xy 11. Ю 
ab 
12. log — 
"S cd 


Express as a single logarithm. 
13. log 5 + log2 14. 21og x — 3 log y 


15. 5108 р = 110894 


Find the common logarithm of each number to four decimal places. 


16. 6.83 17. 364 

18. 0.00638 19. 18.6 

20. 87.4 

Find x if log x is equal to the given value. 

21. 2.846 22. 1.884 

23. —0.473 24. 3.361 

Find the natural logarithm of each number to four decimal places. 
25. 84.72 26. 2846 

27. 0.00873 

Find the number whose natural logarithm is the given value. 
28. 5.273 29. 1.473 

30. —4.837 

Find log x if 

31. Inx = 4.837 32. Inx = 8.352 
Find In x if 

33. log x = 5.837 34. log x = 7.264 


Solve for x to three significant digits. 

35. (4.88)* = 152 36. "| = 724 

37. 3logx — 3 = 2 log x? 

38. log(3x — 6) = 3 

39. A sum of $1500 is deposited at a compound interest rate of 6 1% compounded 
quarterly. How much to the nearest dollar will it accumulate to in 5 years? 

40. A quantity grows exponentially at a rate of 2.00% per day for 10.0 weeks. Find 
the final amount if the initial amount is 500 units. 

41. A flywheel decreases in speed exponentially at the rate of 5.00% per minute. 
Find the speed after 20.0 min if the initial speed is 2250 rev/min. 


Review Problems 


42. 


43. 
44. 


45. 


46. 


47. 


48. 


49. 


50. 


Find the half-life of a radioactive substance that decays exponentially at the rate 
of 3.50% per year. 
Find the doubling time for a population growing at the rate of 3.0% per year. 


Computer: An iron ball with a mass of 1 kg is cut into two equal pieces. It is cut 
again, the second cut producing four equal pieces, the third cut making eight 
pieces, and so on. Write a program to compute the number of cuts needed 
to make each piece smaller than one atom (mass — 9.4 X 10—26 kg). Assume 
that no material is removed during cutting. 


Computer: Recursion Relation for Exponential Growth: Our equation for expo- 
nential growth, у = ae”, gives the final amount y of a quantity growing at a rate 
n for t time periods, starting with amount a. Another equation for exponential 
growth is the recursion relation 


у = By,-1 (Eq. 156) 


where the amount у, is obtained by multiplying the preceding amount у, _ у by 
the constant B, whose value is e”. Use a spreadsheet to show that the two 
formulas give the same values over 20 time periods, choosing suitable values for 
the variables. 

A transmission line has a loss of 1.50 dB with an input of 1175 V. What is the 
voltage output? 

A transmission line has a loss of 0.50 dB with an output of 2500 V. What is the 
voltage input? 


Computer: Nonlinear Growth Equation: The equations we have given for expo- 
nential growth represent a population that can grow without being limited by 
shortage of food or space, by predators, and so forth. This is rarely the case, so 
biologists have modified the equation to take those limiting factors into account. 
One model of the growth equation that takes these limits into account is obtained 
by multiplying the right side of Eq. 156 by the factor (1 — у,— |). 


This equation is one form of what is called the Logistic Function, or the Ver- 
hulst Population Model. As y,— gets larger, the factor (1 — y,— |) gets smaller. 
This equation will cause the predicted population y to stabilize at some value, 
for a range of values of the birthrate B from 1 to 3, regardless of the starting 
value for y. 

Use a spreadsheet to compute the population for 20 time periods using both the 
nonlinear growth equation and the recursion relation for exponential growth, and 
compare. Use a starting value of 0.8 and a birthrate B of 2. 

Computer Chaos: Repeat the preceding computation three more times with 
birthrates of 0.9, 3, and 4. What do you observe for each? At which birthrate 
does the population 

(a) die out? 

(b) reach a stable value? 

(c) oscillate between values? 

(d) give unpredictable results, or chaos? 


Writing: In this chapter we have introduced two more kinds of equations: the 
exponential and the logarithmic equations. Earlier we had five other types. List 
the seven types, give an example of each, and write one sentence for each telling 
how it differs from the others. 
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Complex Numbers 


OBJECTIVES 
When you have completed this chapter, you should be able to 


* Write complex numbers in rectangular, polar, trigonometric, 
and exponential forms. 


* Find the sums, differences, products, quotients, and powers of 
complex numbers. 


* Find components and resultants of vectors using complex numbers. 
* Solve alternating current applications using complex numbers. 


Up to now we have avoided square roots of negative numbers, expressions like V/—4. 
We deal with them here by introducing imaginary numbers and complex numbers. 
We will show that an imaginary number is not imaginary and a complex number 
is not complicated, as its unfortunate name implies, but actually simplifies many 
computations. 

A complex number can be written in many different forms, each with its own 
advantages. They are easily manipulated by calculator, which will greatly simplify 
our work. We will do the usual operations, addition, subtraction, multiplication, 
and so forth. 

A graph of a complex number will show how the different forms of a complex 
number are related, and why they can be used to represent vectors. We will repeat 
the operations with vectors we did in our trigonometry chapters, resolving a vector 
into components, and finding the resultant of several vectors. For example, finding 
the resultant of the vectors in Fig. 19-1 can be a long process, but we will see later 
how complex numbers simplify the work. 

Complex numbers find extensive use in alternating current computations. We 
will briefly show this application in the last section of this chapter to reinforce what 
electrical students learn in circuits classes. 
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19-1 Complex Numbers in Rectangular Form тг 


As usual with any new topic, we start with some definitions. 


Imaginary Numbers 


Recall that in the real number system, the equation 
2 
x= —1 


had no solution because there was no real number such that its square was — 1. Now 
we extend our number system to allow the quantity V —1 to have a meaning. We 
define the imaginary unit as the square root of —1 and represent it by the symbol i. 


Imaginary unit: і = V —1 


As complex numbers find wide use in electric circuits, the letter j is sometimes used 
for the imaginary unit, reserving i for current. 


An imaginary number is the imaginary unit multiplied by a real number. An exam- 
ple of an imaginary number is 9i. In general, we usually denote the real number by 
b, so the imaginary number would be written as bi. 


Complex Numbers 


A complex number is any number, real or imaginary, that can be written in the form 
a + bi 


where a and b are real numbers, and i = V —1 is the imaginary unit. A complex 
number written this way is said to be in rectangular form. 


өөө Example 1: The following numbers are complex numbers in rectangular form. 


4 + 21 —] + 8i 5.92 — 2.931 83 271 +.. 


When b = 0 in a complex number a + bi, we have a real number. When 
a = 0, the number is called a pure imaginary number. 


+++ Example 2: 


(a) The complex number 48 is also a real number. 
(b) The complex number 9i is also a pure imaginary number. +.. 


The two parts of a complex number are called the real part and the imaginary part. 


Addition and Subtraction of Complex Numbers 


To combine complex numbers, separately combine the real parts, then combine the 
imaginary parts, and express the result in the form a + bi. 
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өө, Example 3: Here are some examples of the addition and subtraction of complex 
numbers in rectangular form. 

(a) 3i + 5i = 8i 

(b 2i + (6 — 5i) = 6 – 3i 

(с) 2—5) + (-4 + 3) = (2 – 4) + (5 + 3i = -2- 21 


(d (-6 + 2i) – (4-1 = (-6 – 4) + [2 — (-IJi = —10 + 3i ooo 
Powers of i 
We often have to evaluate powers of the imaginary unit, especially the square of i. 
Since 

i=V-l1 
then 


P=V-1V-1=-1 


Higher powers are easily found. 


P=? -(-Di--i 
ped (Di i 
perg = (188021 


We see that the values are starting to repeat: pe i, je Р, and so on. The first 


four values keep repeating. Note that when the exponent n is a multiple of 4, then 
i" = 1. 


өө» Example 4: Evaluate i”. 


Solution: Using the laws of exponents, we express i!” in terms of one of the first four 
powers of i. 


j|! = ИЗ = (i = (0i s= i eee 


Multiplying by Imaginary Numbers 
Multiply as with ordinary numbers, but use Eq. 177 to simplify any powers of i. 


өөө Example 5: Here are examples of multiplying by imaginary numbers. 

(a) 5 X 3i = 15i 

(b) 2i x 4i = 8? = 8(—1) = -8 

(c) 3 X 4i X 5i x i = 60i? = 60(—i) = —60i +.. 
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Multiplying Complex Numbers 


We multiply complex numbers in the same way we multiplied binomials in Chapter 2. 


өөө Example 6: Multiply the complex numbers 
(a + bi)(c + di) 


Solution: We multiply just like any other binomials 
(a + bi)(c + di) = ac + adi + bci + bdi? 
Next we replace i? by —1 and collect terms 
(a + bi)(c + di) = ac + (ad + bc)i + bd(-1) 
(ac — bd) + (ad + bc)i 666 


So, in general, 


өөө Example 7: Here we give some examples of multiplication of complex numbers 
in rectangular form. 
(a) 3(5 + 2i) = 15 + 6i 
(b) (3i)(2 — 4i) = 6i — 12i? = 6i — 12(-1) = 12 + 6i 
(c) (3 — 2i) (—-4 + 5i) = 3(—4) + 3(5i) + (-2i1) ( -4) + (-2i) (5i) 
= —12 + 15i + 8i — 102 
= —]2 + 15i + 8i — 10(—1) 
= —2 + 23i ooo 


We will see in the next section that multiplication and division are easier in polar 
form. 


To multiply radicals that contain negative quantities under the radical sign, first 
express all quantities in terms of i; then proceed to multiply. Always be sure to convert 
radicals to imaginary numbers before performing other operations, or contradictions 
may result. 


+++ Example 8: Multiply V —4 by V —4. 
Solution: Converting to imaginary numbers, we obtain 


V/-4 V/-4 = Qi) Qi) = 4? 


Since i? — -1, 
4i? = —4 ooo 


It is incorrect to write 


V-4 V4 = \/(-4)(-4) = V16 = +4 


Our previous rule of Va: Vb = Vab applied only to 
positive a and b. 
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FIGURE 19-2 The complex plane. 
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FIGURE 19-3 Such a plot is called ап 
Argand diagram, named for Jean 
Robert Argand (1768-1822). 
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Graph of a Complex Number 


To graph a complex number we use axes similar to our familiar rectangular coordi- 
nate system (Fig. 19-2). Now the horizontal axis is the real axis, and the vertical 
axis is the imaginary axis. Such a coordinate system defines what is called the com- 
plex plane. Real numbers are graphed as points on the horizontal axis; pure imagi- 
nary numbers are graphed as points on the vertical axis. Complex numbers, such as 
3 + 5i (Fig. 19-2), are graphed elsewhere within the plane. 

To plot a complex number a + bi in the complex plane, simply locate a point 
with a horizontal coordinate of a and a vertical coordinate of b. 


өөө Example 9: Plot the complex numbers (2 + 3i), (—1 + 2), (—3 — 21), and 
(1 — 3i). 


Solution: The points are plotted in Fig. 19-3. +.. 


The Conjugate of a Complex Number 


Two numbers that are located symmetrically across the real axis, as in Fig. 19-4, 
are called complex conjugates. Thus the conjugate of a complex number is obtained 
by changing the sign of the imaginary part. 


өөө Example 10: Here are some conjugates. 


(a) The conjugate of 2 + 3iis 2 — 3i. 
(b) The conjugate of —5 — 4115 —5 + 4i. 
(c) The conjugate of a + bi isa — bi. +.. 


+++ Example 11: Multiply the complex number 2 + 3i by its conjugate. 


Solution: The conjugate of 2 + 3i is 2 — 3i. Multiplying, 


(2 + 3i) — 3i) 2 4 — 6i + 6i — 97 = 4 — (9)(-1) = 13 ooo 


Note that the form of a complex number times its conjugate is the same as for the 
difference of two squares. Here, as there, two of the products are equal but of oppo- 
site sign and hence are eliminated. 


Conjugates are needed when we divide complex numbers, as we will now see. 


Dividing Complex Numbers 


Division involving single terms, real or imaginary, is shown by examples. 


+++ Example 19: 


(a) 8i +2 = 4i (b) 6i + 3і = 2 
(с) 4—6) + 2= 2 – 31 .. 


+++ Example 13: Divide 6 by 3i. 


Solution: 
6 6 3i 181 18i 


= x 2i $66 


з 93 3i 908 —9 
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To divide by a complete complex number, multiply dividend and divisor by the 
conjugate of the divisor. This will make the divisor a real number, as in the follow- 
ing example. 


+++ Example 14: Divide 3 — 4i by 2 + i. 


Solution: We multiply numerator and denominator by the conjugate (2 — i) of 
the denominator. 


za здау 
284 BEE Led 

6 — 3i — 8i + Ai? 

“4401-00-08 


22-11 
5 
2 1 
—— —i ooo 
5 8 


This is very similar to rationalizing the denominator of a fraction containing 
radicals. In general, 


Exercise 1 • Complex Numbers in Rectangular Form 


Combine and simplify. 


1. B — 2i) + (-4 + 3i) 9. (C1 — 2i) – (i +6) 
3. (a — 3i) + (a + 5i) 4. (p + qi) + (q + pi) 

l i 1 i | 
5. G + Э + G = 1) 6. (—84 4 91i) — (28 + 72i) 


7. (2.28 — 1.467) + (1.75 + 2.66) 
Evaluate each power of i. 


8. i!! 9. i? 10:17 
414. эн 12. 114 
Multiply and simplify. 

13. 7 X 2i 14. 9 X 3i 

15. 3i X 5i 16. i X 4i 

17. 4 X 2i X 3i X 4i 18. iX 5 X Ai X 3i X 5 
19. (5i 90. (3i 
91. 2(3 — 4i) 99, —3(7 + Si) 
23. 4i(5 — 2i) 24, 5i(2 + 3i) 
25. (3 — 5i) 2 + 6i) 26. (5 + Ai) (4 + 2i) 
27. (6 + 3i)(3 — 8i) 28. (5 — 3i) (8 + 2i) 
99. (5 — 2iy 30. (3 + 6)? 
Graph each complex number. 

31. 2+ 5i 39. =1 = 3i 33. 3 — 2i 


34.2 —i 35. 5i 36. 2.25 — 3.62i 


567 


568 


Imaginary 


a+bi=r/0 


0 a Real 


FIGURE 19-5 Polar form of a complex 
number shown on a complex plane. 


Named for the Swiss mathematician 
Leonhard Euler (1707-1783). 
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Write the conjugate of each complex number. 


37. 2 — 3i 38, —5 = 7i 39. p + qi 
40. —5i + 6 41. -mi +n 49.5 — 8i 
Divide and simplify. 

43. 8i — 4 44. 9 — 3i 

45. 12i + 6i 46. 44i — 2i 

47. (4 + 20) +2 48. 8 + (4- i) 

49. (-2 + 3) + (1— i) 50. (5 — 6i) + (-3 + 2i) 
51. (7i + 2) = Gi = 5) 52. (—9 + 3i) + (2 = 4i) 


19-2 Complex Numbers in Polar Form 


In an earlier chapter we saw that a point could be located by polar coordinates, as 
well as by rectangular coordinates. Similarly, a complex number can be given in 
polar form as well as in rectangular form. 

Why another form? We will see that while addition and subtraction of complex 
numbers are best done in rectangular form, multiplication and division are easier in 
polar form. 

Figure 19-5 shows how the rectangular and polar forms are related. There we 
have plotted the complex number a + bi. If we now connect that point to the origin 
by a line segment of length r, it makes an angle 0 with the horizontal axis. We can 
express the same complex number in terms of r and 0, if we note that 


a 
cos 0 = — 
Р 


So 

а —rcos0 
Similarly, 

b-—rsin0O 
Substituting gives 


a + bi = rcos0 + гі ѕіп Ө 
r(cos 0 + isin 0) (1) 


We can also write this expression using the simpler notation, 

a t bi = r/0 (2) 
A third polar form can be obtained from Euler's formula, Eq. 185, which we give 
without proof. 


cos 0 + isin 0 =e” 


Here e is the base of natural logarithms and 0 is in radians. Multiplying both sides 
by r, we get 


r(cos 0 + isin 0) = re? 


So, 
a+ bi = re? (3) 


While Eqs. 1, 2, and 3 are polar forms of a complex number, we will refer to Eq. 1 
as the trigonometric form, Eq. 2 as the polar form, and Eq. 3 as the exponential 
form. In all three polar forms, r is called the magnitude or absolute value of the 
complex number, and the angle 0 is called the argument of the complex number. 
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Our various forms of a complex number are then 


In practice, we will just use the rectangular form for addition and subtraction, and 
the polar form for multiplication and division. 


Converting between Rectangular and Polar Form 


To convert from rectangular to polar we use Eqs. 173 and 174 to calculate r and 0. 


өөө Example 15: Write the complex number 2 + 3i in polar form. Keep three sig- 
nificant digits. 


Solution: With a = 2 and b = 3 we have 


r= V2? + 32 = 3.61 


and 
3 
{ап 0 = — 
an 2 
0 = 56.3? 
50 
2 + 3i = 3.61 /56.3° +.. 


To convert from polar to rectangular, we use Eqs. 175 and 176 to calculate a and b. 


eee Example 16: Write 6/30° in rectangular form. Keep three significant digits. 


Solution: By inspection, 
r=6 and 0 = 30° 


So 
а —rcos0 = 6 cos 30° = 5.20 
and 
b = r sin 0 = 6 sin 30° = 3.00 
Thus our complex number in rectangular form is 5.20 + 3.00i. +.. 


Arithmetic Operations in Polar Form 


We saw that addition and subtraction are fast and easy in rectangular form, and we now 
show that multiplication, division, and raising to a power are best done in polar form. 
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Products 
Let us multiply r (cos 0 + i sin 0) by r' (cos 6’ + isin 0”). 
[г (cos 0 + i sin 0)] [r' (cos 0' + isin 07)] 
= rr' (cos 0 cos 0' + i соз Ө sin 6’ + isin Ө cos 0' + i? sin 0 sin 6’) 


= rr' [(cos Ө cos 0' — sin Ө sin 0”) + i(sin 0 cos 0' + cos 0 sin 6’) | 
But by the trigonometric identities for the sine and cosine of the sum of two angles 


sin (0 + 0') = sin 0 cos 0' + cos 0 sin 0' (128) 


cos (0 + 6’) = cos 0 cos 0' — sin Ө sin 0’ (129) 
So 
r(cos 0 + isin0)*r'(cos 0' + isin Ө”) = rr'[cos(0 + 0’) + isin (0 + 0] 


Rewriting this result using our simpler notation gives 


өө» Example 17: Multiply 5/30? by 3/20°. 


Solution: The absolute value of the product will be 5(3) = 15, and the argument of 
the product will be 30° + 20° = 50°. So 


5/30°+3/20° = 15/50° .. 


The angle 0 is not usually written greater than 360°. Subtract multiples of 360° 
if necessary. 


+++ Example 18: Multiply 6.27/ 300? by 2.75/ 125°. 


Solution: 
6.27/ 3009 x 2.75/125? = (6.27) (2.75)/300° + 125° 
= 17.27425° 
= 17.2765° 
after subtracting 360° from the angle. +.. 


+++ Example 19: An Application: A certain current I is represented by the complex 
number 1.15/23.5° amperes, and a complex impedance Z is represented by 
24.6/ 14.8? ohms. Multiply I by Z to obtain the voltage V. 


Solution: 


V = IZ = (1.15723.5°) (24.67 14.8?) = 28.3738.3° (V) +.. 


Quotients 


The rule for division of complex numbers in trigonometric form is similar to that 
for multiplication. 
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+++ Example 20: Divide 6/70? Бу 2/50°. 


Solution: We divide the absolute values, and subtract the angles, 


6/70? 
= ($) (70° — 50°) 
2/50* 2 
= 3/20* 244 


Powers 


To raise a complex number to a power, we merely have to multiply it by itself the 
proper number of times, using Eq. 182. For example, 


(r/0Y = r/0:r/0— r:r/0* 0 = P720 
and (r/0Y = r/0:r2/20 = r-r?/0 + 20 = P730 


Do you see a pattern developing? In general, we get the following equation: 


DeMoivre’s theorem is named after 
Abraham DeMoivre (1667-1754). 


+++ Example 21: Raise 2/ 10° to the fifth power. 


Solution: We raise the absolute value to the fifth power and multiply the angle by 5. 


Q/10*y = 2°/5(10°) = 32/50° .. 


Exercise 2 » Complex Numbers in Polar Form 


Round to three significant digits, where necessary, in this exercise. 


Write each complex number in polar form. 


1.544 2-39 71 
3.4 —3i 4. 8 t 4i 
5. -522 6. —4 + Ti 
7. =9 —35i 8. 7 —3i 


9. —4— Ji 
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TI-83/84 screen for Example 22. 
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Write in rectangular form. 


10. 5/28? 11. 9/59? 
19. 4/63? 13, 7/—53* 
14. 6/ —125? 


Multiplication and Division 

Multiply. 

15. 5.82/44.8° by 2.77/10.12 16. 5/30? by 2/10? 

17. 8/45? by 7/15? 18. 2.86/38.2? by 1.55/21.1° 
Divide. 

19. 58.3/77.4° by 12.4/27.2° 90. 24/50? by 12/30* 

91. 50/72? by 5/ 129 99. 71.4/56.4? by 27.7/ 15.29 


19-3 Complex Numbers on the Calculator 


Most graphing calculators can easily handle complex numbers. Here we will show 
how to enter complex numbers in either form, rectangular or polar, convert that num- 
ber to either form, and do basic operations with complex numbers having the result 
displayed in either form. We will do this for both the TI-83/84 and TI-89 calculators. 


Entering and Converting Complex Numbers on the Calculator 


You can select one of the two complex number modes available on your calculator. 
You can enter a complex number in any mode, but it will be displayed in the mode 
you have chosen. 


омар У 
Fi | Fe | Fs 
Pade [разе z|Fa3e 3 


h 
Disp lav Di3its 
Angle 


n 
Exponential Format NORMAL > 
Complex Forma 

Vector Format. 

Pretty Print 


Horiz G-T 


This is the МОРЕ | screen on the TI-83/84. MODE | screen on the TI-89 showing 
The seventh line shows the number modes, the complex formats: REAL, 
Real, a+bi (rectangular mode), and re^6i RECTANGULAR, and POLAR. 


(polar mode, which on the TI-83/84 is 
displayed in exponential form). 


+++ Example 22: Enter the complex number 7 + 3i on the TI-83/84. Have the answer 
displayed in (a) rectangular form, (b) polar form in degrees, and (c) polar form in radians. 


Solution: To enter a complex number, enter the real and the ordinary and the imag- 


inary parts, in any order, separated by a plus or minus sign. Note that |i | is not one of 


the alphabetic characters but is a special key on the calculator; a second function on 


the |• | key. We enter the number and then 


(a) put the calculator into Rectangular mode and press ENTER |. 
(b) put the calculator into Polar mode and Degree mode, and press |ENTER |. 
(c) put the calculator into Polar mode and Radian mode, and press ENTER . ooo 
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+++ Example 23: Repeat the preceding example on the TI-89. 


Solution: The steps are the same. On the TI-89 |i| is a second function on the 


CATALOG | key. өөө 


+++ Example 24: Enter the complex number 284 / 35.8° in the TI-83/84 and TI-89 
calculators. Display the result in rectangular form. 


Solution: We enter the complex number, as shown on the accompanying screens. To 


get the results displayed in rectangular form, we choose that mode from the MODE 


menu. Press |ENTER to display the result. 


284е” 55,891 
и 25 


Fir] Fer |ЕЗ» Far 
Tools|Al3ebrajCcalc Clean Ur 


й-1664, 


"(284 255.8) 230. + 166. -4 


(284235.9) 
MAIN DEGAUTO FUNC 1/30 


T1-83/84 screen for Example 24. 

We enter the number in exponential 
form, which requires that the 

calculator be in Radian mode. The 

e*| key is a second function on the LNI 
key. Since our angle is in degrees, we 
choose the degree symbol from the 


ANGLE) menu. 


TI-89 screen for Example 24. For 
entering a number in polar form, the | L 
symbol is used, a second function on the 
key. Note that the complex number 
entered is enclosed in parentheses. 

If we put the calculator in DEGREE 
mode, we do not have to specify units 
for the angle. 


ooo 


Converting Form Using the »Rect and »Polar Instructions 


We have seen that we can convert between rectangular and polar forms by entering 
the complex number in one form and having it display in another form. However, 
there is another way to do these conversions. 


eee Example 25: Convert 43.4 + 52.51 to polar form. 


Solution: We enter the complex number in rectangular form, followed by »Polar. 
On the TI-83/84 this is found on the МАТН CPX menu, and on the TI-89 it is on the 
MATH Matrix/Vector ops menu. Press | ENTER | to get the result. 


It does not matter which complex number mode the calculator is in. However, the 
result will be either in radians or degrees, depending upon which angle mode is chosen. 


The » Rect instruction is used in the same way. 222 


Arithmetic Operations on Complex Numbers by Calculator 


To perform arithmetic operations on complex numbers by calculator, first select the 
angular units desired, degrees or radians, and the form, rectangular or polar, in 
which you want the result displayed. Then simply enter the numbers, in either rec- 
tangular or polar form or both, and the indicated operation. 
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Fer [|F3-| Fur Far 
Al3ebrajcalc/ Other! Clean Ur 


7+5-4 
(7.62 < 23.2) 
"4054.562 


RAD AUTO FUNCIT: 3230 


TI-89 screen for Example 23. Note that 
when in RADIAN mode, the calculator 
displays the result in exponential form. 


43.4452.91 Polar 


63.116e°°C, 5381) 
сас 


TI-83/84 screen for Example 25. The 
first result was obtained in radian 
mode and the second in degree mode. 


Fer [|F3-| Fur Far 
Al3ebrajcalc/ Other! Clean Up 


"(43.4 +52.5-i)>Polar 


e*99 1.68.12 
"(43.4 + 52.5- i)&Polar 
(68.1 250.4) 


43.44-52.51 »Polar 
MAIN DEGAUTO FUNCITAT 2/30 


TI-89 screen for Example 25. The first 
result was obtained in RADIAN mode 
and the second in DEGREE mode. 
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+++ Example 26: Perform the following computations by calculator. Display the 
results in rectangular form. 


(а) (5.4 + 6.8i) + (7.2 — 8.1i) — (—4.7 — 6.5i) 
(b) (4.3 — 6.5i)° 
(с) (2.94/25.3°) (1.75/15.7°) 


Solution: The computations are shown in the following TI-83/84 and TI-89 screens. 
All are in RECTANGULAR mode. If they were instead in POLAR mode, the an- 
swers would be displayed in polar form. 


17. 5+5.21 


TI-83/84 screen for Example 26(a). TI-83/84 screen for Example 26(b). 


Fir Fer |ЕЗ» Fer 
Tools|Al3ebrajcalc Clean Ur 


(2.94 2 25. 35: (1. 75 2 15.7) 
3.88 


*3.39:1 
(2.94225. 3)*C1. 75215. 72] 
MAIN DEGAUTO FUNC 1/30 
TI-83/84 screen for Example 26(c); TI-89 screen for Example 26(c); 
RADIAN mode. DEGREE mode. 


Exercise 3 » Complex Numbers on the Calculator 


Do the following by calculator. Round to three significant digits, where necessary. 


Write each complex number in polar form. 


1. 5 € 4i Q, —3— 7 
3. 4 — 3i 4. 8 + 4i 
5.05021 6. —4 + Ti 
Write in rectangular form. 
7. 5/28? 8. 9/59? 
9. 4763° 10. 7/ -53° 
11. 6/=125° 
Combine and simplify. 
19. (3 — 2i) + (=4 + 3i) 13. (-1 — 2i) — (i + 6) 
14. (a — 3i) + (a + 5i) 15. (p + qi) + (q + pi) 


1 d 1 d 
NELLE . (784 + 91i) — Q8 + 72i 
16 (5 3 G г) 17. (—84 + 91i) — (28 + 72i) 
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Multiply and simplify. 

18. 4i(5 — 2i) 19. 5i(2 + 3i) 

20. (3 — 5) 2 + 60 21. (5 + AD) (4 + 20) 

99, (6 + 3i) (3 — 8i) 93. (5 — 30(8 + 20) 

24. 5.82/44.8? by 2.77/ 10.1? 25. 5/30? by 2/10* 

26. 8/45? by 7/15? 27. 2.86/38.2? by 1.55/21.1? 
Divide and simplify. 

98. 8i + 4 99. 9 + 3i 

30. 12i + 6i 31. 44i + 2i 

39. (4 + 20) + 2 33. 8 + (4 — i) 


34. 58.3/77.4° by 12.4/27.2° 35. 24/50° by 12/30° 
36. 50/72° by 5/12° 37. 71.4/56.4° by 27.7/ 15.2? 


19-4 Vector Operations Using Complex Numbers 


An important use of a complex number is that it can represent a vector. Vectors rep- 
resented by complex numbers can be easily manipulated by calculator to find rec- 
tangular components and the resultant of any number of vectors. This is our third 
look at vectors. It is a good time to glance back at Chapter 7 where we introduced 
vectors, and Chapter 8 where we manipulated vectors at any angle. 


Representing a Vector by a Complex Number 


Figure 19-6 shows a plot of the complex number 2 + 3i. If we connect that point Ба 


with a line to the origin, we can think of ће complex number 2 + 3i as represent- 243i 
ing a vector R having a horizontal component of 2 units and a vertical component 
of 3 units. 

The complex number used to represent a vector can be expressed either in 
rectangular, polar, or exponential form. In this section we will do all the work by 
calculator, for which the exponential and polar forms will be most convenient. 


| 

Ї 

1 

| 

| 

| 

| 

| 
0 2 Real 
Components of a Vector 

FIGURE 19-6 А vector represented 

To find the rectangular components of a vector, write it in exponential form and by a complex number. 


then convert it to rectangular form. The quantities a and b give the horizontal and 
vertical components, respectively. 


өөө Example 27: A vector has a magnitude of 154 and makes an angle of 48.7? 
with the horizontal, Fig. 19—7. Find the vector's horizontal and vertical components 
(a) using the TI-83/84 and (b) using the TI-89. 


Solution: (a) The TI-83/84 takes complex numbers in exponential form, so we put 
the calculator into Radian mode. We then enter 
154287 


Since we are in radian mode, we affix the degree symbol, found on the ANGLE 
menu, to our angle. 


FIGURE 19-7 


(b) On the TI-89 we can enter complex numbers in the simpler polar notation, and our 
calculator can be in DEGREE mode. So we enter the complex number, in parentheses, 


(154 /48.7°) 


Since the calculator is in DEGREE mode, we do not need the degree symbol on 
the angle. 
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F, 


1687 Ib 


FIGURE 19-8 


Gre^t 51.6715 . 
1456.9+884, 81, 


TI-83/84 screen for Example 28. The 
mode is Radians and Rectangular. 


Fir Fer | FS Fer 
Tools|AlzebrajCalc Clean ШР 


"(1687 231.6) 
1436.9 + 884.0:4 


(1687251.62 
MAIN DEGAUTO FUNCITMAT 1/20 


TI-89 screen for Example 28. The 
modes are DEGREES and 
RECTANGULAR. 


FIGURE 19-9 
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Fer Far 
Rl3ebra Clean ШР 


4ё7448,2912 _- 
16164115 .7% 


"(154 245.7) 102. +116. -i 


(154248. 7» 
MAIN DEGAUTO FUNCITAT 1/30 


T1-83/84 screen for Example 27. TI-89 screen for Example 27. 


With either calculator we go into RECTANGULAR mode and press |ENTER |. 
We see that the horizontal component is 102, and the vertical component is 116. 
ooo 


өөө Example 28: An Application: The tension in the cable, Fig. 19-8, is 1687 Ib. 
Find the vertical and horizontal components of this tension. 


Solution: If we take the real axis as vertically downward and the imaginary axis to 
the right, we can represent the given force by the complex number as 


1687 e 8 in exponential form 
Or 
1687 /31.6? in polar form 


We choose the rectangular mode in our calculator, enter the number, and read the 
values of a and b. We see that the real part of our complex number is 1437 and the 
imaginary part is 884, so the vertical force is 1437 Ib downward, and the horizontal 
force is 884 Ib to the right. 


*** 


Resultants of Several Vectors 


To find the resultant or vector sum of two vectors, write each as a complex number 
and then add the two complex numbers. If there are more than two vectors, simply 
include them in the sum. 


өө, Example 29: Find the resultant of two vectors, the first of magnitude 274 at an 

angle of 14.6°, and the second of magnitude 317 at an angle of 73.82, Fig. 19-9. 

Solution: Our vectors, in exponential form are 
274e^4 97 — and 317675! 


and in polar form are 


317/73.8° 
Fer |Р Fer 
RT3ebra|Ca1c Clean ШР 


"(274 214.6) *( 317 275.8) 


2747 14.6? and 


(914. z 46.6) 
"(274 214.6) *( 317 z 73.8) 
353. + 373.5: i 


(204214. 65*6317273. 9) 
MAIN DEGAUTO РОНС 2/30 


TI-83/84 screen for Example 29. TI-89 screen for Example 29. 
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We add these vectors by calculator as shown, with each calculator in POLAR 
mode. Our resultant on the TI-83/84 is 514 and is at an angle of 0.813 radians, 
which converts to 46.6°. 

To find the rectangular components of the resultant, convert the complex num- 
ber to rectangular form. In the TI-89 screen shown, we have put the calculator into 
RECTANGULAR mode for the second computation. We see that the x component 
is 353 and the y component is 374. 


ooo 
өө, Example 30: An Application: An aircraft having an airspeed of 475 mi/h North 
encounters a wind of 42.6 mi/h, the directions of each as shown in Fig. 19—10. Find the 475 mi/h 


actual speed and direction of the aircraft by finding the resultant of these two velocities. 


Solution: If we take the real axis to the east and the imaginary axis to the north, 


vectors are 71:29 
475 eli and 42.6015 8% wind, 42.6 mi/h 
0 Т 1 > East 
in exponential form, and 15.8° 
475 /71.2° апа 42.6/ 15.8? FIGURE 19-10 
in polar form. Adding these by calculator we get a resultant with a magnitude of 
р g y g 8 
500 mi/h and a direction of 67.2? or its radian equivalent of 1.17 radians. Thus the 
aircrafts travels at a speed of 500 mi/h in a direction of 67.2°, measured northward 
from the easterly direction. 
E o 
ЭЕ ( i £ 1 551 5 E +42 Toots зена cate other Ре ао ЕНА 
gBB,42e9e^601.1712? 
o 
"(475 271.2) *( 42.6 215.8) УЛ 
(500.4 267.2) 203 Ib 


(405201,234642.6215.89 
MAIN DEGAUTO FUNCITAAT 1/20 


T1-83/84 screen for Example 30, in TI-89 screen for Example 30, in 
radian and polar modes. Recall that DEGREE and POLAR modes. 
the degree symbol is in the ANGLE 
menu and i is a second function on 
the |* | key. To get the angle in degrees, 
go to degree mode, then use МАТН 
CPX/» Polar. 


«Y 


238 lb 221 Ib 


*** 


Let us now do the problem from the introduction to this chapter. 
FIGURE 19-11 


Fir Fer | Fs Fer 
Tools|Alzebrajcalc Clean Ur 


өөө Example 31: Find the resultant of the four vectors in Fig. 19-11. 


Solution: Rewriting the angles so that they are measured from the positive x direc- 
tion, our four forces are 


203/ 61.5? 


225 2(180° — 47.2?) = 225/133? "(203 261.5) +( 225 / 132) 49 

238 (180° + 41.1?) = 238/221? ——— 98.9 2146.) 
QiS3246239822212462214320?] 

221 2(360° — 39.6?) = 221/320? MAIN RAN Ia 1/30 


We add these by calculator, as shown, getting a resultant of 80.5 / 146°. ooo TI-89 screen for Example 31. 
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Glance back to Chap.15 where we first 


introduced alternating current. 


Imaginary 


R cos wt 


FIGURE 19-19 


Real 


Chapter 19 * Complex Numbers 


Exercise 4 • Vector Operations Using Complex Numbers 


Find the rectangular components of each vector. 


1. 385/83.5? 2. 1.58/18.70* 
3. 28.4/ 73.0? 4. 8364/36.20* 


Find the resultant of each set of vectors. 


5. 284/33.6? and 184/11.5° 
6. 1.84/63.5? апа 3.72/22.6° 


7. 16.8/22.5?, 38.5/73.4°, and 6.48 125.5? 
8. 7357 28.4°, 68.4/22.5°, 33.7 /52.4°, and 483 / 44.8? 


Applications 


9. A crate is dragged by a cable in which the tension is 58.4 Ib and which makes 
an angle of 38.5? with the horizontal. Find the vertical and horizontal compo- 
nents of this tension. 

10. A rocket is ascending at a speed of 3356 km/h at an angle of 85.4? with the 
horizontal. Find the vertical and horizontal components of the rocket's velocity. 

11. Two forces of 753 Ib and 824 Ib act on a body. Their lines of action make an 
angle of 48.3? with each other. Find the magnitude of their resultant and the 
angle it makes with the larger force. 

19. An airplane is heading 23.6? east of north at 473 mi/h but is being blown off 
course by a wind that has a speed of 59.6 mi/h and a direction of 68.5? east of 
north. Find the actual speed and direction of the airplane. 


19-5 Alternating Current Applications 


Rotating Vectors in the Complex Plane 


We have already shown that a vector can be represented by a complex number. For 
example, the complex number 5.00/28° represents a vector of magnitude 5.00 at 
an angle of 28? with the real axis. 

A phasor (a rotating vector) may also be represented by a complex number 
R/ ot by replacing the angle 0 by wt, where w is the angular velocity and t is time. 


+++ Example 32: The complex number 


1721 


represents a phasor of magnitude 11 rotating with an angular velocity of 5 rad/s. 99» 


In Sec. 15-3 we showed that a phasor of magnitude R has a projection on the y 
axis of R sin wt. Similarly, a phasor R/ ої in the complex plane (Fig. 19-12) will 
have a projection on the imaginary axis of R sin wt. Thus 


R sin ot = imaginary part of R/ wt 


Similarly, 
R cos wt = real part of R/ wt 


Thus either a sine or a cosine wave can be represented by a complex number in po- 
lar form R/ ол, depending upon whether we project onto the imaginary or the real 
axis. It usually does not matter which we choose, because the sine and cosine func- 
tions are identical except for a phase difference of 90°. What does matter is that we 
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are consistent. Here we will follow the convention of projecting the phasor onto the 
imaginary axis, and we will drop the phrase “imaginary part of.’ Thus we say that 


R sin æt = R / wt 
or, in exponential form, Rel, Similarly, if there is a phase angle Фф, 


TA Rsin(ot + $) = R/ot + ф 
ог Re'? E 


One final simplification: It is customary to draw phasors at t = 0, so that wt van- 
ishes from the expression. Thus we write 


К sin(wt + ф) = К/ф 


or Re®, in exponential form. 


Effective or Root Mean Square (rms) Values 


Before we write currents and voltages in complex form, we must define the effec- 
tive value of current and voltage. The power P delivered to a resistor by a direct 
current Z is Р = I?R. We now define an effective current Іо that delivers the same 
power from an alternating current as that delivered by a direct current of the same 
number of amperes. 

Р = HR 


We get the effective value by taking the square root of the mean value squared. 
Hence it is also called a root mean square value. Thus 1 is often written [ns 
instead. Figure 19-13(а) shows an alternating current i = /,, sin wt where Zn is the 
peak current, and Fig. 9-13b shows P the square of that current. The mean value of 
this alternating quantity is found to deliver the same power in a resistor as a steady 
quantity of the same value. 


Р = [2gR = (mean i?) А 


=Y 


(a) i - I, sin wt (b) P =1 sin? t 


m 


FIGURE 19-13 


But the mean value of i? is equal to / 20 2, half the peak value, so 


1 = — = 
eff 2 V2 


Thus the effective current І оку is equal to the peak current I „ divided by V2. Similarly, 
the effective voltage Vere is equal to the peak voltage V,, divided by У. 
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eee Example 33: An alternating current has a peak value of 2.84 A. What is the 
effective current? 


Solution: 


I, 2.84 
I Л 201A +++ 


Va у 


Alternating Current and Voltage in Complex Form 


Next we will write a sinusoidal current or voltage expression in the form of a com- 
plex number, because computations are easier in that form. At the same time, we 
will express the magnitude of the current or voltage in terms of effective value. The 
effective current / is the quantity that is always implied when а current is given, 
rather than the peak current /,, It is the quantity that is read when using a meter. 
The same is true of effective voltage. 

To write an alternating current in complex form, we give the effective value of 
the current and the phase angle. The current is written in boldface type: I. Thus we 
have the following equations: 


Note that the complex expressions for voltage and current do not contain f. 
We say that the voltage and current have been converted from the time domain 
to the phasor domain. Also note that the “complex” expressions are simpler. This 
happy situation is used in the ac computations to follow, which are much more 
cumbersome without complex numbers. 


өөө Example 34: The complex expression for the alternating current 


i = 2.84 sin(wt + 33°) A 


2.84 
I = log /33° = —- /33° A 
i V2 235 
= 2.01/33° A 
Or 2 012759, where 0.58 is the radian equivalent of 33°. 22 


+++ Example 35: The sinusoidal expression for the voltage 
У = 842/—49?* V 


v = 84.2 V2 sin(wt — 49°) V 
= 119 sin(wt — 49?) V +.. 
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Complex Impedance 


In Sec. 7—5 we drew a vector impedance diagram in which the impedance was the 
resultant of two perpendicular vectors: the resistance R along the horizontal axis 
and the reactance X along the vertical axis. If we now use the complex plane and 
draw the resistance along the real axis and the reactance along the imaginary axis, 
we can represent impedance by a complex number. 


where 
R = circuit resistance 
Хү = inductive reactance 


Xç = capacitive reactance 


X = circuit reactance = Ху — Xc (1097) 

Z = magnitude of impedance = V R? + X? (1098) 
X 

ф = phase angle = arctan zy (1099) 


өөө Example 36: A circuit has a resistance of 5 Q in series with an inductive reac- 
tance of 55 Q and a capacitive reactance of 48 О, Fig. 19-14(a). Represent the 
impedance by a complex number. 


Solution: The circuit reactance is 
Х =X, - Хе = 55 – 48 =70 
The impedance, іп rectangular form, is then 
Z=5+7i 


as shown in the vector impedance diagram, Fig. 19-14(5). 
The magnitude of the impedance is 


V 52 + 7 = 8.60 


The phase angle is 
7 
arctan 5 = 54.5? 


So we can write the impedance as a complex number in polar form as follows: 


Z = 8.60/54.5° 


or 8.60 £995 н. where 0.951 is the radian equivalent of 54.5°. +++ 


Ohm's Law for Alternating Current 


We stated at the beginning of this section that the use of complex numbers would 
make calculations with alternating current almost as easy as for direct current. We 
do this by means of the following relationship: 


Note the similarity between this equation and Ohm’s law, V = JR, Eq. 1061. It is 
used in the same way. Given any two quantities we can find the third. 


581 


(b) 
FIGURE 19-14 
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eee Example 37: A voltage of 142 sin 200 is applied to the circuit of Fig. 19-14(а). 
Write a sinusoidal expression for the current i. 


Solution: We first write the voltage in complex form. By Eq. 1074, 


Fir] Fer [Fz-[ Fur 132 
Too1s|R13ebra[Calc|Dther Clean Ur 


142 
V = —= 70° = 100/0° 
2 


V2 


100 Next we find the complex impedance Z. From Example 36, 
"(8.6 254.5) 
(11.6 2 -54.5) Z= 8.60/ 54.5? 
ин 593 Ag FUNC 1730 The complex current I, by Ohm’s law for ас, is 
TI-89 screen for Example 37 showing _ У = 100/0* = 11.6 /—54 5° 
the division of V by Z. Z 8.60/54.5° ! 


Then the current in sinusoidal form is (Eq. 1075) 
i = 11.6 V2 sin(200t — 54.5°) 
16.4 sin(200t — 54.5?) 


The current and voltage phasors are plotted in Fig. 19—15, and the instantaneous 
current and voltage are plotted in Fig. 19-16. Note the phase difference between the 


V = 100 ° voltage and current waves. This phase difference, 54.5°, converted to time, is 
0 х 54.5? = 0.951 rad = 2001 
0.951 
t= 007 = 0.00475 s = 4.75 ms 
We say that the current lags the voltage by 54.5° or 4.75 ms. 
I= 11.6,54.5° 
v(V) А i(A) 
FIGURE 19-15 
150 + 15 


i= 16.4 sin (2007 — 54.5?) 


100 4 


v = 142 sin 200г 


FIGURE 19-16 


Exercise 5 « Alternating Current Applications 


1. Find the effective (rms) value of a current that has a peak value of 69.3 A. 
2. Find the effective value of a voltage that has a peak value of 155 V. 
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3. Find the peak value of a voltage that has an effective value of 634 V. 
4. Find the peak value of a current that has an rms value of 10.6 A. 


Express each current or voltage as a complex number in polar form. 


5. i = 250 sin(wt + 25°) 6. v = 1.5 sin (wt — 30°) 
7. v = 57sin(wt — 90°) 8. i = 2.7 sin ot 
9. v = 144 sin ot 10. i = 2.7 sin(wt — 15?) 
Express each current or voltage in sinusoidal form. 
11. V = 150/0° 19. V = 1.75/70° 
13. У = 300/ —90? 14. I = 25/30? 
15. I = 7.5/0? 16. I = 15/ —130? 


Express the impedance of each circuit as a complex number in rectangular form 
and in polar form. 


17. Fig. 19-17(a) 18. Fig. 19-17(b) 
19. Fig. 19-17(c) 20. Fig. 19-17(d) 
21. Fig. 19-17(e) 29. Fig. 19-17(f) 


23. Fig. 19-17(g) 


g 
0—4 0—4 
= к- 1550 Q 
= к-1550 Эх, -па X= 180 
Ex = 12400 
0---- 0---- 0--- 
(а) (b) (c) (d) 
R=552Q 
— —_ °-Мү\- 
2 к-7209 
X, =43000 
Sx -uso 
om Xc = 42.00 a c7 3400 Q 
Хе= 709 
(е) (f) (g) 


FIGURE 19-17 
24. Write a sinusoidal expression for the current i in Fig. 19-18(а) and (b). 


R=125Q R=3550 Q 


AN 
y= 75.0sin ot (A) P» Sx-«sa v= 177 sin ot (АЭ Ám 
i i 
1 —) 


X,=217Q X= 4780 Q 
(a) (b) 


X, = 1100Q 


FIGURE 19-18 
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25. Write а sinusoidal expression for the voltage v in Fig. 19—19(a) and (b). 


i= 1.70 sin (wt + 25.0?) гү R=4.78Q 


R=176Q i = 43.0 sin (wt — 30.0°) 
© Qe 
(107 Jl 
X, 23080 x 720 
(a) (b) 
FIGURE 19-19 


26. Find the complex impedance Z in Fig. 19-20(а) and (b). 


i = 4.0 sin (wt + 45?) i = 95.0 sin (wt — 28.0?) 


— — 


v= 10 sin or (АЭ [ |, y= 270 sin ot (АЖ | |, 


(а) (b) 


FIGURE 19-20 


27. Writing: Suppose that you are completing a job application to an electronics 
company that asks you to, “Explain, in writing, how you would use complex 
numbers in an electrical calculation, and illustrate your explanation with an 
example.” How would you respond? 
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Evaluate. 


$ oj 2. i” 


Combine the complex numbers. Leave your answers in rectangular form. 


3. (7 — 30) + (2 + 5i) 4. 4.8/28° — 2.4/72° 
5. 52/50° + 28/12° 6. 2.7/7.0 — 4.3/5.0 
Multiply. Leave your answer in the same form as the given complex numbers. 
7. (2 —1)(9-F 5120 8. (7.3/21?) Q.1/156?) 
9. (2/20?) X (6/18?) 10. (93/2) x (5/7) 
Divide and leave your answer in the same form as the given complex numbers. 
11. (9 – 30) = (4+ 0 19. (18/72?) + (6/22?) 
13. (16/85?) — (8/40?) 14. (127/8?) + (4.75/5?) 
Graph each complex number. 
15. 7+ 4i 16. 2.75/44° 
17. 6/135? 18. 4.75/2 
Evaluate each power. 
19. (—4 + 30? 90. (5/129? 


21, (5/109У 29. (2/3)° 


Review Problems 585 


23. Express as a complex number in polar form: i = 45 sin (wt + 32?) 
24. Express in sinusoidal form: V = 283/ —22? 


25. Write a complex expression for the current i in Fig. 19-21. 


ҚА) д 


1255 5-5-22өншссэнэхэ eese Ui сыс 


-1.25 + -------------™-#-------------- 


FIGURE 19-21 


26. Project: Quadratics with Complex Roots: When we solved quadratic equations, 
we avoided those that resulted in complex roots. These occur when the quantity 
under the radical sign is negative. Solve each of the following, giving your 
answer in rectangular form. 


(a) 3x7 — 5x +7=0 
(b 2x7 + 3х +5=0 
(с) x27 – 2х +6 = 0 
(d 43? +х+8= 0 
27. Project: Complex Factors: Factoring the difference of two squares resulted 
in real factors. However, factoring the sum of two squares will give complex 


factors. Figure out how to factor the following, and give your answer as the prod- 
uct of two complex numbers. 


(a) x7 +9 

(b) 22 + 25 
(с) 4у2 + 22 
(d) 25a? + 9р? 
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Sequences, Series, 
and the Binomial Theorem 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Identify various types of sequences and series. 
Write the general term or a recursion relation for many series. 


Compute any term or the sum of any number of terms of an arithmetic 
progression or a geometric progression. 


Compute any term of a harmonic progression. 


Insert any number of arithmetic means, harmonic means, or geometric 
means between two given numbers. 


Compute the sum of an infinite geometric progression. 
Compute, graph, and find sums of sequences by calculator. 
Solve applications problems using series. 

Raise a binomial to a power using the binomial theorem. 


Find any term in a binomial expansion. 


We start this chapter with a general introduction to sequences and series. Sequences 
and series are of great interest because a computer or calculator uses series internally 
to calculate many functions, such as the sine of an angle, the logarithm of a number, 
and so on. We then cover some specific sequences, such as the arithmetic progres- 
sion and the geometric progression. Progressions are used to describe such things as 
the sequence of heights reached by a swinging pendulum on subsequent swings or 
the monthly balance on a savings account that is growing with compound interest. 

We finish this chapter with an introduction to the binomial theorem. The bino- 
mial theorem enables us to expand a binomial, such as (3x? — 2y)°, without actu- 
ally having to multiply the terms. It is also useful in deriving formulas in calculus, 
statistics, and probability. 
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20-1 Sequences and Series SESS 


Before using sequences and series, we must define some terms. 


Sequences 


A sequence 
Uj, Uo, ИЗ, ..., Ид 


is a set of quantities, called terms, which follow each other in a definite order. Each 
term can be determined either by its position in the sequence or by knowledge of 
the preceding terms. 


өөө Example 1: Here are some different kinds of sequences. 


1111 
(a) The sequence 1,5, 5,4, 5,. 


finite number of terms, n. 
p 111 


.., 1/nis called a finite sequence because it has а 


(b) The sequence 1, 5, pare 1/n, . . . is called an infinite sequence. The 
three dots at the end indicate that the sequence continues indefinitely. 
(c) The sequence 3, 7, 11, 15, . . 15 called an arithmetic sequence, or arithmetic 


progression (AP), because each term after the first is equal to the sum of the 
preceding term and a constant. That constant (4, in this example) is called 
the common difference. 

(d) The sequence 2, 6, 18, 54, . . . is called a geometric sequence, or geometric 
progression (GP), because each term after the first is equal to the product of 
the preceding term and a constant. That constant (3, in this example) is 
called the common ratio. 


(e) The sequence 1, 1, 2, 3, 5, 8, . . . is called a Fibonacci sequence. Each term 
after the first two terms is the sum of the two preceding terms. +.. 
Series 


A series is the indicated sum of a sequence. 


өөө Example 2: Some different kinds of series are given in this example. 


(a) The series 1 + 5 + : + 1 + iis called a finite series. It is also called a posi- 
tive series because all of its terms are positive. 

(b) The series 2 — 22 + 22 — 24 + ... 2" +-+-is an infinite series. It is also 
called an alternating series because the signs of the terms alternate. 

(c) The series 6 + 9 + 12 + 15 + ---is an infinite arithmetic series. The terms 
of this series form an AP. 

(d 1—2 +4- 8 + 16 —---is an infinite, alternating, geometric series. The 
terms of this series form a GP. +.. 


General Term 


We said that a term can be determined by its position in the sequence. To do this we 
use an expression called the general term. 


The general term u, in a sequence or series is an expression involving n (where 
n = 1,2,3,...) by which we can obtain any term. The general term is also called 
the nth term. If we have an expression for the general term, we can then find any 
specific term of the sequence or series. 
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The Fibonacci sequence is named for 
Leonardo Fibonacci (ca. 1170- 

ca. 1250), an Italian number theorist and 
algebraist who studied this sequence. 
He is also known as Leonardo of Pisa. 


zeatz5neé:n.:1.5.12? 


£2 8 18 32 902 


T1-83/84 screen for Example 6. 


ЦЕХ: |, Fer |For FS Fer 
| [Tools|Al3ebrajcalc Fr3mlü|CT«an Ur 


2 seq 2: n2, n, 1.9, 1) 
| {2 8 


| 18 32 509 
| seqt2n^2,n;1;9,1» 
| MAIN DEG AUTO SEQ 1/30 


T1-89 screen for Example 6. 
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+++ Example 3: The general term of a certain series is 


n 
“= 
6 2n + 1 


Write the first three terms of the series. 


Solution: Substituting n = 1, n = 2, and n = 3, in turn, we get 


1 1 2 2 3 3 
uy = = uy = = из = = 
2(1) +1 3 2(2)+1 5 2(3) + 1 7 
SO Our series is 
1 2 3 n 
+= + +: ooo 
3 5 7 2n + 1 


Recursion Relations 


We have seen that we can find the terms of a sequence or series given an expression 
for the nth term. Sometimes we can find each term from one or more immediately 
preceding terms. The relationship between a term and those preceding it is called a 
recursion relation or recursion formula. We have used recursion relations before, 
for compound interest and for exponential growth in Chap.18. 


+++ Example 4: Each term (after the first) in the series 1 + 4 + 13 + 40 + --- is 
found by multiplying the preceding term by 3 and adding 1. The recursion relation is then 


иһ = Зи„—1 + 1 ooo 
eee Example 5: In a Fibonacci sequence 
1,1,2,3,5,8, 13,21, 34,... 
each term after the first is the sum of the two preceding terms. Its recursion relation is 


Ип = Un—] T Иһ-2 ээ» 


Sequences and Series by Calculator 


We can generate the terms of a sequence or series and graph those terms by calcula- 
tor. We will show how to do this first by using the general term, and then by means 
of the recursion formula. 


Generating a Sequence or Series Using the General Term 


We can generate the terms of a sequence or series by calculator using a built-in 
operation. On TI calculators it is called the seq (for sequence) operation. We must 
enter the general term, the variable, the starting and ending values, and the step size. 


өөө Example 6: Find the terms of the sequence whose general term is 2n’, starting 
with n = 1 and ending with п = 5, in steps of 1 unit. 


Solution: On the TI-83/84, we first choose seq from the menu. Then we 
choose seq on the LIST | OPS menu. We enter 


20^, n,1,5,1 


Pressing | ENTER | displays the sequence. 


On the TI-89, choose SEQUENCE on the MODE | menu. Then select seq on the 
MATH List menu. The entry is the same as for the TI-83/84. ooo 
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Graphing a Sequence or Series Using the General Term 


+++ Example 7: Generate and graph the sequence given in Example 3 (a) by TI-83/84 
and TI-89. 


Solution: We graph the general term 


n 
Une а 
2n + 1 


(a) On the TI-83/84, we set ће | MODE | to SEQ (for sequence) and choose DOT 


rather than the usual CONNECTED. We enter the general term in the Ү= | screen 
asu, = n/(2n + 1). Here the variable name n will appear automatically when press- 
ing the X, T, Ө, п key. Choose a suitable : WINDOW | and press | GRAPH |. To get a 
table of values, press |TABLE). 


(b) On the TI-89, choose SEQUENCE from the MODE |, menu, enter the general 
term as u, in the screen. Here n is an ordinary alpha character. Choose a suitable 
WINDOW апа press | GRAPH |. To get a table of values, press TABLE |. oe 


Graphing a Sequence or Series Using a Recursion Formula 


Next we show how to find the values of the terms in a sequence or series and to 
graph them, using a recursion formula. 


өөө Example 8: On the TI-83/84 calculator, graph the first 10 terms of the sequence, 


и, = 1.50,-1 + 1 


starting with a first term of 1. 


Solution: In the Mode menu, select SEQUENTIAL from the list of graph types. 


In the Ү- | menu, screen 1, set 


The starting value for n: nMin = 0 
The recursion formula or general term: и(п) = 1.5и(п = 1) 41 
The starting value for и: u(nMin) = 1 


In the | WINDOW | menu we choose 


Starting and ending values for n: nMin = 0 nMax = 10 
Number of first term to be plotted: PlotStart = 1 

Step size for n: Plotstep = 1 

Smallest and largest x to be displayed: Xmin = 0 Xmax = 10 
Horizontal tick mark spacing: Xscl = 1 

Smallest and largest y to be displayed: Ymin = 0 Ymax = 100 
Vertical tick mark spacing: Yscl = 10 


Press GRAPH | to display the graph, screen 2. 


To find the value of any term, use | TRACE | and move the cursor to the desired 


term, or | TABLE | to display a table of values for the sequence, screen 3. 
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T1-83/84 screen for Example 7. Ticks 
are spaced 1 unit horizontally and 0.1 
unit vertically. 


T1-83/84 screen for Example 7, 
showing the values of the terms for the 
given sequence. 


RAD AUTO SEQ 


T1-89 screen for Example 7. 


T1-89 screen for Example 7, showing 
the table of values for the sequence. 
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Floti Flotz Flokz Ц:1.516у»-1341 
nHinzüa i 
лш SLT М 
ucehinsBils 
Зале т ж 
ме М1 = ЕБ m 
ЕРЫ zB 5.132.172, 
(1) T1-83/84 screens for Example 8. (2) The [TRACE cursor shows that the (3) The first six terms in the 
The variable и is the 2nd function on sixth term is equal to 32.17. sequence. Scroll down to get more. 
the |7| key and n is obtained by 
pressing the |x, T, 0, n | key. 


ooo 


Sequences and Series by Computer 


If we have either an expression for the general term of a sequence or series or the 
recursion formula, we can use a computer to generate large numbers of terms. By 
inspecting them, we can get a good idea about how the series behaves. 


өөө Example 9: Table 20-1 shows a portion of a computer spreadsheet printout of 
80 terms of the series 


КЕ Pisa 
e ub p n 
TABLE 20-1 
Screen for Example 9: у = п/е". 1 0.367879 0.367879 
Tick marks are 1 unit apart on the 2 0.270671 0.638550 0.735759 
horizontal axis and 0.1 unit apart 3 0.149361 0.787911 0.551819 
on the vertical axis. 4 0.073263 0.861174 0.490506 
5 0.033690 0.894864 0.459849 
6 0.014873 0.909736 0.441455 
7 0.006383 0.916119 0.429193 
8 0.002684 0.918803 0.420434 
9 0.001111 0.919914 0.413864 
10 0.000454 0.920368 0.408755 
75 0.000000 0.920674 0.372851 
76 0.000000 0.920674 0.372785 
77 0.000000 0.920674 0.372720 
78 0.000000 0.920674 0.372657 
79 0.000000 0.920674 0.372596 
80 0.000000 0.920674 0.372536 


Also shown for each term u, is the sum of that term and all preceding terms, called 
the partial sum, and the ratio of that term to the one preceding. We notice several 
things about this series. 


1. The terms get smaller and smaller and approach a value of zero in the table and 
on the screen. 

2. The partial sums approach а limit (0.920674). 

3. The ratio of two successive terms approaches a limit that is less than 1. 


What do those facts tell us about this series? We'll see in the following section. 999 
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Convergence or Divergence of an Infinite Series 


When we use a series to do computations, we cannot, of course, work with an in- 
finite number of terms. In fact, for practical computation, we prefer as few terms 
as possible, as long as we get the needed accuracy. We want a series in which the 
terms decrease rapidly and approach zero, and for which the sum of the first sev- 
eral terms is not too different from the sum of all of the terms of the series. Such 
a series is said to converge on some limit. A series that does not converge is said 
to diverge. 

There are many tests for convergence. A particular test may tell us with cer- 
tainty if the series converges or diverges. Sometimes, though, a test will fail and we 
must try another test. Here we consider only three tests. 


1. Magnitude of the terms. If the terms of an infinite series do not approach zero, 
the series diverges. However, if the terms do approach zero, we cannot say with 
certainty that the series converges. Thus having the terms approach zero is a nec- 
essary but not a sufficient condition for convergence. 


9. Sum of the terms. If the sum of the first n terms of a series reaches a limiting 
value as we take more and more terms, the series converges. Otherwise, the se- 
ries diverges. 


3. Ratio test. We compute the ratio of each term to the one preceding it and see how 
that ratio changes as we go further out in the series. If that ratio approaches a 
number that is 
(a) less than 1, the series converges. 

(b) greater than 1, the series diverges. 


(c) equal to 1, the test is not conclusive. 


«ee Example 10: Does the series of Example 9 converge or diverge? 


Solution: We apply the three tests by inspecting the computed values. 


(1) The terms approach zero, so this test is not conclusive. 


(2) The sum of the terms appears to approach a limiting value (0.920674), indicat- 
ing convergence. 


(3) The ratio of the terms appears to approach a value of less than 1, indicating 
convergence. 


Thus the series appears to converge. Note that we say appears to converge. The 
computer run, while convincing, is still not a proof of convergence. +.. 


+++ Example 11: Table 20-2 shows part of a computer run for the series 


1 1 
+++ Ф 
2. 3 


Does the series converge or diverge? 


Solution: Again we apply the three tests. 


(1) We see that the terms are getting smaller, so this test is not conclusive. 


(2) The partial sum $„ does not seem to approach a limit but appears to keep grow- 
ing even after 495 terms, indicating divergence. 


(3) The ratio of the terms appears to approach 1, so this test also is not conclusive. 


It thus appears that this series diverges. 
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TABLE 20-2 

1 1.000000 1.000000 

2 0.500000 1.500000 0.500000 

3 0.333333 1.833333 0.666667 

4 0.250000 2.083334 0.750000 

5 0.200000 2.283334 0.800000 

6 0.166667 2.450000 0.833333 

7 0.142857 2.592857 0.857143 

8 0.125000 2.717857 0.875000 

9 0.111111 2.828969 0.888889 

10 0.100000 2.928969 0.900000 

75 0.013333 4.901356 0.986667 

76 0.013158 4.914514 0.986842 

TI 0.012987 4.927501 0.987013 

78 0.012821 4.940322 0.987180 

79 0.012658 4.952980 0.987342 

80 0.012500 4.965480 0.987500 

495 0.002020 6.782784 0.997980 

496 0.002016 6.784800 0.997984 

497 0.002012 6.786813 0.997988 

498 0.002008 6.788821 0.997992 

499 0.002004 6.790825 0.997996 

500 0.002000 6.792825 0.998000 


Exercise 1 • Sequences and Series 


Do not simplify or give the decimal value of any fractions in this exercise. 


Write the first five terms of each series, given the general term. 


1. и, = Зп 


2. и, = 2n + 3 
nal 
3. и, = 
п n? 
on 
4. un = — 


n 


Deduce the general term of each series. Use it to predict the next two terms. 


5.244464 
6.1-8-27--- 


2 4 8 16 
7 -9--4-4 436 
4 5 6 7 


8.2-54104-- 


Deduce a recursion relation for each series. Use it to predict the next two terms. 


914549455 
10. 5 + 15 + 45 +- 
11.3+9+81 +- 
19. 5+8 + 14 + 26 +. 


ooo 
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13. Writing: State in your own words the difference between an arithmetic progres- 
sion and a geometric progression. Give a real-world example of each. 

14. Write a program or use a spreadsheet to generate the terms of a series, given the 
general term or a recursion relation. Have the program compute and print each 
term, the partial sum, and the ratio of that term to the preceding one. Use the 
program to determine if each of the following series converges or diverges. 


1 1 1 1 
(а) 154. eet totoe 
2 3 4 n 
(b) 3 gg 81 3" с. 
2 8 24 64 n:2" 
4 1 5 
(c) ioe к: — +. 
7 49 343 Jet 


20-9  Arithmetic and Harmonic Progressions EEN 


Recursion Formula 


We stated earlier that an arithmetic progression (or AP) is a sequence of terms in 
which each term after the first equals the sum of the preceding term and a constant, 
called the common difference, d. If a, is any term of an AP, the recursion formula 
for an AP is as follows: 


өөө Example 12: The following sequences are arithmetic progressions. The common 
difference for each is given in parentheses: 


(а) 1,5,9,13,... (4= 4) 
(b) 20, 30, 40, 50,... (d = 10) 
(с) 75, 70, 65, 60,...(4 = —5) 


We see that each series is increasing when d is positive and decreasing when d 
is negative. 22 


General Term 


For an AP whose first term is a and whose common difference is d, the terms are 


a, atd, a+2d, a+3d, a * 4d,... 


We see that each term is the sum of the first term and a multiple of d, where the co- 
efficient of d is one less than the number n of the term. So the nth term a, is given 
by the following equation: 
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и=Е+Гуз-1зЖЧ 


TI-83/84 screen for Example 13. Ticks 
are spaced 1 unit apart in x and 5 units 
in y. 
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өөө Example 13: (a) Write the general term of an AP whose first term is 5 and has 
a common difference of 4. (b) Find the ninth term. (c) Check by graphing. 


Solution: 
(a) From Eq. 191, with a = 5 and d = 4, 
a, — 5 + (n = 104 
(b) For the ninth term we set n — 9, 
а = 5 + (9 – 1)4 = 37 
(c) We graph a, (using и, on the TI-83/84) as shown. Then using value or 


we find the value a, = 37at n = 9. +.. 


Of course, Eq. 191 can be used to find any of the four quantities (a, n, d, or ад) 
given the other three. 


+++ Example 14: Write the AP whose eighth term is 19 and whose fifteenth term is 33. 
Solution: Applying Eq. 191 twice gives 

33 = a + 14d 

19 = a + 7d 


We now have two equations in two unknowns, which we solve simultaneously. 
Subtracting the second from the first gives 14 — 7d, so d — 2. Thus, 
a = 33 — 14d = 5, so the general term of our AP is 


a, =5 + (п – 1)2 
and ће AP is then 
OP dee Sua +.. 


AP: Sum of n Terms 


Let us derive a formula for the sum s, of the first n terms of an AP. Adding term by 
term gives 


Sn = а t (а + d) + (at 2d) +: + (a, = а) +а, (1) 
or, written in reverse order, 
Sy = a, + (ay, — d) + (a, — 2d) +++: + (atd)ta (2) 
Adding Eqs. (1) and (2) term by term gives 
2s, = (a + ap) + (a + ay) + (act ay) + 
n(a + ay) 


Dividing both sides by 2 gives the following formula: 


өө Example 15: Find the sum of 10 terms of the AP 
25.950; L1, 24 
Solution: From Eq. 191, with a = 2 and d = 3, 
a, = 2 + 3(n — 1) 
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The tenth term is then, 
aio = 2 + 9(3) = 29 
Then, from Eq. 192, 
10(2 + 29) 


510 = . ын - 155 +.. 


Sums by Calculator 


We earlier showed how to generate a sequence by calculator. Once we have the 
sequence, we can find its sum using the sum operation. 


+++ Example 16: Repeat the preceding example by calculator. 


Solution: We generate the sequence as we did in Sec. 20-1, using the seq opera- 
tion, from the |LIST| OPS menu, as shown. We then take the sum of that sequence 
by entering sum [Ans|- On the TI-83/84, sum is found in the [List|Math menu. 
On the TI-89, seq and sum are found in the МАТН |List menu. +.. 


We get another form of Eq. 192 by substituting the expression for a, from 
Eq. 191, as follows: 


This form is useful for finding the sum without first computing the nth term. 


өөө Example 17: We repeat Example 15 without first having to find the tenth term. 
From Eq. 193, 


" 10[2 (2) + 9(3)] _ 
2 


155 606 


Sometimes the sum may be given and we must find one of the other quantities 
in the AP. 


өөө Example 18: How many terms of the AP 5, 9, 13,... give a sum of 275? 
Solution: We seek n so that s, = 275. From Eq. 193, with a = 5 and d = 4, 


2775 


21265) + (n = 14] 


5n + 2n(n — 1) 

Removing parentheses and collecting terms gives the quadratic equation 
2n? + Зп — 275 = 0 

From the quadratic formula, 


—3 + V9— 40-278 
n= : Ашы 228 11 or -—12.5 
20) 


We discard the negative root and get 11 terms ав our answer. +.. 
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TI-89 screen for Example 16. 


596 


Chapter 20 * Sequences, Series, and the Binomial Theorem 


өөө Example 19: An Application. A person borrows $2450 and agrees to repay the 
loan in 10 monthly installments. Monthly payments include $245 to reduce the prin- 
cipal, plus interest at a rate of 1.20% per month of the unpaid balance. Find the total 
amount of interest paid. 


Solution: Interest first month: $2450 X 0.012 = $29.40 
Interest second month: ($2450 — 245) X 0.012 = $26.46 
Interest third month: ($2450 — 490) x 0.012 = $23.52 


Thus the interest payments form an AP with a = 29.40 and d = —2.94. The sum of 
ten terms of this AP is 


т 5 0262940) + (10 — 1)(—$2.94)] 


$161.70 +.. 


22 
Il 


Ш 


Arithmetic Means 


The first term a and the last (nth) term a, of an AP are sometimes called the ex- 
tremes, While the intermediate terms, ао, аз,...,аһ-1, are called arithmetic 
means. We now show, by example, how to insert any number of arithmetic means 
between two extremes. 


өөө Example 20: Insert five arithmetic means between 3 and —9. 


Solution: Our AP will have seven terms, with a first term of 3 and a seventh term of 
—9. From Eq. 191, 


аһ = a + (n—1l)d 
—9 — 3 + 6d 
from which d — —2. The progression is then 


and the five arithmetic means are 1, —1, —3, —5, and —7. +++ 


The Arithmetic Mean 
Let us insert a single arithmetic mean between two numbers. 


••• Example 21: Find a single arithmetic mean m between the extremes a and b. 


Solution: The sequence is a, m, b. The common difference d is m — a = b — m. 
Solving for m gives 


2n=b+a 


Dividing by 2 gives 


The arithmetic mean which agrees with the common idea of an average of two 
numbers as the sum of those numbers divided by 2. ooo 


Harmonic Progressions 


A sequence is called a harmonic progression if the reciprocals of its terms form an 
arithmetic progression. 


Section 2 * Arithmetic and Harmonic Progressions 


+++ Example 22: The sequence 


37 S' 7 9° 11777 
is a harmonic progression because the reciprocals of its terms, which are 1, 3, 5, 7, 
9,11,..., form an AP. oe 


It is not possible to derive an equation for the nth term or for the sum of a har- 
monic progression. However, we can solve problems involving harmonic progres- 
sions by taking the reciprocals of the terms and using the formulas for the AP. 


eee Example 23: Find the tenth term of the harmonic progression 
2 2 
Du cw Umi 
3" 5 
Solution: We write the reciprocals of the terms, 


1 3 5 


27282995 


and note that they form ап AP with a = ; and d — 1. The tenth term of the AP 
is then 
an = a + (n — 1)а 


1 
ао = 2 + (10 = 1d) 


19 
2 
2 


The tenth term of the harmonic progression is the reciprocal of 2 ‚ OF тд. +.. 
Harmonic Means 


To insert harmonic means between two terms of a harmonic progression, we simply 
take the reciprocals of the given terms, insert arithmetic means between those 
terms, and take reciprocals again. 


+++ Example 24: Insert three harmonic means between 2 апа 2. 


Solution: Taking reciprocals, our AP is 


In this AP, a = 2. n = 5, and a5 = * We can find the common difference d from 
the equation 
d, — a + (n — Dd 


1 9 
—= dd 
2 2 
—4 = 4d 
а = -— 


Having the common difference, we сап fill in the missing terms of the АР, 
9 7 5 3 1 
25:227 62^ 2. 2 

Taking reciprocals again, our harmonic progression is 
2. 2, 2. 2 


T EM EU ooo 


9' 2 5 3X 
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Exercise 9 « Arithmetic and Harmonic Progressions 


General Term 


1. Find the fifteenth term of an AP with first term 4 and common 
difference 3. 
2. Find the tenth term of an AP with first term 8 and common 
difference 2. 
3. Find the twelfth term of an AP with first term —1 and common 
difference 4. 
4. Find the ninth term of an AP with first term —5 and common 
difference —2. 
5. Find the eleventh term of the AP 
9, 13, 17,... 
6. Find the eighth term of the AP 
=5, —8 =l 
7. Find the ninth term of the AP 
X, Ue SVE HP ОЎ»: 
8. Find the fourteenth term of the AP 


For problems 9 through 12, write the first five terms of each AP. 


9. First term is 3 and thirteenth term is 55. 

10. First term is 5 and tenth term is 32. 

11. Seventh term is 41 and fifteenth term is 89. 

12. Fifth term is 7 and twelfth term is 42. 

13. Find the first term of an AP whose common difference is 3 and whose seventh 
term is 11. 

14. Find the first term of an AP whose common difference is 6 and whose tenth term 
is 77. 


Sum of an Arithmetic Progression 
15. Find the sum of the first 12 terms of the AP 


3, 6, 9, 12,... 
16. Find the sum of the first five terms of the AP 
Me, Ss, OS. 1 угсаа 


17. Find the sum of the first nine terms of the AP 
5, 10, 15, 20,... 
18. Find the sum of the first 20 terms of the AP 
d 32 Dye ue 


19. How many terms of the AP 4, 7, 10,... will give a sum of 375? 
20. How many terms of the AP 2, 9, 16,... will give a sum of 270? 


Arithmetic Means 


21. Insert two arithmetic means between 5 and 20. 
22. Insert five arithmetic means between 7 and 25. 
23. Insert four arithmetic means between —6 and —9. 
24. Insert three arithmetic means between 20 and 56. 


Section 2 * Arithmetic and Harmonic Progressions 


Harmonic Progressions 


25. Find the fourth term of the harmonic progression 


3 3 3 


s Og" un 


26. Find the fifth term of the harmonic progression 


Lp чы 
1915 11^ ^ 


Harmonic Means 


97. 


28. 


Show that the harmonic mean between two numbers a and b is given by 


: 7 7 
Insert two harmonic means between 9 and 157 


З 6 
29. Insert three harmonic means between эг and 5, 


Applications 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


Loan Repayment: A person agrees to repay a loan of $10,000 with an annual 
payment of $1000 plus 8% of the unpaid balance. 

(a) Show that the interest payments alone form the AP: $800, $720, $640, .... 
(b) Find the total amount of interest paid. 


Simple Interest: A person deposits $50 in a bank on the first day of each 

month, at the same time withdrawing all interest earned on the money already 

in the account. 

(a) If the rate is 196 per month, computed monthly, write an AP whose terms 
are the amounts withdrawn each month. 

(b) How much interest will have been earned in the 36 months following the 
first deposit? 


Straight-Line Depreciation: A certain milling machine has an initial value of 
$150,000 and a scrap value of $10,000 twenty years later. Assuming that the ma- 
chine depreciates the same amount each year, find its value after 8 years. To find 
the amount of depreciation for each year, divide the total depreciation (initial 
value — scrap value) by the number of years of depreciation. 


Salary or Price Increase: A person is hired at a salary of $40,000 and receives 
a raise of $2500 at the end of each year. Find the total amount earned during 
10 years. 


Freely Falling Body: A freely falling body falls g/2 feet during the first sec- 
ond, 3g/2 feet during the next second, 5g/2 feet during the third second, and 
so on, where g ~ 32.2 ft/s?. Find the total distance the body falls during the 
first 10 s. 


Using the information of problem 34 show that the total distance s fallen in t 
seconds is s — : 812. 
Computer: Write a program ог use a spreadsheet to generate the terms of a series, 
given the general term or a recursion relation. Have the program compute and print 
each term, the partial sum, and the ratio of that term to the preceding one. Use the 
program to determine if each of the following series converges or diverges. 

1... 1 1 


эг... 
fa) 2 3 4 4 
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d $09 12d EMI nest 3" " 
2 8 24 64 п.2" 
4 9 16 n? 
(y dq ара ыва deme e 
7 49 343 gazd 


37. Project: Suppose a car drives one mile at a constant speed of 40 mi/h, another 
mile at a constant speed of 50 mi/h, a third mile at a constant speed of 60 mi/h, 
and a fourth mile at a constant speed of 70 mi/h. (a) Is the average speed 
the average (arithmetic mean) of the four speeds? (b) Can you demonstrate 
that the arithmetic mean gives the average speed or not? (c) Can you demon- 
strate that the average speed is in fact given by the harmonic mean of the four 
numbers? 


eS 20-3 Geometric Progressions 


Recursion Formula 


A geometric sequence or geometric progression (GP) is one in which each term af- 
ter the first is formed by multiplying the preceding term by a factor r, called the 
common ratio. Thus if a, is any term of a GP, the recursion relation is as follows: 


+++ Example 95: Some geometric progressions, with their common ratios given, are 


as follows: 
(а) 2, 4, 8, 16,... (г = 2) 
1 1 
() 27, 9, 3, 1, fee (== 1) 
(с) -1, 3, -9, 27,... (2-3) .. 


General Term 


For a GP whose first term is a and whose common ratio is r, the terms are 


a, ar, ar’, ar’, ar^, ... 


We see that each term after the first is the product of the first term and a power of r, 
where the power of r is one less than the number n of the term. So the nth term ад 
is given by the following equation: 


өөө Example 26: Find the sixth term of a GP with first term 5 and common ratio 4. 


Solution: We substitute into Eq. 195 for the general term of a GP, with a — 5, 
n = 6,andr = 4. 


ag = 5(4°) = 5(1024) = 5120 +.. 


Section 3 * Geometric Progressions 


GP: Sum of n Terms 


We find a formula for the sum s, of the first n terms of a GP (also called the sum of 
n terms of a geometric series) by adding the terms of the GP. 


Sp = а + ar tar + a? ++ ак"? + ar"! (1) 
Multiplying each term in Equation (1) by r gives 
rs, = ar + ar? + ar? +--+ + ar" + ar" (2) 
Subtracting (2) from (1) term by term, we get 


(1 — r)s, = a — а" 


Dividing both sides by (1 — r) gives us the following formula: 


өөө Example 27: Find the sum of the first six terms of the GP in Example 26. 

Solution: We substitute into Eq. 196 using a = 5, п = 6, andr = 4. 

a(l —r) _ 5(1— 4%)  5(-4095) 
l-r 1-4 -3 


- 6825 22 


Sn = 
We can get another equation for the sum of a GP in terms of the nth term а,. 
Starting with Eq. 196, a, = ar"! we multiply both sides by r and get 
га, = rar" | = ar" 


Substituting га, for ar" in Eq. 196, 


we get 


өөө Example 28: Repeat Example 27, given that the sixth term (found in 
Example 26) is ag — 5120. 
Solution: Substituting, with a — 5, r — 4, and ag — 5120, yields 
а = ran 5 — 4(5120) 
= = = 6825 
1 1-4 
as in Example 27. 22 


+++ Example 29: An Application. When the shaft in Fig. 20-1 is pulled down 
6.50 cm and released, it bobs up and down ten times before the next actuation. To es- 
timate wear in the mechanism over years of use, the total distance traveled for each 
actuation is needed. Find this total, if the distance moved for each bounce is 85.096 
as for the preceding one. 


Solution: The distances traveled, in cm, are 


6.50 6.50 х 0.850 6.50 X (0.8507 6.50 (0850)... 
forming a GP with a — 6.50 and r — 0.850. Using Eq. 196 with n — 10, 


6.50(1 — 0.850!9) e 
$10 — 1 — 0.850 = © ст ooo 
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T1-83/84 solution for Example 27. Here 
we generate and take the sum of a GP, 
just as we had done earlier with an AP. 


FIGURE 20-1 
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Geometric Means 


As with the AP, the intermediate terms between any two terms are called means. A 
single number inserted between two numbers is called the geometric mean between 
those numbers. 


өөө Example 30: Insert a geometric mean b between two numbers a and c. 


Solution: Our GP is a, b, c. The common ratio r is then 


from which b? = ac, which is rewritten as follows: 


This is not new. We studied the mean proportional earlier. +.. 


+++ Example 31: Find the geometric mean between 3 and 48. 


Solution: Letting a = 3 and c = 48 gives us 


b= £V3(48) = +12 


Our GP is then 
3, 12, 48 
or 
3, —12, 48 
Note that we get two solutions. өөө 


To insert several geometric means between two numbers, we first find the 
common ratio. 
: 3 
eee Example 32: Insert four geometric means between 2 and 15 16 


Solution: Here a = 2, ag = 15%, andn = 6. Then 


dg = ar 
3 

15— = 2° 

SET r 

Шоо 

32 

3 

к= 

2 


Section 3 * Geometric Progressions 


Exercise 3 » Geometric Progressions 


ONOUPWDN = 


. Find the fifth term of a GP with first term 5 and common ratio 2. 

. Find the fourth term of a GP with first term 7 and common ratio —4. 
. Find the sixth term of a GP with first term —3 and common ratio 5. 

. Find the fifth term of a GP with first term —4 and common ratio —2. 
. Find the sum of the first ten terms of the GP in problem 1. 

. Find the sum of the first nine terms of the GP in problem 2. 

. Find the sum of the first eight terms of the GP in problem 3. 

. Find the sum of the first five terms of the GP in problem 4. 


Geometric Means 


. Insert a geometric mean between 5 and 45. 

. Insert a geometric mean between 7 and 112. 

. Insert a geometric mean between — 10 and —90. 

. Insert a geometric mean between —21 and — 84. 

. Insert two geometric means between 8 and 216. 

. Insert two geometric means between 9 and —243. 
. Insert three geometric means between 5 and 1280. 
. Insert three geometric means between 144 and 9. 


Applications 


17. 


18. 


19. 


90. 


21 


Ж 


22. 


23. 


24. 


Exponential Growth: Using the equation for exponential growth, 
y = ае" (151) 


with a = 1 and n = 0.5, compute values of y for t = 0,1,2,..., 10. Show 
that while the values of t form an AP, the values of y form a GP. Find the com- 
mon ratio. 


Exponential Decay: Repeat problem 17 with the formula for exponential decay: 
y=ue ™ (153) 


Cooling: A certain iron casting is at 1800° and cools so that its temperature 
at each minute is 10% less than its temperature the preceding minute. Find its 
temperature after 1 h. 

Light Through an Absorbing Medium: Sunlight passes through a glass filter. 
Each millimeter of glass absorbs 2096 of the light passing through it. What 
percentage of the original sunlight will remain after passing through 5.0 mm 
of the glass? 

Radioactive Decay: A certain radioactive material decays so that after each 
year the radioactivity is 8% less than at the start of that year. How many years 
will it take for its radioactivity to be 50% of its original value? 

Pendulum: Each swing of a certain pendulum is 85.0% as long as the one before. 
If the first swing is 12.0 in., find the entire distance traveled in eight swings. 
Bouncing Ball: A ball dropped from a height of 10.0 ft rebounds to half its 
height on each bounce. Find the total distance traveled when it hits the ground 
for the fifth time. 

Population Growth: One of the most famous and controversial references to 
arithmetic and geometric progressions was made by Thomas Malthus in 1798. 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


He wrote: “Population, when unchecked, increases in a geometrical ratio, and 
subsistence for man in an arithmetical ratio.” Each day the size of a certain 
colony of bacteria is 25% larger than on the preceding day. If the original size 
of the colony was 10,000 bacteria, find its size after 5 days. 

A person has two parents, and each parent has two parents, and so on. We can 
write a GP for the number of ancestors as 2, 4, 8,.... Find the total number 
of ancestors in five generations, starting with the parents’ generation. 

Musical Scale: The frequency of the “A” note above middle C is, by interna- 
tional agreement, equal to 440 Hz. A note one octave higher is at twice that 
frequency, or 880 Hz. The octave is subdivided into 12 half-tone intervals, 
where each half-tone is higher than the one preceding by a factor equal to the 
twelfth root of 2. This is called the equally tempered scale and is usually at- 
tributed to Johann Sebastian Bach (1685-1750). Write a GP showing the fre- 
quency of each half-tone, from 440 to 880 Hz. Work to two decimal places. 


Chemical Reactions: Increased temperature usually causes chemicals to react 
faster. If a certain reaction proceeds 15% faster for each 10°C increase in tem- 
perature, by what factor is the reaction speed increased when the temperature 
rises by 50°C? 

Mixtures: A radiator contains 30% antifreeze and 70% water. One-fourth of 
the mixture is removed and replaced by pure water. If this procedure is re- 
peated three more times, find the percent antifreeze in the final mixture. 
Energy Consumption: If the U.S. energy consumption is 7.00% higher each year, 
by what factor will the energy consumption have increased after 10.0 years? 


Atmospheric Pressure: The pressures measured at 1-mi intervals above sea level 
form a GP, with each value smaller than the preceding by a factor of 0.819. If 
the pressure at sea level is 29.92 in. Hg, find the pressure at an altitude of 5 mi. 
Compound Interest: A person deposits $10,000 in a bank giving 6% interest, com- 
pounded annually. Find to the nearest dollar the value of the deposit after 50 years. 
Inflation: The price of a certain house, now $126,000, is expected to increase 
by 596 each year. Write a GP whose terms are the value of the house at the end 
of each year, and find the value of the house after 5 years. 

Depreciation: When calculating depreciation by the declining-balance method, 
a taxpayer claims as a deduction a fixed percentage of the book value of an asset 
each year. The new book value is then the last book value less the amount of the 
depreciation. Thus for a machine having an initial book value of $100,000 and a 
depreciation rate of 40%, the first year's depreciation is 40% of $100,000, or 
$40,000, and the new book value is $100,000 — $40,000 — $60,000. Thus the 
book values for each year form the following GP: 


$100,000, $60,000, $36,000, ... 


Find the book value after 5 years. 


20-4 Infinite Geometric Progressions 


Sum of an Infinite Geometric Progression 


Before we derive a formula for the sum of an infinite geometric progression, let us 
explore the idea graphically and numerically. 


We have already determined that the sum of n terms of any geometric progres- 


sion with a first term a and a common ratio r is 


es a(l = r^) (196) 


l-r 


Thus a graph of s„ versus n should tell us about how the sum changes as n increases. 


Section 4 * Infinite Geometric Progressions 


өөө Example 33: Graph the sum s, versus n for the GP 


i 122125 125 
forn = Oto 20. 


Solution: Here, a = 1 andr = 1.2, so 
]p-12* 125201 


gom 
" 1-12 0.2 

The sum 5, is graphed as shown. Note that the sum continues to increase. We say 

that this progression diverges. +.. 


Decreasing GP 


If the common ratio r in a GP is less than 1, each term in the progression will be 
less than those preceding it. Such progression is called a decreasing GP. 


+++ Example 34: Graph the sum s, versus n for the GP 


1, 05.08. UB. 
for n = Oto 20. 


Solution: Here, a = 1 andr = 0.8, so 
1 = 0.8" 1 — 0.8" 
Sn = иж 
1- 0.8 02 
The sum is graphed as shown. Note that the sum appears to reach a limiting value, 
so we say that this progression converges. The sum appears to be approaching a 
value of 5. ooo 


Our graphs have thus indicated that the sum of an infinite number of terms of a 
decreasing GP appears to approach a limit. Let us now verify that fact numerically. 


+++ Example 35: Find the sum of infinitely many terms of the GP 
9,3, 1,оз,... 


Solution: Knowing that a = 9 andr = i we can use a computer to compute each 
term and keep a running sum as shown in Table 20—3. Notice that the terms get 


smaller and smaller, and the sum appears to approach a value of around 13.5. +++ 


We will confirm the value found in Example 35 after we have derived a for- 
mula for the sum of an infinite geometric progression. 


Limit Notation 


In order to derive a formula for the sum of an infinite geometric progression, we 
need to introduce limit notation. Such notation will also be of great importance in 
the study of calculus. 

First, we use an arrow ( — ) to indicate that a quantity approaches a given value. 


+++ Example 36: 


(а) х 5 means that x gets closer and closer to the value 5. 
(b) n — © means that n grows larger and larger, without bound. 
(c) y — 0 means that y continuously gets closer and closer to zero. ooo 


If some function f (x) approaches some value L as x approaches a, we could 
write this as 
f(x) э 1 as xa 
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Screen for Example 33. Tick marks are 
5 units apart. 


Screen for Example 34. Tick marks are 
10 units apart on the horizontal axis 
and 1 unit apart on the vertical axis. 


9.0000 9.0000 


1 
2 3.0000 12.0000 
3 1.0000 13.0000 
4 0.3333 13.3333 
5 0.1111 13.4444 
6 0.0370 13.4815 
7 0.0123 13.4938 
8 0.0041 13.4979 
9 0.0014 13.4993 
10 0.0005 13.4998 
11 0.0002 13.4999 
12 0.0001 13.5000 
13 0.0000 13.5000 
14 0.0000 13.5000 
15 0.0000 13.5000 
16 0.0000 13.5000 
17 0.0000 13.5000 
18 0.0000 13.5000 
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which is written in more compact notation as follows: 


Limit notation lets us compactly write the value to which a function is tending, 
as in the following example. 


+++ Example 37: Here are some examples showing the use of limit notation. 
limb = lim(a + b) = 

(a) jim 0 (b) та Б) = а 

im ĉ +b a 

im = 

b>oc+d c+d 


oe 


1 
(c) 3X2 2 


(d) 


A Formula for the Sum of an Infinite, Decreasing Geometric Progression 


As the number of terms n of an infinite, decreasing geometric progression increases 
without bound, the term a, will become smaller and will approach zero. Using our 
new notation, we may write 


lima, = 0 when |r| « 1 
no 


As before, r is the common ratio. Thus in Eq. 197 for the sum of n terms, 
а — rd, 
wet 
the expression ra, will approach zero as n approaches infinity, so the sum Sæ of 
infinitely many terms (called the sum to infinity) is 


а — ға, а 


n>% l-r ]r 


Thus letting 5 = 54, the sum to infinity is: 


өө Example 38: Find the sum of infinitely many terms of the GP 


9, 133: 1 2 
3 , 3 3 2-5 
Solution: Here a = 9 andr = 3 80 
9 9 1 
4e = 2 13 
l-r 1-1/3 2/3 5 
This agrees with the value we found numerically in Example 35. +.. 


+++ Example 39: An Application. For the mechanism in Example 29, find the total 
distance traveled if the shaft is allowed to come to rest instead of being limited to ten 
oscillations. 


Solution: From Eq. 198, with a — 6.50 and r — 0.850, 


6.50 
= 1 2 0.850 = 43.3 ст ooo 


Section 5 * The Binomial Theorem 


Exercise 4 • Infinite Geometric Progressions 


Evaluate each limit. 


. lim(b — c + 2. li + pb? 
ку. mere 
3 +6 tbc 
. lim E. 22. 
b>0c +4 b>0b+c-5 


Find the sum of the infinitely many terms of each GP. 


5. 
7. 


144, 72, 36, 18,... 6. 8,4,2,1, 


10, 2, 0.4, 0.08, . .. B oes 


H 
Ло 


Applications 


9. 


10. 


11. 


Each swing of a certain pendulum is 78% as long as the one before. If the first swing 
is 10 in., find the entire distance traveled by the pendulum before it comes to rest. 
A ball dropped from a height of 20 ft rebounds to three-fourths of its height on 
each bounce. Find the total distance traveled by the ball before it comes to rest. 
Team Project, Zeno’s Paradox: “A runner can never reach a finish line 1 mile 
away because first he would have to run half a mile, and then must run half of 
the remaining distance, or 1 mile, and then half of that, and so on. Since there 
are an infinite number of distances that must be run, it will take an infinite length 
of time, and so the runner will never reach the finish line." Show that the dis- 
tances to be run form the infinite series; 


zn 

248" 
Then disprove the paradox by actually finding the sum of that series and show- 
ing that the sum is not infinite. 


90-5 The Binomial Theorem 


Powers of a Binomial 


Recall that a binomial, such as (a + b), is a polynomial with two terms. By actual 
multiplication we can show that 


(a+ Б) =а+Ь 

(а + b = а? + 2ab + b? 

(a + by = а? + 3a*b + Зар? + b? 

(a + bY* = af + даь + 6a?b? + Дар? + bt 


We now want a formula for (a + b)” with which to expand a binomial without 
actually carrying out the multiplication. In the expansion of (a + b)", where n is a 
positive integer, we note the following patterns: 


1. 
9. 


3. 


There are n + 1 terms. 

The power of a is n in the first term, decreases by 1 in each later term, and 
reaches 0 in the last term. 

The power of b is 0 in the first term, increases by | in each later term, and 
reaches n in the last term. 

Each term has a total degree of n. (That is, the sum of the degrees of the vari- 
ables is n.) 
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Zeno's Paradox is named for Zeno of 
Elea (ca. 490-са. 435 в.с.Е.), a Greek 
philosopher and mathematician. 

He wrote several famous paradoxes, 
including this one. 
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Fir| Fer |Р?” Far 
138664 14816 нэгш|сеаг || 


" expand(( з * bj?) 
a? 5.a^*-b + 19-a7-b? « 10 
expanditat*b»^55] 


MAIN DEG AUTO SEQ 1230 


TI-89 solution for Example 40. Part of 
the answer is off the screen. 


Screen for Example 41. 


mq 


г20 


T1-83/84 screen for Example 43. 


(a + Б)" = а" + na" lb + 
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5. The first coefficient is 1. 


6. The product of the coefficient of any term and its power of a, divided by the num- 
ber of the term, gives the coefficient of the next term. (This property gives a re- 
cursion formula for the coefficients of the binomial expansion.) 


These six observations can be expressed as the formula: 
n(n — l) gg + n(n — l)(n —2) 
2 2(3) 


a" +- t b" 


+++ Example 40: Use the binomial theorem to expand (a + by. 


Solution: From the binomial theorem, 


544) 543) 5,4 , 509092) 


+ by = а? + 5а%Ь + —— + pe» 
ca dM ч 20) " 2000) " 
= а? + 5а%Ь + 10a°b? + 10025 + Sab* + p? 
which can be verified by actual multiplication, as shown in the screen. oe 


If the expression contains only one variable, we can verify the expansion 
graphically. 


++» Example 41: Use the result from Example 40 to expand (x + 1)?, and verify 
graphically. 
Solution: Substituting a = x and b = 1 into the preceding result gives 
(x + 15 = x + 5x4 + 10x? + 10x? + 5x +1 
To verify graphically, we plot the following in the same window. 
ур = (х + 1) 


апа 
у = х? + 5x* + 10х° + 10x? + 5x + 1 


The two graphs shown are identical. This is not a proof that our expansion is cor- 
rect, but it certainly gives us more confidence in our result. ooo 


Factorial Notation 
We now introduce factorial notation. For a positive integer n, factorial n, written n!, 
is the product of all of the positive integers less than or equal to n. 
n! = 1*2:3---(n = D):n 
Of course, it does not matter in which order we multiply the numbers. We may 


also write 
n! = n* (n = 1):--3:2:1 


+++ Example 49: Here are some examples showing the use of factorial notation. 


(а) 3! = 1:2:3 =6 (b 5! = 1:2:3:4:5 = 120 
13! 61(2) (3 
с 2 ж: (d) 0! = 1 by definition +++ 
7! 7(6!) 7 


Factorials can be evaluated by most calculators. 


eee Example 43: Evaluate 6! by calculator. 


Solution: We enter 6 followed by the factorial symbol. On the TI-83/84 and on the 
TI-89, it is located on the MATH  PRB (probability) menu. We get 


6! — 720 666 
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Binomial Theorem Written with Factorial Notation 


The use of factorial notation allows us to write the binomial theorem more compactly. 
Thus: 
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+++ Example 44: Using the binomial formula, expand (a + b)°. 


Solution: There will be (n + 1) or seven terms. Let us first find the seven coeffi- 
cients. The first coefficient is always 1, and the second coefficient is always n, or 6. 
We calculate the remaining coefficients in Table 20-4. 


TABLE 20-4 
1 1 
2 n=6 
n(n — 1) 6(5) 

à 2! 1(2) B 
Р n(n — 1) (п — 2) 6(5)(4) 

3! 1(2)(3) 
5 n(n — 1)(п — 2) (п = 3) 6(50)8). 

4! 1(2)(3)(4) 
6 n(n = 1)(п — 2)(n — 3)(п — 4) _ 6(5)(4)(3)2) _ 
5! 1(2)(3)@) (5) 
7 n(n = 1)(n — 2)(n — 3)(п — 4)(п — 5) _ 6(5)(4)(3)(2)(1) 1 
6! 102) (3) (4) 5) (6) 


The seven terms thus have the coefficients 


1 6 15 20 15 6 1 
and our expansion is then 


(a + bé = аб + ба?Ь + 15a^b? + 204252 + 15a?b^ + Gab? + Ь6 өө 


Pascal’s Triangle 


We now have expansions for (a + b)”, for values of n from 1 to 6, to which we add 
(a + b}? = 1. Let us now write the coefficients of the terms of each expansion. 


Exponent n 
0 1 
1 1 1 
2 121 
3 p 3-1 
4 14 64 1 
5 1 5 10 10 5 1 
6 1 6 15 20 15 6 | 


This array is called Pascal's triangle. We may use it to predict the coefficients of 
expansions with powers higher than 6 by noting that each number in the triangle is 
equal to the sum of the two numbers above it (thus the 15 in the lowest row is the 
sum of the 5 and the 10 above it). When expanding a binomial, we may take the co- 
efficients directly from Pascal's triangle, as shown in the following example. 


Pascal's triangle is named for Blaise Pascal 
(1623-62), the French geometer, 
probabilist, combinatorist, physicist, 

and philosopher. 


610 Chapter 20 * Sequences, Series, and the Binomial Theorem 


өөө Example 45: Expand (1 — x)°, obtaining the binomial coefficients from 
Pascal’s triangle. 


Solution: From Pascal’s triangle, for n = 6, we read the coefficients 
1 6 15 20 15 6 | 


We now substitute into the binomial formula with n = 6,a = 1, and b = —x. 
When one of the terms of the binomial is negative, as here, we must be careful to 
include the minus sign whenever that term appears in the expansion. Thus 


(=x) = [1 + (—х)]° 

16 + 6(1°)(—x) + 15(15 (х)? + 2013) (x? 

+ 15(17)(—x)* + 6(1)(—x)? + (—x)® 

= 1 — бх + 15x? — 20x? + 15x* — бх? + xê ooo 


If either term in the binomial is itself a power, a product, or a fraction, it is a 
good idea to enclose that entire term in parentheses before substituting. 


3 4 
+++ Example 46: Expand (3 + 2) : 
х 


Solution: The binomial coefficients are 
1464 1 


3 
We substitute — for a and 2y? for b. 
x 


3 Е 3 4 
(3+2) =[(2)+ >| 
зү" зү 3 \? 3 
«(reno a) oo 


1 216? 216y® 96y? 
нэ. Тас шу. a : 


x? хб x 


+ 16)? +.. 


Sometimes we may not need the entire expansion but only the first several terms. 


+++ Example 47: Find the first four terms of (x? — ay 
Solution: From the binomial formula, with n = 11,a = x, and b = (-2у), 


(x? — 23! = [(х2)  (-2y5]H 


= (5! + 1102(725) + (СУ -2y!y 


11 (10) 
2 
11(10)(9) 
2(3) 


= х?? — 22499" + 220х!5у° — 1390 Ry? +- .. 


EF (-2yy +: 


General Term 


We can write the general or rth term of a binomial expansion (a + b)" by noting 
the following pattern: 
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1. The power of b is 1 less than r. Thus a fifth term would contain p^, and the rth 
term would contain Б” !. 

2. The power of a is n minus the power of b. Thus a fifth term would contain a 
or a^ ? * |. and the rth term would contain a" ^ ^ P or a" 77 * 1, 

3. The coefficient of the rth term is 


n-(5-1) 


n! 
(r — D!(n — r * 1)! 


These facts are combined into the following formula: 


eee Example 48: Find the eighth term of the expansion for (За + 55)! !. 


Solution: Here, n = 11 andr = 8. Son — r + 1 = 4. The coefficient of the eighth 
term is then 
n! 11! 


аа 


Then 
the eighth term = 330 (3a)!!7 8+ (9) 7! 
= 330(81а“) (D?) = 26,730a*b?? +.. 


Fractional and Negative Exponents 


So far we have used the binomial theorem only with positive integral exponents. 
Here we will use it when the exponent is negative or fractional. However, we now 
obtain an infinite series, called a binomial series, with no last term. Further, the bi- 
nomial series is equal to (a + b)” only if the series converges. 


+++ Example 49: Write the first four terms of the infinite binomial expansion 


for V5 + x. 


Solution: We replace the radical with a fractional exponent and substitute into the 
binomial formula in the usual way. 


(5 + 3 = е» 5 5712y + D сад 


= ee 
2Vs  8(6y? 16(5)5/2 


Switching to decimal form and working to five decimal places, we get 


(5 + x)? = 2.23607 + 0.22361х — 0.01118х2 + 0.001123 — ::. eee 


We now ask if this series is valid for any x. Let's try a few values. For x = 0, 


(5 + 0)!/2 ~ 2.23607 
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By series 


у= 45 +х 


By calculator 


FIGURE 20-2 
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which checks within the number of digits retained. For x = 1, 


(5 + 1)? = 2.23607 + 0.22361 — 0.01118 + 0.00112 — --- 
= 2.44962 


which compares with a calculator value for (5 + 1)!/ ? of 2.44949. Not bad, consid- 
ering that we are using only four terms of an infinite series. Of course, we would 
not use this method to compute the square root of 6. We are just using this value to 
explore the accuracy of the given series for different values of x. 

To determine the effect of larger values of x, we have used a computer to gen- 
erate eight terms of the binomial series as listed in Table 20-5. 


TABLE 20-5 
0 2.236068 2.236068 0 
2 2.645766 2.645751 0.000015 
4 3.002957 3 0.002957 
6 3.379908 3.316625 0.063283 
8 4.148339 3.605551 0.543788 
11 9.723964 4 5.723964 


Into it we have substituted various x values, from 0 to 11, and compared the value 
obtained by series with that from a calculator. The values are plotted in Fig. 20-2. 

Notice that the accuracy gets worse as x gets larger, with useless values being 
obtained when x is 6 or greater. This illustrates the following: 


Our series in Example 49 thus converges when x « 5. 


The binomial series, then, is given by the following formula: 


The binomial series is often written with a — 1 and b — x, so we give that 
form here also. 
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+++ Example 50: Expand to four terms: 
= bs 
3 — 3p!/3 
l/a — ЗЬ 


Solution: We rewrite the given expression without radicals or fractions, and then 
expand. 


= wis. рээ 


1 
N/ 1/а — 3513 


= all хадыг + залар + 14 qt +... ян 


Exercise 5 • The Binomial Theorem 


Factorial Notation 


Evaluate each factorial. 


7! 
1. 6! 9. 8! s 
5! 
11! 7! 8! 

` 912! “314! 5315! 


Binomials Raised to an Integral Power 


Verify each expansion. Obtain the binomial coefficients by formula or from Pascal’s 
triangle as directed by your instructor. 


7. (х + уу ex + 7x$y + 21x?y? F 35x^y? + 354 y* + 21x^y + Txy® Es у? 
8. (4 + 3b)* = 256 + 768b + 864D? + 4325? + 81b4 


9. Ba — 2b)* = 81a^ — 216a?b + 216a?b? — 96ab? + 16b4 


10. (x? + y)! = x?! + 7x!8y 21x Dy? + 35х!?у? + 35x? y^ + 21x6y5 + Tx3y + y? 
11. (х2 + у2/3)5 = 2/2 + 5x2y2/3 + 10x3/2,4/3 + 10xy? + 5х1/2у8/3 + у!9/3 

19. (1/x + 1/y? = 1/x + 3/х2у2 + 3/xy* + 1/y® 

13. (a/b — b/a)® = (a/b)® — 6(a/b)* + 15(a/b}? — 20 + 15(b/aY. — 6(b/a)* + (b/a)® 
14, (1/ Vx + у2)4 = x? + 4x Py) + gx ly* + 4x7 Wyo + y8 

15. Qa? + УБ)? = 32a!° + 80а81/2 + 80a% + 40055372 + 10a2b? + Ь°? 


16. (Vx — ePf = х2 – 4х3/262/3 + 6xc4/3 — 41/22 + (8/3 


(a7 5-18 — 1 (g71y-45( 353) + 2 aly 7/3(—3p 13)? E 14 (a7 1) 10/33 p1/3)3 +... 
3 9 81 
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Verify the first four terms of each binomial expansion. 

17. (x? + ЭЭР = xl + 8x1^? + 28x16 + 56x ly? Tee 

18. (x? — 2y°)!! = x? — 22х°%у* + IUE — 13902: y +. 
19. (a — b^? = a? — 9889 + 3ба!Ь® — 84а%Ь!? +- 

20. (a? + 2b)? = a’ + 24a b + 264a??? + 1760877 p? + --- 


General Term 


Write the requested term of each binomial expansion, and simplify. 


21. Seventh term of (a? — 255)? 22. Eleventh term of (2 — х)! 
23. Fourth term of (2a — 3b)’ 24. Eighth term of (x + a)!! 
25. Fifth term of (x — 2 Vy)? 26. Ninth term of (x? + 1) 


Binomials Raised to a Fractional or Negative Power 
Verify the first four terms of each infinite binomial series. 
27. (1 — ay? = 1 — 2a/3 — a?/9 — 403/81... 

98. VI +a = 1 + а/2 — а2/8 + а/16... 

99. (1 + 5a) ? = 1 — 25a + 375a* — 4375а?... 

30. (1 + a) ? = 1 — За + ба? — 10а3... 

31. 1/V1 — a = 1 + a/6 + 7а2/72 + 9143/1296... 


+++ CHAPTER 20 REVIEW PROBLEMS ••66660600060006000600060006006 


. Find the sum of seven terms of the AP: —4, —1,2,... 

. Find the tenth term of (1 — y)!^. 

. Insert four arithmetic means between 3 and 18. 

. How many terms of the AP —5, —2, 1,... will give a sum of 63? 

. Insert four harmonic means between 2 and 12. 

. Find the twelfth term of an AP with first term 7 and common difference 5. 


. Find the sum of the first 10 terms of the AP 1, 22, 45, "T 


ч с OW FF W nm = 


Expand each binomial. 
8. (2x2 — V x/2y 
9. (a — 2p 
10. (х – yy 
11. Find the fifth term of a GP with first term 3 and common ratio 2. 


12. Find the fourth term of a GP with first term 8 and common ratio —4. 


Review Problems 


Evaluate each limit. 


13. 


14. 


j -x+ 
lim (2b — x + 9) 


lim (a? + p? 
poe UL 


Find the sum of infinitely many terms of each GP. 


15. 
16. 
17. 
18. 
19. 
20. 
91. 
22, 
23. 
24. 
95, 
26. 


4, 2, 1,... 

1211 

4? 167 6479 577 
2 4 

LOU 


21,9, 3,0 «4 

150, 30,6, ... 

Find the seventh term of the harmonic progression 3, 33, 4, 

Find the sixth term of a GP with first term 5 and common ratio 3. 
Find the sum of the first seven terms of the GP in problem 21. 
Find the fifth term of a GP with first term —4 and common ratio 4. 
Find the sum of the first seven terms of the GP in problem 23. 
Insert two geometric means between 8 and 125. 


Insert three geometric means between 14 and 224. 


Evaluate each factorial. 


27. 


29, 


415! 8! 
2! a 41 4! 


718! 7! 
5! "P 215! 


Find the first four terms of each binomial expansion. 


31. 


32. 


33. 


34. 


35. 
36. 


37. 


М1 +а 


Expand using ће binomial theorem: 
(1 — За + 2a?)* 


Find the eighth term of (3a — b)!!. 


Find the tenth term of an AP with first term 12 if the sum of the first ten terms 
is 10. 


Series Approximations: It is possible to compute the approximate value of a 
quantity or function by means of the first several terms of an infinite series. Such 
a series can be used internally by calculators and computers for this purpose. 
Several of these well-known series are shown. For each, choose a value of x, 
write a program or spreadsheet to generate and find the sum of the first ten terms 
of the series, and compare your results with that obtained by calculator. 
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38. Writing; Fibonacci Sequence: One famous sequence is the Fibonacci Sequence 
mentioned earlier in this chapter. Write a short paper on this sequence. 


39. On Our Web Site: We give an entire chapter on infinite series on our Web site: 
www.wiley.com/college/calter. 


Introduction to Statistics 
and Probability 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Identify data as continuous, discrete, or categorical. 


Represent data as an x-y graph, scatter plot, bar graph, pie chart, stem 
and leaf plot, or boxplot. 


Organize data into frequency distributions, frequency histograms, fre- 
quency polygons, and cumulative frequency distributions. 


Calculate the mean, the weighted mean, the median, and the mode. 


Find the range, the quartiles, the deciles, the percentiles, the variance, 
and the standard deviation. 


Calculate the probabilities for frequency distributions, including the 
binomial and normal distributions. 


Estimate population means, standard deviations, and proportions within 
a given confidence interval. 


Make control charts for statistical process control. 


Fit a straight line to a set of data using the method of least squares. 


Why study statistics? There are several reasons. First, for your work you might have to 
interpret statistical data or even need to collect such data and make inferences from it. 
For example, you could be asked to determine if replacing a certain machine on a pro- 
duction line actually reduced the number of defective parts made. Further, a knowl- 
edge of statistics can help you to evaluate the claims made in news reports, polls, and 
advertisements. A toothpaste manufacturer may claim that its product "significantly 
reduces" tooth decay. A pollster may claim that 52% of the electorate is going to vote 
for candidate Jones. A newspaper may show a chart that pictures oil consumption go- 
ing down. Itis easy to use statistics to distort the truth, either on purpose or unintention- 
ally. Some knowledge of the subject may help you to separate fact from distortion. 

In this chapter we introduce many new terms. We then show how to display 
statistical data in graphical and numerical forms. How reliable are those statistical 
data? To answer that question, we include a brief introduction to probability, which 
enables us to describe the confidence we can place in those statistics. 
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91-1 Definitions and Terminology 


Populations and Samples 


In statistics, an entire group of people or things is called a population or universe. A 
population can be infinite or finite. A small part of the entire group chosen for study is 
called a sample. 


eee Example 1: In a study of the heights of students at Tech College, the entire stu- 
dent body is our population. This is a finite population. Instead of studying every 
student in the population, we may choose to work with a sample of only 100 
students. өөө 


+++ Example 2: Suppose that we want to determine what percentage of tosses of a coin 
will be heads. Then all possible tosses of the coin are an example of an infinite popula- 
tion. Theoretically, there is no limit to the number of tosses that can be made. ooo 


Parameters and Statistics 


We often use just a few numbers to describe an entire population. Such numbers are 
called parameters. The branch of statistics in which we use parameters to describe 
a population is referred to as descriptive statistics. 


+++ Example 3: For the population of all students at Tech College, a computer read 
the height of each student and computed the average height of all students. It found 
this parameter, average height, to be 68.2 in. ooo 


Similarly, we use just a few numbers to describe a sample. Such numbers are 
called statistics. When we then use these sample statistics to infer things about the 
entire population, we are engaging in what is called inductive statistics. 


+++ Example 4: From the population of all students in Tech College, a sample of 100 
students was selected. The average of their heights was found to be 67.9 in. This is a 
sample statistic. From it we infer that for the entire population, the average height is 
67.9 in. plus or minus some standard error. We show how to compute standard error 
in Sec. 21-6. өөө 


Thus parameters describe populations, while statistics describe samples. The 
first letters of the words help us to keep track of which goes with which. 


Population Parameter 
versus 


Sample Statistic 


Variables 


In statistics we distinguish between data that are continuous (obtained by measure- 
ment), discrete (obtained by counting), or categorical (belonging to one of several 
categories). 


өөө Example 5: A survey at Tech College asked each student for (a) height, contin- 
uous data; (b) number of courses taken, discrete data; and (c) whether they were in 
favor (yes or no) of eliminating final exams, categorical data. +++ 


A variable, as in algebra, is a quantity that can take on different values within a 
problem; constants do not change value. We call variables continuous, discrete, or 
categorical, depending on the type of data they represent. 
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eee Example 6: If, in the survey of Example 5, we let TABLE 21-1 
N — number of courses taken 

F Sonini fodaxdur finia Jan. 13,946 
= opinion on eliminating finals Feb. 7364 
then H is a continuous variable, N is a discrete variable, and F is a categorical Mar. 5,342 
variable. +.. Apr. 3,627 
May 1,823 
Ways to Display Data June 847 
July 354 
Statistical data are usually presented as a table of values or are displayed in a graph Aug. 425 
or a chart. Common types of graphs are the x-y graph, scatter plot, bar graph, or pie Sept. 3,745 
chart. Here we give examples of the display of discrete and categorical data. We Oct. 5,827 
cover display of continuous data in Sec. 21-2. Nov. 11,837 
Dec. 18,475 


+++ Example 7: Table 21-1 shows the number of skis made per month by the Ace 
Ski Company. We show these discrete data as an x-y graph, a scatter plot, a bar chart, 


and a pie chart in Fig. 21-1. 
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Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. 
Month 
(b) Scatter plot 


Dec. (25.1%) 


Nov. (16.1%) 


FIGURE 21-1 
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Apr. (4.9%) 

May (2.596) 
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July (0.596) 
Aug. (0.696) 
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TABLE 21-2 +++ Example 8: Table 21-2 shows the number of skis of various types made in a cer- 
tain year by the Ace Ski Company. We show these discrete data as an x-y graph, a bar 
chart, and a pie chart (Fig. 21-2). 
Downhill 35,725 
Racing 7,135 
Jumping 2,889 
Cross-country 27,263 
Total 73,612 
40 
35 
Р z 30 
© © 
: : 
E E 25 
3 3 20 
Е Е 
2 a” 
10 
5 
2 Ї Т 0 
Downhill Racing Jumping Cross-country Downhill Racing Jumping Cross-country 
Type of ski Type of ski 
(a) x-y graph (b) Bar chart 


Cross-country (37.096) 


Downhill (48.596) 


Jumping (3.996) 


Racing (10.596) 


(c) Pie chart 
FIGURE 21-2 +++ 


Displaying Statistical Data on the Calculator 


Before we can display statistical data on the calculator, we need to enter it into the 
calculator. On the T1-83/84, we do this by creating a list. First press the STAT) key 
and then ENTER |. You can enter a table of data in list 1(L1) and higher lists. In or- 
der to make an x-y graph or a scatter plot, we first enter in placeholder numbers for 
the x-axis into L1. We use placeholder numbers because we cannot enter in non 
digital categories, such as “Downhill.” Enter the numbers into L1 by first moving 
the cursor into the line below L1 and then typing “1.” Hit enter and then “2” until 
you've entered up to “4.” Next, move the cursor over to the first line under L2. Then 
enter in the values for the sales, in the same way that you entered the list into L1. 
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When you are done you should have four entries in L1 and four in L2. Next, press, 
followed by | STAT PLOT |. Press ENTER | to select Plot 1, and then press | ENTER 
again to turn on Plot 1. Move the cursor down and press ENTER to select a scatter 
plot, or first move the cursor one to the right to select an x,y-graph. Then move 
down to select L1 for Xlist and L2 for Ylist. Finally, press | ZOOM | and then 9 
Zoom Stat to plot. 


Exercise 1 » Definitions and Terminology 


Scatter plot 
Types of Data 
Label each type of data as continuous, discrete, or categorical. 
1. The number of people in each county who voted for Jones. 
2. The life of certain 100-W light bulbs. 
3. The blood types of patients at a certain hospital. 
4. The number of Ford cars sold each day. 
5. The models of Ford cars sold each day. 
6. The weights of steers in a given herd. x,y-plot 
Graphical Representation of Data Screens for Example 8. 


7. The following table shows the population of a certain town for the years 
1920-1930: 


1920 5364 
1921 5739 
1922 6254 
1923 7958 
1924 7193 
1925 6837 
1926 7245 
1927 7734 
1928 8148 
1929 8545 
1930 8623 


Make a scatter plot and ап x-y graph of the population versus the year. 
8. Make a bar graph for the data of problem 7. 
9. Ina certain election, the tally was as listed in the following table: 


Smith 746,000 
Jones 623,927 
Doe 536,023 
Not voting 163,745 


Make a bar chart showing the election results. 

10. Make a pie chart showing the election results of problem 9. To make the pie 
chart, simply draw a circle and subdivide the area of the circle into four 
sectors. Make the central angle (and hence the area) of each sector proportional 
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to the votes obtained by each candidate as a percentage of the total voting pop- 
ulation. Label the percent in each sector. 


Graphics Calculator 


11. Use your graphics calculator to make a scatter plot and an x-y graph of the 
data in problem 7. 


Computer 


19. Many spreadsheet programs can draw x-y graphs, scatter plots and bar graphs. Un- 
like with the graphics calculator, the data on the x-axis can, for certain graphs, be 
words. Use a spreadsheet to draw any of the graphs in this exercise set. 

13. There are a number of computer software packages, such as Minitab, designed 
especially for statistics. These, of course, can draw all of the common statisti- 
cal graphs. Use one of these programs to draw any of the graphs in this exer- 
cise set. 


21-2 Frequency Distributions 


Raw Data 


Data that have not been organized in any way are called raw data. Data that have 
been sorted into ascending or descending order are called an array. The range 
of the data is the difference between the largest and the smallest number in that 
array. 


өөө Example 9: Five students were chosen at random and their heights (in inches) 
were measured. The raw data obtained were 


56.2 72.8 58.3 56.9 67.5 
If we sort the numbers into ascending order, we get the array 
56.2 56.9 58.3 67.5 72.8 
The range of the data is 
range = 72.8 — 56.2 = 16.6 in. ooo 


Grouped Data 


For discrete and categorical data, we have seen that x-y graphs and bar charts are 
effective. These graphs can also be used for continuous data, but first we must collect 
those data into groups. This process is especially helpful when working with a large 
number of data points. Such groups are usually called classes. We create classes by 
dividing the range into a convenient number of intervals. Each interval has an upper 
and a lower limit or class boundary. The class width is equal to the upper class 
boundary minus the lower class limit. The intervals are chosen so that a given data 
point cannot fall directly on a class boundary. We call the center of each interval 
the class midpoint. 


Frequency Distribution 


Once the classes have been defined, we may tally the number of measurements 
falling within each class. Such a tally is called a frequency distribution. The number 
of entries in a given class is called the absolute frequency. That number, divided by 
the total number of entries, is called the relative frequency. The relative frequency 
is often expressed as a percent. 
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1. Subtract the smallest number in the data from the largest to find the range of the data. 

2. Divide the range into class intervals, usually between 5 and 20. Avoid class limits that 
coincide with actual data. 

3. Get the class frequencies by tallying the number of observations that fall within each 
class. 

4. Get the relative frequency of each class by dividing its class frequency by the total num- 
ber of observations. 


өөө Example 10: The grades of 30 students are as follows: 
85.0 62.0 946 76.3 77.4 82.3 584 86.4 844 69.8 
91.3 75.0 69.6 86.4 84.1 74.7 65.7 864 90.6 69.7 
86.7 70.5 784 864 81.5 60.7 79.8 97.2 85.7 78.5 


Group these raw data into convenient classes. Choose the class width, the class lim- 
its, and the class midpoints. Find the absolute frequency and the relative frequency 
of each class. 


Solution: 
1. The highest value in the data 15 97.2 and the lowest 15 58.4, so 
range — 97.2 — 58.4 — 38.8 


9. If we divide the range into 5 classes, we get a class width of 38.8/5 or 7.76. If 
we divide the range into 20 classes, we get a class width of 1.94. Picking a 
convenient width between those two values, we let 


class width = 6 
Then we choose class limits of 
56, 62, 68,. . ., 98 


Sometimes a given value, such as 62.0 in the preceding grade list, will fall right 
on a class limit. Although it does not matter much into which of the two ad- 
joining classes we put it, we can easily avoid such ambiguity. One way is to 
make our class limits the following: 


56-61.9, 62-67.9, 68-73.9, . . ., 92-97.9 
Thus 62.0 would fall into the second class. Our class midpoints are then 
59, 65, 71,. . .,95 


3. Our next step is to tally the number of grades falling within each class and get 
a frequency distribution, shown in Table 21-3. 
4. We then divide each frequency by 30 to get the relative frequency. 


TABLE 91-3 Frequency distribution of student grades. 


56-61.9 59 // 2 2/30 = 67% 
6267.9 65 // 2 2/30= 6.7% 
68-73.9 71 "i 4 4/30 = 13.3% 
74-79.9 TI Ў // 7 7/30 = 23.3% 
80-85.9 83 ЎШ / 6 6/30 = 20.0% 
86-91.9 89 HUI 7 7/30 = 23.3% 
92-97.9 95 // 2 2/30= 6.7% 

Total 30 30/30 = 100.00% 


ooo 
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Since all the bars in a frequency his- 
togram have the same width, the areas 
of the bars are proportional to the 
heights of the bars. The areas are thus 
proportional to the class frequencies. So 
if one bar in a relative frequency his- 
togram has a height of 20%, that bar will 
contain 20% of the area of the whole 
graph. Thus there is a 20% chance that 
one grade chosen at random will fall 
within that class. We will make use of this 
connection between areas and probabil- 
ities in Sec. 21-4. 
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Frequency Histogram 

A frequency histogram is a bar chart showing the frequency of occurrence of each 
class. The width of each bar is equal to the class width, and the height of each bar is 
equal to the frequency. The horizontal axis can show the class limits, the class mid- 
points, or both. The vertical axis can show the absolute frequency, the relative fre- 
quency, or both. 


+++ Example 11: We show a frequency histogram for the data of Example 10 in Fig. 
21-3. Note that the horizontal scale shows both the class limits and the class midpoints, 
and the vertical scales show both absolute frequency and relative frequency. 


8 
? 6+ -г 2096 
Ё 3 
2321 E 
$ - 10% 2 
Ёо 5 
<2 З 
0 0 
56 62 68 74 80 86 92 98 
Student grades 
FIGURE 21-3 +++ 


Frequency Polygon 


A frequency polygon is simply an x-y graph in which frequency is plotted against 
class midpoint. As with the histogram, it can show either absolute or relative fre- 
quency, or both. 


+++ Example 12: We show a frequency polygon for the data of Example 10 in 
Fig. 21-4. 


Absolute frequency 


0 Ї Ї Ї Ї Ї ! Ї 
59 65 71 77 83 89 95 
Student grades 


FIGURE 21-4 А frequency polygon for the data of Example 10. Note that this polygon 


could have been obtained by connecting the midpoints of the tops of the bars in Fig. 21-3. 
өөө 
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Cumulative Frequency Distribution 


We obtain a cumulative frequency distribution by summing all values less than a 
given class limit. The graph of a cumulative frequency distribution is called a cumu- 
lative frequency polygon, or ogive. 


өөө Example 13: Make and graph a cumulative frequency distribution for the data of 
Example 10. 


Solution: We compute the cumulative frequencies by adding the values below the 
given limits as shown in Table 21—4. Then we plot them in Fig. 21—5. 


TABLE 21-4 Cumulative frequency distribution for student grades. 


Under 61.9 2 2/30 (6.7%) 
Under 67.9 4 4/30 (13.3%) 
Under 73.9 8 8/30 (26.7%) 
Under 79.9 15 15/30 (50.0%) 
Under 85.9 21 21/30 (70.0%) 
Under 91.9 28 28/30 (93.3%) 
Under 97.9 30 30/30 (100%) 
100% т 30 
90% + 27 
80% F 24 
70% + 21 
E 60% + 18 
o РЕ 5 
Н 50% + 15 
= 40% +12 
30% + 9 
20% + 6 
10% + 3 
0% Ї Ї Ї | Ї Ї Ї 
60 65 70 75 80 85 90 95 100 
Student Grades 
FIGURE 21-5 +++ 


Stem and Leaf Plot 


A fast and easy way to get an idea of the distribution of a new set of data is to make 
a stem and leaf plot. We will show how by means of an example. 


+++ Example 14: Make a stem and leaf plot for the data in Example 10. 


Solution: Let us choose as the stem of our plot the first digit of each grade. These 
range from 5 to 9, representing grades from 50 to 90. Then opposite each number on 
the stem we write all of the values in the table starting with that number, as shown in 
Table 21-5. 
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Screen for Example 11. 
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TABLE 21-5 


We sometimes go on to arrange the leaves in numerical order (not shown here). 
You may also choose to drop the decimal points. 

To see the shape of the distribution, simply turn the page on its side. Notice the 
similarity in shape to that of Fig. 21-3. 

Also note that the stem and leaf plot preserves the original data. Thus we 
could exactly reconstruct the data list of Example 10 from this plot, whereas such a 
reconstruction is not possible from the grouped data of Table 21-3. 


Graphing Frequency Distributions on the Calculator 


Most calculators can create histograms for statistical data. For example, the 
TI-83/84 will make a histogram using data entered into a list, as described earlier in 
this chapter. To draw a histogram like the one in Example 11, first use the STAT) list 
editor to enter the grades from Example 10 into L1. Then press STAT PLOT) and 
select Plot 1. On the second item, Type, scroll over to select the third type of graph, 
which is a histogram. Then move down to make sure that you have selected LI for 
Xlist. In order to make sure that the histogram looks like the one that we have cre- 
ated by hand, we need to set the class limits to be the same. Press WINDOW,| and 
then set Xmin to 56, Xmax to 98, and Xscl to 6. Then press GRAPH to produce 
the histogram. Note, we don't use ZOOMJ9 to display, because this command au- 
tomatically sets Xmin, Xmax, and Xscl to different values. 


Exercise 9 • Frequency Distributions 


Frequency Distributions 


1. The weights (in pounds) of 40 students at Tech College are 


127 136 114 147 158 149 155 162 

154 139 144 114 163 147 155 165 

172 168 146 154 111 149 117 152 

166 172 158 149 116 127 162 153 

118 141 128 153 166 125 117 161 
(a) Determine the range of the data. 


(b) Make an absolute frequency distribution using class widths of 5 Ib. 
(c) Make a relative frequency distribution. 


2. The times (in minutes) for 30 racers to complete a cross-country ski race are 


61.4 72.5 88.2 71.2 48.5 48.9 54.8 71.4 992 74.5 
84.6 73.6 693 49.6 59.3 71.4 89.4 92.4 48.4 66.3 
857 59.3 74.9 59.3 727 49.4 83.8 50.3 72.8 69.3 


(a) Determine the range of the data. 
(b) Make an absolute frequency distribution using class widths of 5 min. 
(c) Make a relative frequency distribution. 
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3. The prices (in dollars) of various computer printers in a distributer's catalog 
are 


850 625 946 763 774 789 584 864 884 698 
913 750 696 864 795 747 657 886 906 697 
867 705 784 864 946 607 798 972 857 785 


(a) Determine the range of the data. 
(b) Make an absolute frequency distribution using class widths of $50. 
(c) Make a relative frequency distribution. 


Frequency Histograms and Frequency Polygons 


Draw a histogram, showing both absolute and relative frequency, for the data of 
4. problem 1. 
5. problem 2. 
6. problem 3. 


Draw a frequency polygon, showing both absolute and relative frequency, for the 
data of 


7. problem 1. 
8. problem 2. 
9. problem 3. 


Cumulative Frequency Distributions 
Make a cumulative frequency distribution showing 


(a) absolute frequency and 

(b) relative frequency, for the data of 
10. problem 1. 
11. problem 2. 
19. problem 3. 


Draw a cumulative frequency polygon, showing both absolute and relative frequency, 
for the data of 


13. problem 10. 
14. problem 11. 
15. problem 12. 


Stem and Leaf Plots 


Make a stem and leaf plot for the data of 
16. problem 1. 
17. problem 2. 
18. problem 3. 
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There is a story, probably untrue, about 
a statistician who drowned in a lake that 
had an average depth of 1 ft. 
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Graphics Calculator 


19. Use your graphics calculator to produce histograms of the data in problems 1, 
2, and 3. 


Computer 


20. Some spreadsheets, such as Excel, Quattro Pro, and Lotus 123, have commands 
for automatically making a frequency distribution, and they can also draw fre- 
quency histograms and polygons. If you have such a spreadsheet available, use 
it to solve any of the problems in this exercise set. 


21-3 Numerical Description of Data 


We saw in Sec. 21—2 how we can describe a set of data by frequency distribution, a 
frequency histogram, a frequency polygon, or a cumulative frequency distribution. 
We can also describe a set of data with just a few numbers, and this more compact 
description is more convenient for some purposes. For example, if, in a report, you 
wanted to describe the heights of a group of students and did not want to give the 
entire frequency distribution, you might simply say: 


The mean height is 58 inches, with a standard deviation of 3.5 inches. 


The mean is a number that shows the center of the data; the standard deviation 1s a meas- 
ure of the spread of the data. As mentioned earlier, a number such as the mean or the 
standard deviation may be found either for an entire population (and are thus population 
parameters) or for a sample drawn from that population (and so are sample statistics). 

Therefore to describe a population or a sample, we need numbers that give 
both the center of the data and the spread. Further, for sample statistics, we need to 
give the uncertainty of each figure. This will enable us to make inferences about the 
larger population. 


өөө Example 15: A student recorded the running times for a sample of participants 
in a race. From that sample she inferred (by methods we'll learn later) that for the 
entire population of racers 


mean time = 23.65 + 0.84 minutes 
standard deviation = 5.83 + 0.34 minutes 5322 


The mean time is called a measure of central tendency. We show how to calculate 
the mean, and other measures of central tendency, later in this section. The standard 
deviation is called a measure of dispersion. We also show how to compute it, and other 
measures of dispersion, in this section. The “plus-or-minus” values show a degree of 
uncertainty called the standard error. The uncertainty +0.84 min is called the standard 
error of the mean, and the uncertainty +0.34 min is called the standard error of the 
standard deviation. We show how to calculate standard errors in Sec. 21-6. 


Measures of Central Tendency: The Mean 


Some common measures of the center of a distribution are the mean, the median, 
and the mode. The arithmetic mean, or simply the mean, of a set of measurements 
is equal to the sum of the measurements divided by the number of measurements. It 
is what we commonly call the average. It is the most commonly used measure of 
central tendency. If our п measurements are Хү, xo, . . ., х, then 


Хїхэхрэ Хо 0 Х, 
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where we use the Greek symbol У (sigma) to represent “the sum of.” The mean, 
which we call x (read “х bar"), is then given by the following: 


The arithmetic mean of n measurements is the sum of those measurements divided 
by n. 


We can calculate the mean for a sample or for the entire population. However, 
we use a different symbol in each case. 


xis the sample mean 


ш (mu) is the population mean 


өөө Example 16: Find the mean of the following sample: 


746 574 645 894 736 695 635 794 


Solution: Adding the values gives 
È x 746 + 574 + 645 + 894 + 736 + 695 + 635 + 794 = 5719 


Then, with n = 8, 


rounded to three digits. 22 


Weighted Mean 


When not all the data are of equal importance, we may compute a weighted mean, 
where the values are weighted according to their importance. 


+++ Example 17: A student has grades of 83, 59, and 94 on 3 one-hour exams, a 
grade of 82 on the final exam, which is equal in weight to 2 one-hour exams, and a 
grade of 78 on a laboratory report, which is worth 1.5 one-hour exams. Compute the 
weighted mean. 


Solution: If a one-hour exam is assigned a weight of 1, then we have a total of the 
weights of 


Yw=lt+1+14+2+15=65 


To get a weighted mean, we add the products of each grade and its weight, and 
divide by the total weight. 


83(1) + 59(1) + 94(1) + 82(2) + 78(1.5) 
weighted mean = 65 = 80 
Ё ooo 
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In general, the weighted mean is given by the following: 


Midrange 


We have already noted that the range of a set of data is the difference between the 
highest and the lowest numbers in the set. The midrange is simply the value mid- 
way between the two extreme values. 


+++ Example 18: The midrange for the values 
3,5, 6, 6, 7, 11, 11, 15 


20 


8 


3 
midrange = =9 
2 +.. 


Mode 


Our next measure of central tendency is the mode. 


A set of numbers may have no mode, one mode, or more than one mode. 


+++ Example 19: 


(a) Theset 1 3 3 567779 has the mode 7. 
(b) Theset 1 1 3 3 5 5 7 7 has no mode. 
(c) These 1 3 3 3 5 6 7 7 7 9 has two modes, 3 and 7. 
It is called bimodal. ooo 


Median 


To find the median, we simply arrange the data in order of magnitude and pick the 
middle value. For an even number of measurements, we take the mean of the two 
middle values. 


+++ Example 20: Find the median of the data in Example 16. 
Solution: We rewrite the data in order of magnitude. 


574 635 6045 695 736 746 794 894 
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The two middle values are 695 and 736. Taking their mean gives 


+7 
median = = = 716 


after rounding to three significant digits. 


Five-Number Summary 


The median of that half of a set of data from the minimum value up to and includ- 
ing the median is called the lower hinge. Similarly, the median of the upper half of 
the data is called the upper hinge. 

The lowest value in a set of data, together with the highest value, the median, 
and the two hinges, is called a five-number summary of the data. 
+++ Example 21: For the data 

12 17 18 20 22 28 32 34 49 52 59 66 

the median is (28 + 32)/2 = 30, so 


12 17 18 20 22 28 30 30 32 34 49 52 59 66 


\ X А / Л 


minimum lower median upper maximum 
value hinge hinge value 


The five-number summary for this set of data may be written 


[12, 20, 30, 49, 66] +++ 


Boxplots 


A graph of the values in the five-number summary is one example of a boxplot. 


+++ Example 22: A boxplot for the data of Example 21 is given in Fig. 21-6. 999 


Measures of Dispersion 
We will usually use the mean to describe a set of numbers, but used alone it can be 
misleading. 
+++ Example 23: The set of numbers 
1] 1 1 1 1 1] 1] 1 1 91 
and the set 
10 10 10 10 10 10 10 10 10 10 


each have a mean value of 10 but are otherwise quite different. Each set has a sum 
of 100. In the first set most of this sum is concentrated in a single value, but in the 
second set the sum is dispersed among all the values. ooo 


Thus we need some measure of dispersion of a set of numbers. Four common 
ones are the range, the percentile range, the variance, and the standard deviation. We 
will cover each of these. 


Range 


We have already introduced the range in Sec. 21-2, and we define it here. 
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Min Hinge Median Hinge Max 
1—1 =. 
12 20 30 49 66 


FIGURE 21-6 A boxplot. It is also 
called a box and whisker diagram. 
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The range of a set of numbers is the difference 


between the largest and smallest numbers in the set. 


+++ Example 24: For the set of numbers 
6 39 1244 2 53 1 8 
the largest value is 53 and the smallest is 1, so the range is 
range = 53 — 1 = 52 өөө 


We sometimes give the range by stating the end values themselves. Thus, in 
Example 24 we might say that the range is from | to 53. 


Quartiles, Deciles, and Percentiles 


We have seen that for a set of data arranged in order of magnitude, the median di- 
vides the data into two equal parts. There are as many numbers below the median 
as there are above it. 

Similarly, we can determine two more values that divide each half of the data 
in half again. We call these values quartiles. Thus one-fourth of the values will fall 
into each quartile. The quartiles are labeled Qj, О», and Q3. Thus О» is the median. 

Those values that divide the data into 10 equal parts we call deciles and 
label Dj, D2, . . .. Those values that divide the data into 100 equal parts are 
percentiles, labelled Pj, P5, . . .. Thus the 25th percentile is the same as the 
first quartile (Р›5 = О). The median is the 50th percentile, the fifth decile, and 
the second quartile (Р, = Ds = Q2). The 70th percentile is the seventh decile 
(P79 = Dj). 

One measure of dispersion sometimes used is to give the range of values occu- 
pied by some given percentiles. Thus we have a quartile range, decile range, and 
percentile range. For example, the quartile range is the range from the first to the 
third quartile. 


+++ Example 25: Find the quartile range for the set of data 
2 4 5 7 8 11 15 18 19 21 24 25 


Solution: The quartiles are 


5+7 
= =6 
Qi 2 
. 11 +15 

О» = the median = = 13 
= 19+ 21 _ 20 

2 2 

Then 
quartile range = Q4 — О = 20 – 6 = 14 ooo 


We see that half the values in Example 25 fall within the quartile range. We 
may similarly compute the range of any percentiles or deciles. The range from the 
10th to the 90th percentile is the one commonly used. 
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Note that the quartiles are not in the same locations as the upper and lower 
hinges. The hinges here would be at 7 and 19. 


Variance 


We now give another measure of dispersion called the variance, but we must first 
mention deviation. We define the deviation of any number x in a set of data as the 
difference between that number and the mean x of that set of data. A negative devi- 
ation results when the data value is less than the mean. A positive deviation results 
when the data value is greater than the mean. 


+++ Example 26: A certain set of measurements has a mean of 48.3. What are the 
deviations of the values 24.2 and 69.3 in that set? 


Solution: The deviation of 24.2 is 
24.2 — 48.3 = —24.1 
and the deviation of 69.3 is 


69.3 — 48.3 = 21.0 ooo 


To get the variance of a population of n numbers, we add up the squares of the 
deviations of each number in the set and divide by n. 


To find the variance of a sample, it is more accurate to divide by n — 1 rather 
than n. As with the mean, we use one symbol for the population variance and a dif- 
ferent symbol for the sample variance. 


o? is the population variance 


s? is the sample variance 


For large samples (over 30 or so), the variance found by either formula is practi- 
cally the same. 
өөө Example 27: Compute the variance for the population 

1.74 2.47 3.66 4.73 5.14 6.23 7.29 8.93 9.56 
Solution: We first compute the mean, x. 


1.74 + 2.47 + 3.66 + 4.73 + 5.14 + 6.23 + 7.29 + 8.93 + 9.56 
9 


= 5.53 
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We then subtract the mean from each of the nine values to obtain deviations. The 
deviations are then squared and added, as shown in Table 21-6. 


TABLE 21-6 

1.74 —3.79 14.36 

247 —3.06 9.36 

3.66 —1.87 3.50 

4.73 —0.80 0.64 

5.14 —0.39 0.15 

6.23 0.70 0.49 

7.29 1.76 3.10 

8.93 3.40 11.56 

_9.56 4.03 16.24 

Dx = 49.75 У(х — х) = —0.02 Xx – х) = 59.41 


The variance o? is then 


9 +++ 


Standard Deviation 


Once we have the variance, it is a simple matter to get the standard deviation. It is 
the most common measure of dispersion. 


The standard deviation of a set of numbers is the 


positive square root of the variance. 


As before, we use s for the sample standard deviation and ø for the population 
standard deviation. 


+++ Example 28: Find the standard deviation for the data of Example 27. 
Solution: We have already found the variance in Example 27. 


a? = 6.60 
Taking the square root gives the standard deviation. 
standard deviation = V 6.60 = 2.57 +.. 


To get an intuitive feel for the standard deviation, we have computed it in 
Fig. 21-7 for several data sets consisting of 12 numbers which can range from 1 to 12. 
In the first set, all the numbers have the same value, 6, and in the last set every 
number is different. The data sets in between have differing amounts of repetition. 
To the right of each data set are a relative frequency histogram and the population 
standard deviation (computation not shown). 
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Data Histogram 
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FIGURE 21-7 


Note that the most compact distribution has the lowest standard deviation, and 
as the distribution spreads, the standard deviation increases. 

For a final demonstration, let us again take 12 numbers in two groups of six 
equal values, as shown in Fig. 21-8. Now let us separate the two groups, first by 
one interval and then by two intervals. Again notice that the standard deviation in- 
creases as the data moves further from the mean. 
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The mean shifts slightly from one distribu- 
tion to the next, but this does not affect 
our conclusions. 
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From these two demonstrations we may conclude that the standard deviation 
increases whenever data move away from the mean. 


Numerical 


Description of Data on the Calculator 


Most calculators can calculate the measures of central tendency and dispersion dis- 
cussed in this section. On the TI-83/84, enter the data for Example 21 into L1. Then 


press |STAT 


, scroll over to CALC, and then press the “1” key, Var Stats, followed 


by ENTER 


Mean 


85 74 


T1-83/84 Screens for Example 21. 


з 


. The first screen gives such data as the mean and the standard devia- 


tion. Scrolling down reveals the median. 
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1. Find the mean of the following set of grades: 


69 59 60 96 84 48 89 76 96 68 98 79 76 


2. Find the mean of the following set of weights: 


173 127 142 164 163 153 116 199 


Find the mean of the weights in problem 1 of Exercise 2. 
Find the mean of the times in problem 2 of Exercise 2. 


5. Find the mean of the prices in problem 3 of Exercise 2. 
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Weighted Mean 
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6. A student's grades and the weight of each grade are given in the following 


table. Find their weighted mean. 


Hour exam 83 5 
Hour exam 74 5 
Quiz 93 1 
Final exam 79 10 
Report 88 7 


7. A student receives hour-test grades of 86, 92, 68, and 75, a final exam grade 
of 82, and a project grade of 88. Find the weighted mean if each hour-test 
counts for 15% of his grade, the final exam counts for 30%, and the project 
counts for 10%. 

Midrange 


8. Find the midrange of the grades in problem 1. 
9. Find the midrange of the weights in problem 2. 


Mode 


10. Find the mode of the grades in problem 1. 

11. Find the mode of the weights in problem 2. 

19. Find the mode of the weights in problem 1 of Exercise 2. 
13. Find the mode of the times in problem 2 of Exercise 2. 
14. Find the mode of the prices in problem 3 of Exercise 2. 


Median 


15. Find the median of the grades in problem 1. 

16. Find the median of the weights in problem 2. 

17. Find the median of the weights in problem 1 of Exercise 2. 
18. Find the median of the times in problem 2 of Exercise 2. 
19. Find the median of the prices in problem 3 of Exercise 2. 


Five-Number Summary 


20. Give the five-number summary for the grades in problem 1. 


21. Give the five-number summary for the weights in problem 2. 


Boxplot 


29. Make a boxplot using the results of problem 20. 
23. Маке a boxplot using the results of problem 21. 


Range 


94. Find the range of the grades in problem 1. 
95. Find the range of the weights in problem 2. 
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Percentiles 
26. Find the quartiles and give the quartile range of the following data: 


28 39 46 53 69 71 83 94 102 117 126 


27. Find the quartiles and give the quartile range of the following data: 


1.33 2.28 359 4.96 5.23 6.89 
7.91 8.13 9.44 10.6 11.2 12.3 


Variance and Standard Deviation 


28. Find the variance and standard deviation of the grades in problem 1. Assume 
that these grades are a sample drawn from a larger population. 

29. Find the variance and standard deviation of the weights in problem 2. Assume 
that these weights are a sample drawn from a larger population. 

30. Find the population variance and standard deviation of the weights in problem 1 of 


Exercise 2. 

31. Find the population variance and standard deviation of the times in problem 2 of 
Exercise 2. 

39. Find the population variance and standard deviation of the prices in problem 3 of 
Exercise 2. 

Calculator 


33. Use your calculator to find the mean, population variance, and standard devi- 
ation for the data in problems 1 and 2. 


Computer 


34. Most spreadsheet programs can find the mean, the sample or population vari- 
ance, and standard deviation, counts, and the range. If you have such a pro- 
gram, use it to solve any of the problems in this exercise set. 

35. A statistics program for a computer can, of course, do any of the above calcu- 
lations, and creat boxplots as well. Use such a program to solve any of the 
problems in this exercise set. 

36. Many computer algebra systems can compute the mean, standard deviation, 
variance, and other statistical measures. Check your manual for the proper in- 
structions, and use CAS to solve any of the problems in this exercise set. 


921-4 Introduction to Probability 


Why do we need probability to learn statistics? In Sec. 21—3 we learned how to 
compute certain sample statistics, such as the mean and the standard deviation. 
Knowing, for example, that the mean height x of a sample of students is 69.5 in., 
we might infer that the mean height u of the entire population is 69.5 in. But how 
reliable is that number? Is u equal to 69.5 in. exactly? We'll see later that we give 
population parameters such as u as a range of values, say, 69.5 + 0.6 in., and we 
state the probability that the true mean lies within that range. We might say, 
for example, that there is a 68% chance that the true value lies within the stated 
range. 

Further, we may report that the sample standard deviation is, say, 2.6 in. What 
does that mean? Of 1000 students, for example, how many can be expected to have 
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a height falling within, say, 1 standard deviation of the mean height at that college? 
We use probability to help us answer questions such as that. 

In addition, statistics are often used to “prove” many things, and it takes a 
knowledge of probability to help decide whether the claims are valid or are merely 
a result of chance. 


«ee Example 29: Suppose that a nurse measures the heights of 14-year-old students 
in a town located near a chemical plant. Of 100 students measured, she finds 75 stu- 
dents to be shorter than 59 in. Parents then claim that this is caused by chemicals 
in the air, but the company claims that such heights can occur by chance. We can- 
not resolve this question without a knowledge of probability. +.. 


We distinguish between statistical probability and mathematical probability. 


+++ Example 30: We can toss a die 6000 times and count the number of times that “one” 
comes up, say, 1006 times. We conclude that the chance of tossing a “one” is 1006 out 
of 6000, or about 1 in 6. This is an example of what is called statistical probability. 

On the other hand, we may reason, without even tossing the die, that each face 
has an equal chance of coming up. Since there are six faces, the chance of tossing a 
“one” is 1 in 6. This is an example of mathematical probability. +.. 


We first give a brief introduction to mathematical probability and then apply it 
to statistics. 


Probability of a Single Event Occurring 


Suppose that an event A can happen in m ways out of a total of n equally likely 
ways. The probability P(A) of A occurring is defined as follows: 


P(A) = = 


Note that the probability P(A) is a number between 0 and 1. P(A) = 0 means that 
there is no chance that A will occur. P(A) = 1 means that it is certain that A will 
occur. Also note that if the probability of A occurring is P(A), the probability of A 
not occurring is 1 — P(A). 


+++ Example 31: A bag contains 15 balls, 6 of which аге red. Assuming that any ball 
is as likely to be drawn as any other, the probability of drawing a red ball from the bag 
is 5 or 2 The probability of drawing a ball that is not red is 2 or 2 

ooo 


+++ Example 32: A nickel and a dime are each tossed once. Determine (a) the prob- 
ability P(A) that both coins will show heads and (b) the probability P(B) that not both 
coins will show heads. 


Solution: The possible outcomes of a single toss of each coin are as follows: 


Heads Heads 
Heads Tails 
Tails Heads 
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Thus there are four equally likely outcomes. For event A (both heads), there is only 
one favorable outcome (heads, heads). Thus 


1 
P(A) = — = 0.2 
(A) = 4 = 0.25 


Event B (that not both coins show heads) can happen in three ways (HT, TH, and 
TT). Thus P(B) = 3 = 0.75. Or, alternatively, 
P(B) = 1 — P(A) = 0.75 222) 


Probability of Two Events Both Occurring 


If P(A) is the probability that A will occur, and P(B) is the probability that B will 
occur, the probability P(A, B) that both A and B will occur is as follows: 


P(A, B) = P(A)P(B) 


Independent events are those in which the outcome of the first in no way affects the 
outcome of the second. 


The probability that two independent events will both occur is the product of their 
individual probabilities. 


The rule above can be extended as follows: 


PAB Ce = PAVE (RE (Chae 


The probability that several independent events, A, B, C,. . . , will all occur is 
the product of the probabilities for each. 


өөө Example 33: What is the probability that in three tosses of a coin, all will be 
heads? 


Solution: Each toss is independent of the others, and the probability of getting a head 
on a single toss is 2) Thus the probability of three heads being tossed is 


сс 
2/\М2/\2 8 
or | in 8. If we were to make, say, 800 sets of three tosses, we would expect to toss 
three heads about 100 times. 666 


+++ Example 34: Given that the probability of a defective microchip is 0.1, what is 
the probability that a sample of three chips will have three defectives? 


(0.1)° = 0.001 


Solution: So there is a 0.1% chance that all three chips in a three-chip sample will 
be defective. 22 
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Probability of Either of Two Events Occurring 


If P(A) and P(5) are the probabilities that events A and B will occur, the probability 
P(A + B) that either A or B or both will occur is as follows: 


P(A + B) = P(A) + P(B) — P(A, B) 


The probability that either A or B or both will occur is the sum of the individual 
probabilities for A and B, less the probability that both will occur. 


Why subtract P(A, B) in this formula? Since P(A) includes all occurrences of A, it 
must include P(A, B). Since P(B) includes all occurrences of B, it also includes 
P(A, B). Thus if we add P(A) and P(B) we will mistakenly be counting P(A, B) twice. 

For example, if we count all aces and all spades in a deck of cards, we get 16 
cards (13 spades plus 3 additional aces). But if we had added the number of aces 
(4) to the number of spades (13), we would have gotten the incorrect answer of 17 
by counting the ace of spades twice. 


өөө Example 35: In a certain cup production line, 6% are chipped, 8% are cracked, 
and 2% are both chipped and cracked. What is the probability that a cup picked at ran- 
dom will be either chipped or cracked, or both chipped and cracked? 


Solution: If 


P(C) — probability of being chipped — 0.06 


and 
P(S) — probability of being cracked — 0.08 
and 
P(C, S) = probability of being chipped and cracked = 0.02 
then 


P(C + S) = 0.06 + 0.08 — 0.02 = 0.12 


We would thus predict that 12 cups out of 100 chosen would be chipped or cracked, 
or both chipped and cracked. +.. 


Probability of Two Mutually Exclusive Events Occurring 
Mutually exclusive events A and B are those that cannot both occur at the same 
time. Thus the probability P(A, B) of both A and B occurring is zero. 
+++ Example 36: A tossed coin lands either heads or tails. Thus the probability 
P(H, T) of a single toss being both heads and tails is 
Р(Н, T) = 0 +.. 
Setting P(A, B) = 0 in Eq. 348 gives the following equation: 


P(A + B) = P(A) + P(B) 
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The probability that either of two mutually exclusive events will occur in a cer- 
tain trial is the sum of the two individual probabilities. 


We can generalize this to n mutually exclusive events. The probability that one 
of n mutually exclusive events will occur in a certain trial is the sum of the л indi- 
vidual probabilities. 


+++ Example 37: In a certain school, 10% of the students have red hair, and 20% 
have black hair. If we select one student at random, what is the probability that this 
student will have either red hair or black hair? 


Solution: The probability P(A) of having red hair is 0.1, and the probability P(B) of 
having black hair is 0.2. The two events (having red hair or having black hair) are mu- 
tually exclusive. Thus the probability P(A + B) of a student having either red or black 
hair is 


P(A + В) = 0.1 + 0.2 = 0.3 eee 


Random Variables 


In Sec. 21-1 we defined continuous, discrete, and categorical variables. Now we 
define a random variable. 

Suppose that there is a process or an experiment whose outcome is a real num- 
ber X. If the process is repeated, then X can assume specific values, each deter- 
mined by chance and each with a certain probability of occurrence. X is then called 
a random variable. 


+++ Example 38: The process of rolling a pair of dice once results in a single numer- 
ical value X, whose value is determined by chance but whose value has a definite prob- 
ability of occurrence. Repeated rollings of the dice may result in other values of X, 
which can take on the values 


2,3, 4, 5, 6, 7, 8,9, 10, 11, 12 


Here X is a random variable. oe 


Discrete and Continuous Random Variables 


A discrete random variable can take on a finite number of variables. Thus the value 
X obtained by rolling a pair of dice is a discrete random variable. 

A continuous random variable may have infinitely many values on a continu- 
ous scale, with no gaps. 


өөө Example 39: An experiment measuring the temperatures Т of the major U.S. 
cities at any given hour gives values that are determined by chance, depending on the 
whims of nature, but each value has a definite probability of occurrence. The random 
variable Т is continuous because temperatures are read on a continuous scale. +++ 


Probability Distributions 


If a process or an experiment has X different outcomes, where X is a discrete ran- 
dom variable, we say that the probability of a particular outcome is P(X). If we cal- 
culate P(X) for each X, we have what is called a probability distribution. Such a 
distribution may be presented as a table, a graph, or a formula. A probability distri- 
bution is sometimes called a probability density function, a relative frequency func- 
tion, or a frequency function. 
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өөө Example 40: Make a probability distribution for a single roll of a single die. 


Solution: Let X equal the number on the face that turns up, and P(X) be the proba- 
bility of that face turning up. That is, P(5) is the probability of rolling a five. Since 
each number has an equal chance of being rolled, we have the following: 


ON Un & шо Ne 
сме сме се AH Ae AIS 


We graph this probability distribution in Fig. 21-9. 


P(X) 
1 
6 
1 2 3 4 5 6 X 
FIGURE 21-9 Probability distribution for the toss of a 
single die. +++ 


eee Example 41: Make a probability distribution for the two-coin toss experiment of 
Example 32. 


Solution: Let X be the number of heads tossed, and P(X) be the probability of X 
heads being tossed. The experiment has four possible outcomes (HH, HT, TH, TT). 
The outcome X = 0 (no heads) can occur in only one way (TT), so the probability 
Р(0) of not tossing a head is one in four, or л The probabilities of the other out- 
comes are found in a similar way. They are as follows: P(X) 


(X) 2 
1 
0 4 
1 3 : 
2 
1 
1 4 
0 1 2 Х 
They are shown graphically in Fig. 21-10. ooo FIGURE 21-10 Probability distribution. 


Probabilities as Areas on a Probability Distribution 


The probability of an event occurring can be associated with a geometric area of 
the probability distribution or relative frequency distribution. 
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өөө Example 42: For the distribution in Fig. 21-10, each bar has a width of 1 unit, 
so the total shaded area is 


1(4) + 1(5) T (1) = | square unit 


The bar representing the probability of tossing a “zero” has an area of i which is 
equal to the probability of that event occurring. The areas of the other two bars also 
give the value of their probabilities. ooo 


Probabilities from a Relative Frequency Histogram 


Suppose we were to repeat the two-coin toss experiment of Example 41 a very large 
number of times and draw a relative frequency histogram of our results. That rela- 
tive frequency histogram would be identical to the probability distribution of 
Fig. 21-10. The relative frequency of tossing a “zero” would be » of a “one” would 
be 2, and of a “two” would be д. 

We thus may think of a probability distribution as being the limiting value of 
a relative frequency distribution as the number of observations increases—in fact, 
the distribution for a population. 

Therefore we can obtain probabilities from a relative frequency histogram for a 
population or from one obtained using a large number of observations. 


+++ Example 43: For the table of the frequency distribution of grades (Table 21-3) 
and the relative frequency histogram for the population of students' grades (Fig. 
21—3), find the probability that a student chosen at random will have received a grade 
between 92 and 98. 


Solution: The given grades are represented by the bar having a class midpoint of 95 
and a relative frequency of 6.7%. Since the relative frequency distribution for a pop- 
ulation probability is no different from the probability distribution, the grade of a stu- 
dent chosen at random has a 6.7% chance of falling within that class. ooo 


Probability of a Variable Falling between Two Limits 


Further, the probability of a variable falling between two limits is given by the area 
of the probability distribution or relative frequency histogram for that variable, 
between those limits. 


+++ Example 44: Using the relative frequency histogram shown in Fig. 21-3, find the 
chance of a student chosen at random having a grade that falls between 62 and 80. 


Solution: This range spans three classes in Fig. 21-3, having relative frequencies of 
6.796, 13.396, and 23.396. The chance of falling within one of the three is 


6.7 + 13.3 + 23.3 = 43.396 
So the probability is 0.433. өөө 
Thus we have shown that the area between two limits on a probability distribution 
or relative frequency histogram for a population is a measure of the probability of a 
measurement falling within those limits. This idea will be used again when we com- 


pute probabilities from a continuous probability distribution such as the normal 
curve. 


Binomial Experiments 


A binomial experiment is one that can have only two possible outcomes. 


Section 4 * Introduction to Probability 


eee Example 45: The following are examples of binomial experiments: 


(a) A tossed coin shows either heads or tails. 

(b) A manufactured part is either accepted or rejected. 

(c) A voter either chooses Smith for Congress or does not choose Smith for 
Congress. ooo 


Binomial Probability Formula 


We call the occurrence of an event a success and the nonoccurrence of that event a 
failure. Let us denote the probability of success of a single trial of a binomial exper- 
iment by p. Then the probability of failure, g, must be (1 — p). 


eee Example 46: If the probability is 80% (p = 0.8) that a single part drawn 
at random from a production line is accepted, then the probability is 2096 
(q — 1 — 0.8) that a part is rejected. +.. 
If we repeat a binomial experiment n times, we will have x successes, where 
x=0,1,2,3,...,n 


The probability P(x) of having x successes in п trials is given by the following: 


There are tables given in statistics books that can be used instead of this formula. 
Does this formula look a little familiar? We will soon connect the binomial distribu- 
tion with what we have already learned about the binomial theorem. 


өөө Example 47: For the production line of Example 46, find the probability that of 
10 parts taken at random from the line, exactly 6 will be acceptable. 


Solution: Here, n = 10, x = 6, and p = 0.8, q = 0.2, from before. Substituting into 
the formula gives 


10! 


pio a ey 
©) (10 — 6)! 6! 7409) 
10! 
= a ej 09) (02)* = 0.0881 
or about 9%. өө 


The Binomial Probability Formula on the Graphing Calculator 


It is quite easy to calculate the binomal probability formula on the TI-83/84 and the 
TI-89. Simply press 2ND| and then УАК. Scroll down to binompdf( and hit | ENTER |. 
Enter the values for n, p and x, separated by commas, and then close the parentheses 
and hit | ENTER |. 


Binomial Distribution 


In Example 47, we computed a single probability, that 6 out of 10 parts drawn 
at random will be acceptable. We can also compute the probabilities of having 0, 1, 
2,. . ., 10 acceptable parts in a group of 10. If we compute all 10 possible proba- 
bilities, we will then have a probability distribution. 
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Screens for Example 46. 
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өөө Example 48: For the production line of Example 46, find the probability that of 
10 parts taken at random from the line, 0, 1, 2, . . ., 10 will be acceptable. 


Solution: Computing the probabilities in the same way as in the preceding example 
(work not shown), we get the following binomial distribution: 


0 0 

1 0 

2 0.0001 
3 0.0008 
4 0.0055 
5 0.0264 
6 0.0881 
7 0.2013 
8 0.3020 
9 0.2684 
10 0.1074 


Total 1.0000 


This binomial distribution is shown graphically in Fig. 21-11. 


0.3 + 


FIGURE 21-11 өөө 


Binomial Distribution Obtained by Binomial Theorem 


The n values in a binomial distribution for n trials may be obtained by using the 
binomial theorem to expand the binomial 


(q + py" 
where p is the probability of success of a single trial and g = (1 — p) is the proba- 
bility of failure of a single trial, as before. 
өөө Example 49: Use the binomial theorem, Eq. 199, to obtain the binomial distri- 
bution of Example 48. 
Solution: We expand (q + p)" using q = 0.2, p = 0.8, and n = 10. 
(0.2 + 0.8)!0 


10(9 
(9) (0.2)*(0.8)? 


EM 
HV (02 (0.8 + 10(9)(8)(7) 


3! 4! 


= (0.2)!°(0.8)° + 10(0.2)*(0.8)! + 


(0.2)°(0.8)* 
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х 10090800006) „о ау, + 10808 
, PPOMOOM „оу + LOOMONNE 


5 
6) (0.2)^(0.8)6 


(0.2)*(0.8)5 


5)(4)(3)(2 
+ eX ) oy oa? + 19 oos" 


= 0.0000 + 0.0000 + 0.0001 + 0.0008 + 0.0055 + 0.0264 + 0.0881 


+ 0.2013 + 0.3020 + 0.2684 + 0.1074 


As expected, we get the same values as given by binomial probability formula. +++ 


Exercise 4 • Introduction to Probability 


Probability of a Single Event 


1. We draw a ball from a bag that contains 8 green balls and 7 blue balls. What is 
the probability that a ball drawn at random will be green? 

9. А card is drawn from a deck containing 13 hearts, 13 diamonds, 13 clubs, 
and 13 spades. What is the chance that a card drawn at random will be a 
heart? 

3. If we toss four coins, what is the probability of getting two heads and two tails? 
[Hint: This experiment has 16 possible outcomes (HHHH, HHHT, . . ., 
TTTT).] 

4. ]f we toss four coins, what is the probability of getting one head and three 
tails? 

5. If we throw two dice, what is the probability that their sum is 9? [Hint: List all 
possible outcomes, (1, 1), (1, 2), and so on, and count those that have a sum of 9.] 

6. If two dice are thrown, what is the probability that their sum is 7? 


Probability That Several Events Will All Occur 


7. Adieisrolled twice. What is the probability that both rolls will give a six? 


8. We draw four cards from a deck, replacing each before the next is drawn. What 
chance is there that all four draws will be a red card? 


Probability That Either of Two Events Will Occur 


9. Atacertain school, 5596 of the students have brown hair, 1596 have blue eyes, 
and 796 have both brown hair and blue eyes. What is the probability that a stu- 
dent chosen at random will have either brown hair or blue eyes, or both brown 
hair and blue eyes? 

10. Find the probability that a card drawn from a deck will be either a “picture” 
card (jack, queen, or king) or a spade card. 


Probability of Mutually Exclusive Events 


11. What chance is there of tossing a sum of 7 or 9 when two dice are tossed? You 
may use your results from problems 5 and 6 here. 
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12. Onacertain production line, 5% of the parts are underweight and 8% are over- 
weight. What is the probability that one part selected at random is either un- 
derweight or overweight? 


Probability Distributions 


13. For the relative frequency histogram for the population of students’ grades 
(Fig. 21-3), find the probability that a student chosen at random will have gotten a 
grade between 68 and 74. 

14. Using the relative frequency histogram of Fig. 21—3, find the chance of a stu- 
dent chosen at random having a grade between 74 and 86. 


Binomial Distribution 

A binomial experiment is repeated n times, with a probability p of success on one 

trial. Find the probability P(x) of x successes, if 

15. n= 5,р = 0.4, and x = 3. 

16. n=7,p = 0.8, and x = 4. 

17. n=7,p = 0.8, and x = 6. 

18. n=9,p = 03, and x = 6. 

For problems 19 and 20, find, by hand, all of the terms in each probability distribu- 

tion, and graph. 

19. n=5,p=08 20. n=6,p=03 

21. What is the probability of tossing 7 heads in 10 tosses of a fair coin? 

29, Tf male and female births are equally likely, what is the probability of five births 
being all girls? 

93. If the probability of producing a defective compact disk is 0.15, what is the 
probability of getting 10 bad disks in a sample of 15? 

24. A certain multiple-choice test has 20 questions, each of which has four choices, 
only one of which is correct. If a student were to guess every answer, what is 
the probability of getting 10 correct? 

25. Use your graphic calculator to solve any problem from 15—24. 


91-5 The Normal Curve 


In the preceding section we showed some discrete probability distributions and 
studied the binomial distribution, one of the most useful of the discrete distribu- 
tions. Now we introduce continuous probabilities and go on to study the most use- 
ful of these, the normal curve. 


Continuous Probability Distributions 


Suppose now that we collect data from a "large" population. For example, suppose that 
we record the weight of every college student in a certain state. Since the population is 
large, we can use very narrow class widths and still have many observations that fall 
within each class. If we do so, our relative frequency histogram, Fig. 21—12(a), will 
have very narrow bars, and our relative frequency polygon, Fig. 21—12(b), will be 
practically a smooth curve. 
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FIGURE 21-12 


We get probabilities from the nearly smooth curve just as we did from the rela- 
tive frequency histogram. The probability of an observation falling between two lim- 
its a and b is proportional to the area bounded by the curve and the x axis, between 
those limits. Let us designate the total area under the curve as 100% (or P = 1). 
Then the probability of an observation falling between two limits is equal to the area 
between those two limits. 


eee Example 50: Suppose that 16% of the entire area under the curve in 
Fig. 21-12(b) lies between the limits 130 and 140. That means there is a 16% chance 
(P = 0.16) that one student chosen at random will weigh between 130 and 140 Ib. 


Normal Distribution 


The frequency distribution for many real-life observations, such as a person’s 
height, is found to have a typical “bell” shape. We have seen that the chance of one 
observation falling between two limits is equal to the area under the relative fre- 
quency histogram [such as Fig. 21—12(a)] between those limits. But how are we to 
get those areas for a curve such as in Fig. 21-12(b)? 

One way is to make a mathematical model of the probability distribution and 
from it get the areas of any section of the distribution. One such mathematical 
model is called the normal distribution, normal curve, or Gaussian distribution. 

The normal distribution is obtained by plotting the following equation: 


e G7 IQ) 
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The Gaussian distribution is named for 
Carl Friedrich Gauss (1777-1855). Some 
consider him to be one of the greatest 
mathematicians of all time. Many theo- 
rems and proofs are named after him. 
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Don't be frightened by this equation. We will not be calculating with it but give it 
only to show where the normal curve and Table 21—7 come from. 

The normal curve, shown in Fig. 21-13, is bell-shaped and is symmetrical 
about its mean, д. Here, ø is the standard deviation of the population. This curve 
closely matches many frequency distributions in the real world. 


boo m ntc 
FIGURE 91-13 The normal curve. 


To use the normal curve to determine probabilities, we must know the areas 
between any given limits. Since the equation of the curve is known, it is possible, 
by methods too advanced to show here, to compute these areas. They are given in 
Table 21—7. More extensive tables can be found in most statistics books. The areas 
are given “within z standard deviations of the mean.” This means that each area 
given is that which lies between the mean and z standard deviations on one side of 
the mean, as shown in Fig. 21—14. 


TABLE 91-7 Areas under the normal curve 
within z standard deviations of the mean. 


0.1 0.0398 2.1 0.4821 
0.2 0.0793 2.2 0.4861 
0.3 0.1179 2:3 0.4893 
0.4 0.1554 24 0.4918 
0.5 0.1915 2:5 0.4938 
0.6 0.2258 2.6 0.4952 
0.7 0.2580 2T 0.4965 
0.8 0.2881 2.8 0.4974 
0.9 0.3159 2.9 0.4981 
1.0 0.3413 3.0 0.4987 
1.1 0.3643 3.1 0.4990 
1.2 0.3849 3.2 0.4993 
1.3 0.4032 33 0.4995 
1.4 0.4192 3.4 0.4997 
1.5 0.4332 3:5 0.4998 
1.6 0.4452 3.6 0.4998 
1.7 0.4554 IT: 0.4999 
1.8 0.4641 3.8 0.4999 
1.9 0.4713 3.9 0.5000 


2.0 0.4772 4.0 0.5000 
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FIGURE 21-14 


The number z is called the standardized variable, or normalized variable. 
When used for educational testing, it is often called the standard score, or z score. 
Since the normal curve is symmetrical about the mean, the given values apply to 
either the left or the right side. +++ 


+++ Example 51: Find the area under the normal curve between the following lim- 
its: from one standard deviation to the left of the mean, to one standard deviation to 
the right of the mean. 


Solution: From Table 21-7, the area between the mean and one standard deviation is 
0.3413. By symmetry, the same area lies to the other side of the mean. The total is thus 
2(0.3413), or 0.6826. Thus about 68% of the area under the normal curve lies within one 
standard deviation of the mean (Fig. 21—13). Therefore 100 — 68 or 32% of the area lies 
in the “tails,” or 16% in each tail. oo 


өөө Example 52: Find the area under the normal curve between 0.8 standard devia- 
tion to the left of the mean, to 1.1 standard deviations to the right of the mean 
(Fig. 21-15). 


FIGURE 21-15 


Solution: From Table 21-7, the area between the mean and 0.8 standard deviation 
(z = 0.8) is 0.2881. Also, the area between the mean and 1.1 standard deviations 
(z = 1.1) is 0.3643. The combined area is thus 


0.2881 + 0.3643 = 0.6524 
or 65.24% of the total area. ooo 
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Since the normal curve is symmetrical 
about the mean, either a positive or a 
negative value of z will give the same 
area. Thus for compactness, Table 21-7 
shows only positive values of z. 
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өө, Example 53: Find the area under the tail of the normal curve to the right of 
z — 1.4 (Fig. 21-16). 


FIGURE 21-16 


Solution: From Table 21-7, the area between the mean and z = 1.4 is 0.4192. But 
since the total area to the right of the mean is 2 the area in the tail is 


0.5000 — 0.4192 — 0.0808 
or 8.0846 of the total area. ooo 


Since, for a normal distribution, the probability of a measurement falling 
within a given interval is equal to the area under the normal curve within that 
interval, we can use the areas to assign probabilities. We must first convert the 
measurement x to the standard variable z, which tells the number of standard 
deviations between x and the mean x. To get the value of z, we simply find the 
difference between x and x and divide that difference by the standard deviation. 


өөө Example 54: Suppose that the heights of 2000 students have a mean of 69.3 
in. with a standard deviation of 3.2 in. Assuming the heights to have a normal 
distribution, predict the number of students (a) shorter than 65 in., (b) taller than 
70 in., and (c) between 65 in. and 70 in. 


Solution: 


(a) Let us compute z for x — 65 in. The mean x is 69.3 in. and the standard devia- 
tion s is 3.2 in., so 


65 — 693 _ 
3.2 


From Table 21-7, with z = 1.3, we read an area of 0.4032. The area in the tail 
to the left of z = —1.3 is thus 


0.5000 — 0.4032 = 0.0968 


—1.3 


Thus there is a 9.68% chance that a single student will be shorter than 65 in. 
Since there are 2000 students, we predict that 


9.68% of 2000 students = 194 students 
will be within this range. 
(b) For a height of 70 in., the value of z is 
_ 70 — 69.3 _ 


„= Ее 
? 3.2 
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The area between the mean and z — 0.2 is 0.0793, so the area to the right of 
z= 0.2 is 


0.5000 — 0.0793 = 0.4207 


Since there is a 42.07% chance that a student will be taller than 70 in., we 
predict that 0.4207(2000) or 841 students will be within that range. 


(c) Since 194 + 841 or 1035 students are either shorter than 65 in. or taller than 
70 in., we predict that 965 students will be between these two heights. ooo 


Using the Normal Curve on the Calculator 


We can graph the normal curve and predict distributions quite easily on the 
TI-83/84. For example, to solve Example 51 using the calculator, we first press 
DISTR |. We then move the cursor over to DRAW and then press ENTER | to select 
ShadeNorm(. Enter -.8 to set the lower bound and then “ and then 1.1 to set the 
upper bound. Pressing 9)” and then ENTER | draws the graph and gives us the area 
under the normal curve between the bounds. 


Exercise 5 • The Normal Curve 


Use Table 21—7 for the following problems. 
1. Find the area under the normal curve between the mean and 1.5 standard 
deviations in Fig. 21—17. 


Hiredz.BEzu?B 
]ewz-.H —N[ilur-i.i — 


T1-83/84 Screens for Example 52. 


ш 1.50 


FIGURE 21-17 


2. Find the area under the normal curve between 1.6 standard deviations on both 
sides of the mean in Fig. 21-18. 


-1.6о m 1.60 
FIGURE 21-18 
3. Find the area in the tail of the normal curve to the left of z = —0.8 in 


Fig. 21-19. 


654 


Chapter 91 * Introduction to Statistics and Probability 


4. 


10. 


FIGURE 21-19 


Find the area in the tail of the normal curve to the right of z = 1.3 in 
Fig. 21-20. 


H £213 
FIGURE 21-20 


The distribution of the weights of 1000 students at Tech College has a mean of 
163 Ib. with a standard deviation of 18 Ib. Assuming that the weights are nor- 
mally distributed, predict the number of students who have weights between 
130 and 170 Ib. 

For the data of problem 5, predict the number of students who will weigh less 
than 130 Ib. 

For the data of problem 5, predict the number of students who will weigh more 
than 195 Ib. 

On a test given to 500 students, the mean grade was 82.6 with a standard devi- 
ation of 7.4. Assuming a normal distribution, predict the number of A grades 
(a grade of 90 or over). 

For the test of problem 8, predict the number of failing grades (a grade of 60 
or less). 

Computation of the gas consumption of a new car model during a series of tri- 
als gives a set of data that is normally distributed with a mean of 32.2 MPG and 
a standard deviation of 3.2 MPG. Find the probability that the same car will 
consume at least 35 MPG on the next trial. 


Graphics Calculator 


11. 


Use your graphics calculator to solve problems 1—10. 


21-6 Standard Errors 


When we draw a random sample from a population, it is usually to infer something 
about that population. Typically, from our sample we compute a statistic (such as 
the sample mean x) and use it to infer a population parameter (such as the popula- 
tion mean ш). 
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«ee Example 55: A researcher measured the heights of a randomly drawn sample of 
students at Tech College and calculated the mean height of that sample. It was 


mean height x — 67.50 in. 


From this he inferred that the mean height of the entire population of students at Tech 
College was 


mean height u = 67.50 in. ooo 
In general, 
population parameter ~ sample statistic 


How accurate is the population parameter that we find in this way? We know that 
all measurements are approximate, and we usually give some indication of the ac- 
curacy of a measurement. In fact, a population parameter such as the mean height is 
often given in the form 


mean height u = 67.50 + 0.24 in. 


where +0.24 is called the standard error of the mean. In this section we show how 
to compute the standard error of the mean and the standard error of the standard 
deviation. 

Further, when we give a range of values for a statistic, we know that it is possi- 
ble that another sample can have a mean that lies outside the given range. In fact, 
the true mean itself can lie outside the given range. That is why a statistician will 
give the probability that the true mean falls within the given range. 


eee Example 56: Using the same example of heights at Tech College, we might say 
that 


mean height u = 67.50 + 0.24 in. 
with a 68% chance that the mean student height u falls within the range 
67.50 — 0.24 to 67.50 + 0.24 
or from 67.26 to 67.74 in. 2 


We сай the interval 67.50 + 0.24 in Example 56 a 68% confidence interval. 
This means that there is a 68% chance that the true population mean falls within the 
given range. So the complete way to report a population parameter is 


population parameter = sample statistic + standard error 


within a given confidence interval. We will soon show how to compute this confi- 
dence interval, and others as well, but first we must lay some groundwork. 


Frequency Distribution of a Statistic 


Suppose that you draw a sample of, say, 40 heights from the population of students 
in your school, and find the mean x of those 40 heights, say, 65.6 in. Now measure 
another 40 heights from the same population and get another x, say, 69.3 in. Then 
repeat, drawing one sample of 40 after another, and for each compute the statistic x. 
This collection of x’s now has a frequency distribution of its own (called the x 
distribution) with its own mean and standard deviation. 

We now ask, how is the x distribution related to the original distribution? To 
answer this, we need a statistical theorem called the central limit theorem, which 
we give here without proof. 
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The calculations in this example were 
done by computer, but you will not 
need a computer to make use of the 
results of this demonstration. 
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Standard Error of the Mean 


Suppose that we were to draw all possible samples of size n from a given popula- 
tion, and for each sample compute the mean x, and then make a frequency distribu- 
tion of the x’s. The central limit theorem states the following: 


1. The mean of the x distribution is the same as the mean u of the population 
from which the samples were drawn. 

9. The standard deviation of the x distribution is equal to the standard deviation с 
of the population divided by the square root of the sample size n. The standard 
error or a sampling distribution of a statistic such as x is often called its stan- 
dard error. We will denote the standard error of x by SE;. So 


SE; = 


3. Fora “large” sample (over 30 or so), the x distribution is approximately a normal 
distribution, even if the population from which the samples were drawn is not a 
normal distribution. 


We will illustrate parts of the central limit theorem with an example. 


+++ Example 57: Consider the population of 256 integers from 100 to 355 given in 
Table 21-8. The frequency distribution of these integers [Fig 21—21(a)] shows that 
each class has a frequency of 32. We computed the population mean u by adding all 
of the integers and dividing by 256 and got 227. We also got a population standard 
deviation o of 74. 


TABLE 21-8 


174 230 237 173 214 242 113 177 238 175 303 172 114 179 307 176 
190 246 253 189 194 258 129 193 254 191 319 188 130 111 108 103 
206 262 269 205 210 274 145 209 270 207 335 204 146 127 124 119 
222 278 285 221 226 290 161 225 286 223 351 220 162 143 140 135 
300 229 302 228 296 233 298 232 301 239 236 231 304 241 306 240 
316 245 318 244 312 249 314 248 317 255 252 247 320 257 322 256 
332 261 334 260 328 265 330 264 333 271 268 263 336 273 338 272 
348 277 350 276 344 281 346 280 349 287 284 279 352 289 354 288 
166 102 109 165 170 234 105 169 110 167 295 164 106 171 299 168 
182 118 125 181 186 250 121 185 126 183 311 180 122 187 315 184 
198 134 141 197 202 266 137 201 142 199 327 196 138 203 331 200 
178 150 157 213 218 282 153 217 158 215 343 212 154 219 347 216 
292 101 294 100 297 107 104 235 293 195 323 192 305 115 112 243 
308 117 310 116 313 123 120 251 309 211 339 208 321 131 128 259 
324 133 326 132 329 139 136 267 325 227 355 224 337 147 144 275 
340 149 342 148 345 155 152 283 341 159 156 151 353 163 160 291 


Then 32 samples of 16 integers each were drawn from the population. For each 
sample we got the sample mean x. The 32 values we got for x are as follows: 


234 229 236 235 227 232 229 224 266 230 218 212 234 226 237 216 
170 222 220 218 232 247 262 277 265 252 238 225 191 204 216 223 


We now make a frequency distribution for the sample means, which is called a 
sampling distribution of the mean (Fig. 21—21). We further compute the mean of 
the sample means and get 229, nearly the same value as for the population mean д. 

The standard deviation of the sample means is computed to be 20. Thus we 
have the following results: 
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(b) Sampling distribution of the mean (frequency distribution 
of the means of 32 samples drawn from the population in 
Table 21-8) 


FIGURE 21-21 


1. The mean of the x distribution (229) is approximately equal to the mean и of 
the population (227). 

2. By the central limit theorem, the standard deviation SE; of the x distribution is 
found by dividing o by the square root of the sample size. 


This compares well with the actual standard deviation of the x distribution, which 
was 20. ГҮҮ: 


We now take the final step and show how to predict the population mean u 
from the mean x and standard deviation s of a single sample. We also give the prob- 
ability that our prediction is correct. 


Predicting u from a Single Sample 


If the standard deviation of the x distribution, SE;, is small, most of the x's will be 
near the center u of the population. Thus a particular x has a good chance of being 
close to ш and will hence be a good estimator of u. Conversely, a large SE; means 
that a given x will be a poor estimator of u. 

However, since the frequency distribution of the x's is normal, the chance of a 
single x lying within one standard deviation of the mean u is 68%. Conversely, the 
mean д has a 68% chance of lying within one standard deviation of a single ran- 
domly chosen x. Thus there is a 68% chance that the true population mean wp falls 
within the interval 


х + SE; 


In this way we can estimate the population mean u from a single sample. Not only 
that, but we are able to give a range of values within which u must lie and to give 
the probability that u will fall within that interval. 

There is just one difficulty: To compute the standard error SE; by the central 
limit theorem, we must divide the population standard deviation с by the square 
root of the sample size. But ø is not usually known. Thus it is common practice to 
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use the sample standard deviation s instead. The standard error of the mean is ap- 
proximated by the following formula (valid if the population is large): 


+++ Example 58: For the population of 256 integers (Table 21-8), the central limit 
theorem says that 68% of the sample means should fall within one standard error of 
ш, or within the interval 227 + 18.5. Is this statement correct? 


Solution: We count the number of sample means that actually do fall within this in- 
terval and get 23, which is 72% of the total number of samples. oe 


+++ Example 59: One of the 32 samples in Example 57 has a mean of 234 and a stan- 
dard deviation s of 67. Use these figures to estimate the mean u of the population. 


Solution: Computing the standard error from Eq. 352, with s = 67 and n = 16, gives 


67 
SE," SS = 17 


V/16 


We may then predict that there is a 68% chance that u will fall within the range 
ш = 234 + 17 


We see that the true population mean 227 does fall within that range. ooo 


+++ Example 60: The heights of 64 randomly chosen students at Tech College were 
measured. The mean x was found to be 68.25 in., and the standard deviation s was 
2.21 in. Estimate the mean u of the entire population of students at Tech College. 


Solution: From Eq. 352, with s — 2.21 and n — 64, 


We may then state that there is a 68% chance that the mean height u of all students 
at Tech College is 


и = 68.25 + 0.28 in. 
In other words, the true mean has a 6896 chance of falling within the interval 


67.97 to 68.53 in. 22 


Confidence Intervals 


The interval 67.97 to 68.53 in. found in Example 60 is called the 68% confidence 
interval. Similarly, there is a 95% chance that the population mean falls within two 
standard errors of the mean. 


и =x + 25Е, 


So we call it the 95% confidence interval. 
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өөө Example 61: For the data of Example 60, find the 95% confidence interval. 


Solution: We had found that SE; was 0.28 in. Thus we may state that и will lie 
within the interval 


68.25 + 2(0.28) 
or 
68.25 + 0.56 in. 


This is the 95% confidence interval. oo 


We find other confidence intervals in a similar way. 


Standard Error of the Standard Deviation 


We can compute standard errors for sample statistics other than the mean. The most 
common is for the standard deviation. The standard error of the standard deviation 
is called SE, and is given by the following equation where again, we use the 
sample standard deviation s if we don’t know a. 


өөө Example 62: A single sample of size 32 drawn from a population is found to 
have a standard deviation s of 21.55. Give the population standard deviation ø with 
a confidence level of 68%. 


Solution: From Eq. 353, with с = s = 21.55 and n = 32, 
21.55 


SE, = == = 2.69 
V262) 


Thus there is a 68% chance that ø falls within the interval 


21.55 + 2.69 +++ 


Standard Error of a Proportion 


Consider a binomial experiment in which the probability of occurrence (called a 
success) of an event is p and the probability of nonoccurrence (a failure) of that 
event is q (or 1 — p). For example, for the toss of a die, the probability of success in 
rolling a three is p = Э and the probability of failure in rolling a three is д = A 

If we threw the die n times and recorded the proportion of successes, it would 
be close to, but probably not equal to, p. Suppose that we then threw the die another 
n times and got another proportion, and then another n times, and so on. If we did 
this enough times, the proportion of successes of our samples would form a normal 
distribution with a mean equal to p and a standard deviation given by the following: 
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+++ Example 63: Find the 68% confidence interval for rolling a three for a die tossed 
150 times. 


Solution: Using Eq. 354, with p = с and n = 150, 


135 
SE, = (06) = 0.030 
150 
Thus there is a 68% probability that in 150 rolls of a die, the proportion of threes 
will lie between ‹ + 0.03 and $ — 0.03. .. 


We can use the proportion of success in a single sample to estimate the propor- 
tion of success of an entire population. Since we will not usually know p for the 
population, we use the proportion of successes found from the sample when 
computing SE, 


eee Example 64: In a poll of 152 students at Tech College, 87 said that they would 
vote for Jones for president of the student union. Estimate the support for Jones 
among the entire student body. 


Solution: In the sample, 22 = 0.572 support Jones. So we estimate that her support 


among the entire student body is 57.2%. To compute the confidence interval, we 
need the standard error. With n = 152, and using 0.572 as an approximation to p, 
we get 


es ae = 0572) од 
4 152 НЫ 


We thus expect that there is a 68% chance that the support for Jones is 
0.572 + 0.040 


or that she will capture between 53.2% and 61.2% of the vote of the entire student 
body. өөө 


+++ Example 65: An Application. Determine the 99.7% confidence level for measure- 
ment of chloroform at sea level in Barbados if a sample measurement yields 136.00 pptv 
(parts per trillion volume) and a standard error of 0.05. 


Solution: To reach the 99.7% confidence level, we need to include measurements within 
3 standard errors of the sample measurement. Therefore, there is a 99.7% chance that the 
concentration of chloroform at sea level is 136.00 +/—3(0.05), or, stated another way, 
that the concentration is between 135.85 and 136.15 pptv. +.. 
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1. The heights of 49 randomly chosen students at Tech College were measured. 
Their mean x was found to be 69.47 in., and their standard deviation s was 
2.35 in. Estimate the mean u of the entire population of students at Tech 
College with a confidence level of 68%. 

2. For the data of problem 1, estimate the population mean with a 95% confidence 
interval. 

3. For the data of problem 1, estimate the population standard deviation with a 
68% confidence interval. 
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4. For the data of problem 1, estimate the population standard deviation with a 
95% confidence interval. 

5. Asingle sample of size 32 drawn from a population is found to have a mean of 
164.0 and a standard deviation s of 16.31. Give the population mean with a 
confidence level of 68%. 

6. Forthe data of problem 5, estimate the population mean with a 9596 confidence 
interval. 

7. For the data of problem 5, estimate the population standard deviation with а 
68% confidence interval. 

8. For the data of problem 5, estimate the population standard deviation with a 
95% confidence interval. 

9. Find the 68% confidence interval for drawing a heart from a deck of cards 
for 200 draws from the deck, replacing the card each time before the next 
draw. 

10. Ina survey of 950 viewers, 274 said that they watched a certain program. Es- 
timate the proportion of viewers in the entire population that watched that pro- 
gram, given the 68% confidence interval. 


21-7 Process Control 


Statistical Process Control 


Statistical process control, or SPC, is perhaps the most important application of sta- 
tistics for technology students. To cover the subject of statistics usually requires an 
entire textbook, and SPC is often an entire chapter in such a book or can take an 
entire textbook by itself. Obviously we can only scratch the surface here. Process 
control involves continuous testing of samples from a production line. Any manufac- 
tured item will have chance variations in weight, dimensions, color, and so forth. As 
long as the variations are due only to chance, we say that the process is in control. 


+++ Example 66: If the diameters of steel balls on a certain production line have harm- 
less chance variations between 1.995 mm and 2.005 mm., the production process is said 
to be in control. oe 


However, as soon as there is variation due to causes other than chance, we say 
that the process is no longer in control. 


өөө Example 67: During a certain week, some of the steel balls from the production 
line of Example 66 were found to have diameters over 2.005. The process was then 
out of control. +.. 


One problem of goal control is to detect when a process is out of control so 
that the cause may be eliminated. 


+++ Example 68: The period during which the process was out of control in Exam- 
ple 67 was found to occur when the factory air conditioning was out of operation dur- 
ing a heat wave. Now the operators are instructed to stop the production line during 
similar occurrences. +.. 


Control Charts 


The main tool of SPC is the control chart. The idea behind a control chart is simple. 
We pull samples off a production line at regular time intervals, measure them in 
some way, and graph those measurements over time. We then establish upper and 
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lower limits between which the sample is acceptable, but outside of which it is not 
acceptable. 


eee Example 69: Figure 21-22 shows a control chart for the diameters of samples 
of steel balls of the preceding examples. One horizontal line shows the mean value of 
the diameter, while the other two give the upper and lower control limits. Note that 


Out of 


control 
Upper control limit 


в 
© 
© 
сл 


2.000 


1.995 


Lower control limit 


Mean ball diameter (mm) 


1 
1 2 3 4 5 6 7 8 9 10 
Week 


FIGURE 21-22 control chart. 


the diameters fluctuate randomly between the control limits until the start of the heat 
wave, and then go out of control. 
*** 


To draw a control chart, we must decide what variables we want to measure 
and what statistical quantities we want to compute. Then we must calculate the 
control limits. A sample can be tested for a categorical variable (such as pass/fail) 
or for a continuous variable (such as the ball diameter). When testing a categorical 
variable, we usually compute the proportion of those items that pass. When test- 
ing a continuous variable, we usually compute the mean, standard deviation, or 
range. 

We will draw three control charts: one for the proportion of a categorical 
variable, called a p chart; a second for the mean of a continuous variable, 
called an X chart; and a third for the range of a continuous variable, called an R 
chart. The formulas for computing the central line and the control limits are 
summarized in Fig. 21—23. We will illustrate the construction of each chart with 
an example. 


The p Chart 


өө, Example 70: Make a control chart for the proportion of defective light bulbs 
coming off a certain production line. 


Solution: 
1. Choose a sample size n and the testing frequency. 
Let us choose to test a sample of 1000 bulbs every day for 21 days. 


2. Collect the data. Count the number d of defectives in each sample of 1000. Obtain 
the proportion defective p for each sample by dividing the number of defectives d by 
the sample size n. 


The collected data and the proportion defective are given in Table 21—9. 


3. Start the control chart by plotting p versus time. 
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TABLE 21-9 Daily samples of 1000 light bulbs e 
per day for 21 days. © 0.10 + " A 
5 ee 
2 • 5 5.4 
2 e 
= e е 
E e e e e 
| 63 0.063 aoe її, „. ^ 
2 47 0.047 E 
3 59 0.059 ? 
4 82 0.082 i ‚ | | 
5 120 0.120 0 5 10 15 20 
6 73 0.073 Day 
7 58 0.058 (a) 
8 55 0.055 v 
9 39 0.039 
10 99 0.099 m 0.10 + e UCL = 0.0939 M 
11 85 0.085 E e e 0° o 
12 47 0.047 3 e Central line = 0.0697 _ н 
13 46 0.046 ans o ., " 
E Ч ТЕ---Ө. 0-0 
14 87 0.087 5 e  iCf-00455 
15 90 0.090 E 
16 67 0.067 и 
17 85 0.085 
18 24 0.024 0 5 10 15 20 
19 77 0.077 Рау 
20 58 0.058 (b) 
21 103 0.103 
Total 1464 FIGURE 21-24 


The daily proportion defective p is plotted in Fig. 21—24(a). 


4. Compute the average proportion defective p by dividing the total number of 
defectives for all samples by the total number of items measured. 


The total number of defectives is 1464, and the total number of bulbs tested is 
1000(21) = 21,000. So 


1464 
21,000 


p= = 0.0697 


5. Compute the standard error SE,. The standard error for a proportion is in 
which the probability p of success of a single event is given by 


pa = р) 
р п 


(354) 


Since we do not know the values for either p ог q, we use p as an estimator for p. 


pa-p _ [0.06970 — 0.0697 
se, = JA P| ) _ 000805 
п 1000 


6. Choose a confidence interval. Recall from Sec. 21—6 that one standard error will 
give a 68% confidence interval, two standard errors a 95% confidence interval, 
three a 99.7% level, and so forth (Fig. 21—25). Set the control limits at these values. 

We will use three-sigma limits, which are the most commonly used. Thus 

upper control limit = p + 3SE, = 0.0697 + 3(0.00805) = 0.0939 
lower control limit = p — 3SE, = 0.0697 — 3(0.00805) = 0.0455 


We are assuming here that our sampling 
distribution is approximately normal. 


If the calculation of the lower limit gives a 
negative number, then we have no lower 
control limit. 


The next step would be to analyze the 
finished control chart. We would look 
for points that are out of control and try 
to determine their cause. We do not 
have space here for this discussion, 
which can be found in any SPC book. 

We would also adjust the control 
limits if in our calculation of the limits we 
used values that we now see are outside 
those limits. Since those values are not 
the result of chance but are caused by 
some production problem, they should 
not be used in calculating the permissi- 
ble variations due to chance. Thus we 
would normally recompute the control 
limits without using those values. We 
omit that step here. 
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Upper control limit at +3 standard errors 


Central line 


Standard errors 


Lower control limit at —3 standard errors 


Normal curve Control chart 


FIGURE 21-95 Relationship between the normal curve and the control chart. Note that the 
upper and lower limits are placed at three standard errors from the mean, so that there is a 
99.7% chance that a sample will fall between those limits. 


7. Draw a horizontal at p, and upper and lower control limits at p + 3SE,. 


These are shown in the control chart in Fig. 21—24. 222 


Control Chart for a Continuous Variable 


We construct a control chart for a continuous variable in much the same way as for a 
categorical variable. The variables commonly charted are the mean and either the 
range or the standard deviation. The range is usually preferred over the standard devi- 
ation because it is simple to calculate and easier to understand by factory personnel 
who may not be familiar with statistics. We will now make control charts for the 
mean and range, commonly called the X and R charts. 


The X and R Charts 


We again illustrate the method with an example. As is usually done, we will con- 
struct both charts at the same time. 


+++ Example 71: Make X and R control charts for a sampling of the wattages of the 
lamps on a production line. 


Solution: 
1. Choose a sample size n and the testing frequency. 


Since the measurement of wattage is more time-consuming than just simple count- 
ing of defectives, let us choose a smaller sample size than before, say, 5 bulbs every 
day for 21 days. 


9. Collect the data. 


We measure the wattage in each sample of 5 bulbs. For each sample we compute 
the sample mean X and the sample range R. These are given in Table 21—10. 
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TABLE 21-10 Daily samples of wattages of 5 lamps per day for a period of 21 days. 


1 105.6 92.8 92.6 101.5 102.5 99.0 13.0 
2 106.2 100.4 106.6 108.3 109.2 106.1 8.8 
3 108.6 103.3 101.8 96.0 98.8 101.7 12.6 
4 95.5 106.3 106.1 97.8 101.0 101.3 10.8 
5 98.4 91.5 106.3 91.6 93.2 96.2 14.8 
6 101.9 102.5 94.5 107.7 108.6 103.0 14.1 
7 96.7 94.8 106.9 103.4 96.2 99.6 12.1 
8 99.3 107.5 94.8 102.1 108.2 102.4 13.4 
9 98.0 108.3 94.8 98.6 102.8 100.5 13.5 
10 109.3 98.6 92.2 106.7 96.9 100.7 17.1 
11 98.8 95.0 99.4 104.8 96.2 98.8 9.8 
12 91.2 103.3 95.3 103.2 108.9 100.4 17.7 
13 98.5 102.8 106.4 108.6 94.2 102.1 14.4 
14 100.8 108.1 104.7 108.6 97.0 103.8 11.6 
15 109.0 102.6 90.5 91.3 90.5 96.8 18.5 
16 100.0 104.0 99.5 92.9 93.4 98.0 11.1 
17 106.3 106.2 107.6 90.4 102.9 102.7 17.2 
18 103.4 91.8 105.7 106.9 106.3 102.8 15.1 
19 99.7 106.8 99.6 106.6 90.1 100.6 16.7 
20 98.4 104.5 94.5 101.7 96.2 99.1 10.0 
21 102.2 103.0 90.3 94.0 103.5 98.6 13:2 
Sums 2114 285.3 

Averages 100.7 13.6 


3. Start the control chart by plotting X and R versus time. 

The daily mean and range are plotted as shown in Fig. 21—26. 
4. Compute the average mean X and the average range R. 
We take the average of the means (k — number of means — 21). 


= EX 2114 
X 


100.7 
k 21 
The average of the ranges is 
— ER 285.3 
R 13. 
k 21 99 


5. Compute the control limits. 


When making an X and R chart, we normally do not have the standard deviation to 
use in computing the control limits. The average range R, multiplied by a suitable 
constant, is usually used to give the control limits for both the mean and the range 
charts. For the mean, the three-sigma control limits are 


X АЖ 


where A» is a constant depending on sample size, given in Table 21-11. The control 
limits for the range are 


D3R and D4R 


where D3 and D, are also from the table. 
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X 
UCL = 108.5 
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= 
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2 , ө e. өө 
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El 4 Ce m e R=13.6 4 
5 ° e x * ө 
2 10-4 4 2 
1 1 ,LCL=0 | 
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Days 
(b) 
FIGURE 21-26 


TABLE 21-11 Factors for computing control chart lines. 


A» | 1.880 1023 0.729 0.577 0.483 0.419 0.373 0.337 0.308 
Рз 0 0 0 0 0 0.076 0.136 0.184 0.223 
D4 | 3.268 2.574 2.282 2.114 2.004 1.924 1.864 1.816 1,777 


Excerpted from the ASTM Manual on Presentation of Data and Control Chart Analysis (1976). 
For larger sample sizes, consult a book on SPC. 
For a sample size of 5, Ay = 0.577, so the control limits for the mean are 
UCL = 100.7 + 0.577(13.6) = 108.5 
and 
LCL = 100.7 — 0.577(13.6) = 92.8 
Also from the table, D3 = 0 and рц = 2.114, so the control limits for the range are 
UCL = 2.114(13.6) = 28.7 
and 
LCL = 0(13.6) = 0 
6. Draw the central line and the upper and lower control limits. 


These are shown in the control chart [Fig. 21—26(b)]. өөө 
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Exercise 7 • Process Control 


1. The proportion of defectives for samples 
of 1000 tennis balls per day for 20 days 
is as follows: 


1 31 0.031 
2 28 0.028 
3 26 0.026 
4 27 0.027 
5 30 0.030 
6 26 0.026 
7. 26 0.026 
8 27 0.027 
9 29 0.029 
10 27 0.027 
11 27 0.027 
12 26 0.026 
13 31 0.031 
14 30 0.030 
15 27 0.027 
16 27 0.027 
17 25 0.025 
18 26 0.026 
19 30 0.030 
20 28 0.028 
Total 554 


Find the values for the central line, and determine the upper апа lower 
control limits. 


2. Draw ap chart for the data of problem 1. 


3. Тһе proportion of defectives for samples 
of 500 calculators per day for 20 days is 
as follows: 


1 153 0.306 
2 174 0.348 
3 139 0.278 
4 143 0.286 
5 156 0.312 
6 135 0.270 
7 141 0.282 
8 157 0.314 
9 125 0.250 
10 126 0.252 
11 155 0.310 
12 174 0.348 
13 138 0.276 
14 165 0.330 
15 144 0.288 
16 166 0.332 
17 145 0.290 
18 153 0.306 
19 132 0.264 
20 169 0.338 
Total 2990 


Find the values for the central line, and determine the upper and lower 
control limits. 


4. Draw ap chart for the data of problem 3. 
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5. Five pieces of pipe are taken from a production line each day for 20 days, and 
their lengths are measured as shown in the following table: 


тн 
© бо з 000) & чо [э _— © \О со с 06 Б шо о н 


N 
© 


21 


201.7 
184.4 
217.2 
201.4 
214.3 
190.9 
189.5 
182.2 
184.9 
211.2 
197.1 
207.1 
199.1 
198.9 
215.2 
180.2 
219.3 
204.0 
202.2 
185.0 
181.6 


184.0 
184.2 
212.9 
201.8 
197.2 
180.6 
209.5 
216.4 
217.3 
194.8 
189.5 
203.1 
207.1 
196.1 
200.8 
216.8 
195.1 
209.9 
216.3 
194.1 
187.8 


201.3 
207.2 
198.7 
182.5 
219.8 
181.9 
207.6 
190.7 
185.7 
208.6 
200.1 
218.4 
205.8 
210.3 
205.0 
182.5 
182.2 
196.4 
217.8 
191.2 
188.2 


183.9 
194.4 
185.1 
195.0 
219.9 
203.6 
215.2 
189.0 
183.0 
209.4 
197.7 
199.3 
197.4 
210.6 
186.6 
206.3 
207.4 
202.3 
200.7 
186.3 
191.7 


192.6 
193.1 
196.9 
215.4 
194.5 
185.1 
200.0 
204.2 
189.7 
183.3 
187.9 
219.1 
189.4 
217.0 
181.6 
191.7 
191.9 
206.9 
215.1 
201.6 
200.1 


Find the values for the central line, and determine the upper and lower 


control limits for the mean. 


Find the values for the central line for the data of problem 5, and determine the 
upper and lower control limits for the range. 


Draw an X chart for the data of problem 5. 


Draw an R chart for the data of problem 5. 


Five circuit boards are taken from a production line each day for 20 days and 


are weighed (in grams) as shown in the following table: 


N =e =e e e e ee н н 
оо со 3 с л Ь& оо о — © © 0-1 с л шоо н 


N 
ақ 
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Find the values for the central line, and determine the upper and lower 
control limits for the mean. 


10. Find the values for the central line for the data of problem 9, and determine the 
upper and lower control limits for the range. 
11. Draw an X chart for the data of problem 9. 
19. Draw an R chart for the data of problem 9. 
Computer 


13. Some statistics software for the computer, such as Minitab, can be used to draw con- 
trol charts. One simply enters the raw data and specifies which kind of chart is 
wanted, and the program automatically sets the central line and the control limits 
and draws the chart. Some software will even detect out-of-control or nonrandom 
behavior in the data. If you have such software, use it to draw any of the control 
charts in the exercise set. 


91-8 Regression 


Curve Fitting 


In statistics, curve fitting, the fitting of a curve to a set of data points, is called regression. 
The fitting of a straight line to data points is called linear regression, while the fitting of 
some other curve is called nonlinear regression. Fitting a curve to two sets of data is called 
multiple regression. We will cover linear regression in this section. 


m Exploration: 
Try this. Graph the following sets of data: 
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The word regression was first used in the 
nineteenth century when these methods 
were used to determine the extent by 
which the heights of children of tall or 
short parents regressed or got closer to 
the mean height of the population. 


х[0 12345678 9 10 x{0 12345678 9 10 x{0 12345678 9 10 
yl24544758768 yl87765473221 41974628039 
voi r- 0.833 : T ee 0.992 1 Чи r=0.057 
outlier) e. e. 
e. ө 9 е 
e e өө ө е 
e e e 
5+ e e 5 + e 5+ 
e ee e Ф ө 
e e 
9 өө e 
ө ө 
| > | LL | ө | > 
0 5 10 * 0 5 10 * 0 5 10 * 


(a) Positive correlation 
between x and y 


(b) Strong negative correlation 
between x and y 


FIGURE 21-27 L| 


You should have produced graphs that look like those in Fig. 21-27. 

What can you say about the relationship between x and y in these graphs? In (a) 
we could probably draw a line that would approximate the data points, and most of the 
points would fall near the line, but not on it. To be more technical, we could say that x 
and y are moderately correlated. We also notice that y increases as x gets larger. There- 
fore we can say that there is a positive correlation between x and y. Another way to 
think of this is that the slope of the line we draw to approximate the points is positive. 

For (b) there is obviously a stronger correlation between x and y, but now this 
correlation is negative. There is also one point, (6, 7), that does not fall anywhere 
near the line. We call this point an outlier. Such points are usually suspected as be- 
ing the result of an error and are sometimes discarded. 


(c) No correlation 
between x and y 
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For (c) there is obviously no correlation. 

We can now quantify both of the properties we noticed in the graphs. First, we 
can calculate the correlation coefficient, r, which tells us exactly how strong the cor- 
relation between x and y is. This number is very important in determining whether 
data from a series of measurements actually indicate that two variables have any 
connection. Second, we can fit a straight line to the data, using linear regression and 
the least squares method. In the real world, we can use the equation for this line to 
calculate what will happen to one quantity when we change the other. 


Correlation Coefficient 


In Fig. 21-27 we see that some data are more scattered than others. The correlation 
coefficient r gives a numerical measure of this scattering. For a set of n xy pairs, the 
correlation coefficient is given by the following equation: 


a> эру = Жз Ж зу 


r 


F Vin dx? = (5 х) Vn dy? = (® у) 


The formula looks complicated but is actually easy to use when doing the computation 
in table form. 


өөө Example 72: Find the correlation coefficient for the data in Fig. 21—27(a). 


Solution: We make a table giving x and y, the product of x and y, and the squares 
of x and y. We then sum each column as shown in Table 21—12. 
Then, from Eq. 355, with n = 11, 


nXxy—-XZEXx£Xy 
Vn X х2 – (Xx Мп Ў у? — (® у)? 


r 


Е 11(353) — 55(60) Е 
V/11(385) — (55 V/11(364) — (60)2 


TABLE 21-12 
0 2 0 0 4 
1 4 4 1 16 
2 5 10 4 25 
3 4 12 9 16 
4 4 16 16 16 
5 7 35 25 49 
6 5 30 36 25 
7 8 56 49 64 
8 7 56 64 49 
9 6 54 81 36 
8 ES 100 64 
Sums 55 60 353 385 364 
Dx Ху > xy У х2 xy 


The correlation coefficient can vary from + 1 (perfect positive correlation) 
through 0 (no correlation) to —1 (perfect negative correlation). For comparison with 
the data in Fig. 21—27(а), the correlation coefficients for the data in parts (b) and (c) are 
found to be r = —0.993 (after discarding the outlier) and r = 0.057, respectively 
(work not shown). 2 
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Linear Regression 
In linear regression, the object is to find the constants m and b for the equation of a 
straight line 
y=mxt+b 
that best fits a given set of data points. 


We will first fit the line by eye, and then we will use a more quantitative method to 
find the equation for the line. 


өөө Example 73: Find the equation for the straight line that best fits the data in 
Fig 21-27(b). 


Estimation: Using a straight edge, we draw a straight line through the data, Fig.21—28, 
trying to balance those points above the line with those below. We then read the y in- 
tercept and the rise of the line in a chosen run. 


y intercept = b = 8 
Our line appears to pass through (10, 1) so in arun of 10 units, the line falls 7 units. 


rise —7 
slope m = — = = 


= — = —0.7 
run 10 


0 1 2 3 4 5 6 7 8 9 10 1 12 
FIGURE 21-28 


The equation of the fitting line is then 


у = 0.7x + 8 ooo 


Method of Least Squares 


Sometimes the points may be too scattered to enable drawing a line with a good fit, 
or perhaps we desire more accuracy than can be obtained when fitting by eye. Then 
we may want a method that does not require any manual steps, so that it can be 
computerized. One such method is the method of least squares. 

Let us define a residual as the vertical distance between a data point and the 
approximating curve (Fig. 21—29). The method of least squares is a method to fit 
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a straight line to a data set so that the sum of the squares of the residuals is a 
minimum—hence the name least squares. 


хү 


FIGURE 91-99 Definition of a residual. 


With this method, the slope and the y intercept of the least squares line are 
given by the following equations. We give these equations without proof here. They 
are derived using calculus. 


gn e = 28, 56:23, 5 
nEx?-(ZXxy 


slope m — 


Do уу = XD 
n х2 – (Х х)? 


y intercept b = 


These equations are easier to use than they look, as you will see in the following 
example. 


+++ Example 74: Repeat Example 73 using the method of least squares. 


Solution: We tabulate the given values in Table 21-13. 


TABLE 21-13 

0 8 0 0 

1 7 1 7 

2 7 4 14 

3 6 9 18 

4 5 16 20 

5 4 25 20 

6 7 36 42 

7 3 49 21 

8 2 64 16 

9 2 81 18 

10 1 100 10 

Dx = 55 Dy =52 У х2 = 385 У ху = 186 


In the third column of Table 21-13, we tabulate the squares of the abscissas 
given in column 1, and in the fourth column we list the products of x and y. The 
sums are given below each column. 


Section 8 * Regression 


Substituting these sums into Eq. 356 and letting n — 11, we have 


_ 11186) = 55(52) | 
11(385) — (55 


slope 0.67 


and 


385(52) — 55(186) | 
11(385) — (55 


y intercept = 


which agree well with our graphically obtained values. The equation of our best- 
fitting line is then 


y = —0.67x + 8.1 


Note the close agreement with the values we obtained by eye: slope — —0.7 and 
y intercept — 8. өөө 


Linear Regression on the Calculator 


We can perform a least squares linear regression and calculate the correlation coef- 
ficient in a single step on the TI-83/84 and TI-89. For example, after entering the 
data from Example 73 into L1 and L2, we can press |5ТАТ , scroll over to TESTS, 
and then scroll down to select F:LinRegTTest. This brings up a menu through 
which we scroll until the cursor is on Calculate. Pressing ENTER, performs the 
calculation. The value for the y-intercept is stored in a and the slope is stored in b. 
Scrolling down shows us the value for r, which is the correlation coefficient. Note 
that we can delete the outlier and recalculate to get the same value for r — —0.993 
that we calculated earlier (calculations not shown). 


Exercise 8 • Regression 


Correlation Coefficient 


Find the correlation coefficient for each set of data. 


T ——ÁÉÉ бозо, _——_ 5% 
—8.00 —6.238 —20.0 82.29 —11.0 —65.30 
—6.66 —3.709 —18.5 73.15 —9;33 — 56.78 
35:93 —0.712 —17.0 68.11 —7.66 —47.26 
—4.00 1.887 = 15.6 59.31 —6.00 +3721) 
—2.66 4.628 —14.1 53.65 —4.33 —27.90 
= 1133: 7.416 —12.6 45.90 —2.66 —18.39 
0.00 10.20 -112 38.69 -1.00 =О 2/7 
1.33 12.93 05 32.62 0.66 0.081 
2.66 15.70 —8.26 24.69 2.33 9.404 
4.00 18.47 —6.80 18.03 4.00 18.93 
5.33 21:32 =3:33 11.31 5.66 27.86 
6.66 23.94 —3.86 3.981 7:33 37.78 
8.00 26.70 —2.40 —2.968 9.00 46.64 
9.33 29.61 —0.93 —9.986 10.6 56.69 
10.60 32.35 0.53 -16:92 12.3 64.74 
12.00 35.22 2.00 —23.86 14.0 75.84 
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This is not the only way to fit a line to a 
data set, but it is widely regarded as the 
one that gives the “best fit.” 
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TI-83/84 Screens for Example 74. 
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Method of Least Squares 


Find the least squares line for each set of data. 


4. From problem 1. 


5. From problem 2. 


6. From problem 3. 


Graphics Calculator 


7. 


Use your calculator to calculate the correlation coefficient and least squares line 
for each set of data. 
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Label each type of data as continuous, discrete, or categorical. 


1. 


19. 


13. 


The life of certain radios. 


2. The number of houses sold each day. 
3. 
4 


. The sales figures for a certain product for the years 1970—80 are as follows: 


The colors of the cars at a certain dealership. 


1970 1344 
1971 1739 
1972 2354 
1973 2958 
1974 3153 
1975 3857 
1976 3245 
1977 4736 
1978 4158 
1979 5545 
1980 6493 


Make an x-y graph of the sales versus the year. 


. Make a bar graph for the data of problem 4. 
. If we toss three coins, what is the probability of getting one head and two 


tails? 


. If we throw two dice, what chance is there that their sum is 8? 
. Adieis rolled twice. What is the probability that both rolls will give a two? 
. Ata certain factory, 72% of the workers have brown hair, 6% are left-handed, and 


3% both have brown hair and are left-handed. What is the probability that a worker 
chosen at random will either have brown hair or be left-handed, or both? 


. Whatis the probability of tossing a five or a nine when two dice are tossed? 
. Find the area under the normal curve between the mean and 0.5 standard 


deviation to one side of the mean. 


Find the area under the normal curve between 1.1 standard deviations on 
both sides of the mean. 


Find the area in the tail of the normal curve to the left of z = 0.4. 


Review Problems 


14. 


Find the area in the tail of the normal curve to the right of z = 0.3. 


Use the following table of data for problems 15 through 29. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


99, 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


146 153 183 148 116 127 162 153 
168 161 117 153 116 125 173 131 
117 183 193 137 188 159 154 112 
174 182 144 144 133 167 192 145 
162 138 137 154 141 129 137 152 


Determine the range of the data. 


Make a frequency distribution using class widths of 5 starting at 107.5. Show 
both absolute and relative frequency. 


Draw a frequency histogram showing both absolute and relative frequency. 
Draw a frequency polygon showing both absolute and relative frequency. 
Make a cumulative frequency distribution. 

Draw a cumulative frequency polygon. 

Find the mean. 

Find the median. 

Find the mode. 

Find the variance. 

Find the standard deviation. 

Predict the population mean with a 68% confidence interval. 

Predict the population mean with a 95% confidence interval. 

Predict the population standard deviation with a 68% confidence interval. 
Predict the population standard deviation with a 95% confidence interval. 


On a test given to 300 students, the mean grade was 79.3 with a standard devi- 
ation of 11.6. Assuming a normal distribution, estimate the number of A grades 
(a score of 90 or over). 


For the data of problem 30 estimate the number of failing grades (a score of 60 
or less). 


Determine the quartiles and give the quartile range of the following data: 
118 133 135 143 164 173 179 199 212 216 256 


Determine the quartiles and give the quartile range of the following data: 
167 245 327 486 524 639 797 853 974 1136 1162 1183 
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34. The proportion defective for samples of 700 keyboards per day for 20 days is as 
follows: 


1 123 0.176 
2 122 0.174 
3 125 0.179 
4 93 0.133 
3 142 0.203 
6 110 0.157 
7 98 0.140 
8 120 0.171 
9 139 0.199 
10 142 0.203 
11 128 0.183 
12 132 0.189 
13 92 0.131 
14 114 0.163 
15 92 0.131 
16 105 0.150 
17 146 0.209 
18 113 0.161 
19 122 0.174 
20 _ 92 0.131 
Total 2350 


Find the values of the central line, determine the upper and lower control 
limits, and make a control chart for the proportion defective. 


35. Five castings per day are taken from a production line each day for 21 days and 
are weighed. Their weights, in grams, are as follows: 


1 1134 1168 995 992 1203 
2 718 1160 809 432 650 
3 971 638 1195 796 690 
4 598 619 942 1009 833 
5 374 395 382 318 329 
6 737 537 692 562 960 
7 763 540 738 969 786 
8 717 1021 626 786 472 
9 1015 1036 1037 1063 1161 
10 797 1028 1102 796 536 
11 589 987 765 793 481 
12 414 751 1020 524 1100 
13 900 613 1187 458 661 
14 835 957 680 845 1023 
15 832 557 915 934 734 
16 353 829 808 626 868 
17 472 798 381 723 679 
18 916 763 599 338 1026 
19 331 372. 318 304 354 
20 482 649 1133 1022 320 
21 752 671 419 715 413 


Find the values of the central line, determine the upper and lower control 
limits, and make a control chart for the mean of the weights. 


Review Problems 


36. Find the values of the central line, determine the upper and lower control limits, 
and make a control chart for the range of the weights. 


37. Find the correlation coefficient and the least squares fit for the following data: 


5 6.882 
11.2 -1.623 
17.4 -22.45 
23.6 —36.09 
29.8 —51.13 
36.0 — 64.24 
42.2 —79.44 
48.4 —94.04 
54.6 —107.8 
60.8 —122.8 
67.0 —138.6 
73.2 —151.0 
79.4 —165.3 
85.6 —177.6 
91.8 =193:9 
98 —208.9 


38. For the relative frequency histogram for the population of students’ grades 
(Fig. 21-3), find the probability that a student chosen at random will have 
received a grade between 74 and 86. 

39. Find the 68% confidence interval for drawing a king from a deck of cards, for 
200 draws from the deck, replacing the card each time before the next draw. 

40. Ina survey of 120 shoppers, 71 said that they preferred Brand A potato chips 
over Brand B. Estimate the proportion of shoppers in the entire population that 
would prefer Brand A, given the 68% confidence interval. 


Writing 
41. Give an example of one statistical claim (such as an advertisement, a commer- 
cial, or a political message) that you have heard or read lately that has made you 


skeptical. State your reasons for being suspicious, and point out how the claim 
could otherwise have been presented to make it more plausible. 


Team Project 


42. A certain diode has the following characteristics: 


0 0 

5 2.063 
10 5.612 
15 10.17 
20 15.39 
25 21.30 
30 27.71 
35 34.51 
40 42.10 
45 49.95 
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Linearize the data using the methods of this chapter. Then apply the 
method of least squares to find the slope and the y intercept of the straight line 
obtained. Using those values, write and graph an equation for the current as a 
function of the voltage. How does your graphed equation compare with the 
plot of the original points? 


Analytic Geometry 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Calculate the distance between two points. 


Determine the slope of a line given two points on the line. 


Find the slope of a line given its angle of inclination, and vice versa. 


Determine the slope of a line perpendicular to a given line. 


Calculate the angle between two lines. 


Write the equation of a line using the slope-intercept form, 
the point-slope form, or the two-point form. 


Solve applied problems involving the straight line. 


Write the equation of a circle, ellipse, parabola, or hyperbola from 
given information. 


Write an equation in standard form given the equation of any of the 
previous curves. 


Determine all the features of interest from the standard equation of any 
of these curves. 


Make a graph of any of these figures. 


Tell, by inspection, whether a given second-degree equation represents 
a circle, ellipse, parabola, or hyperbola. 


Write a new equation for a curve with the axes shifted when given 
the equation of that curve. 


Solve applied problems involving any of these figures. 


Here we start our study of analytic geometry. This is a branch of mathematics in 
which geometric figures such as points, lines, and circles are placed on the same co- 
ordinate axes we introduced in our chapter on graphing. This enables us to write an 
equation for each geometric figure. That equation can then be analyzed and manip- 
ulated using algebra to give us more information about the geometric figure than 
was possible without the equation. 

We will first apply analytic geometry to two old and very useful friends, 
the straight line and the circle. These are followed by three new curves, the 
parabola, the ellipse, and the hyperbola. We will see that these curves appear in 
nature and have an astonishing number of applications, a sampling of which is 
given here. For example, the parabola is often used for a bridge arch, Fig. 22-1, 


Roadwa | 


FIGURE 22-1 
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because of its strength. Could you compute the length of the vertical members, 
given their distance from the arch centerline? In this chapter we will 
show how. 


99-1 The Straight Line 


Let us begin our study of analytic geometry with the familiar straight line. We already 
graphed the straight line in an earlier chapter, and here we build upon what we did 
there. There is no need to point out the usefulness of the straight line in technology, so 
whatever new tools we can find to work with the straight line should be welcome. We 
will first learn how to calculate the length of a line segment. Recall that earlier we de- 
fined a line segment as the portion of a straight line lying between two endpoints. 


Length of a Line Segment Parallel to a Coordinate Axis 


The length of a line segment is the distance between its endpoints. By length we 
mean the magnitude of that length; thus it is always positive. 


m Exploration: 
Try this. Without reading further, find the lengths of the three lines in Fig. 22-2. m 


It should be no surprise that to find the length of a line segment lying on or parallel 
to the x axis, we simply subtract the x value at one endpoint from that at the other 
endpoint, and take the absolute value of the result. The procedure is similar for 
lines on or parallel to the y axis. 

өөө Example 1: The magnitudes of the lengths of the line segments in Fig. 22-2 are: 
(a) AB = |5 – 2| 23 

(Ы) CD = |5 — (-2) =7 

(с) RS =|-1-(-5)| =4 


Note that it doesn’t matter if we reverse the order of the endpoints. We get the 
same result. ooo 


eee Example 2: Repeating Example 1(а) with the endpoints reversed gives 


AB = |2 – 5| = |-3| 23 
as before. ooo 


Directed Distance 


Sometimes when speaking about the length of a line segment or the distance be- 
tween two points, it is necessary to specify direction as well as magnitude. When we 
specify the directed distance AB, for example, we mean the distance from A to B, 
sometimes written AB. Note that directed distance applies only to a line parallel to 
a coordinate axis. 


++» Example 3: For the two points M(5, 2) and N(1, 2) 


(a) the directed distance ММ -5-1-4 
(b) and the directed distance MN = 1 — 5 = —4 +++ 
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Increments 


Let us say that a particle is moving along a curve from point P to point Q, as shown 
in Fig. 22-3. As it moves, its abscissa changes from x, to x5. We call this change an 
increment in x and label it Ax (read “delta x"). Similarly, the ordinate changes from 
yı to y and is labeled Ay. The increments are found simply by subtracting the 
coordinates at P from those at Q. 


+++ Example 4: A particle moves from Р (2, 5) to Р, (7, 3). The increments in its co- 
ordinates are 


Ax =%,-—x,=7-2=5 
and 
Ay=y-y=3-5=-2 ooo 


Distance Formula 


We now wish to find the length of a line segment that is inclined at some angle to 
the coordinate axes. 


m Exploration: 


Try this. Without reading further, see if you can compute the length d of the line 
segment PQ in Fig. 22-4. п 


You probably found the length of the line segment in the exploration by applying 
the Pythagorean theorem. That is exactly what we will now do to derive a formula. 

Given the line segment PQ in Fig. 22-4, we first draw a horizontal line through 
P and drop a perpendicular from Q, forming a right triangle POR. The sides of the 
triangle are d, Ax, and Ay. By the Pythagorean theorem, 


d? = (Ax)? + (Ay)? = (x — xi + (у) — ур” 


Since we want the magnitude of the distance, we take only the positive root and get 
the following: 


өөө Example 5: Find the length of the line segment, Fig. 22-5, with the endpoints 


(3, —5) and (— 1, 6). 


Solution: Let us give the first point (3, —5) the subscripts 1, and the other point the 
subscripts 2 (it does not matter which we label 1). So 


xy =3 у = —5 х = =] y» = 6 


Substituting into the distance formula, we obtain 


d= Vl — 3) + [6 — (-5)] = v/c-4y + (11)? = 11.7 (rounded) ee 
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FIGURE 22-3 Increments. 
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FIGURE 29-4 Length of a line segment. 
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(3,- 5) 


FIGURE 22-5 
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Do not take the square root of each term separately. 


о е 


+++ Example 6: An Application. Find the length x of the conveyor belt in Fig. 22—6. 
Solution: The coordinates of the ends of the belt are (6.75, 3.14) and (15.25, 7.22). 


Substituting into the distance formula, we get 


x = \/ (1525 — 6.75) + (122 — 3.14)? 
— 9.43 ft +.. 


Slope 

In Fig. 22-4, the increment Ay is called the rise from point P to point Q, and the 
increment Ax is called the run from P to Q. The rise between any two points on 
the line divided by the run between those same points is called the s/ope of the 
straight line. It is the measure of the steepness of a straight line. 


+++ Example 7: Find the slope of the line connecting the points (—3, 5) and (4, —6) 
in Fig. 22-7. 


Solution: We will see that it does not matter which is called point 1 and which is 
point 2. Let us choose 


X] = =3, yi = 5, у= 4, y= —6 
Then 
=6= 5 -11 11 
slope m = = = — 
4 — (—3) 7 7 
If we had chosen (хү = 4, y; = —6) and (хо = —3, y; = 5) in the computation 
for slope, 
1 5 — (-6) 11 11 
slope m = = == 
p -3-4 с 7 
we would have gotten the same result. өөө 


Be careful not to mix up the subscripts. 


i» — MI 
Ху X2 


m = 


Slopes of Horizontal and Vertical Lines 


For any two points on a horizontal line, the values of y; and y; in Eq. 205 are equal, 
making the slope equal to zero. For a vertical line, the values of x; and x2 are equal, 
giving division by zero. Hence the slope is undefined for a vertical line. The slopes 
of various lines are shown in Fig. 22-8. 
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Angle of Inclination 


Another measure of the steepness of a line is the angle of inclination, 0. It is defined 
as the smallest positive angle that the line makes with the positive x axis, Fig. 22—9. 
From Fig. 22-4, 


«Y 


ид opposite side y = у rise Ду 
ап Ө = — = = = 
adjacent side — x5 — x; run Ax 


FIGURE 22-9 Angle of inclination, 0. 


But this is the definition of the slope m of the line, so we have the following equations: 


1/т-1492- slope 


\ 50° = Angle of inclination 


> 
x 


The angle of inclination can have values greater than or equal to 0° but less than 
180°, with a horizontal line having an angle of inclination of 0° and a vertical line FIGURE 22-10 A coal chute. 
having an angle of inclination of 90°. 


өөө Example 8: An Application. The slope of a coal chute having an angle of incli- 
nation of 50° (Fig. 22-10) is, by Eq. 206, 


m = tan 50? = 1.192 (rounded) ooo 


өө Example 9: Find the angle of inclination of a line having a slope of 3 


Fig. 22-11). 
is ) FIGURE 22-11 


Solution: By Eq. 206, tan 0 = 3, so 


0 = arctan 3 = 71.6° (rounded) +.. 


When the slope is negative, our calculator will give us a negative angle, which 
we then use to obtain a positive angle of inclination less than 180°. 


+++ Example 10: Fora line having a slope of —2 (Fig. 22-12), arctan (—2) = —63.4° 


(rounded), so FIGURE 22-12 


0 = 180° — 63.4° = 116.6° +.. 


1 "ҮЭ" | (-2.47, 1.74) YA 
eee Example 11: Find the angle of inclination of the line passing through 


(-2.47, 1.74) and (3.63, —4.26) (Fig. 22-13). 


Solution: The slope, from Eq. 205, is 


(——426 — 1.74 
3.63 — (—2.47) 


— —0.984 


т 


from which Ө = 135.5°. 990 (3.63, —4.26) 


When different scales are used for the x and y axes, the angle of inclination will 
appear distorted. FIGURE 22-13 
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FIGURE 22-15 Slopes of 
perpendicular lines. 


FIGURE 22-16 Angle of intersection 
between two lines. 
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eee Example 12: The angle of inclination of the line in Fig. 22-14 is 
0 = arctan 10 = 84.3°. Notice that the angle in the graph appears much smaller than 
84.3° because of the different scales on each axis. ooo 


Slopes of Parallel and Perpendicular Lines 


Parallel lines have, of course, equal slopes. 


Now let us draw a line L, having a slope of m, and an angle of inclination 6, as in 
Fig. 22-15. We add a second line L5 perpendicular to L4. Let its slope be m, апа its 
angle of inclination be 0», where 0; = 0, + 90° since the two lines are perpendicular. 
We choose a point P on Lj, draw a circle of radius OP, and mark point О on 
Ly. Thus ОО = OP. Note that /QOS = 05 — 90° = (0 + 90°) — 90° = 6,, so 
right triangles OPR and OQS are congruent. Thus the magnitudes of their correspon- 
ding sides а and b are equal. The slope m, of L is a/b, and the slope m» of L» is 
—b/a, so we have the following equation: 


ooo Example 13: Any line perpendicular to a line whose slope is 5 has a slope 
of —. +.. 
5 


The minus sign in Eq. 214 is often forgotten. 


1 
Hi DE 
2 


+++ Example 14: Find the slope of the line (a) parallel to and (b) perpendicular to a 
line having a slope of —2/3. 


Solution: 


(a) The parallel line has the same slope, or —2/3. 
(b) The perpendicular line has a slope that is the negative reciprocal of —2/3, 
or +3/2. +.. 


Angle of Intersection Between Two Lines 


Figure 22-16 shows two lines L, and L» intersecting at an angle ф, measured coun- 
terclockwise from line 1 to line 2. We want a formula for ф in terms of the slopes 
тү and m, of the lines. Since an exterior angle equals the sum of the two opposite 
interior angles, Eq. 107, Ө equals the sum of the angle of inclination 0, and the an- 
gle of intersection $. So ф = 05 — Өү. Taking the tangent of both sides gives tan 
ф = tan(05 — 04), or 


tan 05 — tan 0] 
] tan 01 tan 05 


tan ф = 
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by the trigonometric identity for the tangent of the difference of two angles 
(Eq. 130). But the tangent of an angle of inclination is the slope, so we have 


+++ Example 15: The tangent of the angle of intersection between line L4, having a 
slope of 4, and line Ly, having a slope of — 1, is 

-1-4 =з. 5 
1-4(-1) -3 3 


tan d = 


from which ф = arctan 3 = 59.0° (rounded). This angle is measured counterclock- 
wise from line 1 to line 2, as shown in Fig. 22-17. ooo FIGURE 22-17 
Exercise 1 • The Straight Line 


Directed Distance 
Find the directed distance AB. 


1. A(3, 0); BOS, 0) 2. B(—6, —6); A(—6, —7) 

3. В(—8, —2); A(-8, —5) 4. A(—9, —2); B(17, —2) 

5. A(3.95, —2.07); B( —3.95, —2.07) 6. B(11.5, 3.68); A(11.5, —5.38) 
Increments 
A particle moves from point A to point B. Find the increments Ax and Ay in its 
coordinates. 

7. AQ, 4), B(5, 7) 8. AQ, 6), B(6, 4) 

9. АС-4, 4), BO, —8) 10. А(—9, —5), B(-3, —8) 


Length of a Line Segment 


Find the length of the line segment with the given endpoints. 


11. (5, 0) and (2, 0) 12. (0, 3) and (0, —5) 
13. (—2, 0) and (7, 0) 14. (—4, 0) and (—6, 0) 
15. (0, —2.74) and (0, 3.86) 16. (55.34, 0) and (25.38, 0) 


17. (5.59, 3.25) and (8.93, 3.25) 
18. (—2.06, —5.83) and (—2.06, —8.34) 19. (8.38, —3.95) and (2.25, —4.99) 


Slope 

Find the slope of each straight line. 

20. Rise = 4; run = 2 21. Rise = 6;run = 4 

29. Rise = —4;run = 4 23. Rise = —9;run = —3 

24. Connecting (2, 4) and (5, 7) 25. Connecting (5, 2) and (3, 6) 

26. Connecting (—2, 5) and (5, —6) 27. Connecting (3, —3) and (—6, 2) 


Angle of Inclination 

Find the slope of the line having the given angle of inclination. 

28. 38.2? 99. 77.9? 30. 1.83 rad 
31. 58?14' 39. 156.3? 33. 132.8? 
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Find the angle of inclination, in decimal degrees to three significant digits, of a line 
having the given slope. 


34. т = 3 35. m = 1.84 36. m = —4 
37. m = —2.75 38. m = 0 39. m — —15 


Find the angle of inclination, in decimal degrees to three significant digits, of a line 
passing through the given points. 


40. (5, 2) and (—3, 4) 
42. (6, 3) and (— 1, 5) 


41. (—2.5, —3.1) and (5.8, 4.2) 
43. (x, 3) and (x + 5,8) 


Slopes of Parallel and Perpendicular Lines 
Find the slopes of the lines parallel to, and perpendicular to, each line with the 
given slope. 

44. т = 5 45. т = 2 46. т 
47. т = —1.85 48. m = – 2.85 49. т 


4.8 
= 2:372 


Angle Between Two Lines 


50. Find the angle of intersection between line L4 having a slope of 1 and line L3 
having a slope of 6. 


51. Find the angle of intersection between line L, having a slope of 3 and line L, 
having a slope of —2. 


52. Find the angle of intersection between line Lı having an angle of inclination 
of 35? and line L, having an angle of inclination of 160°. 


53. Find the angle of intersection between line L, having an angle of inclination of 
22° and line L, having an angle of inclination of 86°. 


Applications 


54. Find the length of girder AB in Fig. 22-18. 

55. Find the distance between the centers of the holes in Fig. 22-19. 

56. A triangle has vertices at (3, 5), (—2, 4), and (4, —3). Find the length of each 
side. Then compute the area using Hero's formula (Eq. 103). Work to three 
significant digits. 


32. 


[—15.2 ft— 


m 


— 26.8 mm (< 


37.4 ft >| < 92.7 mm >| 


FIGURE 22-18 FIGURE 22-19 
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57. The distance between two stakes on a slope is taped at 2055 ft, and the angle 
of the slope with the horizontal is 12.3?. Find the horizontal distance between 
the stakes. 

58. What is the angle of inclination with the horizontal of a roadbed that rises 15.0 
ft in each 250 ft, measured horizontally? 

59. How far apart must two stakes on a 7? slope be placed so that the horizontal 
distance between them is 1250 m? 

60. In some fields such as highway design, the word grade is used instead of 
slope. To find the grade, multiply the slope by 100 and affix the % sign. Thus 
a 5% grade rises 5 units for every 100 units of run. On a 5% road grade, at 
what angle is the road inclined to the horizontal? How far does one rise in travel- 
ing uphill 500 ft, measured along the road? 

61. A straight tunnel under a river is 755 ft long and descends 12.0 ft in this dis- 
tance. What angle does the tunnel make with the horizontal? 

62. A straight driveway slopes downward from a house to a road and is 28.0 m in 
length. If the angle of inclination from the road to the house is 3.60°, find the 
height of the house above the road. 

63. An escalator is built so as to rise 2.00 m for each 3.00 m of horizontal travel. 
Find its angle of inclination. 

64. A straight highway makes an angle of 4.50? with the horizontal. How much does 
the highway rise in a distance of 2500 ft, measured along the road? 


22-2 Equation of a Straight Line QC a 


We said earlier that one value of analytic geometry was the ability to write an equa- 
tion for a geometric figure. Then we could analyze that figure using algebra. 
Here we will write an equation for a geometric figure, the straight line. Such an 
equation would relate y to x for any point on the figure, so that given one coordi- 
nate, we could find the other from the equation. 


Slope-Intercept Form 


We covered the slope-intercept form of the equation of a straight line in our chapter УА P(x, у) 
on graphing, and we will repeat some of that material here. We will also show а few 
other forms of the straight line equation. 
One way we can get such an equation is from our definition of slope. Let 

P(x, y) be any point on a line, Fig. 22—20, and let the y intercept, (0, b) be a second y 
point on the line. Between P and the y intercept, the rise is (y — b) and the run is intercept 
(x — 0). The slope m of the line is then (0,8) ^ a RR ____________ 
ВЕ ini. 

amo 


m 


Simplifying, we have mx = y — b, or 


"Y 


FIGURE 22-20 


This is called the slope-intercept form of the equation of a straight line because the 
slope m and the y intercept b are easily identified once the equation is in this form. 
For example, in the equation y = 2x + 1, 


у=2х+1 


slope 211 G y intercept 


Here m, the slope, is 2 and b, the y intercept, is 1. 
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+++ Example 16: Write the equation, in slope-intercept form, of the straight line that 
has a slope of 1 and a y intercept of 2. 


Solution: Substituting into Eq. 210 with m = 1 апар = —2 
y=x=2 
For our graph we first plot the y intercept 2 units down from the origin. From there 


we lay out a rise of 1 unit in a run of 1 unit to get another point, and then connect the 
two points to get our graph, Fig. 22-21. +.. 


m Exploration: 
Try this. In the same viewing window, 


(a) graph several lines y = mx + b, taking m = 1 and values of b of 
—2, —1, 0, 1, 2. What do you conclude is the effect of the magnitude and 
algebraic sign of the constant b? 

(b) graph several lines y = mx + b, taking b = 0 and values of m of 
—2, —1, 0, 1, 2. What do you conclude is the effect of the magnitude and 
algebraic sign of the constant m? El 


Your explorations should have clearly shown that 


* the value of the y intercept b determines how far above or below the origin the 
line cuts the y axis, and 

* the value of the slope m determines the steepness of the line, either in the positive 
or negative direction. 


Point-Slope Form 


We can quickly write the equation of a straight line, as we have seen, when we 
know its slope and y intercept. But what if we have other information instead? Here 
we will show how to write the equation of a line if we know one point on the line 
and the slope of the line. 

Let us first write an equation for a line that has slope m, but that passes through 
a given point (Хү, yj) which is not, in general, on either axis, as in Fig. 22-22. 
Again using the definition of slope (Eq. 205), with a general point (x, y), we get the 
following form: 


While this point-slope form will enable us to quickly write the equation, it is not 
the best for graphing by calculator. For that we prefer the equation in explicit form. 
So we will usually convert our equation to slope-intercept form. 


+++ Example 17: Write the equation in slope-intercept form of the line having a slope 
of 2 and passing through the point (1, —3) (Fig. 22-23). 


Solution: Substituting m = 2, ху = 1, y = —3 into Eq. 212 gives us 


| У (3) 
x] 


2 
Multiplying by x — 1 yields 
2x -2=y+3 
or, in slope-intercept form, 


y-22x-2 ooo 


Section 2 Equation of a Straight Line 


өөө Example 18: Write the equation in slope-intercept form of the line passing 
through the point (3, 2) and perpendicular to the line y — 3x — 7 (Fig. 22-24). 


Solution: The slope of the given line is 3, so the slope of our perpendicular line is 
= z. Using the point-slope form, we obtain 


m dnd 
3 x—3 
Going to slope-intercept form, x — 3 = —3y + 6, or 
x 
= ——+3 2222 
шинж 


Two-Point Form 


If two points on a line are known, the equation of the line is easily written using the 
two-point form, which we now derive. If we call the points Р, and P in Fig. 22-25, 
the slope of the line is 

327 X 


т = ———— 
X27 XI 


The slope of the line segment connecting P; with any other point P on the same line is 
У-у 
xX — ХІ 


m= 


Since these slopes must be equal, we get the following equation: 


өөө Example 19: Write the equation in slope-intercept form of the line passing 
through the points (1, —3) and (—2, 5) (Fig. 22-26). 


Solution: Calling the first given point Р, and the second Р, and substituting into 
Eq. 211, we have 
у-0-3) 5-(-3) 8 


x=] ==д›— 1 -3 
yt3 8 
x-1 3 
Putting the equation into slope-intercept form, we have 3y + 9 = —8x + 8, or 
_ 8 1 
y= =. х = 3 +++ 


+++ Example 20: An Application. The inrun, the straight portion of a certain ski jump is 
125 m long and has an angle of inclination of 31.0°, Fig. 22-27. (a) Write the equation 
of the inrun, taking axes as shown, and (b) find the heights Л and h of the support posts. 
Solution: (a) The slope is 
m = tan 31.0? = 0.601 
and the y intercept is 
b = 28.2 
so our equation is 
y = 0.601x + 282 
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FIGURE 22-26 
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FIGURE 29-27 A ski jump. 
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(b) Substituting into this equation to get the heights at the given x values, 


hy = y(30.0) = 0.601(30.0) + 28.2 = 462m 
h = y(60.0) = 0.601(60.0) + 28.2 = 64.3 m $96 


Lines Parallel to the Coordinate Axes 


Line 1 in Fig. 22-28 is parallel to the x axis. Its slope is 0 and it cuts the y axis at 
(0, b). From the point-slope form, y — у = m(x — ху), we get y — b = O(x — 0), 
or the following: 


Line 2 has an undefined slope, but we get its equation by noting that x — a at every 
point on the line, regardless of the value of y. Thus 


+++ Example 21: 

(a) A line that passes through the point (5, —2) and is parallel to the x axis has the 
equation y = —2. 

(b) A line that passes through the point (5, —2) and is parallel to the y axis has the 
equation x = 5. +.. 


Equation of a Straight Line in General Form 


The slope-intercept form is the equation of a straight line in explicit form, y = f(x). 
We can also write the equation of a straight line in implicit form, f(x, y) = 0, simply 
by transposing all terms to one side of the equal sign and simplifying. We usually 
write the x term first, then the y term, and finally the constant term. This form is re- 
ferred to as the general form of the equation of a straight line. 


+++ Example 22: Change the equation y = Sy — 5 from slope-intercept form to 
general form. 


Solution: Subtracting y from both sides, we have 
6 
0--2x—5-— 
7 ? 
Multiplying by 7 and rearranging gives 6x — 7y — 35 = 0. ooo 


eee Example 23: Rewrite this general equation in slope-intercept form. 
2x —-3y+5=0 


Solution: Solving for y, 


ус seers ooo 
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Exercise 2 » Equation of a Straight Line 


Write the equation of each straight line in slope-intercept form, and make a graph. 


1. Slope = 4; y intercept = —3 

2. Slope = —1; y intercept = 2 

3. Slope = 3; y intercept = —1 

4. Slope = —2; y intercept = 3 

5. Slope = 2.3; y intercept = —1.5 

6. Slope = —1.5; y intercept = 3.7 
Write the equation of each line in Fig. 22—29 in general form. 

7. line A 8. line B 

9. line C 10. line D 
Find the slope and the y intercept for each equation, and make a graph. 
11. y 23x — 5 19. у= 7x +2 
13. y= -ix - 1 14. y = -3x + 2 


FIGURE 22-29 


Write the equation of each line in slope-intercept form. 


15. 
16. 


Slope — 2; passes through (3, 4) 
Slope — 3; passes through (2, 5) 


Write the equation of each line in general form. 


17. 
18. 
19. 
20. 
91. 
22. 
23. 
24. 


Slope — —4; passes through (—2, 5) 

Slope = —2; passes through (—2, —3) 

y intercept = 3; parallel to y = 5x — 2 

y intercept = —2.3; parallel to 2x — Зу + 1 = 0 
y intercept = —5; perpendicular to y = 3x — 4 
y intercept = 2; perpendicular to 4х — Зу = 7 
passes through (—2, 5); parallel to y = 5x — 1 
passes through (4, —1); parallel to 4x — y = —3 
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FIGURE 22-30 
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FIGURE 22-31 Resistance change 
with temperature. 
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FIGURE 29-39 Thermal expansion. 
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25. 
26. 
27. 
28. 
29. 
30. 
31. 
32, 


passes through (—4, 2); perpendicular to y = 5x — 3 
passes through (6, 1); perpendicular to 6y — 2x = 3 
passes through (5, 2); is parallel to the x axis. 

passes through (—3, 6); is parallel to the y axis. 
passes through points (3, 5) and (— 1, 2) 

passes through points (4.24, — 1.25) and (3.85, 4.27) 
xintercept — 5;yintercept — —3 

х intercept = —2; y intercept = 6 


Rewrite each equation in general form. 


33. 
35. 


у = 3х + 2 34. у = 4х — 5 
у= —2х +6 36. у = —4x — 3 


Rewrite each equation in slope-intercept form. 


37. 
39. 


x+2y+5=0 38. 3x + 4y -6=0 
7х + Зу +8 = 0 40. 2х + 2у - 9 = 0 


Applications 


Spring Constant 


41. 


42. 


A spring whose length is Lo with no force applied (Fig. 22—30) stretches an 
amount x with an applied force of F, where F = kx. The constant k is called the 
spring constant. Write an equation, in slope-intercept form, for F in terms of k, 
L, and Lg. 

What force would be needed to stretch a spring (k — 14.5 Ib/in.) from an un- 
stretched length of 8.50 in. to a length of 12.50 in.? 


Velocity of a Uniformly Accelerated Body 


43. 


When a body moves with constant acceleration a (such as in free fall), its ve- 
locity v at any time t is given by v = vo + at, where vg is the initial velocity. 
Note that this is the equation of a straight line. If a body has a constant acceler- 
ation of 2.15 m/ s? and has a velocity of 21.8 m/s at 5.25 s, find (a) the initial ve- 
locity and (b) the velocity at 25.0 s. 


Resistance Change with Temperature 


44. 


45. 


46. 


The resistance of metal is a linear function of the temperature (Fig. 22—31) for 
certain ranges of temperature. The slope of the line is Ауа, where о is the tem- 
perature coefficient of resistance at temperature т. If R is the resistance of any 
temperature f, write an equation for R as a function of t. 

Using a value for a of a = 1/(234.51,) (for copper), find the resistance of a 
copper conductor at 75.0°C if its resistance at 20.0°C is 148.4 О. 

If the resistance of the copper conductor in problem 45 is 1255 О at 20.0°C, at 
what temperature will the resistance be 1265 О? 


Thermal Expansion 


47. 


48. 


When a bar is heated, its length will increase from an initial length L at tem- 
perature їр to a new length L at temperature f. The plot of L versus t is a straight 
line (Fig. 22-32) with a slope of Loa, where о is the coefficient of thermal ex- 
pansion. Derive the equation L = Lo(1 + а At), where At is the change іп 
temperature, t — fo. 

A steel pipe is 21.50 m long at 0°C. Find its length at 75.0°C if о for steel is 
12.0 х 1076 per Celsius degree. 
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Fluid Pressure 


49. The pressure at a point located at a depth x ft from the surface of a liquid varies 
directly as the depth. If the pressure at the surface is 20.6 Ib/in.? and increases 
by 0.432 Ib/ in.? for every foot of depth, write an equation for P as a function of 
the depth x (in feet). At what depth will the pressure be 30.0 Ib/ ш.2? 

50. A straight pipe slopes downward from a reservoir to a water turbine (Fig. 22-33). 
The pressure head at any point in the pipe, expressed in feet, is equal to the 
vertical distance between the point and the surface of the reservoir. If the reser- 
voir surface is 25 ft above the upper end of the pipe, write an expression for the 
head H as a function of the horizontal distance x. At what distance x will the head 
be 35 ft? 


| ( Turbine 
x 


FIGURE 22-33 


Temperature Gradient 


51. Figure 22-34 shows a uniform wall whose inside face is at temperature t; and 
whose outside face is at t,. The temperatures within the wall plot as a straight 
line connecting f; and tọ. Write the equation t = f(x) of that line, taking x = 0 
at the inside face, if t; = 25.0°C and t, = —5.0°C. At what x will the tempera- 
ture be 0°C? What is the slope of the line? 


Hooke's Law 


52. The increase in length of a wire in tension is directly proportional to the applied 
load P. Write an equation for the length L of a wire that has an initial length of 
3.00 m and that stretches 1.00 mm for each 12.5 N. Find the length of the wire 
with a load of 750 N. 


Straight-Line Depreciation 


53. The straight-line method is often used to depreciate a piece of equipment for tax 
purposes. Starting with the purchase price P, the item is assumed to drop in 
value the same amount each year (the annual depreciation) until the salvage 
value S is reached (Fig. 22-35). Write an expression for the book value y (the 
value at any time 1) as a function of the number of years t. For a lathe that cost 
$15,428 and has a salvage value of $2264, find the book value after 15 years if 
it is depreciated over a period of 20 years. 


Dollars y 


Purchase price P ——> 


Book value y = f(t) 


Salvage value $——[------------------ 


Useful life L 


FIGURE 29-35  Straight-line depreciation. 
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FIGURE 22-34 Temperature drop 
in a wall. The slope of the line 

(in °C/cm) is called the temperature 
gradient. The amount of heat flowing 
through the wall is proportional to the 
temperature gradient. 
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54. Temperature Conversions: The freezing point of water is 32° Fahrenheit (F), or 0° 
Celsius (C). The boiling point of water is 212°F or 100°C. The curve connecting 
these two point pairs is a straight line. Use the two-point form of the equation of 
a straight line to derive an equation connecting degrees Fahrenheit and degrees 
Celsius. (We use this equation to convert between Fahrenheit and Celsius.) 


| | 99-3 The Circle 


The Conic Sections 


We turn now from the straight line to a very interesting group of curves called the 
conic sections: the circle, ellipse, parabola, and hyperbola. 
A circular conical surface is one swept out by a line which is fixed at a point 
(the vertex) as another point on that line follows a circular path. This gives an upper 
and lower cone, called nappes, such as those we studied in our chapter on geometry. 
The conic sections are obtained by passing a plane through a circular conical sur- 
: face, as shown in Fig. 22-36. 
100 When the plane is perpendicular to the cone’s axis, it intercepts a circle. When 
as the first to define the conic sections the plane is tilted a bit, but not so much as to be parallel to an element (a line on the 
in this way. cone that passes through the vertex) of the cone, we get an ellipse. When the plane 
is parallel to an element of the cone, we get a parabola, and when the plane is steep 
enough to cut the upper cone, we get the two-branched hyperbola. 


m Exploration: 


Try this. Make a model of the conic sections. Construct a cone (from clay, styro- 
foam, plaster poured into a conical cardboard mold, a wood turning, etc.) and cut it 
as shown to form any of the four curves. п 


{Бә 


ай 


Circle Ellipse Parabola Hyperbola 


FIGURE 22-36 Conic sections. 


Definition of a Circle 


Our first conic section will be the most familiar and perhaps the most useful: 
the circle. Anyone who has used a compass will not be surprised by the follow- 
ing definition. 
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Standard Equation of a Circle: Center at Origin 


We will now derive an equation for a circle of radius r, starting with the simplest 
case of a circle whose center is at the origin (Fig. 22—37). Let x and y be the coordi- 
nates of any point P on the circle. The equation we develop will give a relationship 
between x and y that will have two meanings: geometrically, (x, y) will represent a 
point on the circle; and algebraically, the numbers corresponding to those points 
that satisfy that equation. 

We observe that, by the definition of a circle, the distance OP must be constant 
and equal to r. But, by the distance formula (Eq. 204), 


ову, 


Squaring, we get a standard equation of a circle (also called the standard form of 
the equation). 


Note that both x? and y? have the same coefficient. Otherwise, the graph is not a 
circle. 


eee Example 24: Write, in standard form, the equation of a circle of radius 3, 
whose center is at the origin. 
Solution: 
х? + у? = 32 = 9 +.. 
+++ Example 25: Find the center and radius of the circle with the equation 
x? + у? = 64 
Solution: We recognize this as the equation of a circle whose center is at the origin. 


Finding the radius, 
r= v64 = 8 ooo 


өөө Example 26: An Application. Circular Arches. Portions of a circle are commonly 
used for arches, as shown in Fig. 22—38. (a) Write the equation for the circle in the 


\ 
0» 
Сїгсшаг Semicircular 


Horseshoe or Moorish Pointed or gothic 


FIGURE 22-38 Arches based on the circle. 
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P(x, y) 


FIGURE 22-37 Circle 
with center at origin. 
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FIGURE 22-39 Horseshoe arch over 
a doorway. 


і > 
x 
0 — 


FIGURE 29-40 Circle 
with center at (Л, k). 


(x + 5)? + (y - 33 = 16 


FIGURE 22-41 
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horseshoe arch ( also called a Moorish arch), Fig. 22-39. Take the origin at the cen- 
ter of the circle. (b) Use your equation to find h. 


Solution: (a) The circle has a radius of 2.76 m, so substituting into the equation for 
a circle with center at the origin, Eq. 218, gives 


x+y = (2.76) 
(b) The x coordinate of point P is half the width of the doorway, or 2.20 m. 
Substituting into our equation gives 


(2.20)? + y? = (2.76)? 


Solving for y, 
y? = (2.76. — (2.20 
y^ = 2.78 
у= +1.67m 


We take the negative value, since Р is below the center of the circle. Finally, 


h = 10.3 — 2.76 — 1.67 = 5.87 m +.. 


Standard Equation of a Circle: Center Not at the Origin 


Figure 22-40 shows a circle whose center has the coordinates (Л, k). We can think 
of the difference between this circle and the one in Fig. 22—37 as having its center 
moved or translated h units to the right and k units upward. Our derivation is simi- 
lar to the preceding one. 


CP -r-N/(x- h? + (у — ky 


Squaring, we get the following equation: 


өөө Example 27: Write, in standard form, the equation of a circle of radius 5 whose 
center is at (3, —2). 


Solution: We substitute into Eq. 219 with r = 5, h = 3, and k = —2. 
(o S и qe es 
(x — 3 + (y + 2» = 25 ... 
өөө Example 28: Find the radius and the coordinates of the center of the circle 
(x + 5 + (y — 3? = 16. 
Solution: We see that г? = 16, so the radius r is 4. Also, since 


x-h=x+5 


then 
h= -5 
and since 
y-k=y-3 
then 
к= 3 


So the center is at (— 5, 3) as shown in Fig. 22-41. ooo 
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It is easy to get the signs of Л and k wrong. In Example 28, do 
Common not take 


Error 


Graphing a Circle by Calculator 


A computer algebra system may be able to graph an equation entered in implicit 
form. However, to graph a circle with a graphics calculator and most graphics utili- 
ties, we must put an equation in explicit form by solving for y. When we do that we 
get two functions, one for the upper half of the circle and another for the lower half. 
To get the complete circle, we must graph both. 
+++ Example 29: Graph the circle 
(x – 2)? + (y + 1) = 15 

Solution: We first solve for y. 

Q + 1° = 15 — (x - 2° 

y+1= +V 15- (х – 2)? 

у= -1 + V15 – (x - 2)? 

yp = -1 + 4/15 – (x - 2)? 


y = —1 15 — (x - 2)? 


Floti Plott Plots 
cr mao А 


“28 -1-£015-Ca-2 
3522 


"з= 
ЗАйцж 
“Wes 


TI-83/84 Screen for Example 29. Our graph will sometimes show a gap 


because of the spacing of pixels on the 
calculator screen. өөө 


Screens for Example 29 show the | Y =| screen апа the graph. Note that the graph 
may not appear circular on a particular grapher, but some have a feature to adjust 
the horizontal and vertical scales so that circles do appear circular. On TI calcula- 
tors that feature is | ZOOM | Square. 

If we know in advance that a curve is symmetrical about the x axis, we could 
simply enter Y2 = -Y1 instead of entering the entire equation (Y1 is found in the 
VARS | menu). We will show this method later. 


Translation of Axes 


We see that Eq. 219 for a circle with its center at (Л, k) is almost identical to 
Eq. 218 for a circle with center at the origin, except that x has been replaced by 
(x — h) and y has been replaced by (y — k). This same substitution will, of course, 
work for curves other than the circle, and we will use it to translate or shift the axes 
for the other conic sections. 
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General Equation of a Circle 


A second-degree equation in x and y which has all possible terms would have an x? 


term, a y? term, an xy term, and all terms of lesser degree as well. The general sec- 
ond-degree equation is usually written with terms in the following order, where A, 
B, C, D, E, and F are constants: 


There are six constants in this equation, but only five are independent. We can 
divide through by any constant and thus make it equal to 1. 


To get the general equation of a circle we expand Eq. 219 and get 
еу е 
х2 — 2hx + № + у? -2kyt 0 = р? 
Rearranging gives 
x? + y? — 2hx -2ky + (2 + K- r) = 0 


If we now replace the constants (—2h) by D, (—2k) by E, and (12 +102 – г?) by F, 
we get. 


Comparing this with the general second-degree equation, we see that the general 
second-degree equation 


Ax? + Bxy + Су? + Dx + Ey + Е = 0 


represents a circle if B = Oand A = C. 


өө Example 30: Write this standard equation in general form. 
(x + 5)? + (y — 3)? = 16 
Solution: Expanding, we obtain 


x? + 10x + 25 + y? — бу + 9 = 16 


x? + у? + 10x — 6y + 18 = 0 eec 


Changing from General to Standard Form 


When we want to go from general form to standard form, we must complete the 
square, both for x and for y. We learned how to complete the square in our chapter 
on quadratic equations. Glance back there if you need to refresh your memory. 


өө» Example 31: Write the equation 2x? + 25? — 18x + 16y + 60 = 0 in 
standard form. Find the radius and center, and plot the curve. 
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Solution: We first divide by 2: 
x? + y? — 9х + 8y + 30 = 0 
and then separate the x and y terms: 
(х2 — 9x) + O? + 8y) = —30 
We complete the square for the x terms with И because we take 5 of (—9) and 


square it. Similarly, for completing the square for the y terms, ( x 8)? = 16. 
Completing the square on the left and compensating on the right gives 


81 81 
(2 - ox + $) +0 F Ву + 16) = -30 + | + 16 
Factoring each group of terms yields 
9\2 5\2 
--| + (у + 4) = [> 

ао 
So 

2 9 

y—-— h=- k = —4 

2 2 
The circle is shown in Fig. 22—42. 22 
An Application 


+++ Example 32: Write an equation for the circle shown in Fig. 22-43, and find the 
dimensions A and B produced by the circular cutting tool. 


Estimate: The easiest way to get an estimate here is to make a sketch and measure 
the distances. We get 


А = 2.6in. and B= 2.7 in. 


Solution: In order to write an equation, we must have coordinate axes. Otherwise the 
quantities x and y in the equation will have no meaning. Since no axes are given, we 
are free to draw them anywhere we please. Our first impulse might be to place the ori- 
gin at the corner p, since most of the dimensions are referenced from that point, but 


--- 
-7 вл 


FIGURE 22-43 
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our equation will be simpler if we place the origin at the center of the circle. Let us 
draw axes reversed from our usual direction, as shown, so that not all our numbers 
will be negative. The equation of the circle is then 


x? + у? = (1.500 
— 2.2500 
The distance from the y axis to the top edge of the block is 4.155 — 3.148 — 1.007 in. 


Substituting this value for x into the equation of the circle will give the corresponding 
value for y. When x — 1.007, 

y? = 2.250 — (1.007? = 1.236 

y = 1.112 in. 


Similarly, the distance from the x axis to the right edge of the block is 
4.146 — 3.715 = 0.431 in. When y = —0.431, 


x? = 2.250 — (—0.431)* = 2.064 
x = 1.437 
Finally, 
A = 3.715 — 1.112 = 2.603 in. 
and 


B = 4.155 — 1.437 = 2.718 in. өөө 


Exercise 3 • The Circle 


Standard Equation of a Circle 


Write the equation of each circle in standard form. Graph. 
1. center at (0, 0); radius = 7 

. center at (0, 0); radius = 4.82 

. center at (2, 3); radius = 5 

. center at (5, 2); radius = 10 

. center at (5, —3); radius = 4 
6. center at ( -3, —2); radius = 11 

Find the center and radius of each circle. Graph. 
7. х2 + y? = 49 
8. x? + y? = 648 
9. (x — 2 + (y + 4 = 16 

10. (x + 5)? + (y — 2)? = 49 

11. (у + 5 + (x — 3 = 36 

19. (x — 2.22)? + (y + 7.16)? = 5.93 


QU FW м 


General Equation of a Circle 


Rewrite each standard equation in general form. 

13. (x + 20 + (y + 3)? = 16 

14. (x + 3) + (y — 5? = 25 

15. (x - 5? + (у + 4? = 42 

16. (x — 7)? + (y — 8)? = 38 

Rewrite each general equation in standard form. Find the center and radius. 
Graph. 

17. 2 + у? – 8х = 0 

18. x? + y? - 2x – 4у = 0 

19. x? + y? — 10x + 12у + 25 = 0 
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20. x? + y? — 4х + 2y = 36 
91. x? + y? + 6x — 2y = 15 
99. x? + y? — 2x — бу = 39 


Applications 


Even though you may be able to solve some of these with only the Pythagorean the- 
orem, we suggest that you use analytic geometry for the practice. 


23. Prove that any angle inscribed in a semicircle is a right angle. 

24. Write the equation of the circle in Fig. 22-44, taking the axes as shown. Use 
your equation to find A and B. 

25. Write the equations for each of the circular arches in Fig. 22-45, taking the axes 
as shown. Solve simultaneously to get the point of intersection P, and compute 
the height Л of the column. 

26. Write the equation of the centerline of the circular street shown in Fig. 22-46, 
taking the origin at the intersection O. Use your equation to find the distance y. 

27. Each side of a Gothic arch is a portion of a circle. Write the equation of one side 
of the Gothic arch shown in Fig. 22-47. Use the equation to find the width w of 
the arch at a height of 3.00 ft. 
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FIGURE 22-45 Circular arches. 
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FIGURE 22-46 Circular street. FIGURE 22-47 Gothic arch. 
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EE 22-4 The Parabola 


Our second conic section is the parabola. It is another amazing curve, describing the 
deflection of beams, the path of objects thrown or dropped, and the orbits of some 
comets. It is used in the design of optical devices, highway curves, and much more. 


Definition of a Parabola 


Directrix 


We said that the parabola results when we cut a cone by a plane that is parallel to an 
element of the cone. Here is another definition. 


m Exploration: 

Try this. Use the preceding definition to construct a parabola whose distance from 
focus to directrix is 2.0 in. 

FIGURE 22-48 (a) Draw a line to represent the directrix as shown in Fig. 22-48, and indicate a 
Construction of a parabola. focus F 2.0 in. from that line. (b) Then draw a line L parallel to the directrix at 
some arbitrary distance, say, 3.0 in. (c) With the same (3.0-in.) distance as radius 
апа F as center, use a compass to draw arcs intersecting L at Р, and P». Each of 
these points is now at the same distance (3.0 in.) from F and from the directrix and 


Directrix 
is hence a point on the parabola. (d) Repeat the construction with distances other 
Vertex Axis of symmetry than 3.0 in. to get more points on the parabola. E 
\ Figure 22-49 shows the typical shape of a parabola. The parabola has an axis 
mw * of symmetry which intersects it at the vertex. The distance p from directrix to vertex 
Focus is equal to the directed distance from the vertex to the focus. 

Standard Equation of a Parabola: Vertex at the Origin 

FIGURE 99-49 Parabola. Let us place the parabola on coordinate axes with the vertex at the origin and with the 


axis of symmetry along the x axis, as shown in Fig. 22—50. Choose any point P on the 
parabola. Then, by the definition of a parabola, FP — AP. But in right triangle FBP, 


УА 
ЕР= = py + у? 
апа 

А шин AP=p+t+x 

| But, since FP = AP, 

| Va-pytyaptsx 

I 

i Squaring both sides yields 

Ї 

| (x р)? + у? = р? + 2px + х? 

ЖМ x? — 2px + р? + y? = p? + 2px + х? 

| Collecting terms, we get the standard equation of a parabola with vertex at the origin. 
PT 
ET 
81 
АІ 


FIGURE 22-50 
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We have defined p as the directed distance VF from the vertex V to the focus F. 
Thus if p is positive, the focus must lie to the right of the vertex, and the hence the 
parabola opens to the right. Conversely, if p is negative, the parabola opens to the left. 


+++ Example 33: Find the coordinates of the focus of the parabola 2y? + 7x = 0. 
Solution: Subtracting 7x from both sides and dividing by 2 gives us 
y? = —3.5x 


Thus 4p — —3.5 and p — — 0.875. Since p is negative, the parabola opens to the 
left. The focus is thus 0.875 unit to the left of the vertex (Fig. 22-51) and has 
the coordinates (— 0.875, 0). ooo 


өөө Example 34: Find the coordinates of the focus and write the equation of a 
parabola that has its vertex at the origin, that has a horizontal axis of symmetry, and 
that passes through the point (5, — 6). 


Solution: Our given point must satisfy the equation у? = 4px. Substituting 5 for 
x and —6 for y gives 


(—6) = 4р(5) 
So 4p = 26 and р = - The equation of the parabola is then y? — 36x/5, or 
5y? = 36x 


Since the axis is horizontal and p is positive, the focus must be on the x axis and is 
a distance p 3 to the right of the origin. The coordinates of F are thus Ё 0), as 
shown in Fig. 22—52. +.. 


Graphing the Parabola with a Graphics Utility 


We have graphed the parabola before. Glance back to our chapter on graphing. As 
usual, we must put the equation to be graphed into explicit form by solving for y. 
For a parabola whose axis is horizontal, we must graph the upper and lower por- 
tions separately, as we did for the circle. 


+++ Example 35: Graph the parabola y? = 8x for x = —2 to 10. 


y= tNV8x 
We must plot both the positive and negative branches of the curve. Here we can use 


the curve’s symmetry about the x axis, and simply enter Y2 = — Y1 for the second 
function. The variable Y1 is found in the |VARS| Y-VARS/Function menu. 


Solution: Solving for y we get 


Floti Flotz Flotz 


T1-83/84 screen for Example 35. Tick marks are 2 units apart on both axes. +++ 


Standard Equation of a Parabola with Vertical Axis 


The standard equation for a parabola having a vertical axis is obtained by switching 
the positions of x and y in Eq. 222. 


FIGURE 22-52 
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FIGURE 22-53 


Screen for Example 36. 
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When p is positive, the parabola opens upward; when p is negative, it opens 
downward. Note that only one variable is squared in any parabola equation. This 
gives us the best way to recognize such equations. 


+++ Example 36: A parabola has its vertex at the origin and passes through the points 
(3, 2) and (—3, 2). Write its equation, find the focus, and graph. 


Solution: The sketch of Fig. 22-53 shows that the axis must be vertical, so our equa- 
tion is of the form x? = 4py. Substituting 3 for x and 2 for y gives 
3? = 4pQ) 


from which 4p = 2 and p = a Our equation is then x? = 9y/2 or 2x? = Oy, 
The focus is on the y axis at a distance p = 2 from the origin, so its coordinates 
are (0, з). 
To graph by calculator, we solve the equation for у, getting 
y = (2/9)x? 
We enter this into our calculators as Y1, set the viewing window, and graph as 


shown. A parabola with a vertical axis has no lower branch, so we need enter only 
one function. өөө 


+++ Example 37: An Application. (a) Write the equation of the parabolic footbridge 
cable, Fig. 22—54, taking axes as shown. (b) Find the length Л of the support cable 
indicated. 

Solution: (a) The point P on the parabola has coordinates (27.4, 150). We substitute 
these values into Eq. 223, for a parabola opening upward and with vertex at the ori- 
gin. 

xX = 4ру 
(27.4. = 4р(15.0) 


From which 


The equation of the parabolic cable is then 
x? = 50.1y 


FIGURE 22-54 Parabolic footbridge cable. 
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(b) When x — 18.6 ft, 


(18.6? — 50.1y 
h — 6.91 ft ooo 


Focal Width of a Parabola 


The latus rectum of a parabola is a line through the focus which is perpendicular to 
the axis of symmetry, such as line AB in Fig. 22-55. The length of the latus rectum 
is also called the focal width. We will find the focal width, or length L, of the latus 
rectum, by substituting the coordinates (p, h) of point A into Eq. 222. 


№ = 4p(p) = 4р? 
h = +2p 


The focal width is twice h, so we have the following equation: 


The focal width is useful for making a quick sketch of the parabola. 


+++ Example 38: A parabola opening upward has its vertex at the origin and its focus 2 
units from the vertex. Make a quick sketch. 


Solution: We’re given p = 2, so the focal width is 
L = 14(2)| = 8 units 


For a quick sketch we plot the vertex and the ends of the latus rectum and connect 
these points, Fig. 22—56. ooo 


Standard Equation of a Parabola: Vertex Not at the Origin 


As with the circle, when the vertex of the parabola is not at the origin but at (h, k), 
our equations will be similar to Eqs. 222 and 223, except that x is replaced with 
x — hand y is replaced with y — k. 


+++ Example 39: Find the vertex, focus, focal width, and equation of the axis for the 
parabola (y — 3)? = 8(x + 2). 


Solution: The given equation is of the same form as Eq. 224, so the axis is horizon- 
tal. Also, h = —2,k = 3, and 4p = 8. So the vertex is at V(—2, 3) (Fig. 22-57). 
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FIGURE 22-58 


Screen for Example 40. Tick marks are 
one unit apart on both axes. 
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V(-2, 3) y=3 
> 
s 
FIGURE 22-57 
Since p — 8 = 2, the focus is 2 units to the right of the vertex, at F (0, 3). The focal 
width is 4p, so L = 8. The axis is horizontal and 3 units from the x axis, so its equa- 
tion 15у = 3. өөө 


+++ Example 40: (a) Write the equation of a parabola that opens upward, with ver- 
tex at (— 1, 2), and that passes through the point (1, 3) (Fig. 22—58). (b) Find the fo- 
cus and the focal width. (c) Graph by calculator. 


Solution: (a) We substitute Л = —1 and К = 2 into Eq. 225. 
(x 1 = 4p(y - 2) 


Now, since (1, 3) is on the parabola, these coordinates must satisfy our equation. 
Substituting, we get 


(1 -1?24p(3-2) 
Solving for p, we obtain PEE 4p, or p — 1. So the equation is 
(x + 1 = 4(y - 2) 
(b) The focus is p units above the vertex, at (— 1, 3). The focal width is, by Eq. 227, 
L = |4p| = 4(1) = 4 units 


(c) To graph the curve by calculator we solve for y, as usual. 


(х + 1)? 
— 2 = 
4 4 
+ 1)? 
— 12 
4 
We enter this equation as Y1, select the viewing window, x = —5to5 and 
y = —1to 7, and get the graph as shown. ., 


General Equation of a Parabola 
We get the general equation of the parabola by expanding the standard equation 
(Eq. 224) as follows: 
(у = k? = 4р(х — h) 
y? — 2ky + k? = 4px — 4ph 
or 


y? — 4px — 2ky + (k? + 4ph) = 0 


which is of the following general form (where C, D, E, and F are constants): 
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eeeee Example 41: Rewrite this standard equation in general form. 
(x 1)? = 30у + 4) 
Solution: Removing parentheses and rearranging gives 
x? -2x+1=3y+12 
х2 — 2x -3y-11=0 +.. 


Completing the Square 


As with the circle, we go from general to standard form by completing the square. 


өөө Example 42: Find the vertex, focus, and focal width for the parabola 
х2 + 6x + 8y+1=0 
Solution: Separating the x and y terms, we have 
x? + бх = -8y-1 
Completing the square by adding 9 to both sides, we obtain 
х2 + 6x+9=-8y-1+9 


Factoring, 
(х + 3)? = –8(у — D 


which is the form of Eq. 225, with h = —3,k = 1, апар = —2. 
The vertex is (—3, 1). Since the parabola opens downward (Fig. 22—59), the focus 
is 2 units below the vertex, at (—3, — 1). The focal width is l4 р |, ог 8 units. ooo 


We see that the equation of a parabola having a horizontal axis of symmetry has a 
y? term but no x? term. Conversely, the equation for a parabola with vertical axis 
has an x? term but not a у? term. The parabola is the only conic for which there is 
only one variable squared. 

If the coefficient B of the xy term in the general second-degree equation 
(Eq. 216) were not zero, it would indicate that the axis of symmetry was rotated by 
some amount and was no longer parallel to a coordinate axis. The presence of an xy 
term indicates rotation of the ellipse and hyperbola as well. 


Exercise 4 » The Parabola 


Standard Equation of a Parabola: Vertex at the Origin 

Find the coordinates of the focal point and the focal width for each parabola. Graph. 
1. у? = 8x 2. x = 16y 
3. 7х2 + 12у = 0 4. 3? + 5x = 0 
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Write the standard equation of each parabola. Find the focus and make a graph. 
5. passes through (6, 4); axis vertical. 
6. passes through (25, 20); axis horizontal 
7. passes through (3, 2) and (3, —2) 
8. passes through (3, 4) and (—3, 4) 


Standard Equation of a Parabola: Vertex Not at the Origin 


Find the vertex, focus, focal width, and equation of the axis for each parabola. 


Make a graph. 

9. (y — 5? = 12(x — 3) 
10. (x + 2? = 16(y — 6) 
11. (x = 3)? = 24(у + 1) 


19. (y + 3)? = 4(x + 5) 


13. Зх + 2? + 4y - 420 
14. у2 + 8y - 4— 6x =0 
15. y - 3х +22 +1 = 0 
16. х2 + 4x - у= 6 = 0 
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Write the equation of each parabola in standard form. Find all missing features 
and graph. 


17. vertex at (1, 2); L = 8; axis is y = 2; opens to the right 
18. axis is y = 3; passes through (6, — 1) and (3, 1) 
19. vertex (0, 2); axis is x = 0; passes through (—4, —2) 


General Equation of a Parabola 

Rewrite each standard equation in general form. 
20. (x + 3)? = 2(y + 2) 

21. (x + 6) = 4(y — 5) 

22. (y + 7? = 3(x — 2) 

93. (y — 5 = 9(x + 8) 


Write each general equation in standard form. Find the vertex, focus, and focal 
width, and make a graph. 


94. x? + 4x + 6y +2 = 0 
95. x? – Зх + 7у +4 = 0 
26. y? + бу – 2x +9 = 0 


Trajectories 


27. A ball thrown into the air will, neglecting air resistance, follow a parabolic path, 
as shown in Fig. 22-60. Write the equation of the path, taking axes as shown. 
Use your equation to find the height of the ball when it is at a horizontal distance 
of 95.0 ft from O. 


YA 


2 85.0 ft Е 


3Ү 


FIGURE 22-60 Ball 
thrown into the air. 


I— — 70.0 ft —— 
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28. Some comets follow a parabolic orbit with the sun at the focal point (Fig. 22-61). 
Taking axes as shown, write the equation of the path if the distance p is 75 


million kilometers. 


УА 


ыа ; Comet 


xY 


FIGURE 22-61 
Path of a comet. 


29. An object dropped from a moving aircraft (Fig. 22-62) will follow a parabolic 
path if air resistance is negligible. A weather instrument released at a height of 
3520 m is observed to strike the water at a distance of 2150 m from the point 
of release. Write the equation of the path, taking axes as shown. Find the height 


of the instrument when x is 1000 m. 


Parabolic Arch 


30. A 10-ft-high truck passes under a parabolic arch, as shown in Fig. 22—63. Find the 
maximum distance x that the side of the truck can be from the center of the road. 


2150m 


FIGURE 22-62 Object dropped from an aircraft. 


>| < 


36 ft 


FIGURE 22-63 Parabolic arch. 
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31. Assuming the bridge cable AB of Fig. 22—64 to be a parabola, write its equation, 
taking axes as shown. 


«Y 


1000 ft 


FIGURE 22-64 Parabolic bridge cable. A cable will hang in the shape of 
a parabola if the vertical load per horizontal foot is constant. 


32. A parabolic arch supports a roadway as shown in Fig. 22-65. Write the equation 
of the arch, taking axes as shown. Use your equation to find the vertical distance 
from the roadway to the arch at a horizontal distance of 50.0 m from the center. 


y 
Roadway 


«Y 


FIGURE 22-65 
Parabolic arch. 


Parabolic Reflector 


33. A certain solar collector consists of a long panel of polished steel bent into a par- 
abolic shape (Fig. 22-66), which focuses sunlight onto a pipe P at the focal point 
of the parabola. At what distance x should the pipe be placed? 


FIGURE 29-66 Parabolic solar collector. 
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34. A parabolic collector for receiving television signals from a satellite is shown in 
Fig. 22-67. The receiver R is at the focus, 1.00 m from the vertex. Find the depth 
d of the collector. 


Vertical Highway Curves 


35. A parabolic curve is to be used at a dip in a highway. The road dips 32.0 m in a 
horizontal distance of 125 m and then rises to its previous height in another 125 m. 
Write the equation of the curve of the roadway, taking the origin at the bottom of 
the dip and the y axis vertical. 


36. Write the equation of the parabolic vertical highway curve in Fig. 22-08, taking 
axes as shown. 


FIGURE 22-67 Parabolic antenna. y 


75 ft 


«Y 


0 


< 600 ft >| 
FIGURE 22-68 Road over a hill. 


Beams 


37. A simply supported beam with a concentrated load at its midspan will deflect ap- 
proximately in the shape of a parabola, as shown in Fig. 22-69. If the deflection 
at the midspan is 1.00 in., write the equation of the parabola (called the elastic 
curve), taking axes as shown. 

38. Using the equation found in problem 36, find the deflection of the beam in 
Fig. 22-69 at a distance of 10.0 ft from the left end. 


FIGURE 22-69 Deflection of a beam. 


39. CAD: Do the following construction of a parabola (Fig. 22—70). 
Place a focal point F on your drawing 

Draw a directrix D and on it and place a point A 

Draw AF 

Draw T, the perpendicular bisector of AF 


^ 
^ 
л 
Ра 
РА 
^ 
N 
"v 
N 
N 
N 
. e e 


| 
| 
ie? \ | * Draw a perpendicular to D though А and label point P where this line inter- 
-T MI sects T 
D МА * Finally, drag A along the directrix. The locus of P will be a parabola. 


Explain why this construction produces a parabola. (Hint: What type of triangle 
FIGURE 22-70 is AFP?) 


Demonstrate this construction to your class. 
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40. Project: If a projectile is launched with a horizontal velocity v, and vertical 
velocity v,, its position after t seconds is given by 


X = Vt 
b rae Vyt ш (g/2)? 


where g is the acceleration due to gravity. Eliminate г from this pair of equations 
to get y — f(x), and show that this equation represents a parabola. 
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Definition of the Ellipse 


Our third conic is the ellipse, another curve that has many applications. As we said, 
it is formed when a cone is cut by a plane that is not perpendicular to the cone’s 
axis but is not tilted so much as to be parallel to an element of the cone. We also de- 
fine an ellipse as a set of points meeting the following conditions: 


m Exploration: 

Try this. Push two tacks into a drafting board, spaced by about 6 inches apart, 
Fig. 22-71. Pass a loop of string around the tacks, pull it taut with a pencil, and 
trace a curve. 


FIGURE 22-71 Construction of an ellipse. 


The curve you got was apparently an ellipse. Comparing your construction 
with the definition above, can you say whether your ellipse is exact or approxi- 
mate? 

Now measure half the distance between the tacks, half the long dimension of 
your ellipse, and half the short dimension. Can you see how those three half-di- 
mensions are related? Change the distance between the tacks, retie the string, and 
draw another ellipse. Does your relationship between the three half-dimensions 
still hold? ш 
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\ 


\ 
Minor axis 


Vertex V’ = Vertex V 
Focus EZ < Г 
Ф 


| Major axis 


FIGURE 22-72 Ellipse. 


Figure 22-72 shows the typical shape of the ellipse. An ellipse has two axes of 
symmetry: the major axis and minor axis, which intersect at the center of the el- 
lipse. A vertex is a point where the ellipse crosses the major axis. 

It is often convenient to speak of half the lengths of the major and minor axes, 
and these are called the semimajor and semiminor axes, whose length we label a 
and b, respectively. The distance from either focus to the center is labeled c. 


A line from a point P on the ellipse to a focus is called a focal radius. Thus PF 
and PF’ are focal radii. 


Distance to Focus 


Before deriving an equation for the ellipse, let us first write an expression for the 
distance c from the center to a focus in terms of the semimajor axis a and the semi- 
minor axis b. 

From our definition of an ellipse, if P is any point on the ellipse, then 


РЕ + PF' =k (1) 
where k is constant. If P is taken at a vertex V, then Eq. (1) becomes 
VF + УЕ’ =k=2a (2) 


because VF + ҮЕ” is equal to the length of the major axis. Substituting back into 
Eq. (1) gives us 
PF + PF' = 2a (3) 


Figure 22-73 shows our point P moved to the intersection of the ellipse and the mi- 


nor axis. Here PF and PF' are equal. But since their sum is 2a, PF and PF' must 


each equal a. By the Pythagorean theorem, c? + b = a’, or 


or 
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Did you get this result from your exploration? 


Standard Equation of Ellipse: Center at Origin, Major Axis Horizontal 


Let us place an ellipse on coordinate axes with its center at the origin and major 
axis along the x axis, as shown in Fig. 22-74. If P(x, y) is any point on the ellipse, 
then by the definition of the ellipse, 


PF + PF' = 2a 


FIGURE 22-74  Ellipse with center at origin. 


To get PF and PF' in terms of x and y, we first drop a perpendicular from P to the 
x axis. Then in triangle POF, 


and in triangle POF', 


Substituting yields 


РЕ + РЕ' = \/(с— x} + у? + \/ (с + х)? + y! = 2а 


Rearranging, we obtain 


V/ (c + x)? + y? = 2a (e= ох)? + у? 
Squaring, and then expanding the binomials, we have 


х2 + 2сх + с? + у? = 4а? — 4а\/ (с — х)? + у? + с — 2сх + х? + у” 


Collecting terms, we get 


Squaring both sides again gives 


cx? 
а? — 2сх + ee lx eo + у? 
а 
Collecting terms, we have 
2-9 
eX 
а? + 5 =с qa + у” 


715 


716 


V'(-6, 0) fF ‘C447, 0) 


F(4.47, 0 V6, 0) 
оС E 


FIGURE 22-75 


FIGURE 22-76 Ап elliptical hot tub. 


Chapter 22 * Analytic Geometry 


But c = Уа? — b’. Substituting, we get 
а 
а (02 реа = +x у? 
а 
or 


px? 


а^ + xt es =8@ -b + х? + у? 
а 


Collecting terms and rearranging gives us 


2,2 
b^x Iy 
a 


= р2 


Finally, dividing through Бу 22, we get the standard form of ће equation of an 
ellipse with center at origin. 


Here a is half the length of the major axis, and b is half the length of the minor 
axis. 


Note that if a = b, this equation reduces to the equation of a circle. 


«ee Example 43: Find the vertices and foci for the ellipse 
16x? + 36? = 576 
Solution: To be in standard form, our equation must have | (unity) on the right side. 
Dividing by 576 and simplifying gives us 
2 2 

E у _ 

36 16 
from which а = 6and = 4. The vertices are then V (6, 0) and V' (—6, 0), as 
shown in Fig. 22—75. The distance c from the center to a focus is 


c= VE – 4 = V20 = 4.47 


So the foci are F (4.47, 0) and F' (—4.47, 0). ooo 


1 


өөө Example 44: An Application. The deck sorrounding an elliptical hot tub is to 
have an elliptical opening with a length of 6.00 ft and a width of 4.00 ft, Fig. 22-76. 
Taking the origin at the center of the ellipse, (a) write the equation of the ellipse so 
that a pattern can be made for cutting the deck from stone and (b) find the width of 
the opening 2.00 ft from its center. 
Solution: (a) Taking the x axis along the major axis of the ellipse, we can use Eq. 
230 with a = 3.00 and b = 2.00. We get 
2 2 
x.y 
9.00 4.00 
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(b) When x = 2.00 ft, 


3 (2.00)? 
ТТ шэг х 
Solving for у, 
y? = 4.00(0.556) = 2.22 
y = 1.49 ft 
So the width of the opening 2.00 ft from its center is 2(1.49) = 2.98 ft. +.. 


Graphing an Ellipse with a Graphics Utility 


Unless your grapher can accept equations in implicit form, we must write the equa- 
tion in explicit form by solving for y, as we did with our other curves. 


+++ Example 45: Graph the ellipse 
16x? + 36y? = 576 


Solution: Solving for y we get 


36y? = 576 — 16x? 
> 576 - 16x? 
? 36 
1478-2168 
y = tc V 576 — 16x 


loti Plot? Plot 
eens naa a 


T1-83/84 screens for Example 45. 


As before, we must graph both an upper and a lower portion of the curve. Here we 
take advantage of symmetry about the x axis, and for the lower portion set 
Y2 = - YI. ooo 


өө, Example 46: An ellipse whose center is at the origin and whose major axis is on 
the x axis has a minor axis of 10 units and passes through the point (6, 4), as shown 
in Fig. 22-77. Write the equation of the ellipse in standard form. 


Solution: Since the major axis is on the x axis, our equation will have the form of 
Eq. 230. Substituting, with b = 5, we have 


a 


FIGURE 22-77 
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YA 

7 
-4 4 х 
=] 
FIGURE 22-78 
УА 
-5 5 х 

-6 


FIGURE 22-79 
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Since the ellipse passes through (6, 4), these coordinates must satisfy our equation. 
Substituting gives 


36 , 16 
23231 
a? 25 


Solving for a”, we multiply by the LCD, 25a? 
36(25) + 16a? = 25a? 


9а? = 36(25) 
a? = 100 
So our final equation is 
2 2 
* y 
мэ. tL = 1 ooo 
100 25 


Standard Equation of Ellipse: Center at Origin, Major Axis Vertical 


When the major axis is vertical rather than horizontal, the only effect on the stan- 
dard equation is to interchange the positions of x and y. 


Notice that the quantities a and b are dimensions of the semimajor and semiminor 
axes and remain so as the ellipse is turned or shifted. Therefore for an ellipse in any 
position, the distance c from center to focus is found the same way as before. 


+++ Example 47: Find the lengths of the major and minor axes and the distance from 
center to focus for the ellipse 


Solution: How can we tell which denominator is a? and which is b°? It is easy: a is 
always greater than b. So a = 7 and b = 4. Thus the major and minor axes are 14 
units and 8 units long (Fig. 22-78). From Eq. 235, 


c= Va? – b? = V49 — 16 = V33 . 


өөө Example 48: Write the equation of an ellipse with center at the origin, whose 
major axis is 12 units on the y axis and whose minor axis is 10 units (Fig. 22-79). 


Solution: Substituting into Eq. 231, with a = 6 and b = 5, we obtain 


y? x? 


36 25 


Do not confuse a and b in the ellipse equations. The larger 


denominator is always a?. Also, the variable (x or y) in the same 
term with a? tells the direction of the major axis. 
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Standard Equation of Ellipse: Center Not at Origin 


Now consider an ellipse whose center is not at the origin, but at (h, k). The equation 
for such an ellipse will be the same as before, except that x is replaced by x — h 
and y is replaced by y — k. 


+++ Example 49: Find the center, vertices, and foci for the ellipse YR 
- 5)? + 3)? 
“зас: ЭРЧ даг ээ" 0 ai 
9 16 
Graph by calculator. 
Solution: From the given equation, h = 5 and k = —3, so the center is C (5, —3), 
as shown in Fig. 22-80. Also, a — 4 and b — 3, and the major axis is vertical be- F'(5, 5.65) 
cause a is with the y term. By setting x — 5 in the equation of the ellipse, we find that ne, 
the vertices are V(5, 1) and V' (5, —7). Or we could locate the vertices simply by | 
noting that they are a distance a = 4 above and below the center. FIGURE 22-80 Problems such as 
The distance c to the foci is these have many quantities to keep 
track of. It’s a good idea to make a 
c= V4 – 3 = VI 265 sketch and on it place each quantity as 


it is known. 


so the foci are F (5, —0.35) and F' (5, —5.65). 
To graph this ellipse by calculator, we solve for y. 


0+3 | («-5 


Ploti РТ Plots 
Mosi tese eo 


М228-3-04/32 4169 
-08-5282 


ao 
DLL 
"Ms 


TI-83/84 Screens for Example 49. 
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The screens for the equation entry and the graph are shown. As before, we must 
graph the upper and lower portions separately. ooo 


+++ Example 50: Write the equation in standard form of an ellipse with vertical 
major axis 10 units long, center at (3, 5), and whose distance between focal points is 
8 units (Fig. 22-81). 


Solution: From the information given, h = 3, k = 5, a = 5, and c = 4. By 
Eq. 235, 


Va V 25 — 16 = 3 units 


Substituting into Eq. 233, we get 


06-55 ee) _ 
25 9 


General Equation of an Ellipse 


As we did with the circle, we now expand the standard equation for the ellipse to 
get the general equation. Starting with Eq. 232, 


acq _ 2 
(х by О К) 


= 1 
а? p? 


we multiply through by a?b? and expand the binomials: 
b^(x? — 2hx + ID) + а? (у? — 2ky + К?) = a? p? 
b^x? — 2b*hx + bR + а?у? — 2a°ky + a^ -ар = 0 
or 


р? + а?у? — 2Ь?°һх — 2a*ky + (bh + а? — а?) = 0 


which is of the general form, again combining constants into A, С, D, E, and F, 


Comparing this with the general second-degree equation, we see that B — 0. As 
for the parabola (and the hyperbola, as we will see), this indicates that the axes 
of the curve are parallel to the coordinate axes. In other words, the curve is not 
rotated. 

Also note that neither A nor C is zero. That tells us that the curve is not a 
parabola. Further, A and C have different values, telling us that the curve cannot be 
a circle. We'll see that A and C will have the same sign for the ellipse and opposite 
signs for the hyperbola. 


+++ Example 51: Rewrite this standard equation in general form. 
- 17 +27 
HI а (y + 2) 
4 9 


= 1 
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Solution: We multiply through by the LCD (36) and expand each binomial. 


9 (x2 — 2x + 1) + 4(y? + 4y + 4) = 36 
9x? — 18x + 9 + 4y? + 16y + 16 = 36 
9x? + 4y* — 18x + 16у — 11 = 0 


which is our equation in general form. өөө 


Completing the Square 


As before, we go from general to standard form by completing the square. 


өөө Example 52: Find the center, foci, vertices, and major and minor axes for the 
ellipse 9x? + 25y? + 18x — 50у — 191 = 0. 


Solution: Grouping the x terms and the y terms gives us 
(9x? + 18x) + (25y? — 50у) = 191 

Factoring gives 

9(x? + 2x) + 250? — 2y) = 191 
Completing the square, we obtain 

9(x? + 2x + 1) + 25(? — 2y + 1) = 191 + 9 + 25 
Factoring gives us 
9(x + 1)? + 25(y — 1)? = 225 


Finally, dividing by 225, we have 


et, 0- 
5 97 


1 


We see that Л = —1 апа К = 1, so the center is at (—1, 1). Also, a = 5, so the 
major axis is 10 units and is horizontal, and b = 3, so the minor axis is 6 units. 
A vertex is located 5 units to the right of the center, at (4, 1), and 5 units to the left, 
at (—6, 1). From Eq. 235, 


c= Ма? -b 
= V25- 9 


= 4 


So the foci are at (3, 1) апа (— 5, 1). This ellipse is shown іп Fig. 22—82. ooo 


In Example 52 we needed 1 to complete the square on x, but we 
added 9 to the right side because the expression containing the 1 
was multiplied by a factor of 9. Similarly, for y, we needed 1 on the 
left but added 25 to the right. It is very easy to forget to multiply by 
those factors. 


Common 


Error 
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FIGURE 22-82 


722 


2а- = 
P 
PER 
2c 
FIGURE 22-83 


As with the parabola, the main use for L 


is for quick sketching of the ellipse. 
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Focal Width of an Ellipse 


The focal width L, or length of the latus rectum, is the width of the ellipse 
through the focus (Fig. 22-83). The sum of the focal radii PF and PF’ from a 
point P at one end of the latus rectum must equal 2a, by the definition of an el- 
lipse. So PF’ = 2a — PF, or, since L/2 = PF, PF' = 2a — L/2. Squaring both 
sides, we obtain 
12 
(PF') = 4a? — 2aL + PE (1) 


But in right triangle PFF', 
Ly- E E 
(pp = (5) + (2c)? = Tr 4? = ае да? – 4b? (2) 


2 


since c? = a? — b’. Equating Eqs. (1) and (2) and collecting terms gives 


2aL = 4b’, or the following: 


өөө Example 53: The focal width of an ellipse that is 25 m long and 10 m wide is 


2 
L 2(5*) 50 dui — 
12.5 12.5 


Exercise 5 • The Ellipse 


Standard Equation, Center at Origin 


Find the coordinates of the vertices and foci for each ellipse. 


2 2 2 2 
1.24% 51 9-42 =1 
25 16 49 36 
3. 332 + 45? = 12 4. 64x? + 15y? = 960 
5. 4x? + 3y? = 48 6. 8x? + 25y? = 200 


Write the equation of each ellipse in standard form. 

7. vertices at (+5, 0); foci at (+4, 0) 

8. vertical major axis 8 units long; a focus at (0, 2) 

9. horizontal major axis 12 units long; passes through (3, V3) 
10. passes through (4, 6) and (2, 3V5) 
11. horizontal major axis 26 units long; distance between foci = 24 
12. vertical minor axis 10 units long; distance from focus to vertex = 1 
13. passes through (1, 4) and (—6, 1) 


14. distance between foci = 18; sum of axes = 54; horizontal major axis 
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Standard Equation, Center Not at Origin 


Find the coordinates of the center, vertices, and foci for each ellipse. Round to three 

significant digits where needed. 

0-2) 0623 _, a t5 0-3. 
16 9 25 49 

17. 5x? + 20x + 9y? — 54y + 56 = 0 

18. 16x? — 128x + Ty? + 42y = 129 

19. 7x? — 14x + 16y? + 32у = 89 

90. 3x? — бх + 4y? + 32у + 55 = 0 

91. 25x? + 150x + 9y? — 36y + 36 = 0 


15. 


1 


Write the equation of each ellipse. 

22. minor axis = 10; foci at (13, 2) and (—11, 2) 

23. center at (0, 3); vertical major axis = 12; length of minor axis = 6 
24. center at (2, —1); a vertex at (2, 5); length of minor axis = 3 


25. center at (—2, —3); a vertex at (—2, 1); a focus halfway between vertex 
and center 


General Equation 


Write each standard equation in general form. 


2 2 2 2 
X Ly х2 у 
2%. 2--7--1 EE 
25 9 16 36 
зу - 4) + 5)? +7? 
Ы 2 oy шу, т 2 
16 25 9 4 


Write each general equation in standard form. Find the center, foci, vertices, and 
the lengths a and b of the semiaxes, and make a graph. 


30. 4x? + y? — 16x + бу + 21 = 0 


31. x? + 9? — 4x + 18у +4 = 0 


39. 16x? + 25y? + 96x — 50y — 231 = 0 


33. 49x? + 81y? + 294x + 810y — 1503 = 0 


Focal Width 


34. Find the focal width of an ellipse that is 4 units wide and 8 units long. 
35. Find the focal width of an ellipse that is 44 units wide and 22 units long. 


Applications 
For problems 36 through 39, first write the equation for each ellipse. 


36. A certain bridge arch is in the shape of half an ellipse 120 ft wide and 30.0 ft 
high. At what horizontal distance from the center of the arch is the height 
equal to 15.0 ft? 
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FIGURE 22-84 Focusing property of 


the ellipse. 


FIGURE 22-86 
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FIGURE 22-87 
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37. 


38. 


39. 


40. 


41. 


A curved mirror in the shape of an ellipse will reflect all rays of light coming 
from one focus onto the other focus (Fig. 22-84). A certain spot heater is to be 
made with a heating element at A and the part to be heated at B, contained 
within an ellipsoid (a solid obtained by rotating an ellipse about one axis). 
Find the width x of the chamber if its length is 25 cm and the distance from A 
to B is 15 cm. 

The paths of the planets and certain comets are ellipses, with the sun at one 
focal point. The path of Halley's comet is an ellipse with a major axis of 36.18 
AU and a minor axis of 9.12 AU. An astronomical unit, AU, is the distance 
between the earth and the sun, about 92.6 million miles. What is the greatest 
distance that Halley's comet gets from the sun? 

An elliptical culvert (Fig. 22—85) is filled with water to a depth of 1.0 ft. Find 
the width w of the stream. 


| - 8.0 ft d 


FIGURE 22-85 


Project: Another Definition of the Ellipse. We have defined an ellipse as the set 
of all points in a plane such that the sum of the distances from two fixed points 
is constant. We have also defined it as the curve obtained by intersecting a 
plane with a cone. Referring to Fig. 22—86, show that these two definitions 
are consistent. 

(a) Let E be the curve in which a plane intersects a cone, and P be any point 
on that curve. 

(b) Insert a sphere $ into the cone so that it touches the cone along circle C, 
and is tangent to the cutting plane at point Ау. Similarly insert sphere Sz 
touching the cone along circle С» and the plane at point Го. 

(c) Show that PF; + РР is a constant, regardless of where on Е the point P 
is chosen. 


(Hint: Draw element VP and extend it to where it intersects C, at L5. Then use 
the fact that two tangents drawn to a sphere from a common point are equal.) 


Project: If the area of an ellipse is twice the area of the inscribed circle, find 
the length of the semimajor axis of the ellipse. 


Workshop Methods for Constructing an Ellipse 


42. 


43. 


Draw an ellipse using tacks and strings, as shown in Fig. 22-71, with major axis 
of 84.0 cm and minor axis of 58.0 cm. How far apart must the tacks be placed? 


Project: Drawing an Ellipse Using the Framing Square. Draw an ellipse by this 
method and demonstrate it to your class. (a) Draw the major and minor axes of 
the ellipse and tape down a framing square with the inner edges of its legs along 
these axes, as shown in Fig. 22-87(a). (b) On a pointed stick place pins m and n 
at distances a and b from the pointed end P, Fig. 22-86(b). (c) Move the stick 
while keeping the two pins in contact with inner edges of the square, and P will 
describe one quadrant of an ellipse. Find the other quadrants by symmetry. 
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44. Project: Drawing an Approximate Ellipse. Sometimes an exact ellipse is not 


needed and an approximate one, an oval, will do. Draw an oval by this method. K 
Then draw an exact ellipse having the same length axes and compare. (a) Draw 2 
a rectangle whose dimensions are half the major axes of the ellipse. (0) Subdi- 4 
vide one side into an equal number of parts, says 8 as in Fig. 22-88. Number 5 
each point from left to right. (c) Subdivide the other side into the same number : 
of equal parts and number each point from top to bottom. (4) The lines соп- 8 
necting points having the same number will form the tangents to an approxi- FIGURE 22-88 Oval by tangent 
mate ellipse. Use symmetry to complete the ellipse. lines. 


22-6 Тһе Hyperbola ee 0 


Our final conic will be the hyperbola. Recall that this is the two-branched curve we 
get when a plane that is parallel to the axis of a cone intercepts both nappes of that 
cone. It is also defined as follows: 


Figure 22-89 shows the typical shape of the hyperbola. The point midway be- 
tween the foci is called the center of the hyperbola. The line passing through the 
foci and the center is one axis of the hyperbola. The hyperbola crosses that axis at 
points called the vertices. The line segment connecting the vertices is called the 
transverse axis. A second axis of the hyperbola passes through the center and is 
perpendicular to the transverse axis. The segment of this axis shown in bold in 
Fig. 22-89 is called the conjugate axis. Half the lengths of the transverse and con- 
jugate axes are the semitransverse and semiconjugate axes, respectively. They are 
also referred to as semiaxes. 


Standard Equations of a Hyperbola with Center at Origin 


We place the hyperbola on coordinate axes, with its center at the origin and its 
transverse axis on the x axis (Fig. 22—90). Let a be half the transverse axis, and 
let c be half the distance between foci. Now take any point P on the hyperbola 
and draw the focal radii PF and PF’. Then, by the definition of the hyperbola, 
|PF' — PF| = constant. An expression for the constant can be found by moving 
P to the vertex V, where 


FIGURE 22-89  Hyperbola. 


|РЕ' — PF| = VF' — VF 
= 2a + V'F' — VF 
= 2a 


since V'F’ and VF are equal. So |PF' — PF| = 2a. But in right triangle PF'D, 


РЕ! = V/ (x c + y? 
РЕ = \/ (х – с)? + у? 


Мк с & y! - N/(x — cy + y? = 2a 


and in right triangle PFD, 


50 
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FIGURE 29-90 Hyperbola with center at origin. 


Notice that this equation is almost identical to the one we had when deriving the 
equation for the ellipse and the derivation is almost identical as well. However, to 
eliminate c from our equation, we define a new quantity b, such that b? = с? – a’. 
We'll soon give a geometric meaning to the quantity b. 

The remainder of the derivation is left as an exercise. Follow the same steps 
we used for the ellipse. The resulting equations are very similar to those for the 


ellipse. 


Asymptotes of a Hyperbola 


In general, if the distance from a point P on a curve to some line L approaches 
Zero as the distance from P to the origin increases without bound, then L is called 
an asymptote. In Fig. 22—90, the dashed diagonal lines are asymptotes of the hy- 
perbola. The two branches of the hyperbola approach, but do not intersect, the 
asymptotes. 

We find the slope of these asymptotes from the equation of the hyperbola. 
Solving Eq. 239 for y gives y? = b^(x?/a? — 1), or 


y= tba4|—5-1 
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As x gets large, the 1 under the radical sign becomes insignificant in comparison 
with x а?, and the equation for y becomes 


This is the equation of a straight line having a slope of b/a. Thus as x increases, the 
branches of the hyperbola more closely approach straight lines of slopes +b/a. 

For a hyperbola whose transverse axis is vertical, the slopes of the asymptotes 
can be shown to be a/b. 


The asymptotes are not (usually) perpendicular to each other. The 
slope of one is not the negative reciprocal of the other. 


Looking back at Fig. 22-90, we can now give meaning to the quantity b. If an 
asymptote has a slope b/a, it must have a rise of b in a run equal to a. Thus b is the 
distance, perpendicular to the transverse axis, from vertex to asymptote. It is half 
the length of the conjugate axis. Here again, for emphasis, is the relationship 
between a, b, and c. 


+++ Example 54: Find (a) the coordinates of the center, (b) the lengths a and b of the 
semiaxes, (c) the coordinates of the vertices, (d) the coordinates of the foci, and (e) 
the slope of the asymptotes for the hyperbola 


Solution: 


(a) This equation is of the same form as Eq. 239, so we know that the center is at 
the origin and that the transverse axis is on the x axis. 


(b) Also, a? = 25 and b? = 36, so 
a=5 and b=6 
(c) The vertices have the coordinates 


У (5,0) and ү'(—5, 0) 
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Slope = — 


F(7.81, 0) 


FIGURE 22-92 
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(d) Then, from Eq. 244, 
c = а? + 2 = 25 + 36 = 61 
soc = V61 = 7.81. The coordinates of the foci are then 
Е(7.81,0) and F'(—7.81, 0) 
(e) The slopes of the asymptotes are 


+ 


6 
= + 
5 


This hyperbola is shown in Fig. 22—91. In the following section we show how to 
make such a graph. өөө 


өөө Example 55: A hyperbola whose center is at the origin has a focus at (0, —5) 
and a transverse axis 8 units long, as shown in Fig. 22—92. (a) Write the standard 
equation of the hyperbola, and (b) find the slope of the asymptotes. 


Solution: (a) The transverse axis is 8, so a = 4. A focus is 5 units below the origin, 
so the transverse axis must be vertical, and c = 5. From Eq. 244, 


b= Мс? – а? = V25 – 16 = 3 


Substituting into Eq. 240 gives us 


2 2 
y 
се 
(b) From Eq. 246, 
a 4 
slope of asymptotes = + b = + 3 өөө 


Соттоп Be sure that you know the direction of the transverse axis before 


Error computing the slopes of the asymptotes, which are +b/a when the 
axis is horizontal, but =a/b when the axis is vertical. 


Manually Graphing a Hyperbola 


A good way to start a sketch of the hyperbola is to draw a rectangle whose dimension 
along the transverse axis is 2a and whose dimension along the conjugate axis is 2b. 
The asymptotes are then drawn along the diagonals of this rectangle. Half the diagonal 
of the rectangle has a length V'a? + b?, which is equal to c, the distance to the foci. 
Thus an arc of radius c will cut extensions of the transverse axis at the focal points. 


+++ Example 56: Graph the hyperbola 64x? — 49y? = 3136. 
Solution: We write the equation in standard form by dividing by 3136. 


This is the form of Eq. 239, so the transverse axis is horizontal, with 
a = 7 and b = 8. We draw a rectangle of width 14 and height 16 (shown shaded in 
Fig. 22-93), thus locating the vertices at (—7, 0). Diagonals through the rectangle 
give us the asymptotes of slopes +. We locate the foci by swinging an arc of 
radius c, equal to half the diagonal of the rectangle. Thus 


c= VT + 82 = V113 = 10.6 


The foci then are at (+10.6, 0). We obtain a few more points by computing the 
focal width. As with the parabola and ellipse, a perpendicular through a focus con- 
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(10.6, 9.15) (10.6, 9.15) 


F'(-10.6, 0) F(10.6, 0) 
E: 
V'(-1, 0) ү(7, 0) 
(-10.6,-9.15) ИМ Ж---р--- (10.6, —9.15) 


FIGURE 22-93 


necting two points on the hyperbola is called a /atus rectum. Its length, called the 
focal width, is 2b E. a, the same as for the ellipse. 


2b?  2(64 
= — = 2 = 18.3 
a 7 
This gives us the additional points (10.6, 9.15), (10.6, —9.15), (—10.6, 9.15) 
and (—10.6, —9.15). +.. 


Graphing a Hyperbola by Graphics Calculator 


We solve the given equation for y, as before, unless your grapher can accept equa- 
tions in implicit form. 


x? 


= +8,/— — 1 
d 49 
(work not shown) and the calculator screen is shown. We must again graph both the 
upper and lower portions of the curve. Here, symmetry about the x axis has allowed 


us to use Y2 — — Y1 as the second equation. +.. Screen for Example 57. 


+++ Example 57: The equation for Example 56, in explicit form, is ^N ба 


Standard Equation of Hyperbola: Center Not at Origin 


As with the other conics, we shift the axes by replacing x by (x — h) and y by 
(y — K) in Eqs. 239 and 240. 


The equations for c and for the slope of the asymptotes are still valid for these cases. 


Do not confuse these equations with those for the ellipse. Here 
the terms have opposite signs. Also, a? is always the denomina- 


tor of the positive term, even though it may be smaller than b?. 
As with the ellipse, the variable in the same term as a? tells the 
direction of the transverse axis. 
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өөө Example 58: Find (а) the center, (b) the lengths a and b of the semiaxes, (c) the 
slope of the asymptotes, (d) the vertices, and (e) the foci for 
GENS qe 
49 16 


1 
Solution: 
(a) We see that h = —3 and k = 2, so the center is at (—3, 2). 
(b) The lengths of the semiaxes are a = V49 = 7 and b = V16 = 4. 
(c) Since the x term is the positive term, the transverse axis is horizontal. 

The slopes of the asymptotes are thus +b/a or +4/7. 
(d) The vertices are 7 units to the right and left of the center. Their coordinates 

are thus (— 10, 2) and (4, 2). 
(e) We compute c to find the focal points. 

с? = а? + b? = 49 + 16 = 65 
с = 8.06 

The foci are then 8.06 units to the left and right of the center so their coordinates 
are (— 11.06, 2) and (5.06, 2). 

These features are shown in Fig. 22—94. 


FIGURE 22-94 өөө 


+++ Example 59: A certain hyperbola has a focus at (1, 0), passes through the ori- 
gin, has its transverse axis on the x axis, and has a distance of 10 between its focal 
points. Write its standard equation. 


Solution: In Fig. 22—95 we plot the given focus F(1, 0). Since the hyperbola passes 
through the origin, and the transverse axis also passes through the origin, a vertex 
must be at the origin as well. Then, since c = 5, we go 5 units to the left of F and plot 
the center, (—4, 0). Thus a = 4 units, from center to vertex. Then, by Eq. 244, 


b= с? – а? 


= V25 = 16 = 3 


FIGURE 22-95 
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Substituting into Eq. 241 with h —4, k = 0, а = 4, and b = 3, we get 
(440 y 
16 9 


as the required equation. 22 


-1 


General Equation of a Hyperbola 


Since the standard equations for the ellipse and hyperbola are identical except for 
the minus sign, it is not surprising that their general equations should be identical 
except for a minus sign. We showed how to change between standard and general 
forms in the section on the ellipse. The general equation we got for the ellipse is the 
same for the hyperbola. But here we will see that A and C have opposite signs, 
while for the ellipse, A and C have the same sign. 


Comparing this with the general second-degree equation, we see that B = 0, indi- 
cating that the axes of the curve are parallel to the coordinate axes. 

Also note that neither A nor C is zero, which tells us that the curve is not a 
parabola. Further, A and C have different values, telling us that the curve cannot be 
a circle. 

The methods used to convert between standard and general forms are the same 
as for the ellipse, and are not repeated here. 


Hyperbola Whose Asymptotes Are the Coordinate Axes 
The graph of an equation of the form 
xy=k 


where k is a constant, is a hyperbola similar to those we have studied in this section 
but rotated so that the coordinate axes are now the asymptotes, and the transverse 
and conjugate axes are at 45°. 


+++ Example 60: Manually plot the equation xy = —4. 


Solution: We select values for x and evaluate y = —4/x. 
х | -4. =3 -2 -1 0 1 2 3 4 
»| 1-3 2 4 — -4 -2 -4 -1 


The graph of Fig. 22-96 shows vertices at (—2, 2) and (2, —2). We see from the 
graph that a and b are equal and that each is the hypotenuse of a right triangle of 


side 2. Therefore 
a-b- V22 + 22 = V8 
and from Eq. 244, 


c= Va? + b= V16 = 4 ooo 


When the constant k in Eq. 248 is negative, the hyperbola lies in the second and 
fourth quadrants, as in Example 60. When К is positive, the hyperbola lies in the 
first and third quadrants. 
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It's easy to feel overwhelmed by the 
large number of formulas in this chapter. 
Study the summary of formulas in 
Appendix A, where you'll find them side 
by side and can see where they differ 
and where they are alike. 


FIGURE 29-96 . Hyperbola whose 
asymptotes are the coordinate axes. 
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Screen for Example 61. 
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+++ Example 61: Write an equation of the hyperbola with center at the origin and 
asymptotes on the coordinate axes, which passes through the point (3, —4). Graph 
by calculator. 


Solution: This hyperbola has an equation of the form xy = k. Substituting the 
known point gives 


k = ху = 3(-4) = -12 
Our equation is then xy = — 12. Entering the equation y = —12/x into a graphics 
calculator, setting a suitable range, and graphing gives the curve shown. +++ 
Exercise 6 « The Hyperbola 


Standard Equation of Hyperbola with Center at Origin 


Find the vertices, the foci, the lengths a and b of the semiaxes, and the slope of the 
asymptotes for each hyperbola. Graph some. 


Poy о У X. 

16 25 25 49 
3. 16x? — 9y? = 144 4. 9x? — 16y? = 144 
5. x? — 4y! = 16 6.32-y +3 =0 


Write the equation of each hyperbola in standard form. 
7. vertices at (+5, 0); foci at (+13, 0) 
8. vertices at (0, +7); foci at (0, +10) 
9. distance between foci = 8; transverse axis = 6 and is horizontal 
10. conjugate axis = 4; foci at (+2.5, 0) 
11. transverse and conjugate axes equal; passes through (3, 5); transverse axis vertical 
19. transverse axis — 16 and is horizontal; conjugate axis — 14 
13. transverse axis — 10 and is vertical; curve passes through (8, 10) 
14. transverse axis — 8 and is horizontal; curve passes through (5, 6) 


Standard Equation of Hyperbola with Center Not at Origin 


Find the center, lengths of the semiaxes, foci, slope of the asymptotes, and vertices 
for each hyperbola. Graph some 


15. (х -2» O+ 


1 
25 16 

16. 0537 -y 1 
25 49 


Write the equation of each hyperbola in standard form. 

17. center at (3, 2); length of the transverse axis = 8 and is vertical; length of the 
conjugate axis = 4 

18. foci at (—1, —1) and(—5, —1); a = b 

19. foci at (5, —2) and (—3, —2); vertex halfway between center and focus 

20. length of the conjugate axis = 8 and is horizontal; center at (—1, —1); length 
of the transverse axis — 16 


Write each standard equation in general form. 


-3y - 4y +5) + 7)? 
@-3" O- 4M _ D 94. @rsy 0—77 _ 
16 25 9 4 
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Write each general equation in standard form by completing the square. Find the 
center, lengths of the semiaxes, foci, slope of the asymptotes, and vertices. 


25. 16x? — 64x — 9y? — 54y = 161 
26. 16x? + 32x — 9? + 592 =0 
97. 4x? + 8x — 5? — 10у + 19 = 0 
98. y? — бу — 3x? — 12x = 12 


Hyperbola Whose Asymptotes Are Coordinate Axes 


99, Write the equation of a hyperbola with center at the origin and with asymp- 
totes on the coordinate axes, whose vertex is at (6, 6). 

30. Write the equation of a hyperbola with center at the origin and with asymptotes 
on the coordinate axes, which passes through the point (—9, 2). 


Applications 


y 
Light ray 


31. A hyperbolic mirror (Fig. 22-97) has the property that a ray of light directed 
at one focus will be reflected so as to pass through the other focus. Write the 
equation of the mirror shown, taking the axes as indicated. 


39. A ship (Fig. 22-98) receives simultaneous radio signals from stations P and 
Q. on the shore. The signal from station P is found to arrive 375 microseconds 
(us) later than that from О. Assuming that the signals travel at a rate of 0.186 
mi/ws, find the distance from the ship to each station (Hint: The ship will be F 
on one branch of a hyperbola H whose foci are at P and Q. Write the equation е 
of this hyperbola, taking axes as shown, and then substitute 75.0 mi for у to 
obtain the distance x.) 


33. Boyle’s law states that under certain conditions, the product of the pressure 


and volume of a gas is constant, or pv = c. This equation has the same form 18.0 mm 
as the hyperbola (Eq. 248). If a certain gas has a pressure of 25.0 Ib/ in? at a 
volume of 1000 іп.?, write Boyle’s law for this gas, and make a graph of |< 26.0 mm 


pressure versus volume. 


FIGURE 22-97 Hyperbolic mirror. 
This type of mirror is used in the 
Cassegrain form of reflecting telescope. 


a 
Д 
150 mi ——} 
1 
1 
| | 


+++ CHAPTER 22 REVIEW PROBLEMS ++++999999999999999999999%9%%%9%9%% 


1. Find the distance between the points (3, 0) and (7, 0). 


2. Find the distance between the points (4, —4) and (1, —7) to 3 significant 
digits. 


3. Find the slope of the line perpendicular to a line that has an angle of inclination FIGURE 22-98 


of 34.82, 
4. Find the angle of inclination in degrees of a line with a slope of —3. 


5. Find the angle of inclination of a line perpendicular to a line having a slope 
of 1.55. 
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FIGURE 22-99 Tangent and Normal 
to a curve. 
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29. 


23. 


. Find the angle of inclination of a line passing through (—3, 5) and (5, —6). 

. Find the slope of a line perpendicular to a line having a slope of a/2b. 

. Write the equation of a line having a slope of —2 and a y intercept of 5. 

. Find the slope and y intercept of the line 2y — 5 = 3(x — 4). 

. Write the equation of a line having a slope of 2p and a y intercept of p — 3q. 

. Write the equation of the line passing through (—5, —1) and (—2, 6). 

. Write the equation of the line passing through (—r, 5) and (2r, — 5). 

. Write the equation of the line having a slope of 5 and passing through the point 


(—4, 7). 


. Write the equation of the line having a slope of 3c and passing through the point 


(2c, c — 1). 


. Write the equation of the line having an x intercept of —3 and a y intercept of 7. 


. Find the acute angle between two lines if one line has a slope of 1.50 and the 


other has a slope of 3.40. 


. Write the equation of the line that passes through (2, 5) and is parallel to the x axis. 


. Find the angle of intersection between line L, having a slope of 2 and line L; 


having a slope of 7. 


. Find the directed distance AB between the points A(—2, 0) and B(—5, 0). 


. Find the angle of intersection between line L, having an angle of inclination of 


18? and line Lz having an angle of inclination of 75°. 


. Write the equation of the line that passes through (—3, 6) and is parallel to the 


y axis. 

Find the increments in the coordinates of a particle that moves along a curve 
from (3, 4) to (5, 5). 

Find the area of a triangle with vertices at (6, 4), (5, —2), and (—3, —4) to 3 
significant digits. 


Identify the curve represented by each equation. Find, where applicable, the center, 
vertices, foci, radius, semiaxes, and so on. 


24. 
25. 
26. 
27. 
28. 
29, 


x? — 2x — 4y? + 1бу = 19 
x? + 6x + 4у = 3 
х? + у? = By 


25x? — 200x + 9y? — 90y = 275 
16x? — 95? = 144 
х? + у? = 9 


Tangents and Normals. In problems 50 through 59, a tangent T, of slope m, and a 
normal N are drawn to a curve at the point Р(х], y1), as shown in Fig. 22-99. Show 
the following. 


30. 


31. 


32. 


33. 


The equation of the tangent is 
у-у = т(х — x) 
The equation of the normal is 
хт x, + т(у — у) = 0 
The x intercept A of the tangent is 
xı — уут 
The y intercept B of the tangent is 


yi MXi 
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34. The length of the tangent from P to the x axis is 
РА = 1\1 + т? 
т 
35. The length of the tangent from Р to the у axis is 
PB=x,;V1 +m 
36. The x intercept C of the normal is 
ху + ту 
37. The y intercept D of the normal is 
yi + хут 
38. The length of the normal from P to the x axis is 
РС = MI 1+ m? 


39. The length of the normal from P to the y axis is 


X 
Р” = 23/1 + т? 


40. Project: We have already shown how to graph each of the conic sections. 
Now graph, in the same viewing window, 


the ellipse 
2 2 
x у 
ту = 1 
а d£ 
the hyperbola 
2 2 
x X11 
a de 
and the hyperbola 
‚к l4 
а p 


using the same values of a and b for each. Also graph the asymptotes of the 
hyperbolas. Describe your results. Do you see anything similar about the three 
curves? 


41. Write the equation for an ellipse whose center is at the origin, whose major axis 
(2a) is 20 and is horizontal, and whose minor axis (2b) equals the distance (2c) 
between the foci. 


42. Write an equation for the circle passing through (0, 0), (8, 0), and (0, —6). 

43. Write the equation for a parabola whose vertex is at the origin and whose focus 
is (—4.25, 0). 

44. Write an equation for a hyperbola whose transverse axis is horizontal, with cen- 
ter at (1, 1) passing through (6, 2) and (—3, 1). 

45. Write the equation of a circle whose center is (—5, 0) and whose radius is 5. 


46. Write the equation of a hyperbola whose center is at the origin, whose 
transverse axis — 8 and is horizontal, and which passes through (10, 25). 


47. Write the equation of an ellipse whose foci are (2, 1) and (—6, 1), and the sum 
of the focal radii is 10. 


48. Write the equation of a parabola whose axis is the line y — —7, whose vertex 
is 3 units to the right of the y axis, and which passes through (4, —5). 


49. Graphically find the intercepts of the curve y? + 4x — 6y = 16. 
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50. Find the points of intersection x? + y? + 2х + 2y = 2 and 


51. 


59. 


53. 


54. 


55. 


3x? + 3y? + 5x + 5y = 10. 

A stone bridge arch is in the shape of half an ellipse and is 15.0 m wide and 5.00 m 
high. Find the height of the arch at a distance of 6.00 m from its center. 

Write the equation of a hyperbola centered at the origin, where the 
conjugate axis = 12 and is vertical, and the distance between foci is 13. 

A parabolic arch is 5.00 m high and 6.00 m wide at the base. Find the width of 
the arch at a height of 2.00 m above the base. 


A stone propelled into the air follows a parabolic path and reaches a maximum 
height of 56.0 ft in a horizontal distance of 48.0 ft. At what horizontal distances 
from the launch point will the height be 25.0 ft? 


Writing: Suppose that the day before your visit to your former high school math 
class, the teacher unexpectedly asks you to explain how that day’s topic, the 
conic sections, got that name. Write a paragraph on what you will tell the class 
about how the circle, ellipse, parabola, and hyperbola (and the point and straight 
line, too) can be formed by intersecting a plane and a cone. You may plan to 
illustrate your talk with a clay model or a piece of cardboard rolled into a cone. 
You will probably be asked what the conic sections are good for, so write out at 
least one use for each curve. 


Derivatives of 
Algebraic Functions 


OBJECTIVES 
When you have completed this chapter, you should be able to 
* Evaluate limits of algebraic functions. 


* Find the derivative of an algebraic expression using the delta method, by 
using the rules for derivatives, or by calculator. 


* Find the slope of the tangent line to a curve at a given point. 


Find the derivative of an implicit algebraic function. 


Write the differential of an algebraic function. 
* Find higher derivatives of an algebraic function. 


Here we begin our study of calculus, a topic we will pursue for the remainder of 
this text. We will start with the /imit concept, our main use for which will be for the 
definition of the derivative. We will learn how to take a derivative by a process 
called the delta method, and also by using our graphing calculators. We will then 
use the delta method to derive some rules to let us find derivatives more easily. At 
each step we will use our calculators to check and verify our results. 

We will first find derivatives of explicit functions and then go on to implicit 
functions, derivatives with respect to other variables, and second derivatives. Our 
purpose in each case will be to provide the tools needed for the applications to fol- 
low. We will define a differential to lay some groundwork for integration and for 
differential equations. We will cover only algebraic functions here, saving trigono- 
metric, logarithmic, and exponential functions for a later chapter. 

This chapter is followed by two chapters devoted entirely to applications of the 
derivative. You will see there that calculus will let us solve problems that are not 
possible by other means. Here, however, we will give just a few applications to give 
you an idea of what is to follow. 

For example, suppose the position y of a point P in a mechanism, Fig. 23-1, 
is given by y = 2.3512 — 3.93t + 5.26 cm. How would you find the velocity and 
acceleration of that point? We will show how to find these quantities by means of 
the derivative. 


The development of calculus is often 
considered one of the greatest 
achievements of science. It was 
conceived independently in the second 
half of the seventeenth century by the 
English mathematician, physicist, and 
astronomer Sir Isaac Newton 
(1642-1727) and by the German 
philosopher and analyst Gottfried 
Wilhelm von Leibniz (1646-1716). 


FIGURE 23-1 
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Li 93-1 Limits 


FIGURE 23-9 Graph of y = 1/x?. 


When we learn about derivatives in the next section, we will be finding limits of 
functions, so in this section we will learn what a limit is and how to find one. This 
is not our first use of the limit idea. We used it to find the value of e, the base of 
natural logarithms in our chapter on logarithms. 


m Exploration: 
Try this. Graph the function y — 1/x?, for x = —10 to 20. 


* What happens to the value of y when x equals 0? 


* What happens to the value of y when x gets close to 0? In other words, what hap- 
pens to the value of y as x approaches 0? 


* Which do you think is more useful? To say that 


(a) the given function is not defined at x = 0, or 
(b) the given function approaches infinity as x approaches 0. E 


You may have concluded from your exploration that more information is conveyed by 
(b), and in fact, much of what we do in calculus is based on statements of that sort. 


Limit Notation 


Suppose that x and y are related by a function, such as y — 3x. Then if we are 
given a value of x, we can find a corresponding value for y. For example, when x is 
2, then y is 6. 

We now want to extend our mathematical language to be able to say what will 
happen to y not when x is a certain value, but when x approaches a certain value. 
For example, when x approaches 2, then y approaches 6. The notation we use 
to say the same thing is 


lim (3x) = 6 


We read this as “the limit of 3x, as x approaches 2, is equal to 6.” In general, if the 
function f (x) approaches some value L as x approaches a, we convey that idea with 
the notation: 


Why bother with new notation? Why not just say, in the preceding example, 
that y is 6 when x is 2? Why is it necessary to creep up on the answer like that? It is 
true that limit notation offers no advantage in an example such as the last one. But 
we really need it when our function is not even defined at the limit. 


+++ Example 1: The function y = 1/ x? from our exploration is graphed in Fig. 23-2. 
Even though our function is not even defined at x = 0, because it results in division 
by zero, we can still write 


Further, even though y never reaches 0, we can still write 


lim EE 0 ooo 
X— 00 x 


Section 1 * Limits 


Finding Simple Limits 
We first try to evaluate a limit by substituting into the function the value which x is 
approaching. 
+++ Example 2: Evaluate 
lim (x? + 4x — 5) 
x3 
Solution: Substituting 3 for x gives 
lim (x^ + 4x -5) -9 + 12-5 = 16 eec 
Xd 


Sometimes substitution will result in division by zero. We can usually avoid 
this by first simplifying the expression. 


+++ Example 3: Evaluate 


Solution: We see that substituting 3 for x will give division by zero. So let us first 
factor the numerator and simplify. 


x? + 2x — 15 2 x—-3) (х + 5) 
=m _ 


lim (x + 5) 
x3 


lim ————— = lim (x + 5) = 8 "T 
9 x3 


Limits Found Graphically 


As we saw in the exploration, we can find the approximate limit of a function simply 
by graphing the function and observing what happens at the value that x is approaching. 
The calculator is also useful for visualizing a limit found algebraically, or approxi- 
mately verifying that limit. 


eee Example 4: Graphically evaluate 
mÍm 2L 
= 
x—0 x 


(х+ 1—1 
Solution: We graph the function f(x) = ———————— as shown. We get no value 
х 


for x = 0 as that results in division by zero. But we note that the value of the 
expression approaches 2 as x approaches zero, so we write 


Do not expect to see a gap in the graph at x = 0. The gap is infinitesimally small 
and will not show. ooo 


Limits Found Numerically 


A simple numerical way to evaluate a limit is to substitute values of x closer and 
closer to the value that it is to approach, and see if the expression approaches a 
limit. We will use such a numerical method in the next example. 


Screen for Example 4. 
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fe) V9+x-3 
++» Example 5: Evaluate lim — —— — —. 
0.10 ae 3x 


Solution: We see that when x equals zero, we get 


0.08 У9-0-3 3-3 


ax 3(0) 0 


0 
Ре D a result that is indeterminate. But what happens when x approaches zero? Let us 


use the calculator to substitute smaller and smaller values of x. Working to five 
decimal places, we get the following values: 
0.02 х 10 1 0.1 0.01 0.001 0.0001 
0.04530 0.05409 0.05540 0.05554 0.05555 0.05556 


| A So as x approaches zero, the given expression appears to approach 0.05556 as a 
: н limit (Fig. 23-3). This, of course, is not a proof that the limit found is the correct 
one or even that a limit exists. ooo 


FIGURE 23-3 


Be sure to distinguish between a denominator that is zero and one 
that is approaching zero. In the first case we have division by zero, 
but in the second case we might get a useful answer. 


Common 


Error 


Limits by Computer Algebra System 


A calculator or computer that can do symbolic processing can be used to find lim- 
its. On the TI-89, for example, we select limit from the Cale menu. We then enter 
the function, the variable, and the value which the variable is approaching. Pressing 
ENTER | will display the limit. It can either be a numerical value, as in our exam- 
ples so far, or an expression, as we will see a little later. 


eee Example 6: Use the TI-89 calculator to evaluate the limits in Examples 2—5. 


Solution: The calculator screens are as follows: 


АЫ] аыр) 
AlJebrajcalc Clean Ur тоот |алзеьнајсатсоћек[РеЭгаи0[с1«ап Ur 


.11н(|х244-х-5)| 
KES 

limit¢x*2+4x-5, x, 3) 

MAIN DEGAUTO SEG 


limitCCx^2*2x-1927€x-32 , x... 
MAIN DEGAUTO FUNC 1/30 


Screen for Example 2. 


rosidlansebraléatelatner|ersrualcrean ur] || 


«9556 


Limit¢¢¢x+1)*%2-1)/x,x,0) 
MAIN DEG AUTO SEQ 1750 


Mit ССОГСО9:х2-323/63х2,х,02 


MAIN DEGAUTO SEQ 1/30 


Screen for Example 4. Screen for Example 5. 22 
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Limit of a Constant 


Now suppose we want the limit of a constant C as x approaches some value a. This 
is written 

lim C 

XE 
If we graph the function f(x) = C, Fig. 23-4, we see that its value is C for any 
value of x. Thus the limit of a constant is the constant itself. 


lim C = C 
xa 
f(x) 
f(x)-2C 
0 x 


FIGURE 23-4 Graph of f(x) = C. 


өө Example 7: Here are some limits of constants. 
(a lim 525 (b lim 5 = 5 (c) lim 37 = 3T ooo 
хэ 00 х-»0 x0 


Limits Involving Zero or Infinity 


Limits involving zero or infinity can usually be evaluated using the following facts. 
(Here, C is a nonzero constant.) 


өөө Example 8: Here are some examples of the use of these rules. 


(a) lim 5x? = 0 
(b) lim ( + =) 22 


. 25 _ 
(c) ini TT = oo 


(d) lim (Зх — 2) = œ 
o m 


(f) lim 3 - 3 = —3 
хо \ х 


Each function is graphed in Fig. 23—5. өөө 
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0 10 * 


7 5 
() y=847 (0 y=2-3 


FIGURE 23-5 


When we want the limit, as x becomes infinite, of the quotient of two polynomials, 
such as 


we see that both numerator and denominator become infinite so the limit is indeter- 
minate. However, the limit of such an expression can often be found if we divide 
both numerator and denominator by the highest power of x occurring in either. 


4x? = 3x + 5 
+++ Example 9: Evaluate lim BÓ i. 
x9?3x—x^—5x 


Solution: Dividing both numerator and denominator by x gives us 


3 5 
3 2 dus сэн 
4x — Зх + 5 . x x) 
lim 2 3 lim 
x9 3x — x^ — 5x x 3 1 
та Е 
X X 


as shown in Fig. 23-6. 
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fœ 


_49-3х°+5 
3х—х^— 5) 
0 1 2 3 4 5 й 
E 
5 
-1 
FIGURE 23-6 eee 


Limits Depending on Direction of Approach 


Rule 3 in Eq. 250 needs a bit more explanation. At the start of this section we 
found that 

lim (3x) = 6 

x2 


In this case it does not matter whether 2 is approached from the right (from values 
of x greater than 2) or from the left (from values of x less than 2). Now we will indi- 
cate that x is approaching a limit, say 2, from the right by 

x2* 
and from the /eft by 


x2 
But sometimes the direction of approach does matter, as in the following example. 
+++ Example 10: The function y = 1/x is graphed in Fig. 23-7. When x approaches 


zero from “above” (that is, from the right in Fig. 23-7), which we write x — 07, 
we get 


which means that y grows without bound in the positive direction. But when x 
approaches zero from “below” (from the /eft in Fig. 27-7), we write 


lim — = —e 
x0 x 
which means that y grows without bound in the negative direction. ooo 


A limit that depends on the direction of approach is sometimes called a left-hand 
limit or a right-hand limit. 


Limits of the Form 0/0 


The purpose of this entire discussion of limits is to prepare us for the idea of the 
derivative. There we will have to find the limit of a fraction in which both the 
numerator and the denominator approach zero. 

At first glance, when we see a numerator approaching zero, we expect the en- 
tire fraction to approach zero. But when we see a denominator approaching zero, 
we throw up our hands and cry “division by zero.” What then do we make of a frac- 
tion in which both numerator and denominator approach zero? 
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First, keep in mind that the denominator is not equal to zero; it is only ap- 
proaching zero. Second, even though a shrinking numerator would make a fraction 
approach zero, in this case the denominator is also shrinking. So, in fact, our frac- 
tion will not necessarily approach infinity, or zero, but will often approach some 
useful finite value. 

When an expression is of the form 0/0, we try to manipulate it into another 
form for which the limit can be found. This is often done simply by performing the 
indicated operations. 


. x-9 
+++ Example 11: Evaluate lim : 
х-3 x —3 
Solution: As x approaches 3, both numerator and denominator approach zero, which 
tells us nothing about the limit of the entire expression. However, if we factor the 
numerator, we get 
NEA 22 (316083) 
lim = lim 
x33 x —3 x3 x—3 


Now as x approaches 3, both the numerator and the denominator of the fraction 
(x — 3)/(x — 3) approach zero. But since the numerator and denominator are equal, 
the fraction will equal 1 for any nonzero value of x. So 

2 


lim 
x3 x — 


9 _ 
37 lim (DG + 3) = 6 


as shown in Fig. 23-8. өөө 


If an expression cannot be factored or otherwise manipulated into a form where the 
limit can be found, we can often find the limit graphically, numerically, or by a 
computer algebra system, as shown in the screen. 


When the Limit Is an Expression 


Our main use for limits will be for finding derivatives in the following sections of 
this chapter. There we will evaluate limits in which both the numerator and the de- 

nominator approach zero, and the resulting limit is an expression rather than a sin- 
pe 6 gle number. A limit typical of the sort we will have to evaluate later is given in the 


NEM 35-24 following example. 
limitiix^2-9576x-35,x, 3) 
MAIN DEGRUTU SEG 1730 4 : 
“(х + а) + 5(х + а) – х — 5x 
TI-89 calculator solution for +++ Example 12: Evaluate lim, d : 
Example 11. 


Solution: If we try to set d equal to zero, 


(x +0 +5(x + 0) – х2 – 5х х?+5х-х2—5х 0 


0 0 E 


we get the indeterminate expression 0/0. Instead, let us remove parentheses in the 
original expression. We get 


. «-dyc-s5(x-d)—-x—5x x? + 24х + d? 5x 5d — x? — 5x 
lim = lim 
d—0 d d—0 d 


Combining similar terms causes the x? and 5x terms to drop out. 
. 2dx + а + 5d 
— ]im 
d—0 d 


Section 1 * Limits 


We can now divide each term in the numerator by the d in the denominator. 


= lim Qx +d + 5) 
d—0 


Finally, letting d approach zero gives 


(x + 4) + 5(x + 4) – x? — 5x 


lim 
4-»0 
Exercise 1 • Limits 


Evaluate each limit. 


1. lim (x? + 2x — 7) 
x2 


11. lim 


Limits Involving Zero or Infinity 


13. lim (4x? — 5x — 8) 
15. lim 


1 1 1 
17. П шин сан 
tim (5 1) x 


19. lim 


91. lim 


‚7 
23. lim, — 
x0 x 
+1 
95. lim, ~ 
x—0 * 
+ 
от. lim t 
x2 x—2 


When the Limit Is an Expression 


29. lim x? + 2d + d? 
4-»0 


d 


10. 


12; 


20. 


22. 


24. 


26. 


28. 


30. 


ooo 


=2x+5 


. 5S+4x- x? 
lim 
x5 5—x 

. 49 — x? 

lim 
хэ-7 x+7 

: x? — 12x + 35 
lim 
x5 5—x 

. x? — 16 

lim 
x4 x—4 

3 х = х2 + 25 = 2 
lim 
x1 x—1 
3 = 2x 
lim 
x0 x + 4 
3+х—х° 


lim ——— — —— 
x0 (x + 3)(5 — x) 


lim. X COS x 


хә 


lim, < 
im, — 
x30° x 
. x+1 
lim_ 
x0 x 
. 2x +3 
lim 


х-1" 1— x 


lim 2x + d 
d—0 
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restslansebraléarelatner|ersrualcrean ue] || 


о esperes, 
аенын onde 


209043 
шЭЖЭЖ х йд»-х72-5х9/4,4,03| 


MAIN DEG AUTO SEQ 1/30 


TI-89 calculator solution for 
Example 12. Here our limit is an 
expression rather than a number. 
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FIGURE 23-9 


yA 


0 


FIGURE 23-10 Tangent to a curve as 
the limiting position of the secant. This 
figure will have an important role in our 
introduction of the derivative in the 
following section. 


Chapter 93 * Derivatives of Algebraic Functions 


| x-dy-x NM Lila 
31. lim -—,— — — 39. lim -—— ———— 
4-0  x*(x-d) 4-0 а 
3.1% +d) — 3. 2(x ad) +S] Ax 5 
Eon =. B da адаа. 
4-»0 а 4-»0 а 


1 
(x + d+ 2)(х — 2) 
[x + dy + 1] (х2 +1) 

m 


35. lim 3x +d 
d—0 


36. 
d—0 d 
+4 ex Vx+d- У: 
37. duct o c 38. lim Vx d- Vx 
d—0 d d—0 d 
х+ 42 – 20+ 4) –- х2 +2 
us du сира са 
d—0 d 
инээ! 
+ 
48: d EE 
d—0 


23-2 Rate of Change and the Tangent 


Many technical applications require that we find the rate of change of a function. 
For example, velocity is the rate of change of displacement and current is the rate 
of change of charge. In this section we will show how rate of change is related to 
the tangent to a curve and later apply this idea to technical applications. But first let 
us define the tangent to a curve. 


Tangent to a Curve 


m Exploration: 

Try this. 

* Draw any curve, Fig. 23-9, and on it place any point P. 

* At P draw, by eye, what you think is meant by the tangent T to the curve at P, 
keeping in mind what you know about the tangent to a circle. 

* Then place another point Q on the curve, to either side of P. Connect P and Q 
with a straight line. Line PQ is called a secant line. 

* Next move Q closer to P and draw another secant line. 

* Repeat, moving Q ever closer to P, drawing a new secant line each time. 


What is happening to the slope of the secant as Q approaches P? How does that 
slope compare with the tangent you drew? From this exploration, can you venture a 
definition of the slope of the tangent line? Can you state it using the idea of a limit 
from the preceding section? E 


Your exploration may have suggested to you that the tangent to a curve is the limit- 
ing position of the secant PQ, as Q approaches P. 

Let's now state this idea in a more precise way. If Ax is the horizontal dis- 
tance between P and Q (Fig. 23-10), we say that Q approaches P as Ax ap- 
proaches zero. We can thus say that the slope m, of the tangent line T is the limit 
of the slope m, of the secant line PQ as Ax approaches zero. We can now restate 
this idea in compact form using our new limit notation, as follows: 


m = lim m 
i Ax>0 ^ 
The normal to a curve at a point P is the line perpendicular to the tangent at that 


point. A normal N is shown dashed in Fig. 23-10. Recall that the slope of a line is 
the negative reciprocal of the slope of a perpendicular to that line. 


Section 2 * Rate of Change and the Tangent 


Rate of Change Equal to Slope of Tangent 


We will now relate slope of the tangent to rate of change. To do this let us use some 
familiar ideas about uniform motion. 

Recall that in uniform motion, the rate of change of displacement with respect 
to time (the velocity) is constant. The graph of displacement versus time, shown in 
Fig. 23-11(a), is a straight line whose slope is equal to the rate of change of 
displacement with respect to time. 


Displacement 


Slope = rate of 
change of y with 
respect to x 


Slope = rate of change 
of displacement with 
respect to time = velocity 


0 Time 0 ® 


(a) Uniform motion (b) Uniform change 


FIGURE 23-11 


In general, for a function whose graph is a straight line, Fig. 23-11(0), its slope 
gives the rate of change of y with respect to x. For a function y = f(x) whose 
graph is not a straight line (Fig. 23-12), we cannot give the rate of change for the 
entire function. However, we can choose an interval on the curve and give the aver- 
age rate of change over that interval. For the interval PQ (Fig. 23-13), the average 
rate of change is equal to the change in y divided by the change in x over that inter- 
val. Thus the slope of the secant line PQ gives us the average rate of change from 
P to Q. 


Slope of PQ = average 
rate of change 
over interval PQ 


0 x 0 x 


FIGURE 23-12 Nonuniform change. FIGURE 23-13 Average rate of change. 


We introduced the idea of an increment 
earlier, and the symbols Ax and Ay to 
stand for small increments in x and y. 


Finally, let us move Q ever closer to P, Fig. 23-14. In doing so, the average rate 
of change for the interval PQ approaches the instantaneous rate of change at P. At 
the same time the slope of PQ approaches the slope of the tangent T at P. In the limit, 
the instantaneous rate of change at P is equal to the slope of the tangent line at P. 


Finding the Slope of the Tangent 


So we have seen that the slope of a tangent to a curve at some point will give us the 
instantaneous rate of change at that point. This important quantity will enable us to 
solve many problems in technology. But how do we find that slope? 
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FIGURE 23-15 
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Here we will show four methods: 


(a) manually 

(b) by zooming in on a calculator graph of the curve. 

(c) by using the Tangent function from the DRAW, menu on the TI-83/84. 

(d) numerically 

(In the following section we will find the slope of the tangent by a new method—by 
finding the derivative.) 


(a) Manually Finding the Slope of the Tangent 


m Exploration: 
Try this. A function is given graphically in Fig. 23-15. We want to draw a tangent 
to the curve at (2, 2) and estimate its slope. 


* Place a straightedge on the curve at (2, 2) so that, by eye, it appears tangent to the 
curve, and draw the tangent line. More accurately, place a first-surface mirror, 
such as a polished piece of metal, roughly normal to the curve at (2, 2). Then ad- 
just the mirror so that the curve appears to join with its image, with no corner. 
Draw the normal and use it to construct the tangent. 

* Measure the rise of the tangent over some chosen run to compute the slope, and 
hence the rate of change of the function at that point. E 


(b) Finding the Slope by Zooming In 


m Exploration: 

Try this: 

* Use your graphing calculator to graph y — х2. Set the viewing window from 
—10 to 10 on both axes. 

* Keeping some point, say P(1, 1), approximately in the center of the viewing 
window, repeatedly zoom in, as in Fig. 23-16. 


4 


N 


Q(1.0234, 1.0474) 


21) 


| 


0.5 1 1.5 0.9 1 1.1 
(с) (d) 


FIGURE 23-16 Zooming in on y = x? at P(1, 1). The circles show the portion of the curve 
that is magnified in each succeeding screen. 
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What can you say happens to the shape of the curve as you zoom in? Do you see 
why a curve is sometimes referred to as locally straight? 

* In the viewing window in which the curve appears as a straight line, use 

TRACE to locate a second point Q on the curve. Read its coordinates and use 
them to compute the slope of PQ. E 


(c) Finding the Slope by Using the Tangent Function on a Graphics Calculator 


m Exploration: 

Try this. Using your graphics calculator, graph y — х2. Then 

* Select Tangent from the DRAW) menu. 

* Enter the value of x at which you want the tangent drawn to the curve. Choose x = 1 
and press ENTER . 

You should get a screen as shown at right. How do you interpret this screen? 

What is the equation in the lower left corner? How would you find the slope of the 

tangent line? How does this slope compare with what you found by zooming in, in 

the preceding exploration? п 


(а) Finding the Slope of the Tangent Numerically 


If we have an equation for the given function, we can compute the approximate 
slope of the tangent line at some point P by the following numerical method. 

We place a point Q at a horizontal distance Ax from P. Then we let Q approach 
P in steps, at each step computing the slope m, of the secant line PQ. 

By watching how the slope changes as we proceed, we can get a measure of the 
accuracy of our answer. We continue reducing Ax and repeating the computation of 
the slope until that computed value does not change, within the accuracy we want. 


өөө Example 13: Use the numerical method to find the instantaneous rate of change 
for the function y — x? at P(1, 1), approximate to three significant digits. 


Solution: Let us place Q to the right of P at a distance of Ax — 1 as shown in 
Fig. 23-17. The abscissa of Q is then 2, and the ordinate is 2? or 4. The slope of the 
secant РО from Р(1, 1) to О(2, 4) is 

Ay 4-1 
Ax 2-1 
Let us then repeat the computation by computer, halving Ax each time. We get the 
values shown in Table 23-1. 


slope = 3 


TABLE 23-1 
1.0000 2.0000 4.0000 3.0000 3.0000 
0.5000 1.5000 2.2500 1.2500 2.5000 
0.2500 1.2500 1.5625 0.5625 2.2500 
0.1250 1.1250 1.2656 0.2656 2.1250 
0.0625 1.0625 1.1289 0.1289 2.0625 
0.0313 1.0313 1.0635 0.0635 2.0313 
0.0156 1.0156 1.0315 0.0315 2.0156 
0.0078 1.0078 1.0157 0.0157 2.0078 
0.0039 1.0039 1.0078 0.0078 2.0039 
0.0020 1.0020 1.0039 0.0039 2.0020 
0.0010 1.0010 1.0020 0.0020 2.0010 
0.0005 1.0005 1.0010 0.0010 2.0005 
0.0002 1.0002 1.0005 0.0005 2.0002 


Screen for the exploration. 


FIGURE 23-17 
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derivative. 
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Notice that the value of the slope appears to be reaching a limiting value of 2. 
Also, if we wanted only three significant digits, we could have stopped at 
Ax = 0.0039 because the second decimal place in the slope no longer changes be- 
yond that value. ooo 


Exercise 2 • Rate of Change and the Tangent 


Graph the given function. Then find the slope or rate of change of the curve at the 
given value of x, either manually, by zooming in, by using the TANGENT feature 
on your calculator, or numerically, as directed by your instructor. 


1. у= х atx = 2 
9. у= -x atx = 3 
3. у = Vx atx—1 
4. у= Мх + х? atx = 2 
5. у= х x? atx = 3 
6. у= х? – 3 atx = 5 
7. у= 3 – Vx atx=1 
8 y= Vx – х atx = 4 
9. An Application: The pressure р (Ib/in.?) and the volume v (10.7) in the cylinder, 


Fig. 23-18, are related by the equation 
pv = 3650 


which is graphed in Fig. 23-19. Use any means to find the rate of change of 
volume with respect to pressure, at p — 20.0 Ib/in.?. 


93-3 The Derivative 


We see that we can get the approximate slope of the tangent line, and hence the rate 
of change of a function, at any point that we wish. Our next step is to derive a for- 
mula for finding the same thing. The advantages of having a formula are that (1) it 
will give the rate of change everywhere on the curve, not just at one point, (2) it will 
give the exact value, and (3) it is faster and easier to use than numerical or graphical 
methods. We will derive such a formula in the same way we found the slope of the 
tangent earlier. But now we will work with symbols instead of numbers. 

We place two points P and О on a graph of our function, Fig. 23-20. Let their 
horizontal spacing be Ax. We see that in a run of Ax the rise of the secant line PQ is 


rise of PO = f(x + Ax) — f(x) 
The slope of the secant line is thus 


fe + Ах) — f(x) 
Ax 


slope of PQ = 


We now let Ax approach zero, so that point Q will approach point P along the 
curve. Since the tangent 7 is the limiting position of the secant PQ, 


+ Ax) = 
slope of T = lim fe x) = fo) 
Ax—0 Ax 
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This important quantity is called the derivative of f(x). It is given the symbol 
f'(x), read “eff prime of x.” 


+++ Example 14: Find the derivative of f(x) = x^. 

Solution: We substitute into Eq. 251, with f(x) — x? and f(x + Ax) = (х + Ах)? 
f(x + Ax) — f(x) 

0 


FG) = dn 


Ax 
(+ АХ) - x? 
= lim 
Ax—0 Ax 
x2 + 2х Ax + (Ах) — х2 
= lim 
Ах-»0 Ax 
. 2x Ax + (Ax)? 
= lim 
Ax—0 Ax 
= lim (2x + Ax) = 2x +.. 
Ax—0 


The symbol Ax is a single symbol. It is not A times x. 
Thus 


x' Ax # Ax? 


Another Symbol for the Derivative 
The numerator in our definition of the derivative 
: 0 f(x + Ax) = f(x) 
ги иш, Ax 


is simply the value of the function at Q minus the value of the function at P. It is 
the rise from P to Q. If we now introduce the variable y by letting y — f(x), we can 
call that rise Ay, Fig. 23-21. Our definition of the derivative then becomes 


w= dim 
цайг 


Q(x + Ах, y + Ay) 


FIGURE 23-21 
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0 = Ax > x 


(a) Step 1 
YA 
Q 
Ay 
P 
у 
0 x 
(b) Step 2 


(c) Step 3 
УА T 
P 
0 x 
(d) Step 4 


FIGURE 23-22 Derivatives by 
the delta method. 
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This leads us to a new symbol for the derivative. By definition, 


ду х. xn AY 
dx fo 2 0. 


We will see later that dy and dx in the symbol dy/dx can be given separate mean- 
ings of their own. But for now we will treat dy/dx as a single symbol. 


Derivatives by the Delta Method 


Instead of substituting directly into Eq. 251 as we did in Example 14, some prefer 
to apply this equation in a series of steps. This is sometimes referred to as the delta 
method, delta process, or four-step rule. Our main use for the delta method will be 
to derive rules with which we can quickly find derivatives. 


+++ Example 15: 


(a) Find the derivative of the function y = ax? by the delta method. 
(b) Evaluate the derivative at x — 1. 


Solution: 


(a) 

(1) Starting from Р(х, y), Fig. 23-22(a), locate a second point О, spaced from P by 
a horizontal distance Ax and by a vertical distance Ay. Since the coordinates of 
Q(x + Ax, y + Ay) must satisfy the given function, we may substitute 
x + Ax for x and y + Ay for y in the original equation. 

y + Ay = 3(х + Ах)” 
= 3[x? + 2x Ax + (Ах) 
= 3x? + бх Ax + 3(AxY 


2 


— 


Find the rise Ay from P to Q, Fig. 23-22(0), by subtracting the original function. 
(у + Ду) = у = 3x? + 6x Ax + 3(Axy — ax? 
Ay = бх Ax + 3(Axy 


Find the slope of the secant line PQ, Fig. 23-22(с), by dividing the rise Ay by 
the run Ax. 


(3 


wm 


Ay 6x Ax + 3(AxY 
Ах | Ах 


(4 


— 


Let Ax approach zero. This causes Ay also to approach zero and appears to make 
Ay/ Ax equal to the indeterminate expression 0/0. But recall from our study of 
limits in the preceding section that a fraction can often have a limit even 
when both numerator and denominator approach zero. To find it, we divide 
through by Ax and get Ay/Ax = 6x + 3Ax. Then the slope of the tangent T, 
Fig. 23-22(4), 15 


4y tim M — 6x +30) = 6 
dx eb Ax н Oy eon 


(b) We will use a vertical bar to indicate that a derivative is to be evaluated at a 


given value. Thus 


хи 


ay 


ах ua 
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means to evaluate the derivative dy/dx at x = a. When x = 1, we write 


dy 
= 6(1) = 6 
Fri (1) 


The curve y = 3x? is graphed in Fig. 23-23 with a tangent line of slope 6 drawn at 
the point (1, 3). +++ 


If our expression is a fraction with x in the denominator, step 2 will require us 
to find a common denominator, as in the following example. 


өөө Example 16: Use the delta method to find the derivative of 
3 
+1 


у= 


Solution: Following the four steps, we have 
(1) Substitute x + Ax for x and y + Ay for y. 


3 
(x + Ax +1 


y + Ay= 


(2) Subtracting the original function gives us 


3 3 
(x + Ax? +1 х2 +1 


yt дуу 


Combining the fractions over a common denominator gives 
3G + 1) — 3[(x + Ах)? + 1] 
[(x + Ах)? + 1]@? + 1) 


Ay 


which simplifies to 
—6x Ax — 3(Axy. 
х + Ах)? + 102 + 1) 


Ay 


(3) Dividing by Ax, we obtain 
Ay —6x = 3 Ax 


Ax [( + AxY + 1]? + 1) 


(4) Letting Ax approach zero gives 
dy —6x 


= —_ ooo 


dx (х2 + 1° 


The following example shows how to use the delta method to differentiate (that 
is, to find the derivative of) an expression containing a radical. 


+++ Example 17: Find the slope of the tangent to the curve y = Vx atx = 4. 


Solution: We first find the derivative in four steps. 


() y+ Ay = Vx + Ax 
(2) Ay = Vx + Ax — Vx 


The later steps will be easier if we now write this expression as a fraction with 
no radicals in the numerator. When simplifying radicals, we used to rationalize 


753 


FIGURE 93-93 Graph of y = 3х2. 
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the denominator. Here we rationalize the numerator instead. To do this, we 
multiply (and divide) the binomial obtained in step (2) by its conjugate and get 


Vx + Ах + Vx 
Ay = (Vx + Ax — Vx): 
УЕА NOT ha + Vi 


(x + Ax) – x 
Vx + Ax + Vx 
Ax 


Vx + Ax + Vx 


(3) We now have a fraction with no radicals in the numerator. Dividing by Ax 
gives us 


Ay 1 
Ax Wy + Ax Vx 
(4) Letting Ax approach zero gives 
dy 1 


ах оу 


When х = 4, 
dy _ 
dx x=4 4 
which is the slope of the tangent to y = хах = 4. eee 
Other Variables 


Mathematical ideas do not, of course, depend upon which symbols we use to 
express them. So instead of the variables x and y used up to now, we can use any 
letters we choose. 


+++ Example 18: An Application. The displacement s of a point in a certain mecha- 
nism is given by s = ЗГ, where t is the elapsed time. The velocity v of the point, we 
will soon see, is given by the derivative of the displacement with respect to time, or 


ds 
v= — 
dt 


Find this derivative for the given function. 
Solution: For Example 15, we found the derivative of y = 3x? to be 


йу... 


6 
ах и 


Simply by switching variables, we get 


ds oe 
= = 6t 


) = — = 
dt 


More Symbols for the Derivative 


In addition to f'(x) and dy/dx, the symbol y'(x) is sometimes used. The f'(x) 
and y'(x) symbols are handy for specifying the derivative at a particular value of x, 
instead of using the vertical bar. 
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eee Example 19: To specify a derivative evaluated at x = 2, we can write 
y'Q), or f'(2), 
instead of the clumsier 
dy 
dx|x-2 


The Derivative as an Operator 


We can think of the derivative as an operator: one that operates on a function to pro- 
duce the derivative of that function. The symbol d/dx or D in front of an expression 
indicates that the expression is to be differentiated. For example, the symbols 


20 or D4() or DC) 
dx 


mean to find the derivative of the expression enclosed in parentheses. D( ) means to 
differentiate the function with respect to its independent variable. Keep in mind that 
even though the notation is different, we find the derivative in exactly the same way. 


+++ Example 20: We saw in Example 15 that if у = 3x7, then dy/dx — 6x. This 
same result can also be written 


d (3x? 
(3х7) _ 6x 
dx 
or р, (Зх?) = бх 
or р(3х2) = бх өөө 


Continuity and Discontinuity 


A curve is called continuous if it contains no breaks or gaps, and it is said to be 
discontinuous at a value of x where there is a break or gap. The derivative does not exist 
at such points. It also does not exist where the curve has a jump, corner, cusp, or any 
other feature at which it is not possible to draw a unique tangent line, as at the points 
shown in Fig. 23—24. At such points, we say that the function is not differentiable. 


y 


xY 


FIGURE 23-24 The arrows show the points at which the derivative does not exist. 


Approximate Derivatives by Calculator 


Many calculators can find the derivative at a point by an approximate numerical 
method, similar to the way we numerically found the slope of a tangent in the pre- 
ceding section. On the TI-83/84 calculator, there are two ways to find derivatives: 


(a) By using nDeriv from the MATH, menu 
(b) By using dy/dx from the САС | menu. 
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f(x) 


TI-83/84 screen for the exploration. 
Ticks are 1 unit apart. 
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өөө Example 21: Use the TI-83/84 to find the derivative of Vx at x = 4 (a) using 
nDeriv and (b) using dy/dx. 


Solution: 


(a) We select nDeriv from the MATH menu (nDeriv stands for the numerical 
derivative). Following that command we enter the function, the variable with 
respect to which we are taking the derivative, and the value of x at which 
we want the derivative. So we enter 


nDeriv (V/x,x,4) 


We press [ENTER апа get 0.25 for a result, as shown. This agrees with our re- 
sult from Example 17. 


We first graph the function Y1 — Vx. We then select dy [dx from ће САГС 
menu, enter 4 for the value of x at which we want the derivative, and press 
ENTER.. The derivative at that point is displayed below the graph. 


(b 


ме 


гПег15( Тед: ду 40) 
ШОРОН 


de?dxz.zE 


T1-83/84 screens for Example 21. өөө 


Graph of a Derivative 


A derivative can be graphed just like any other function. 


+++ Example 22: Graph the function y = Мх and its derivative d y/dx = 1/ ОМ) 
(which we found in Example 17) on the same axes. 


Solution: The graphs, plotted by hand or with a graphics utility, are shown in 
Fig. 23-25. 22) 


m Exploration: 
Try this. In the same viewing window, on the TI-83/84 


(a) Graph the function y — Vx. 
(b) Graph the derivative of this function, using nDeriv from the МАТН menu 
by entering 


Ү = nDeriv( V (X), X, X) 


(c) Graph the tangent to the given function at x — 1, using Tangent from the DRAW 
menu. 


What is the slope of the given curve at x — 1? Using TRACE, find the ordinate of 
the derivative curve, also at x — 1. What do you observe? Repeat, drawing the tan- 
gent line at some other value of x and comparing the slope at that x to the ordinate 
of the derivative curve. What conclusion can you draw? L| 
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+++ Example 23: Graph the function from Example 15, y = 3x? and its derivative, 
in the same viewing window. 


Solution: For Y1 we enter the function itself. For Y2 we enter either 
nDeriv (3X7, X, X) 

Or 
nDeriv (Y1, X, X) 


where nDeriv is from ће MATH | menu and Y1 is found in the | VARS | menu. Note 
that instead of entering a particular value of x at which to find the derivative, we enter x 
to indicate all values of x. The screens are shown. 

Note that the graph of the derivative is a straight line with the equation dy/dx — 6x, 
as was found in Example 15. ooo 


We can also use our calculator to check a derivative that was found by other 
methods. We can graph that derivative, as well as the nDeriv of the given function, 
in the same viewing window. One curve should exactly overlay the other. Perhaps a 
more convincing check is to display a table of values, as in the following example. 


+++ Example 24: In the first screen we enter for ҮІ the derivative of y = 3x? that we 
had found earlier, and for Y2 we ask for the nDeriv of y = 3x. Note in the second 
screen that the values for Y1 and Y2 are identical. 


Floti Flotz Flot 
“ү ВБА 

SY eBnderive ©, д 
ВЭ! | 


TI-83/84 screens for Example 23. This display is obtained by pressing 


TABLE], +++ 


Symbolic Differentiation by Calculator or Computer 


We can find derivatives with a calculator or computer that can do symbolic algebra. 
On the TI-89, for example, the operation d( from the Cale menu will find derivatives 
with respect to a given variable. We must enter the function followed by that variable. 


+++ Example 25: Find the derivative of 3x? on the TI-89. 


Solution: We select d( from the Cale menu, enter Зх ^2, x, and press | ENTER | to 
obtain the derivative, 6x. ooo 


To find a derivative evaluated at a given point, in a single step, include a vertical bar 
n and the value at which the derivative is to be evaluated. 


+++ Example 26: Find the derivative of 3x?, evaluated at x — 4, on the TI-89. 


Solution: We enter the derivative as in the preceding example, followed by 
n x = 4. 


d(3x^2,x)|x = 4 


and press | ENTER | to obtain the value 24. ooo 
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Floti Flotz Flotz 


Үл де | 
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EL 
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TI-83/84 screens for Example 23. 


Tick spacing is 1 unit in x and 5 units in y. 


Fir| Fer ҮР?” Fr 
ЕРА ГАР НА АР ва» | 


-4(в-2) 


a(3x*2, x) 
MAIN DEGAUTO SEG 


TI-89 screen for Example 25. 


тин] а] деин ыле] | 


a 


.-24(5-х2)|х-4 24 
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MAIN DEG AUTO SEQ 1/30 


TI-89 screen for Example 26. 
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FIGURE 23-97 


Chapter 93 * Derivatives of Algebraic Functions 


Exercise 3 • The Derivative 


Delta Method 
Find the derivative by the delta method. 
1. у 23x – 2 2. у= 4х – 3 
3. у= 2х + 5 4. у= 7 – 4х 
5. у= 2 +1 6. у= х2 – 3х + 5 
7. у= 8. у= х3 – x? 

3 х 
оо лаг” 10 Sea ie 
11. у= М3 – х 12. у = T" 

Vx 
Find the slope of the tangent or the rate of change at the given value of x. 
18. y atx = 1 14. y 1 atx = 2 
i oes atx = 2 d uc atx —3 
x x 

17. y 22x — 3 atx =3 18. y = 16x? atx=1 
19. y=2x7-6 atx = 3 90. у= x? + 2х ах = 1 


Graphics Calculator 


21. 


Verify any of the above derivatives by comparing the derivative found by the 
delta method and nDeriv of the given function. You may compare the graph of 
each in the same viewing window, or a table showing the values of each for a 
range of x values. 


Other Symbols for the Derivative 


99. If y = 2x? — 3, find y'. 23. In problem 22, find y'(3). 
24. In problem 22, find y'(—1). 95. If f(x) = 7 — 4х2, find f'(x). 
26. In problem 25, find f'(2). 27. In problem 25, find f'(—3). 
Operator Notation 
Find the derivative. 
d d 

98. —(3x + 2 29. — (x? – 1 

ы ах du ) dx (х ) 
30. D,(7 — 5х) 31. р, (х2) 
32. D(3x + 2) 33. D(x? – 1) 
34. An application: A certain light source produces an illumination of / lux on a surface 


35. 


36. 


at a distance of x m, Fig. 23-26, where I = 258/22. Find dI/dx, the rate of change of 
illumination with respect to distance. 


Writing: We find the derivative by the delta method by first finding Ay divided 
by Ax and then letting Ax approach zero. Explain in your own words why this 
doesn’t give division by zero, causing us to junk the whole calculation. 


CAD: Plot a curve, Fig. 23—27, and on the x axis locate points at x and at 
x + Ax. 
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From these points draw lines perpendicular to the x axis. Label their intersec- 
tions with the curve as P and Q. Draw secant line PQ. 


Now drag Q closer to P. What happens to secant line PQ as Ax shrinks to zero? 


Demonstrate your construction in class using a computer projector. 
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93-4 Rules for Derivatives 


In the preceding section we have shown several ways to find the derivative, and 
hence, the rate of change of a function. We made use of the calculator and com- 
puter, and also the delta method. These are fine, but for many functions the fastest 
and easiest way to find a derivative is by applying a rule. Here we will use the delta 
method to derive a few such rules. 


The Derivative of a Constant 


For the function y — c, if x is increased by an amount Ax, then y (being constant) 
remains unchanged. Thus Ay = 0, and so Ax/Ay = 0. The limit, as Ax ap- 
proaches zero, is also zero. So we get the rule, 


y 
0, 9 —— 
0 x 
This is not surprising, because the graph of the function y = c is a straight line 
parallel to the x axis (Fig. 23—28) whose slope is, of course, zero. FIGURE 23-28 


+++ Example 27: If y = 27°, then 
Ше ы 
Qm) _ 0 
ах 


Derivative of a Constant Times a Power Function 


We let y = cx”, where n is a positive integer and c is any constant. Using the delta 
method: 


1. We substitute x + Ax for x and y + Ay for y. 
y + Ay = c(x + Ах)" 


Here we have a binomial, (x + Ax), raised to a power n. Recall, from Chapter 
20 that we can expand such a binomial by using the binomial formula, Eq. 199, 


(n — 1) gà + n(n — 1)(n — 2) 


«o fü n-i n n—3,3 ман п 
(a + b) a" tna" b+ 2! 31 a^ "bc tb 


Substituting into the binomial formula with a — x and b — Ax we get 


(n — D) 
2 


у + Ау = er + nx" ҚАх) + 3 x" (Ах)? + + red 


I2 


Subtracting y — cx" we get Ay on the left side, and on the right side the first 
term x" is eliminated. 


(n — 1) 
2 


Ay — КУ; + = x" (Ax ++ га | 
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3. Every term on the right contains the factor Ax. We can therefore divide both 
sides by Ax and we get 
A п(п = 1 
ау = с пхп! + n(n — 1) 


n—2 п-1 
A + eee + A 
x x (Ax) 


4. Finally, letting Ax approach zero, all terms but the first vanish. Thus 


d 
a= cnx"! 


dx 


+++ Example 28: 
(a) If y — x?, then, by Eq. 256, 
d 
- = 342-1 = 3x? 
(b) If y = 5x?, then 
d 
& = 5(2)x2-! = 10x ove 
dx 


Power Function with Negative Exponent 


In our derivative of Eq. 256, we had required that the exponent n be a positive 
integer. We’ll now show that the rule is also valid when n is a negative integer. 


If n is a negative integer, then m = —n is a positive integer. So 
2 c 
у = сх" = сх" т 
We again use the delta method. 
1. We substitute x + Ax for x, and y + Ay for y. 
с 
+ Ay = ————— 
3 4 (x + Ax)” 


2. Subtracting gives us 
с с x" — (x + Ах" 
© (x + Ax)” x" Í x" (x + Ax)" 
x" — (x" + тх" Ах + kx" 2 Ax? + + Ах") 


Ay 


=e x" (x 3s Ax)" 
3. Dividing by Ax yields 
Ay mx"! kx" 2 Ax t c Ах"! 


Ах | me x"(x + Ax)" 
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4. Letting Ax go to zero, we get 


-1 
dy mx" -1 1 


We get the same result as for a positive integral exponent. This shows that Eq. 256 
is valid when the exponent n is a negative integer as well as when it is positive. 


+++ Example 29: 
(а) If y = x +, then 


d 4 
x 4x ^ = 5 
dx X 
d(3x 7) " 6 
b) —— -3(072»?- 
(b) dx (-2)х = 
(c) If y = —3/x?, then y = —3x ? and 
y = —3( 2)х ^3 = 5, ooo 


Power Function with Fractional Exponent 


We have shown that the exponent n in Eq. 256 can be a positive or a negative 
integer. The rule is also valid when n is a positive or a negative rational number. 
We'll prove it later in this chapter. 


+++ Example 30: If y = x753, then 
d 
sy = 23-80 СЗ ü 
dx 3 1: 
To find the derivative of a radical, write it in exponential form, and use Eq. 256. (2 " 
u 
өө» Example 31: If y = 2, then Ax 
0 | E 
dy 4 A322 ine (b) 


dx dx 3 5 


Derivative of a Sum 
We want the derivative of the function 


y-c-utvtw 


where u, v, and w are all functions of x. These may be visualized as shown in 
Fig. 23-29. We use the delta method as before. Starting from P(x, y) on the curve 
y = f(x), we locate a second point Q spaced from P by a horizontal increment Ax. 
In a run of Ax, the graph of y — f(x) rises by an amount that we call Ay, 
Fig. 23-29(a). 

But in a run of Ax, the graph of u also has a rise, and we call this rise Au. Sim- 
ilarly, the graphs of v and w will rise by amounts that we call Av and Aw. 

Thus at (x + Ax), the values of u, v, w, and y are (u + Au), (v + Av), 
(w + Aw), and (y + Ay). Substituting these values into the original function 
у = и +v + w gives 


у + Ау = (и + Au) + (v + Av) + (w + Aw) FIGURE 23-29 
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Subtracting the original function we get 
у + Ду = у= и + Ди + о + Ао + и + Aw-u-v-w 
Ay = Au + Av + Aw 
Dividing by Ax gives us 
Ay Ди + Av + Aw 


Ax Ax 
So 
dy _ i (225625) 
dx АЗ Ах Ax Ax 
. Au . Av . Aw 
lim — + lim — + lim — 


m 
Ax—O0AX Ax—0AX Ax—0 Ax 


Here we used, without proof, the idea that the limit of a sum of several functions is 
equal to the sum of the individual limits. This leads us to the following sum rule: 


+++ Example 32: Differentiate. 


d 
ge — 3x? + 5x + 4) 
х 


Solution: We often have to apply several rules for derivatives in one problem. Here we 
need, in addition to the rule for sums, the rules for a power function and a constant. 


d 
ay OF 3x) + Sx + 4) = 6x? — 6x +5 ooo 


2 
3 
and verify by calculator. 


+++ Example 33: Find the derivative of y = E 


Solution: At first glance it looks as if none of the rules learned so far apply here. But 
if we divide by x we get 


2 
+ 3 3 
== = х + = х + 3x7! 
х х 
Taking the derivative gives 
d 
2 Z1 +3(-1)x7? 
dx 
3 
=] -> 
42 


Check: We approximately verify this by the TI-83/84 calculator by entering for Y1 
the derivative we just found, and for Y2 the nDeriv of the given function, screen (1). 
We then display a table showing Y1 and Y2 for a range of x values, and check that 
they are equal screen (2). 

As another check, we have taken the derivative symbolically, TI-89 screen (3). 
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м1 81-54 
ж асс деа ы. 


2 2 


Floti Plotz Flot GENERE NC 


“з= 

a= 

YET —— — n — 1 20€ 
: = pangé (199 

a= бам. Baud SEG 


(1) TI-83/84 checks for Example 33. (2) (3) After taking the derivative on the TI-89, 
we have used the expand operation from the 
Algebra menu to put the derivative into the 
same form as that found manually. 


oe 
Other Symbols for the Derivative 
Let us not forget the other symbols that are used to indicate a derivative. 
+++ Example 34: 
(a) if y = 3x’, then y' = бх 
(b) if f(x) = 3x7, then f'(x) = 6x 
(с) 2327) = 6x 
(d Dx?) = бх +.. 


Derivative at a Given Point 


As before, we can use the у’ and f’ notation to denote the derivative evaluated at a 
specific point. 


өө» Example 35: If y = x? — 2x + 3, find y'(1). 
Solution: The derivative is 
y =2x-2 

Atx = 1, 

У(1)-20)-25-0 +++ 
өө» Example 36: If f(x) = 2x? + 4x, find f'(3). 
Solution: Differentiating gives f'(x) = 6x? + 4, so 

fu 6(3)2 + 4 = 58 ++. 


Functions with Other Variables 


So far we have mostly been using x for the independent variable and y for the 
dependent variable, but now let us get some practice using other variables. 


+++ Example 37: 
(a) Ifs = 31? — 4t + 5, then 


B Sed 
dt 

(b) Ify = 7и — 5и?, then 
d 
"23-15 
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FIGURE 23-30 
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(c) Ifu =9 + x? — 2x*, then 
du 


— = 2x — 8? eee 


dx 


+++ Example 38: Find the derivative of T = 4z? — 2z + 5. 
Solution: What are we to find here, dT /dz, or dz/dT, or dT /dx, or something else? 


Here we find the derivative of T with respect to the independent variable z. 


dT 
— = 82 — 2 ooo 
dz 


+++ Example 39: An Application. We will see later that current i in a capacitor, Fig. 
23-30, is the capacitance C times the rate of change dv/dt of the voltage across the 


А . 1 dv |. 222227 
capacitor, with respect to time, ori = C x Find the current if v is given by 


v = 2.952 + 144t — 3.85 


Solution: Taking the derivative we get 
dv 


—- = 2(2.95)t + 1.44 
Э 


So, 4 
i = С? = c(590t + 1.44) 


dt +++ 


Exercise 4 • Rules for Derivatives 


Find the derivative of each function. Verify some of your results by calculator. 
As usual, the letters a, b, c, . . . represent constants. 


Derivative of a Constant 


1. у= 8 2. у= т 
З: у= а 4. y = 3b + 7с 


Derivative of a Constant Times a Power Function 


5.y=x 6. y = 3x 
7. yes 8. y = xf 
9, y = 3x? 10. y = 5.4х? 


Power Function with Negative Exponent 


11. y =x 12. y = 2x7? 
1 1 
13. y 2 — 14. у=—; 
x x 
3 3 
15. у= = 16. у= —у 


ы 
кә 
E 
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Power Function with Fractional Exponent 


17. у = т 18. y = 4x5? 
19. y = AV x 90. y = 3N/x 
91. y = —17 V o 99. y = -2N/ 2 


Derivative of a Sum 


93. y = 3 – 2x 94. y = Ax? + 2x7 
95. y 23x — x? 26. y = xf + 3x7 + 2 
97. y = 3x? + 7х2 – 2x + 5 98. y = x? — х?? + Зх 
99. y=ax+b 30. y = ах? — 5bx? 
2 7 3 2 
X X X X 
у= 5 - < 9. у = + тг 
у=» = 32. y = 175 284 
2 3 
33. y = 2x?/^ + 4x V^ 34. у=———; 
x x 
35. y= 2x43 — 3x7/3 36. y= x23 — q25 
Other Symbols for the Derivative 
37. If y = 2x? — 3, find у’. 38. If f(x) = 7 — 4x?, find f'(x). 
Evaluate each expression. 
d d 
39. — (3x5 + 2x) 40. — (2.5x? — 1) 
dx dx 
41. D,(7.8 — 52x 2) 49. D,(Ax? — 1) 
43. D(3x? + 2x) 44. D(1.75x ? — 1) 


Derivative at a Given Point 

45. If y = x? — 5, find y'(1). 

46. If f(x) = 1/x?, find f'(2). 

47. If f(x) = 2.75x* — 5.02x, find f'(3.36). 
48. If y = V 83.2x°, find y'(1.74). 


49, Find the slope of the tangent to the curve y — x? — 2, where x equals 2. 


50. Find the slope of the tangent to the function y = x — x?at x = 2. 
51. Find the rate of change of the function y = 5х? at x = 0.500. 


59. Find the rate of change of the function y — 3.45x? — 2.74x at x — 1.34. 


Functions with Other Variables 


Find the derivative with respect to the independent variable. 


53. р = 5 — 3t + 4 54. z = 9 – 8w + w? 
55. s = 58.31 — 63.8t 56. x = 3.82у + 6.25y4 
5 3 
57. y = V 5w? 58. w=>- 5 
X x 
85.3 
59, v = —- 60. T — 3.55 V 1.06w? 


Пи 
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Remember that we have two entire 
chapters of applications following this 
one, and that we are only giving a few 
in this chapter as a sample of things to 
come. 
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An Application 
61. The position s of a point in a mechanism is given by 
з= 502 + 31 in. 


where t is the time in seconds. The velocity of the point is found by taking the 
first derivative of the displacement, or ds/dt. Take the derivative and evaluate it 
att = 3.55 s. 


69. Writing: Do you feel it is reasonable to learn rules for derivatives, now that 
we can use calculators or computers to find derivatives? Can you think of any 
reasons for continuing to learn them? Write a memo to the head of your mathe- 
matics department stating whether or not you think the present method of learn- 
ing derivatives should be changed, and give your reasons. 


93-5 Derivative of a Function Raised to a Power 


In the preceding section we derived a few rules for taking derivatives. However, 
there are many simple functions not covered by those rules, so we add to them here 
and in the following section. 


Composite Functions 


We earlier derived Rule 256 for finding the derivative of x raised to a power. But 
Rule 256 does not apply when we have an expression raised to a power, such as 
у = (2х + 7) (1) 


We may consider this function as being made up of two parts. One part is the quan- 
tity, which we shall call и, that is being raised to the power. The other part is the 
power itself . 


u=2x+7 (2) 

Then y can be written 
у= 17 (3) 
Our original function [Eq. (1)], which can be obtained by combining Eqs. (2) and 


(3), is called a composite function. We introduced composite functions in our earlier 
chapter on functions. 


The Chain Rule 


The chain rule will enable us to take the derivative of a composite function, such as 
Eq. (1). Consider the situation where y is a function of u, 

y = glu) 
and u, in turn, is a function of x, 

u = h(x) 


so y is the composite function of y = g[A(x)], which we will now call f(x), 
y = g[hG)] = Дх) 


The graphs of y = f (x) and u = h(x) are shown in Fig. 23-31. We now start 
our derivation of the chain rule by recalling our definition of the derivative as the 
limit of the quotient Ay/Ax as Ax approaches zero 


dy_ qu AY 


dx nun Ax 230 
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where Ду is the rise of the graph of y = f(x) in a run of Ax, Fig. 23-31(a). But in 
a run of Ax, the graph of u also has a rise, and we call this rise Au, Fig. 23—31(b). 
Before taking the limit in Eq. 251, let us multiply the quotient Ay/Ax by Au/Au, 
assuming here that Au is not zero. (The chain rule is true even for those rare cases 
where Au may be zero, but it takes a more complicated proof to show this.) 


Ay _ Ау Ди 

Ах Ax Au 
Rearranging gives us 

Ay Ay ‚Аи 

Ax Au Ах 


We now let Ax approach zero and apply a theorem (which we'll use without proof) 
that the limit of a product of two functions is equal to the product of the 
limits of the two functions. 


FIGURE 23-31 


i Ay i Ay Au l Ay im 2“ 
Abo Ах Kei Au Ах N Abo Au) Ac Ax 
But Au also approaches zero as Ax approaches zero, so we may write 


| . Au 
lim * lim 
Au—0 Аи Ах-э0 Ax 


lim 
Ax—0 Ax 


Then, by our definition of the derivative, Eq. 251, 
i Ay dy 
Ax>0 Ax dx 
Similarly, 


i Ay dy К 
By. UY ni BE. d 
Agathe du 


and 
Ax—0 Ax 


So we get the following rule: 


The Power Rule 


We now use the chain rule to find the derivative of a function raised to a power, 


1 


d Е 
у = си". If, in Eq. 256, ЕР (cx") = cnx" ^, we replace x by и, we get 
х 


dy = ") = спи? 
du du ч » 


1 


Then, by the chain rule, we get dy/dx by multiplying by du/dx. 
dy . dy du 


dx du dx 


and obtain the following rule: 
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++» Example 40: Take the derivative of y = (х? + 1)°. Check by calculator. 


Solution: We use the rule for a function raised to a power, with 


n=5 and u = x? + 1 


Then 
du 
— = 3x2 
dx 3 
So 
ду = PY gets 
dx dx 


5G + 1)4(3x?) 


d 
Don’t forget ын 
ах 


Now simplifying our answer, we get 


d 
шэн 15x? (i? + 1)* 
dx 


Check: We approximately verify this by the TI-83/84 calculator by entering for Y1 
the derivative we just found, and for Y2 the nDeriv of the given function, screen (1). 
We then display a table showing Y1 and Y2 for a range of x values, and check that 
they are approximately equal, screen (2). Also shown is the derivative found sym- 
bolically on the TI-89, screen (3). 


SERES | eae 


Чеке ive ске . i i 5 
135^5. X. 45 . 463 +1)°] 


x 


T Е . . . 4 
к= : : Е 15:x2 (x3 +1) 
5 b zm ^ ^ 

Wes AL Cx*34+19*5, x08 


MAIN DEG AUTO SEQ 1230 


(1) TI-83/84 screens for Example 40. (3) TI-89 screen for Example 40. 
+66 


Our next example shows the use of ће power rule when the exponent is negative. 
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+++ Example 41: Take the derivative of y = — "m 
x 


Solution: Rewriting our function as у = 3(x? + 2)! and applying the power rule, 
Rule 258, with u = x? + 2, we get 


n. 3(—1) (x? + 2) ?Qx) 
dx 
= o 0x „ә 
(x? + 2)? 


We’ll now use the power rule for fractional exponents, even though we will not 
prove that the rule is valid for them until later in this chapter. 
+++ Example 42: Differentiate y = V/1 + x^. 
Solution: We rewrite the radical in exponential form. 
у = (1 + х2)! 
Then, by Rule 258, with u = 1 + x2, and du/dx — 2x, 
dy 1 
— = =(1 + х2) 72/302 
Ер 3 х) “! (2x) 
Or, returning to radical form, 


dy 2x 


= ooo 
dx 3V(1L + х7)? 
2 
+++ Example 43: If f(x) = ===, find f'(1). 
Vx) + 3 
Solution: Rewriting our function without radicals gives us 
Ро) = 50° + 3) T? 
Taking the derivative yields 
1 
70 = s(-1) (x? 3) 32025) 
C 288 
Ge 37 
Substituting x — 1, we obtain 
5 5 
РО) Ес oo 


(1 + 3)3/2 8 


Exercise 5 • Derivative of a Function Raised to a Power 


Find the derivative of each function. Check some by calculator. 


1. y = (Ох + 1)5 2. y = (2 - 3х2)? 
3. y = (3x? + 2f = 2x 4. y = (х? + 522 + 7) 
2 
5. y = (2 — 5х) 6. y=- 
лай x) hi a ded 
2.15 31.6 
7.у= 8. у= 


х? + а? ` [= 2x 
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3 5 
9. у= 10. y= 
TUR i (x? — 1)? 
b py 
11. y= (2) 12. y= 133 
х х 
13. y= V1 – ax 14. y = V2x? – 7х 
b 
15. y= V1 — 2x 16.y--Va- х? 
a 
17. y= V4 — 9x 18. у = Va! – x 
1 1 
19. y = —— 20. у = 
Vid e: 
Find the derivative. 
d d 
91. — (332 + 2xy 99. — (1.5x? — 3 
dx dx 
93. D,(4.8 — 72x ?y 94. D(3xÓ — 5)? 
Find the derivative with respect to the independent variable. 
95. v = (52 — 3t + 4° 96. z = (9 — 8wy 


97. 


99; 
30. 
31. 
32. 


s = (8.315 — 3.80) ? 98. x = V32y + 62y* 


Find the derivative of the function y = (4.82x? — 8.25x)? when x = 3.77. 
Find the slope of the tangent to the curve y = 1/(x + 1) at x = 2. 

If y = (x? — xy), find y'(3). 

If f(x) = W2x + Qxy/^, find f'(4). 


An Application 


33. 


We will see in a later chapter that the acceleration of a point 1s the rate of 
change of the velocity of the point. If the velocity of the arm of an industrial 
robot is given by v — 3.45(12 + 2)? ft/s, where t is the time in seconds, take 
the derivative of this velocity to find the acceleration, and evaluate it at 
t = 1.00s. 


23-6 Derivatives of Products and Quotients 


We are nearly done adding rules now. Here we add a few more that will enable us 
to find derivatives of products and quotients. We will not need any others until we 
later cover logarithmic, exponential, and trigonometric functions. 


Derivative of a Product 


We often need the derivative of the product of two expressions, such as 
y= (х2 + 2) V x—5, where each of the expressions is itself a function of x. Let us 
label these expressions u and v. So our function is 


y = uwv 


where u and v are functions of x. These may be visualized in Fig. 23-32. 
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We use the delta method as before. Starting from P(x, y) on the curve 
y = f (x), we locate a second point Q spaced from P by a horizontal increment Ax. 
In a run of Ax, the graph of y = f (x) is seen to rise by an amount that we call Ay, 
Fig. 23-32(a). 

But in a run of Ax, the graph of u also has a rise, and we call this rise Au, 
Fig. 23-32(b). Similarly, the graph of v will rise by an amount that we call Av, 
Fig. 23-32(c). 

Thus at (x + Ax), the values of u, v, and y are (u + Au), (v + Av), and 
(y + Ay). Substituting these values into the original function y = uv gives 


и 
5 
y + Ay = (и + Au)(v + Av) or 
= uv + u Av + v Аи + Au Av Au 
Subtracting y = uv gives us | i = 
0 x 
Ay = u Av + v Au + Au Av (b) 
Dividing by Ax yields 
Ay Av Au Av 
= + +A 
Ax “Ах в Ах “Ax 


As Ax now approaches 0, Ay, Au, and Av also approach 0, and 
Ay _ dy . Au du . Av dv 


im = Ч ШТ. =—— 7-5 Шу SS —— 
Ax—0 Ax ах Ax—0 Ах ах Ax—0 Ax dx 


so 
dy dv du dv FIGURE 23-32 


which can be rewritten as follows: 


+++ Example 44: Find the derivative of y = (x? + 2)(x — 5). 


Solution: We let the first factor be и, and the second be v. 
у = (x? + 2)(x — 5) 


и v 
So 
du dv 
—-2 and = 
ах 1 4х 
Using the product rule, 


dy 2 а, _ EX 
пт piri 5) + (x ay + 2) 


(х2 + 2)(1) + (x — 5)(2x) 
x? + 2 + 2x? — 10x 
= 33? — 10x + 2 +.. 
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In Example 44 we could have multiplied the two factors together and taken the de- 
rivative term by term. Try it and see if you get the same result. 
++» Example 45: Differentiate y = (x + 5) Vx = 3. 
Solution: By the product rule, 
dy 
dx 


(x + 5:5 -зу! да) Vx — 3(1) 


x+5 
poe ee .. 
2N Xx = 3 


Derivative of a Constant Times a Function 


Let us use the product rule for the product cu, where c is a constant and u is a func- 
tion of x. 
d du dc du 


= 4 = 
da de ae de 


since the derivative dc/dx of a constant is zero. Thus: 


өө» Example 46: If y = 3(x? — 3x), then 


аг 


d 2 5 
D ш цаад 


3(5) (x? — 3х) (2х — 3) 
= 15(x* — 3x)*(2x — 3) oo 


Products with More Than Two Factors 


Our rule for the derivative of a product having two factors can easily be extended. 
Take an expression with three factors, for example, which can be written as the 
product of two factors as follows: 


y = uvw = (uv)w 
Then using the product rule, twice, 
dy dw d(uv) 
uv tw 
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Thus, 


+++ Example 47: Differentiate y = x(x — 2PV x + 3. 


Solution: By Eq. 260, 


йу. х2(х = alia + sv + x2(x + 3)? [5 (x — 2)4] 
dx 2 


+ (x = 2 (x + 3)]2 23) 


2 3 
К m 

HA ш d + 5x? (x — 2°V x +3 + 2x(x —2PVxt+3 өөө 
2Vx+3 


We now generalize this result (without proof) to cover any number of factors: 


+++ Example 48: An Application. The shape of a deflected beam is called its elastic 
curve and is given by the deflection y at a distance x. For the beam of Fig. 23-33 the 
elastic curve is given by 


y = kx(l — x)2l — x) ' 


| 
where / is the length of the beam and k is a constant depending on the properties of FIGURE 23-33 A beam simply 


the beam. Write an equation giving the slope of the elastic curve by taking the supported at its ends, with a turning 
derivative dy/dx of the given equation. moment M at the left end. 


Solution: Instead of multiplying out, we will use Eq. 261 to find the derivative. 


dy 
dx 


kad = x)(—1) + kx(- DOI — x) + k( — x)Ql — x) 


—kx(l — x) — kx(2l — x) + k(l — х)(21— x) 
—6kxl + kx? + kl? ooo 
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Some prefer to use the product rule to 
do quotients, treating the quotient u/v 
as the product uv 1. 
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Derivative of a Quotient 


To find the derivative of the function 
у= 
where и апа v are functions of x, we first rewrite it as a product, 


y= uv! 


Now, using the rule for products and the rule for a power function, 


dy dv du 

— -u-Dv?——-vl—— 

dg ie er 
u dv 1 du 


v ах vdx 
We combine the two fractions over the LCD, 12, and rearrange. 


dy v du u dv 


dx аах ъ?ах 


which can be rewritten as follows: 


3 


2 
+++ Example 49: Take the derivative of y = TEES 
x 


. Verify by calculator. 


Solution: The numerator is u — 2x?, so 


du 


— = бх? 
dx T 


and the denominator is v = 4x + 1, so 


dv 
dx 


It is very easy, in Eq. 262, to interchange u and v, by mistake. 


Applying the quotient rule yields 
dy (4х + 1)(6x?) — (2х3)(4) 


dx (4x + 1)? 
Simplifying, we get 
dy 24x3 + 6x7 — 8x3 16x) 6х2  2xX8x + 3) 
dx (4х + 1)? (Ax + 1 (4x + 1)? 
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Check: For an approximate verification by the TI-83/84 calculator, we enter for Y1 
the derivative we just found, and for Y2 the nDeriv of the given function, screen (1). 
We then display a table showing Y1 and Y2 for a range of x values and check that 
they are approximately equal, screen (2). We also show the derivative taken symbol- 
ically on the TI-89, screen (3). 


Floti Flotz РЕЗ ЕА ЕИ ИА А 


"UIN ug 
dx|4-x *1 


“1 BBS cor 32764 
83126 


2A Ae : Е { 2-х248-х43) 
: 1 (4:x + 1)2 
A C2x*3) 44x41), xO 


MAIN DEG AUTO SEQ 1/30 


(1) TI-83/84 screens for Example 49. (2) (3) TI-89 screen for Example 49. 


ooe 


(7-3у 


Vt 1 


+++ Example 50: Find 5'(3) if s = 


Solution: By the quotient rule, 
Vi + 1P - 382) - (à - 3 (2)6 + 1 1? 
шив 
t+1 


6P — 3)Vt +1 (2-3) 
2Vt+t+ 1 


t+1 


We could simplify now, but it will be easier to just substitute into the unsimplified 
expression. Letting f = 3 gives 


DT= 3/3 = 1 = 07-37 
2V3 +1 - 


(3) = 612 +++ 
2 i4 


Exercise 6 » Derivatives of Products and Quotients 


Find the derivative. Verify some by calculator. The answers to some of these 
problems, especially the quotients, may need a lot of simplification to match the 
book answer. Don't be discouraged if your answer does not appear to check at 
first. 


Products 


Some of these can be multiplied out. For a few of these, take the derivative both 
before and after multiplying out, and compare the two. 


1. y = x(x? — 3) 9. y = x? (5 — 2x) 
3. у = x(x? — 2)2 4. у = x(x — 9) 
5. y = (5 + 3х)(3 + 7х) 6. у = (7 — 2x)(x + 4) 
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7. у= (x + 3)(5х — 6) 8. y = (Ax — Dx + 3) 
9. y = x824x — 624x?) 10. y = x V1 + 2x 
11: у= 33V S +2 19. y = x23 — 4x 
13. y = Vxx2 + 2x — 3) 14. y = Gx + D? V4x — 2 
15. y = (2x2 — 3)W3x +5 16. Lax + 3)(x = 7) 


17. 9 су + 5хУ(х-3) 
dx 
18. D,(4x — 9)(x + 5) 19. D,(x? — 2)(x — 6) 


20. If y = (x + 27V x + 5, find y'(2.34). 
21. Find the rate of change of the function y = (x? — 1) V. x + 7 at x = 3.00. 
22. If f(x) = (2x + 3)V3x + 1, find f' (2.88). 


Constant Times a Function 


93. y = 6(x — 9) 94. y = 8(x? + 1) 
95. y = a (2x — 4)? 96. y = Зп(х — 1)? 


Products with More Than Two Factors 
97. y = x(x — T)(x + 1) 98. y = x(x + 2)(x — 9 


99, y — x(x d 1Y (x — 2 30. у= x Vx + Іх 


Quotients 


Find the derivative of each function. 


x x 
31. y = 39. y = — 
y x+2 y +] 
Ш x? "2-1 
ТЕЕ 34. у= ст 
xA 2x — 1 
35. y= 36. y = ——_, 
diues У а= 1) 
1/2 = 
x t—1 
37. y — — 38. s = 
4 xl? + 1 5 1+1 
2 1 + 2t 
39. w = ———— 40. v — 


AJA 2 1-—2f 
2 а 
41. Find the slope of the tangent to the curve у = V 16 + 3x/x at x = 3. 
42. Find the derivative of the function y = x/ (7.42x? — 2.75x) when x = 1.47. 


43. If y = x/ V8 — x’, find y'(2). 
44. If f(x) = х?/\/ 1 + x°, find f'(2). 


An Application 


45. The temperature T inside a certain furnace varies with the time ¢ according to 
the function T = (f + 3) Vt + 1 °F, where t is in hours. Find the rate of 
change of T when t = 2.35 h. 
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23-7 Other Variables, Implicit Relations, and Differentials ПБС: 


We now know how to find the derivative of a great many different functions. But so far 


* our derivative has always been with respect to the variable in the function 
* our function has always been in explicit form 


Here we will learn how to take derivatives without having these limitations, 
enabling us to handle various applications later. We will also show how to put a 
derivative into differential form, a prerequisite to finding an integral and also to 
solving a differential equation, both of which we do in later chapters. 


Derivatives with Respect to Other Variables 


Do you recall our “Power Rule" from earlier in this chapter? Here it is again. 


Up to now, the variable in the function u has been the same variable that we 
take the derivative with respect to, as in the following examples. 


+++ Example 51: 


d dx d dt 
(а) — x?) = 3x = 3x (b —)-5—. -5r 
d d dt dt 
x SS x SS 
same same +» 


Since dx/dx = dt/dt = 1, we have not bothered to write these in. Of course, 
Rule 258 is just as valid when our independent variable is different from the vari- 
able that we are taking the derivative with respect to. The following examples show 
the power rule being applied to such cases. 


+++ Example 52: 
d 5 4 du 4 з dw 
m = 5и — b) — = 4w?— 
Uode dO aR a 


different different 
dy dy _ dy 
dx dx dx 


different different 


d 6—5 d _ 4,0 
(c) de os 6y (d) дэ. ly 


ooo 


As we said before, mathematical ideas do not, of course, depend upon which 
letters of the alphabet we happen to have chosen when doing a derivation. Thus in 
any of our rules you can replace any letter, say, x, with any other letter, such as z or t, 
as long as we do it throughout. 


It is very easy to forget to include the dy/dx in problems such as 
the following: 


dy 


dx 
T Don't forget! 


О ВЕСЕ 
шон 


Our other rules for derivatives (for sums, products, quotients, etc.) also work 
when the independent variable(s) of the function is different from the variable we 
are taking the derivative with respect to. 
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We will have to find dx/dy when later 
solving arc-length problems. 
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өөө Example 53: Here are some derivative of sums and products 


d dy dz d dz dw 
— (2y + z) = 2—— + 34%—— b = + 
Еты" шэг ангаа 
d ons gag 8X | qos 
Ec. 3x ML 2х) 
(с) a) SOY у Qx) 26 
= 3х?у? uci + 2xy? El 


We usually think of x as being the independent variable and y the dependent 
variable, and we have been taking the derivative dy/dx of y with respect to x. 
Sometimes, however, the positions of x and y will be reversed, and we will want to 
find d x/dy, as in the following example. 


+++ Example 54: Find the derivative of x with respect to y, (dx/dy), if 


х= у? – Зу + 2 


Solution: We take the derivative exactly as before, except that х is where у usually 
18, and vice versa. 


Derivatives of Implicit Relations 


Recall that in an implicit relation, neither variable is isolated on one side of the 
equals sign. 


eee Example 55: x? + y? = y? — x is an implicit relation. ooo 


We need to be able to differentiate implicit relations because we cannot always 
solve for one of the variables before differentiating. 


To find the derivative dy/dx of an implicit relation between x and y, 


(a) Take the derivative of both sides of the equation, with respect to x. 
(b) Rearrange so that all dy/dx terms are on one side of the equation. 
(c) Factor out dy/dx. 

(d) Solve for dy/dx by dividing. 


When taking derivatives, keep in mind that the derivative of x with respect to x is 1, 
and that the derivative of y with respect to x is dy/dx. 


+++ Example 56: Given the implicit relation in Example 55, find dy/dx. 


Solution: Given 


dx dy 54у dx 
2 +2 =3 
ee "ds y dx dx 
or 
dy dy 
2x(1) + 2y— = 3y?— – 1 
x(1) Тас dem 


(b) Collecting the dy/dx terms on one side, 


dy dy 
2y— —3y)— = —2х - 1 
? dx yd P 
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(с) factoring 


d 
(2y зу?у—= === 1 


(d) dividing, 
dy _ axl 


ах Зу? – 2y 


Note that ће derivative, unlike those for explicit functions, contains both x апа у. 
5332 


When taking implicit derivatives, it is convenient to use the y' notation instead of dy/dx. 


+++ Example 57: Find the derivative dy/dx for the relation 
xy? =5 
Solution: Using the product rule, we obtain 


x? (3y5y' + y3(2x) = 0 


3x2y?y! = — 2хуЎ 
; 2xy? 2y 
y Е ooo 
` зх?у? 3x 


өөө» Example 58: Find dy/dx, given x? + 3x?y + y? = 4xy. 
Solution: 
(a) Taking the derivative of each term, we obtain 

2x + 3x3y! + y (9x?) + 2yy' = 4ху! + 4y 


(b) Moving all terms containing y' to the left side and the other terms to the right 
side yields 


Зхђу' + 2yy’ — Axy! = 4y — 2x — 9x?y 
(c) Factoring gives us 


(332 + 2y — 4х)у' = 4y — 2x — 9x?y 


(d) Dividing, we get y' alone on the left side. 


, 4» - 2x — 9x?y 
Банн 3 22 
3x” + 2y = 4x 


+++ Example 59: An Application. The equation of the elliptical arch, Fig. 23—34, is 


x? y? 


(8.75) й (6.25) 


(a) Write an expression for the slope at any point on the arch, and (b) evaluate the 
slope where the arch touches the beam at the point (4.00, 5.56). 


--- 8.75ft — 


Solution: (a) We find the slope by finding y'. We will do this implicitly. 


= + ayy = FIGURE 23-34 An elliptical arch. 
; (875? | (625y 
Solving for y', 
2yy = - (625 — 
" 7 (8158. 
0.510x 
y =- 


y 
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dy 


Slope = 2. = р(х) 


FIGURE 23-35 


«Y 
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(b) At (4.00, 5.56), 


, 


0510400 уа sos 
5.56 | 


Power Function with Fractional Exponent 


Now that we are able to take derivatives implicitly, we can show that the power rule, 
Eq. 254 
d 


—x" = пх 


ах 


п-1 


and hence Eq. 258 
d(cu") 


dx dx 


are both valid when the exponent л is a fraction. 
Let n = p/q, where p and q are both integers, positive or negative. Then 


у=х" = х9/4 
Raising both sides to the gth power, we have 
yd = х? 


Using the power rule, we take the derivative of each side. 


dy dx 
4-1-7 = yyP-1—— 
a dx P dx 
Solving for dy/dx we get 
dy рх?! х?7! 


dx q yt"! = [x ?/ a 0 
since p/q = n and y = x”/4, Applying the laws of exponents gives 


dy х?7! 
= FL 
dx хр р/4 


We have now shown that the power rule works for any rational exponent, positive or 
negative. It is also valid for an irrational exponent (such as т), as we will show later. 


Differentials 


Up to now, we have treated the symbol dy/dx as a whole, and not as the quotient of 
two quantities dy and dx. Here, we give dy and dx separate names and meanings of 
their own. The quantity dy is called the differential of y, and dx is called the differ- 
ential of x. 

These two differentials, dx and dy, have a simple geometric interpretation. 
Figure 23—35 shows a tangent drawn to a curve y = f(x) at some point P. The 
slope of the curve is found by evaluating dy/dx at P. The differential dy is then 
the rise of the tangent line, in some arbitrary run dx. Since the rise of a line is equal 
to the slope of the line times the run, we get the following equation: 
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where we have represented the slope by f'(x) instead of dy/dx, to avoid confusion. 
If we take the derivative of some function, say, y — x^, we get 


dy _ 
dx 


3x? 


Since we may now think of dy and dx as separate quantities (differentials), we can 
multiply both sides by dx. 


dy — 3x? dx 


This expression is said to be in differential form. We will see later that an equation 
containing a derivative (called a differential equation) is often written in differential 
form before it is solved. Thus to find dy, the differential of y, given some function 
of x, simply take the derivative of the function and multiply by dx. 


+++ Example 60: If y = 3x? — 2x + 5, find the differential dy. 


Solution: Taking the derivative gives us 


d 
23 esr id 
dx 


Multiplying by dx, we get the differential of y. 


dy = (6x —2) dx ooo 


To find the differential of an implicit function, simply find the derivative as in ear- 
lier examples, and then multiply both sides by dx. 


өөө Example 61: Find the differential of the implicit function 
x? + 3xy — 2y? = 8 


Solution: Differentiating term by term gives us 


d d 
3x2 + 3x 2. + Зу 4y— = 0 
dx dx 
d 
(Зх = 4y)— = -3x2 — Зу 
dx 
dy _ —3x7 — Зу Ш 3x? + Зу 
dx 3x — 4y 4y — 3x 
3x? + 3y 
dy = ———dx 22 
4y — 3x 


Exercise 7 + Other Variables, Implicit Relations, and Differentials 
Derivatives with Respect to Other Variables 
1. Ify = 2и?, find dy/dw. 9. If z = (w + 3)’, find dz/dy. 


3. Ifw = y? + и?, find dw/du. 4. If y = 3x?, find dy/du. 
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Find the derivative. 


d d 
5. coy, 6. —(w? — Зу — 1 
um (су?) dx (w у —1) 
d d 
5 qM +5 8. q0—9Vy-2 
z 
Find the derivative dx/dy of x with respect to y. 
9 х= у? – 7у 10. x = (у – 3)? 
2 
11. x = (у — DY + 3) 19. х = — — 
g.— 
Derivatives of Implicit Relations 
Find dy/dx. (Treat a and r as constants.) 
13. 5x - 2y = 7 14. 2x + Зу? = 4 
15. xy = 5 16. x? + 3xy = 2y 
17. у? = dax 18. y? – 2ху = а? 
19. x? + у? — Заху = 0 20. х + у? = р? 
91. у+у= х + х 99. x + 2x*y = 7 
93. у? – Ay + y! = 9 94. уЗ? + x3? = 16 


Find the slope of the tangent to each curve at ће given point. 
95. x? + y? = 25 atx = 2 in the first quadrant 

96. x? + у? = 25 at (3,4) 

97. 23? + 2? – 9ху = 0 at (1,2) 

98. x? + xy + y? - 3 = 0 at(1, 1) 


Differentials 


Write the differential dy for each function. 


29. y = х? 30. y = x? + 2x 
31 = 39. y = (2— 3х2) 

‚у= ‚у= (2— 3x*y 

? xod] 4 
33. y 2 x? + 3х 34. y= V1 — 2x 
Write the differential dy in terms of x, y, and dx for each implicit relation. 
35. 3x? — 2ху + 2? = 3 36. х? -2y = 5 
| 37. 2x? + 3xy + 4y? = 20 38. 2Vx + зуу = 4 
825 &— 

An Application 


FIGURE 23-36 

39. A semicircular arch, Fig. 23—36, touches roof member AB at a distance of 6.25 ft 

Remember that the bulk of our from the center of the circle. Find the slope of AB. Hint: The equation of the 

applications of the derivative are in semicircle is x? + у? = (8.25)7. Take its derivative implicitly, solve for dy/dx, 
the two following chapters. and evaluate it at x = 6.25. 
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23-8 Higher-Order Derivatives Sse 


m Exploration: 

Try this: 

(a) Take the derivative of y — 2x5. 

(b) Now take the derivative of your derivative. 

(c) Finally, take the derivative of the result of step (b). 


In your exploration you have just taken the first, second, and third derivatives of the 
given function. That's all there is to it! El 


After taking the derivative of a function, we may then take the derivative of the 
derivative. That is called the second derivative. Our original derivative we now call 


the first derivative. The symbols used for the second derivative are 
d? 

Z or у" or f'(x) or D?y 

dx 


We can then go on to find third, fourth, and higher derivatives. We will have many 
uses for the second derivative in the next few chapters, but we will seldom need de- 
rivatives higher than second order. 


өөө Example 62: Given the function 
у= х + 2x3 – 3x7 + х – 5 
Differentiating we get 
y = 4х? + 6x? – 6x + 1 
Taking higher derivatives gives 


у” = 12x? + 12x - 6 


y" = 24x + 12 
у = 9, 4 
y? -0 
and all higher derivatives will also be zero. ooo 


өөө Example 63: Find the second derivative of y = (x + 2) V x — 3. 


Solution: Using the product rule, we obtain the first derivative 
y = (х + »(1)e -371P + Vx = 3(1) 
Now taking the second derivative, 
у” = je + »(-1) (x = 3) 92 + (х = 3) 2 (1) | + Bc - 3) 


x +2 1 
= + ooo 


AG — 33?) Ve з 
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2 meee) 


qx 5.2) 
MAIN DEG AUTO SEQ 


TI-89 screen for Example 64. 
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Higher Derivatives by Calculator 


m Exploration: 


Try this. In the | Y =| window, screen (1), enter the function y = x? for Y1. For Y2 
enter the derivative of Y1. For Y3 enter the derivative of Y2. Graph the three func- 
tions, screen (2). (Y1 and Y2 are found in the | VARS | menu.) 


Floti Flotz Flot2 
sul BAS 
a АМАЛИ qns 


"wv :Bnleriuvczsxs 
“JH 


y= 
WES 
(1) TI-83/84 screens. (2) Tick marks are 1 unit apart in x 
and 5 units apart in y. 


What was the degree of the original function? Of the first derivative? The sec- 
ond? Can you generalize about what happens to the degree of a polynomial as you 
take successive derivatives? El 


Higher-order derivatives can be found directly on a calculator that does symbolic 
algebra. On the TI-89, for example, after selecting d( ) from the Calc menu and 
entering the function and the variable, as usual, we add another integer indicating 
the order of the derivative to be taken. 


өөө Example 64: Find the second derivative of f(x) = x? using the TI-89. 


Solution: Following the function and the variable, we enter the number 2 to indicate 
the second derivative. The screen 1s shown. oe 


Exercise 8 • Higher-Order Derivatives 


Find the second derivative of each function. Verify some by calculator. 


1, у = 2x7 2. y = 5x7 
3. у = 4x? + 3x? 4. y = 5x4 — 9x 
5. y = 3xt — x? + 5x 6. y= х? – 3х2 + 6 
2 
x 34+ x 
7. у = 8. у = 
У х +2 y 2 = x 
9. y= V5 – 4x? 10. у= Мх +2 
11. If y = 3x? + 2x7, find y" (2). 12. If f(x) = x? — 4x4, find f" (3). 
An Application 


13. The velocity of a moving point is given by the first derivative of the displace- 
ment, and the acceleration is given by the second derivative of the displacement. 
Find the velocity and acceleration at t = 1.55 s, of a point whose displacement 
is given by 

s = 455? + 2.85 + 522 ст 


where 1 is the elapsed time, in seconds. 


Review Problems 


ooo CHAPTER 93: REVIEW PROBLEMS *999999999999999999999999999999 


1. Evaluate lim 


. Find dy/dx if y = 3 


. Evaluate lim 


х2 + 2 – 3х 


x1 x —1 


. Find dy/dx if x2? + yP = 9, 


. E fo) = V Ax? + 9, find f' (2). 


5x + 3x2 
. Evaluate lim P X NUM 
x=% y" =] = 3x 
2 2 


y 
. Find dy/dx if — + — = 1. 


4 9 
х2 + 5 
d 


. Find the slope of the tangent to the curve y — 


x 


. e 
. Evaluate lim —. 
x0 X 


‚ Ify = 2.15x3 — 6.23, find y' (5.25). 


х2 + бх – 7 
x—-7 x+7 ` 


а 
. Find the derivative ane + 2). 
x 


. Find the derivative D(3x* + 2). 
. Find the derivative D, (x? = 1)(x + 3) 4. 
. If v = 502 — 3t + 4, find dv/dt. 
‚= 9 — 8w + w’, find dz/dx. 


25 — x? 


. Evaluate lim 


x—5 х= 5 


. If f(x) = 7x — 4x°, find f” (x). 
. Find the following derivative: D,(21.7x + 19.1)(64.2 — 17.9x ?y 
. If s = 58.3? — 63.81, find ds/dt. 


_,d 3 
. Find — (4x? — 3x + 2). 
dx 


Find the derivative. 

у = 6х2 – 2х +7 

y = (3х + 2)(x? – 7) 

у = 16x? + 4х2 -x-4 


22. 
23. 
24. 


25. 


26. 
27. 


28. 


29. 


y 


5А 


2х 
х2 – 9 
2x" + 4х1? — 7х + 1/0252) 


= (2x7 – 4) 


x? + 3x 
xem] 
x25 + 2x13 


. Find dy/dx by the delta method if y = 5x — ar. 


1 


V 25 — x? 


at x = 3. 
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Find f" (x). 
30. f(x) = 6x* + 4x? — 7x? + 2x — 17 
31. f(x) = (2x + 1)(5x? - 2) 


Write the differential dy for each function. 

39. y = 3x! 

33. y = (2x — ay 

34. x? + 3y? = 36 

35. х - у- 2х = 5 

36. Project: For a function assigned by your instructor, find the derivative in as many 


ways as you can: analytically, graphically, numerically, using a calculator or a 
computer. 


Graphical Applications 
of the Derivative 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Write the equation of the tangent or the normal to a curve. 


Find the angle of intersection between two curves. 


Find the values of x for which a given curve is increasing or decreasing. 


Determine the concavity of a curve. 


Find maximum and minimum points on a curve. 


Test whether a point is a maximum or a minimum point. 


Find points of inflection on a curve. 


Graph and interpret curves and regions with the aid of the techniques of 
this chapter. 


Now that we are able to find the derivative by several methods, we turn to applica- 
tions. In this chapter we cover graphical applications, and in the next chapter applica- 
tions from technology. 

In the preceding chapter we showed several methods for finding the slope of the 
tangent to a curve at a given point. Here we build on that, writing the equation of such 
a tangent, as well as of the normal. 

We then use derivatives to determine whether a curve is rising or falling at a par- 
ticular place, find its concavity, and locate maximum, minimum, and inflection points. 
We finish by showing how calculus can help us to analyze a graph of a function. For 
example, could you say whether the curve at the left has maximum and minimum 
points, and give their locations? In this chapter we will show how to do that. 

All the applications in this chapter are graphical, but they will give us the needed 
background to tackle the many applications from technology in the following chapter. 

It is not surprising that this chapter requires heavy use of the graphics calculator. 
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FIGURE 24-1 Tangent and normal to 


a curve. 


FIGURE 24-2 
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24-1 Equations of Tangents and Normals 


In the preceding chapter we defined tangents and normals to a curve, Fig. 24-1. We 
also gave several methods for finding the slope of the tangent at a particular point 
on the curve: manually, by zooming in, by using the Tangent function on the calcu- 
lator, and numerically. We then showed that the derivative, evaluated at a point on a 
curve, also gives the slope of the tangent at that point. 


slope of tangent at x, = т, = y' (xj) 


Having the slope of the tangent and a point through which it passes, we now use the 
point-slope form for the equation of a straight line to write the equation of that tan- 
gent. For the normal, we recall that its slope is the negative reciprocal of the slope 
of the tangent, enabling us to write its equation. 


өөө Example 1: Write the equation of (a) the tangent and of (b) the normal to the 
curve y = х?аїх = 2, Fig. 24—2. Check graphically. 


Solution: 


(a) Of our several ways of finding the slope of the tangent, let us choose the deriv- 
ative. The derivative of y = x? is 


So 
у' (2) = 22) = 4 = т, 


Also, when x = 2, у = 2? = 4. So the slope is 4 at the point (2, 4). 
Using the point-slope form of the straight-line equation, we obtain 


—4 
жээ 

x =) 
or 


у-4-4х-8 
So y = 4x — 4 is the equation of the tangent. 


(b) The slope of the normal is the negative reciprocal of the slope of the tangent 
(Eq. 214) so, 
nd ld 
т, =з 4 
Again using the point-slope form, we have 
pe ol 
=D 4 
4y — 16 = -x + 2 


х 
= — —is the equation of the normal. 


Soy = 
TUM d 


Graphical Check: In the same viewing window we graph the given function, the 
tangent, and the normal. We check that the tangent and the normal pass through 
the given point on the curve, screens (1) and (2). 

Another graphical check is by means of the Tangent feature on the calculator, as 
described in the preceding chapter. 


* Graph y — x^. 
• Select Tangent from the DRAW, menu. 
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Floti Flot? Flot? 
„1 Вк ё 
„72844-4 
ees r^t 


(1) TI-83/84 screens for Example 1. (2) Tick marks are | unit apart. Choose (3) Here the tangent is drawn by the 
Zsquare to make the tangent and calculator by selecting Tangent and 
normal appear perpendicular. specifying a point on the curve. 


* Enter the value of x at which you want the tangent drawn to the curve. Choose 
x = 2 and press ENTER |. 


The tangent is drawn, and on the TI-83/84, the equation is also displayed, screen 
(3). oo 


Implicit Relations 


When the equation of the curve is an implicit relation, you may choose to solve for 
y, when possible, before taking the derivative. Often, though, it is easier to take the 
derivative implicitly, as in the following example. 


+++ Example 2: Find (a) the equation of the tangent to the ellipse 4x? + 9y? = 40 at 
the point (1, —2) and (b) the x intercept of the tangent (Fig. 24-3). Check by graphing. 


УА 


Ax? + 9y? = 40 


«Y 


FIGURE 24-3 


Solution: 


(a) Taking the derivative implicitly, we have 8x + 18yy' = 0, or 


18уу' = —8x 
IER MEN 
d 18y 9y 
At (1, —2), 
А 4(1) 2 
y —g P 
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Graphical check for Example 3. 
Tick marks are 1 unit apart. 
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Using the point-slope form gives us 
у (2) _ 

x i 
9y + 18 = 2x —-2 


E 
9 


2 20 
Soy = 9* - is the equation of the tangent. 
(b) Setting y equal to zero in the equation of the tangent gives 2x — 20 = 0, or an 
x intercept of 


x — 10 


Graphical Check: To graph the ellipse we first solve for y as we did in Chapter 22, 
and get 
2 
ус У10- x 


(work not shown). We graph the upper and lower parts of the ellipse, as well as the 
equation of the tangent, screen (1), and check the point of intersection and the x 
intercept screen (2) using zero from the |CALC menu. 
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(1) TI-83/84 screens for Example 2. (2) Tick marks are 1 unit apart. өөө 


In the preceding examples we were given a point on the curve and had to find 
the slope of the tangent and its equation. Sometimes we have the reverse: given the 
slope of the tangent, find the point(s) on the curve having that slope. 


өөө Example 3: Find the point(s) on the curve y = 2x? — 3x + 1 at which the 
slope is 1. Verify graphically. 


Solution: We find the slope everywhere on the parabola by taking the derivative. 
y =4х—3 


To find the value of x where the slope is | we set the derivative equal to 1 and solve 
for x. 


45-3 = 1 


х= 1 
Substituting back into the given equation gives 
у1) = 2(1)2 – 30) +1 =0 
So the slope is | at the point (1, 0). 


Graphical Check: We graph the original function and draw the tangent at x = 1, 
and check that its slope is 1. өөө 
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Angle of Intersection of Two Curves 


The angle between two curves is defined as the angle between their tangents at the 
point of intersection, which is found from Eq. 215, 
m = т 
tan ф = 221 
1 + mnm» 


+++ Example 4: Find the angle of intersection between the parabolas (a) y? = x and 
(b у = x? at the point of intersection (1, 1) (Fig. 24—4). Check graphically. 


Solution: 
(a) Taking the derivative of y? = х, ме һауе 2yy' = 1, or 


E 
2 
At (1, 1), 
gu 
y сл Мт 


(b) Taking the derivative of y = x? gives us y' = 2x. At (1, 1), 


y-2-m 
Then, from Eq. 215 
21 
2 
tan Ф = oe 0.75 
1+5() 
ф = 36.9? 


Graphical Check: We graph each parabola. Then using the Tangent feature from the 
DRAW menu, we draw the tangent to each curve at the point (1, 1), screen (2). From 
the displayed equation for each tangent, we read the slope of each, getting 2 and 2 as 
before. 
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(1) TI-83/84 screens for Example 4. (2) Tick marks are 1 unit apart. While 
in the | DRAW | menu you can switch 
between curves using the up and 
down arrows. 2222 


Exercise 1 • Equations of Tangents and Normals 
For problems | through 6, write the equations of the tangent and normal at the 
given point. Check some by calculator. 

yee +2 ах=1 

2. y =x – 3x at (2, 2) 

$3.y23$5^—1 atx =2 

4.y=x?—4x +5 at(1,2) 

5. x? + у? = 25 at (3,4) 

6. 16x? + 9y? = 144 at (2, 2.98) 
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FIGURE 24-4 Angle of intersection 
of two curves. If the points of 
intersection are not known, solve the 
two equations simultaneously. 
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7. Find the first quadrant point on the curve y = x? — 3x? at which the slope = 9. 
8. Write the equation of the tangent to the parabola y? — 4x that makes an angle 
of 45? with the x axis. 
9. Bach of two tangents to the circle x? + y? = 25 hasa slope 2 Find the points 
of contact. 
10. Find the equation of the line tangent to the parabola y = x? — 3x + 2 which 
has a slope of —2/5. 


Angles Between Curves 

Find the angle(s) of intersection, to nearest tenth of a degree, between the given curves. 
11. y 22 — xandy = x? at(1, 1) 

19. y = 2x andy = 2 — x? at (0.732, 1.46) 

13. у= х2 + x — 2 and y — x?— 5x +4 at(1,0) 

14. y = —2x and y = х2(1 — х) а (0, 0), (2, —4), and (—1, 2) 


24-2 Maximum, Minimum, and Inflection Points 


Here we will learn how to find some features of a curve that will help us later to an- 
alyze a function, and also lead to useful technical applications in the following 
chapter. We will find these features using the derivative from the preceding chapter, 
and also by graphics calculator. We will often use one method to find a feature, and 
another to check. Let us start by showing how to find sections of a curve that are 
increasing, and those that are decreasing, without actually graphing the curve. As 
usual, we limit this discussion to smooth curves, without cusps gaps, or corners at 
which there are no derivatives. 


Increasing and Decreasing Functions 


m Exploration: 

Try this. In the same viewing window, graph the following function 
у= 3х? – 9х +7 (light line) and its first derivative (heavy line). Your graphs 
should look like those shown below. 
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T1-83/84 screens for the exploration. The function is graphed with a lighter line 
than its derivative. Tick marks are 1 unit apart in x and 5 units apart in y. 


At what values of x is the derivative curve zero? What is happening to the 
function itself at those x values? 

For what values of x is the derivative curve positive? What is happening to 

the function at those x values? 

At what values of x is the derivative curve negative? What is happening to 

the function at those x values? 

What can you generalize about your findings? El 
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When we talk about an increasing or decreasing function, we really mean the 
interval(s) where the function is increasing or decreasing. Few functions increase 
or decrease everywhere. 

You may have concluded from your exploration that the first derivative is posi- 
tive in an interval where the function itself is increasing, and negative in an interval 
where the function is decreasing. This, of course, gives us a way to determine if 
a function is increasing or decreasing at a particular place on a curve or to locate 
increasing and decreasing intervals of a curve, without actually graphing it. 


++» Example 5: Is the function y = 2x – 5х +7 increasing or decreasing at 
x22? 


Solution: The derivative is y' = 6x? — 5. At x = 2, 
у' (2) = 6(4) – 5 = +19 
A positive derivative means that ће given function is increasing at x = 2. +.. 


+++ Example 6: For what values of x is the curve у = 3х2 — 12x — 2 rising, and for 
what values of x is it falling? Solve by using the first derivative and check by graphing. 


Solution: The first derivative is y' = 6x — 12. This derivative will be equal to zero 
when 6x — 12 = 0, or x = 2. We see that y’ is negative for values of x less than 2. 
A negative derivative tells us that our original function is falling in that region. 
Further, the derivative is positive for x > 2, so the given function is rising in that 
region, as shown. ooo 


Concavity 


A curve may be either concave upward, Fig. 24—5(a), or concave downward, 
Fig. 24—5(b). 


m Exploration: 


Try this. In the same window graph the function y — 3x? — 3x, and its second 
derivative. 


* For what interval of x is the second derivative positive? What can you say about 
the concavity of the given function in that interval? 
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TI-83/84 screens for the exploration. 
Notice that we have deselected Y2 so 
that it does not graph by moving the 
cursor to the equals sign and pressing 
ENTER |. 


Graph of the given function and its 
second derivative. Tick marks are 
] unit apart. 


* For what interval of x is the second derivative negative? What can you say about 
the concavity of the given function in that interval? 

* For what value of x is the second derivative zero? What can you say about the 
concavity of the given function at that value? 

* What conclusions can you draw from this exploration? L| 
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Graphical check for Example 6. Graph of 
the given function and the first derivative. 
Tick marks are 1 unit apart on the x axis 
and 5 units apart on the y axis. 


Min 


(a) Concave upward 


Max 


(b) Concave downward 


FIGURE 24-5 It might help to think of 
the curve as a bowl. When it is concave 
upward, it will hold (+) water, and 
concave downward it will spill (—) water. 
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You may have concluded that 


(a) The second derivative is positive where a curve is concave upward. 

(b) The second derivative is negative where a curve is concave downward. 

(c) The second derivative is zero where a curve is neither concave upward nor 
downward. 


We may use these ideas to determine the concavity of curves at particular 
points or regions without making a graph. 


+++ Example 7: Is the curve y = 3x^ — 7x? — 2 concave upward or concave down- 
ward at (a) x = 0 and (b) x = 1? 


Solution: The first derivative is y’ = 12x? — 14x, and the second derivative is 
у" = 36x? — 14. 
(a) At x = 0, 


y'(0) = —14 


A negative second derivative tells that the given curve is concave downward at 
that point. 


(b Atx = 1, 
y") = 36 – 14 = 22 


or positive, so the curve is concave upward at that point. oe 


Maximum and Minimum Points 


Figure 24—6 shows a path over the mountains from A to H. It goes over three peaks, 
B, D, and F. These are called maximum points on the curve from A to H. The 
highest, peak D, is called the absolute maximum on the curve from A to H, while 
peaks B and F are called relative maximum points. Similarly, valley G is called an 
absolute minimum, while valleys C and E are relative minimums. All the peaks and 
valleys are referred to as extreme values. Figure 24—7 shows maximum and mini- 
mum points on a graph of y = f(x). 


FIGURE 24-6 Path over the mountains. 
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YA 
Absolute maximum 


Relative maximum у=) 


Relative minimum 


Absolute minimum 


«Y 


0 


FIGURE 24-7 Maximum and minimum points. 


m Exploration: 


Try this. In the same window graph the function y = x 
derivative. 


^ — 3x? and its first 
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T1-83/84 screens for the exploration. Tick marks are 1 unit apart. 


At what value(s) of x is the first derivative zero? 

* What do you see on the function itself at those point(s)? 

What does a zero first derivative tell you about the slope of the tangent on 

the function itself? 

* What conclusions can you draw from this exploration? й 


You may have concluded that the firs t derivative (and hence the slope of the tan- 
gent and the rate of change) is zero at maximum and minimum points. Hence we 
can use the first derivative to find such points, which are called stationary 
points. The slope is also zero at a rare point, such as K in Fig. 24-7, that is neither a 
maximum nor a minimum point. 


We can find such points graphically or analytically, as in the following example. 
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TI-83/84 screen for Example 8. Graph 
of the given function and the first 
derivative. The calculator was asked to 
locate a minimum point. Tick marks are 
1 unit apart on the x axis and 2 units 
apart on the y axis. 


Min 


FIGURE 24-8 
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eee Example 8: Find the maximum and minimum points for the function 
y= x? — 3x 
(a) analytically and (b) graphically. 


(a) Analytical Solution: We take the first derivative, 


We find the value of x that makes the derivative zero by setting the derivative equal 
to zero and solving for x. 


3x7 -3-0 
Factoring, we get 


300—120 


Multiplying both sides by 1/3 gives 


x-120 
x=1 
x= +] 


Solving for y in the original function, we have 
у01)-1-3--2 
and 


y(-1) = -1+3=2 


So the points of zero slope are (1, —2) and (— 1, 2). 


(b) Graphical Solutions 


Using the Graph of the Derivative: We graph the given function and the first 
derivative, as shown. We then locate the values of x at which the first derivative is 
zero using zero from the | CALC | menu. We substitute back to find the correspon- 
ding y values. 

Using the Built-in Features for Finding Maximum and Minimum Points: We 
graph the function itself and have the calculator locate the maximum and minimum 
points using maximum and minimum from the | CALC | menu. +.. 


Testing for Maximum or Minimum 


The simplest way to tell whether a stationary point is a maximum, a minimum, or 
neither, is to graph the curve. There are also a few tests that we can use to identify 
maximum and minimum points without having to graph the function. They are (a) 
the first-derivative test, (b) the second-derivative test, and (c) the ordinate test. 


(a) In the first-derivative test, we look at the slope of the tangent on either side of a 
stationary point. At the minimum point B, shown in Fig. 24-8, for example, we see 
that the slope is negative to the left (at A) and positive to the right (at C) of that 
point. The reverse is true for a maximum point. Since the slope is given by the first 
derivative, we have the following: 
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We use this test only on points close to the suspected maximum or minimum. If our 
test points are too far away, the curve might have already changed direction. 


(b) The second-derivative test uses the fact that a minimum point occurs in a region 
of a curve that is concave upward (y" is positive), while a maximum point occurs 
where a curve is concave downward (y" is negative). 


This test will not work on rare occasions. For example, the function y = x* has a 
minimum point at the origin, but the second derivative there is zero, not a positive 
number as expected. 


Itis tempting to group maximum with positive, and minimum with 
negative. Remember that they are just the reverse of this. 


(c) The ordinate test can distinguish between a maximum point and a minimum 
point, by checking the height of the curve to either side of the point. 


өө» Example 9: The function y = x? — Зх was found in Example 8 to have 
stationary points at (1, —2) and (— 1, 2). Use all three tests to show if (1, —2) is a 
maximum or a minimum. 


Solution: 


(a) First-derivative test: We evaluate the first derivative a small distance to either 
side of the point, say, at x = 0.9 and x = 1.1. 


y'(0.9) = 3(0.9? — 3 = —0.57 
y'(L.1) = 3(1.1? — 3 = 0.63 


Slopes that are negative to the left and positive to the right of the point indicate a 
minimum point. 
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(b) Second-derivative test: Evaluating y" at the point gives 
у" = бх 
"(0 = 6 


A positive second derivative also indicates a minimum point. 
(c) Ordinate test: We compute y at x = 0.9 and x = 1.1. 


у(0.9) = (0.9)? — 3(0.9) = —1.97 

y(1.1) = (11) — 3(1.1) = —1.97 
Thus the curve is higher a small distance to either side of the extreme value 
(1, —2), again indicating a minimum point. ooo 
Implicit Relations 


The procedure for finding maximum and minimum points is no different for an 
implicit relation, although it usually takes more work. 


+++ Example 10: Find any maximum and minimum points on the curve 
х2 + 4у2 — 6x + 2у +3 = 0. 
Solution: Taking the derivative implicitly gives 
2x + 8yy'— 6 + 2y = 0 
y (8y + 2) = 6 – 2x 


Max (3, 1) 


| 3—x 
У 74341 
Setting this derivative equal to zero gives 3 — x = 0, or 
х= 3 
FIGURE 94-9 Graph of Substituting x — 3 into the original equation, we get 


x? + 4y? — бх + 2у +3 = 0. 2 
9 + 4y°-18+2y+3=0 


Collecting terms and dividing by 2 yields 
2y? +у-3 = 0 
Factoring gives us 
O= D2y + 3) = 0 


3 
=1 and у= -- 
y and у= —7 


So the points of zero slope are (3, 1) and (3, —3), 
We now apply the second-derivative test. Using the quotient rule gives 
(4у + DC- D - G - xy’ 
1 (4y + 1) 
(4y + 1) + 43 — x)y’ 
(4y + 1) 


” 


Replacing y' by (3 — x)/(4y + 1) and simplifying, we have 
х 


3 - 
4y + 1) c 4G — 
+0 +48 


(4y + 1)? 


(4y + 1 + 4(3 – xy 
(4у + 1» 
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At (3, 1), y" = —0.2. The negative second derivative tells that (3, 1) is a maxi- 
mum point. At (3, -5), y" = 0.2, telling that we have a minimum, as shown in 
Fig. 24-9. өөө 


Inflection Points 


A point where the curvature changes from concave upward to concave downward 
(or vice versa) is called an inflection point, or point of inflection. In Fig. 24—7 they 
are points K, L, N, P, R. 


m Exploration: 


Try this. Graph the function y — x^ — 4x? and its second derivative in the same 
window. 


* At what values of x is the second derivative zero? 
* At these values of x what appears to be happening on the function itself? 
* What conclusions can you draw? ш 


We saw in our exploration that the second derivative was positive where a curve 
was concave upward and negative where concave downward. In going from positive 
to negative, the second derivative must somewhere be zero, and this is at the point 
of inflection. 


Unfortunately, a curve may have a point of inflection where the second derivative 


1/3 


does not exist, such as the curve y = x ^ at x = 0. Fortunately, these cases are rare. 


As with finding maxima and minima, we can use either an analytical or a graphical 
method to find inflection points. 


өөө Example 11: Find any points of inflection on the curve 
у= х? – 3x? – 5х + 7 


Analytical Solution: We take the derivative twice. 
y = 3х2 – 6x – 5 
у" = 6x = 6 
We now set y” to 0 and solve for x. 
6x —-6=0 
x=1 
and 
у0)-1-3-5-7-0 


A graph of the given function shows the point (1, 0) clearly to be a point of шїїес- 
tion. If there were any doubt, we would test it by seeing if the second derivative has 
opposite signs on either side of the point. 
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Screen for the exploration. Tick marks 
are one unit apart. 


Screen for Example 11. Tick marks are 
] unit apart. 


800 


Chapter 24 Graphical Applications of the Derivative 


Graphical Solution: We graph the function and its second derivative as shown. 


Using | TRACE 


and 


ZOOM 


as for the analytical solution. 


Summary 


, we find that the second derivative has a zero at x = 1, 
ooo 


Figure 24—10 summarizes the ideas of this section. 


y positive 


y negative 


y" positive 


y" negative 


FIGURE 24-10 
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Exercise 2 • Maximum, Minimum, and Inflection Points 


Increasing and Decreasing Functions 


Use the derivative to say whether each function is increasing or decreasing at the 
value indicated. Check by graphing. 


1. y = 3x? —4atx = 2 2 у=х? x—3atx = 0 
3. у= 4х2 – хах = –2 4. у= х? + 2x – Дах = –1 
5. у= 3 – 2х + х2 atx = 0 6. у= х? - Axatx = 2 

7 у= х +x ах = -2 8. у= х1 + х – Зах = 0 


Use the derivative to find the values of x for which each function is increasing, and 
for which it is decreasing. Check by graphing. 


9. у= 3х + 5 10. y = 4х2 + 16x — 7 
11, у= = 3 19. y = 2x? + 4x 

13. уона 14. y = 4х — x? 

15. y = 5х + х? 16. у = 3 + 3 
Concavity 


Use the second derivative to state whether each curve is concave upward or concave 
downward at the given value of x. Check by graphing. 


17. y 2 x* +x atx = 2 18. y = 4x° — 5x^atx = 1 

19. y = -2x - 2Мх + 2atx =} 90. y= Vx? + 3xatx 22 

91. y = 2х + x!atx = 1 99. у= х — xatx = 2 ) am 
Round all approximate answers in this 

93. у= x + хах 2-1 94, у= xf + xatx = 1 exercise to three significant digits. 


Maximum and Minimum Points 


Use derivatives to find any maximum and minimum points for each function. 
Distinguish between maximum and minimum points by graphing calculator, by the 
first-derivative test, the second-derivative test, or the ordinate test. Check by graphing. 


95. у = x? 26. y = хў + Зх? – 2 

97. y = x? — 7x? + 36 98. y = xf – 453 

29. y = 222 — х 30. 16y = x? — 32x 

31. y = xf — 4х 32. 2y = x? - 4x + 6 

33. y = 3x4 — 4x3 — 12x? 34. y = 220 — 9x? + 12x — 3 
35. y = x? + 3х2 – 9х +5 36. y = (x - 2)/°(2x + 1) 


Implicit Relations 


Use derivatives to find and check for any maximum and minimum points for each 
relation. Check by graphing. 


37. 4x? + 9y? = 36 38. x? + y? - 2x + 4у = 4 
39. х2 — x – 2у? + 36 = 0 40. x? + у? – 8х — бу = 0 
41. y? + 2y = 2x* + 2х 49. x? + у + х = 16 
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(1) Tick marks are 1 unit apart. 


(2) Tick marks are 1 unit apart. 


(3) Tick marks are 1 unit apart. 
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Inflection Points 


Use the second derivative to find any inflection points for each function. Check by 
graphing. 


43. у= х +3 44. у= 2х? + х? – 3 

45. у= xf- х +1 46. y 2 x4 + 222 + 2х – 3 
47. у= х – х 48. y = 4x — 3x7 

49. у = 5х? – 2x7 + 1 50. у= х? – 5х – 1 


24-3 Sketching, Verifying, and Interpreting Graphs 


We already know how to graph a function by hand and to quickly get a graph of 
any function by using a graphics calculator. What is there left to learn about 
graphing? 


m Exploration: : 
Try this. Graph the function y P232 
on the x axis and — 1 to 2 on the y axis, screen (1). 

The curve appears to be symmetrical about the y axis. Is it really, or will the 
apparent symmetry disappear if we zoom out? There appear to be inflection points. 
If there are, where exactly are they? The curve appears to be flattening out as it 
goes farther from the origin. Does it approach an asymptote? If so, what is its 
value? Or can the curve turn and reach higher y values? E 


with the viewing window set to —4 to 4 


m Exploration: 


Try this. With a viewing window of x = —3 to 3 and y = —1 to 1, graph the 
function 


x3 


У + х2) 

The graph, screen (2), seems to have maximum and minimum points. Where 
exactly are they? Is that a point of inflection near the origin? Are there others? Is 
this curve symmetrical about the origin? How can you know for sure? What 
about end behavior? Are there asymptotes, and, if so, what are their values? Will 
the curve turn and recross the x axis, or will it turn away from the x axis? El 


m Exploration: 
Try this. With a viewing window of x = —2to 8 and y = —2 to 2, graph the function 


Can you explain why the graph, screen (3), does not extend to the left of the 
origin? Is it correct as shown, or is this an error? Is there an inflection point in 
the left branch? Where? What happens when each branch approaches x — 2? 
What happens far from the origin? Does the right branch have an asymptote? 
A minimum point? E 
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m Exploration: 


Try this. With a viewing window of x = —3 to 3 and y = —10 to 30, graph the 
function 


4 
= 2x? +— 
y-2x + = 


What if your supervisor asked you to explain the strange shape of this curve, 
screen (4). Could you? Why does it break and swing wildly away from the origin? Is 
there an inflection point in the left branch? Where? There is clearly a minimum point 
on the right branch. Can you say for sure that there are no others? L| 


m Exploration: 


Try this. Photocopy the four screens from the preceding four explorations, and screen 
(5) from this one. Cut them apart, cut off the titles, and scramble them. Then, without 
regraphing, see if you can pair each graph with the appropriate equation. Can you tell 
which graph has no corresponding equation? [| 


It is not enough to be able to make a graph—anyone with a graphics calculator 
can now do it. We must be able to interpret a graph, to discover hidden behavior, 
to explain it to others, and to confirm that it is correct. We must also be sure that 
we have a complete graph, with no features of interest outside the viewing window. 

With our new calculus tools we are now able to do all these things. We will 
review them here, along with some that we've had earlier. 


We will now give examples of each. 


A. Type of Equation: Does the equation look like any we have studied be- 
fore—a linear function, power function, quadratic function, trigonometric function, 
exponential function, logarithmic function, or equation of a conic? For a polyno- 
mial, the degree will tell the maximum number of extreme points you can expect. 


өө» Example 19: The function y = x? — 3x? + 4 is a polynomial of fifth degree, 
so its graph (Fig. 24-11) may have up to four extreme points and three inflection 
points. There may, however, be fewer than these. +.. 


B. Intercepts: Find the x intercept(s), or root(s), by setting y equal to zero and 
solving the resulting equation for x. Find the y intercept(s) by setting x equal to zero 
and solving for y. 
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(4) Tick marks are 1 unit apart on the x 
axis and 5 units apart on the y axis. 


(5) Tick marks are 1 unit apart. 


FIGURE 24-11 
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YA +++ Example 13: 
(a) The function 3x + 2y = 6 has a y intercept at 
3(0) + 2y = 6 


or at y = 3, and an x intercept at 


3x + 2(0) = 6 
m or at x — 2 (Fig. 24-12). 
(b) The function of Example 12 has a y intercept at 
FIGURE 24-12 y=0-0+4=4 


We find the x intercept approximately using the zero operation from the (CALC 
menu on the TI-83/84, getting x = —1. +++ 


C. Symmetry: A curve is symmetrical about the 


(a) x axis, if the equation does not change when we substitute —y for y. 

(b) у axis, if the equation does not change when we substitute — х for x. 

(c) origin, if the equation does not change when we substitute —x for x 
and —y for y. 


A function whose graph is symmetrical about the y axis is called an even function; 
one symmetrical about the origin is called an odd function. 


Screen for Example 13 (b) with tick 
marks 1 unit apart. We have used the 
Zero operation to locate the root at 


х= -1. ++» Example 14: Given the function x? + y? — 3x — 8 = О: 


YA (a) Substituting —y for y gives x? + ( у)? 3x — 8 = 0, ог 

xX +y -3x-8=0 х? + y? — 3x — 8 = 0, This is the same as the original, indicating symmetry 
about the x axis. 

(b) Substituting —x for x gives (—-xy + y? — 3(-x) — 8 = 0, ог 
x + у? + 3x — 8 = 0. This equation is different from the original, 
indicating no symmetry about the y axis. 


Axis 


of symmetry 


(c) Substituting —x for x and — y for y gives ( xy + ( у)? 3(-х) –- 8 = 0 
or x? + у? + 3x — 8 = 0. The equation is different from the original, 
indicating no symmetry about the origin, as shown in Fig. 24-13. +++ 


D. Extent: Look for values of the variables that give division by zero or that 
result in negative numbers under a radical sign. The curve will not exist at these 


FIGURE 24-13 values. 
+++ Example 15: For the function 
YA 
1 E : наг 
5 srl 2 
5 l yis not real for x « —2 orfor x — 5 (Fig. 24-14). T» 


E. Asymptotes: Look for some value of x that when approached from above 
or from below, will cause y to become infinite. You will then have found a vertical 
asymptote. Then if y approaches some particular value as x becomes infinite, we 
will have found a horizontal asymptote. Similarly, check what happens to y when x 
becomes infinite in the negative direction. 


өө, Example 16: The function in Example 15 becomes infinite as x approaches 5 
FIGURE 24-14 from above or below, so we expect a vertical asymptote at x = 5 (Fig. 24-14). +» 


Section 3 * Sketching, Verifying, and Interpreting Graphs 


As x gets very large, the numbers 2 and —5 become insignificant compared to x, so 
we have 


Thus when x approaches +, y approaches zero, giving us a horizontal asymptote 
at y = 0. The curve approaches the same asymptote in the negative direction, but as 
we saw in Example 15, the curve does not exist for x < —2. 


F. Increasing or Decreasing Function: We saw that the first derivative is posi- 
tive in regions where the function is increasing, and negative where the function is 
decreasing. Thus inspection of the first derivative can show where the curve is ris- 
ing and where it is falling. 


өө» Example 17: For the function y = x? — 4x + 2, the first derivative 
y' = 2x — 4 is positive for x > 2 and negative for x < 2. Thus we expect the 
curve to fall in the region to the left of x — 2 and rise in the region to the right of 
x — 2 (Fig. 24-15). 


Decreasing 
Increasing 


esa doo 


FIGURE 24—15 


G. Maximum, Minimum, and Inflection Points: Maxima and minima are 
found where y' is zero. Inflection points are found where y" is zero. These points 
may be found analytically or graphically. 


eee Example 18: To find the maximum and minimum points on the curve 


y= x? = 2x2 +x + 1, we set the first derivative 


y = 3х2 — 4х + 1 
to zero and solve for x, getting 
x= : and x = 1 


Solving for the corresponding values of y we get, y(1/3) = (1/3? = 2(1/3)° + 
(1/3) + 1 = 1.15 and y(1) = ay — 200)» + (1) + 1 = 1, to three significant 
digits, giving a maximum at 3> 1.15) and a minimum at (1, 1). To get the inflection 
point, we set the second derivative 

у” = бх = 4 
to zero, getting x = A Solving for y gives, 


y(2/3) = (2/3)? — 2(2/3)* + (2/3) + 1 = 1.07. 


The inflection point is then (8; 1.07). For а graphical solution, we graph у, у’, and 
y" on the same axes, as shown in Fig. 24-16. The zeros on the y' graph locate the 
maxima and minima, and the zero on the y" graph locates the inflection point. +++ 
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Min (1, 1) 


FIGURE 24-16 
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FIGURE 94—17 
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H. End Behavior: What happens to y as x gets very large in both the positive 
and the negative directions? Does y continue to grow without bound or approach 
some asymptote, or is it possible that the curve will turn and perhaps cross the x 
axis again? Similarly, can you say what happens to x as y gets very large? 


+++ Example 19: As x grows, for the function у = x? + x + 1, the second and third 
terms on the right side become less significant compared to the x? term. So, far from the 
origin, the function will have the appearance of the function y = x? (Fig.24-17). ee 


I. Complete Graph: Once we have found all of the zeros, maxima, minima, 
inflection points, and asymptotes, and have investigated the end behavior, we can be 
quite sure that we have not missed any features of interest. 


Graphing Regions 


In later applications we will have to identify regions that are bounded by two or 
more curves. Here we get some practice in doing that. 


+++ Example 20: Locate the first-quadrant region bounded by the y axis and the 
curves y = х2, y = l/x, and y = 4. 

Solution: The three curves given are, respectively, a parabola, a hyperbola, and a 
straight line, and are graphed in Fig. 24—18. We see that three different closed areas 


are formed, but the shaded area is the only one bounded by each one of the given 
curves and the y axis. 


YA 
5 + 


«Y 


FIGURE 24-18 Graphing a region 
bounded by several curves. „э 


Exercise 3 • Sketching, Verifying, and Interpreting Graphs 


Make a complete graph of each function. Locate all features of interest. 


1. y = 4x7 – 5 2. у = 3x — 2x? 
E 1 ШОО 
3. y=5 P Ay +х 
1 
5. y = xf — 8x? оу 
х= 1 


7 y = х? — 9x? + 24х – 7 8. y=xVI-x 


Review Problems 


9 
‚у=5х— 2? 10. y= 
x +9 
6x x 
‚у= 12. y= 
: 3+ x ` 4— x? 
у= x = 6х2 + 9x +3 14. y 2 2V6- х? 
_ 96x — 288 iè Ух 
КАТЕ 3 x-1 
3 
x x 
(y = 18. y = ——— 
" Ми аж) 
.y=x + 2х 20. у= х2 – Зх + 2 
у= х? + 4х2 – 5 99. у= x4 – х? 


Graph the region bounded by the given curves. 


23. 
24. 
25. 
26. 


y= 3x? and y = 2x 
y? — 4x, x — 5, and the x axis, in the first quadrant 
y = 5x? — 2x, the y axis, and y = 4, in the second quadrant 


y = 4/х, у = x, x = 6, and the x axis 


+++ CHAPTER 24 REVIEW PROBLEMS ..»..ь.  о өөө» л» л 


10. 
11. 


: : 1+ 
. Write the equations of the tangent and normal to the curve y = 


. Graph the function y — 


. Find any maximum and minimum points on the curve y — Ax? — 2x + 5. 
. Find any points of inflection on the curve y — х?(1 + x). 


1 
9 
3, 
4 


Find the maximum and minimum points on the curve y = 3 V x — x. 


. Find any maximum points, minimum points, and points of inflection for the 


function Зу = x? — 3x? — 9x + 11. 


2x 
at the 
x 


point (2, 5). 


. Find the coordinates of the point on the curve y = V 13 — x? at which the 


slope of the tangent is — 2. 


. Find the x intercept of the tangent to the curve у = V x? + 7 at the point 


(3, 4). 
2 


4- х 
V1 — х2 


asymptotes, maximum/minimum points, and points of inflection). 


, and locate any features of interest (roots, 


. For which values of x is the curve y = V 4x rising, and for what values is it 


falling? 


Is the function y = V 5 — Зх increasing or decreasing at x = 1? 


Is the curve y — x? — x? concave upward or concave downward at x — 1? 
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12. 
13. 


14. 
15. 
16. 
17. 


Graph the region bounded by the curves y = 3x7, x = 1, and the x axis. 


Write the equations of the tangent and of the normal to the curve 
у = 3х? — 2x + Aatx = 2. 


Find the x intercepts of the tangent and of the normal in problem 13. 
Find the angle of intersection between the curves y — х?/ 4 апа у = 2/х. 
Graph the function y = 3:2 V 9 — x7, and locate any features of interest. 


Writing: In this chapter we gave nine things to look for when graphing a func- 
tion. Can you list at least seven from memory? Write a paragraph explaining 
how just one of the nine is useful in graphing. 


More Applications 
of the Derivative 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Solve applied problems involving instantaneous rate of change. 


Solve for currents and voltages in capacitors and inductors. 


Compute velocities and accelerations for straight-line or 
curvilinear motion. 


Solve motion problems given by parametric equations. 


Solve related rate applications. 


Solve applied maximum-minimum problems. 


Following our purely graphical applications we move on to more physical applications 
of the derivative. What is this stuff good for? Here we give the answer to that 
question, at least for the derivative. We will see an amazing assortment of technical 
applications that can be attacked using the derivative. They fall into three main 
groups: 


* Finding a rate of change, including motion of a point and rate of change in 
electrical applications. 

* Solving applications where two things are changing at the same time, with the 
rate of change of one related to the rate of change of the other. 

* Optimization, where we want to find the lowest cost, or the strongest beam, 
or the shortest time. Here we make use of our ability to find maximum and 
minimum points on a curve, as learned in the preceding chapter. For example, 

if you were designing a cylindrical storage container to contain a given 
volume, Fig. 25-1, how would you choose the radius and the length so that 
the container needed the least amount of material? We will do problems of 
this sort here. 


h 


FIGURE 25-1 


809 


810 


Screen for Example 1. Tick marks are 
1 unit apart on the x axis and 2 units 
apart on the y axis. 


ts roe 


Screen for Example 2. Tick marks are 
1 unit apart on the x axis and 50 units 
apart on the y axis. 
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95-1 Rate of Change 


Our first set of applications deals with the rate of change of a physical quantity. We 
have already found rates of change of various functions; here our functions will be 
equations from technology. 


Rate of Change Given by the Derivative 


We already established that the first derivative of a function gives the rate of change 
of that function. 


өөө Example 1: Find the instantaneous rate of change of the function у = 33? + 5 
when x = 2. 


Solution: Taking the derivative, 


When x = 2, 


у' (2) = 6(2) = 12 = instantaneous rate of change when х = 2 


Graphical Solution: Graph the derivative of the given function and determine its 
value at the required point. The screen shows graphs of y = 3x? + 5, and its deriv- 
ative y' = 6x. Notice that the derivative has a value of 12 at x = 2. ooo 


Of course, rates of change can involve variables other than x and y. When two 
or more related quantities are changing, we often speak about the rate of change of 
one quantity with respect to one of the other quantities. For example, if a steel rod 
is placed in a furnace, its temperature and its length both increase. Since the length 
varies with the temperature, we can speak about the rate of change of length with 
respect to temperature. But the length of the bar is also varying with time, so we 
can speak about the rate of change of length with respect to time. 


Rate of Change with Respect to Time 


Time rates are the most common rates of change we need to calculate. Given a 
function y = f(t), where 1 is time, we find the time rate of change of y simply by 
taking the derivative with respect to г; that is, we find dy/dt. We then usually have 
to evaluate that derivative at a given value of t. 


өөө Example 2: The temperature T (°F) in a certain furnace varies with time / (s) 
according to the function T = 4.85? + 2.96t. Find the rate of change of temperature 
att = 3.75 s. 


Solution: Taking the derivative of T with respect to t, 


dT 
UE 14.62 + 2.96 ?F/s 


Att = 3.758, 
dT 


— = 14.6(3.75)* + 2.96 = 208°F/s 
dt | 4=3.75 


Graphical Solution: We graph the original function and the derivative as shown and 
determine the value ofdT/dt whent = 3.75 s. +++ 


Section 1 * Rate of Change 


Electric Current 


The idea of time rate of change finds many applications in electrical technology, a 
few of which we introduce here. We will return to this topic once more, after we 
learn how to take derivatives of exponential and trigonometric functions, as currents 
and voltages are often expressed by those functions. In this introductory section we 
will limit ourselves to algebraic functions. 

The coulomb (C) is the unit of electrical charge. The current in amperes (A) is 
the number of coulombs passing a point in a circuit in 1 second. Charge is usually 
denoted by the letter q and current by the letter i. If the current varies with time, 
then the instantaneous current is given by the following equation: 


+++ Example 3: The charge through a 2.85-Q resistor is given by 
а = 1.08? — 3.82t C 


Write an expression for (a) the instantaneous current through the resistor, (b) 
the instantaneous voltage across the resistor, and (c) the instantaneous power in the 
resistor. (d) Evaluate each at 2.00 s. 


Solution: 


(a) i = dq/dt = 324? — 3.82 A 
(b) By Ohm's law, 


© 


= Ri = 2.85(3.24t7 — 3.82) 
= 923? — 109 V 
(c) Since P — vi, 
Р = (9.2312 — 10.9) (3224? — 3.82) 
= 2991* — 70.6? + 41.6 W 

(d) Att = 2.00 s, 

і = 324(4.00) — 3.82 = 9.14 A 

v = 9.23(4.00) — 10.9 = 260 V 

Р = 29.9(16.0) — 70.6(4.00) + 41.6 = 238 W 


Graphical Check: Graphs of i, v, and Р, given in Fig. 25-2, show these values at 
t = 2.00 s. +.. 


Current in a Capacitor 


If a steady voltage is applied across a capacitor, no current will flow into the capacitor 
(after the initial transient currents have died down). But if the applied voltage varies 
with time, the instantaneous current i to the capacitor will be proportional to the rate 
of change of the voltage. The constant of proportionality is called the capacitance C. 


The units here are volts for v, seconds for t, farads for C, and amperes for i. 
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(a) 


(2, 238) 


1(8) 


(c) 
FIGURE 25-2 
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FIGURE 25-3 Current in a capacitor. 
A microfarad equals 10~° farad. 


— 
+ v - 


FIGURE 95-4 Voltage across an 
inductor. 


Tz. PEZ RZeEBIBI^ 671. 


P 


Graphical check for Example 5. Graph of 
the voltage, showing a point at (5, 9.41). 
Tick marks are 1 unit apart on the x axis 
and 5 units apart on the y axis. 


Chapter 25 * More Applications of the Derivative 


The sign convention is that the current is assumed to flow in the direction of 
the voltage drop, as shown in Fig. 25-3. If the current is assumed to be in the direc- 
tion of the voltage rise, then one of the sides in Eq. 1080 is taken as negative. 


eee Example 4: The voltage applied to a 2.85-microfarad (uF) capacitor is 
v = 1.4712 + 48.31 — 38.2 V. Find the current at t = 2.50 s. 
Solution: The derivative of the voltage equation is dv/dt = 2.94t + 48.3. Then, 
from Eq. 1080, 

. dv 6 

i= e au = (2.85 X 10 7)(2.94t + 48.3) A 


Att = 2.505, 


i = (2.85 X 1079) [2.94 (2.50) + 48.3] = 159 х 10 °A 
= 0.159 mA 666 


Voltage Across ап Inductor 


If the current through an inductor (such as a coil of wire) is steady, there will be no 
voltage drop across the inductor. But if the current varies, a voltage will be induced 
that is proportional to the rate of change of the current. The constant of proportion- 
ality L is called the inductance and is measured in henrys (H). 


The sign convention is similar to that for the capacitor: The current is assumed 
to flow in the direction of the voltage drop, as shown in Fig. 25-4. Otherwise, one 
term in Eq. 1086 is taken as negative. 


өөө Example 5: The current in a 8.75-H inductor is given by 
i= М2 + 5.831 

Find the voltage across the inductor at t = 5.00 s. 

Solution: By Eq. 1086, 


di 
v= 875: 


Él Je + 5.830)? (2t + 5.83) 
Att = 5.005, 


v= 375(4 Jeso + 5.83(5.00)]!/2(10.0 + 5.83) 


— 94] V 


Graphical Check: This result is verified graphically as shown. ooo 
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Rate of Change with Respect to Another Variable 


While time rates of change are important in technology, so are rates of change with 
respect to other variables. For example, while the rate of water flowing from a tank 
can vary with time, it can also vary with the depth of water in the tank. 

In problems of this sort, we usually have one variable related to another (other 
quantities being assumed to be constant) and we want the rate of change of one 
variable with respect to the other. As usual, we find this by taking the derivative. 


+++ Example 6: The pressure p of air in a cylinder is related to the volume v of that 
air by Boyle’s law, 


ing" 


where k is a constant. (a) Find the rate of change of p with respect to v. (b) Evaluate it 
when p = 164 Ib/in2 and v = 274 in". 


Solution: Let us first find k by substituting the given values. 
k — pv — (164) (274) — 44,940 


(a) Now taking the derivative of p with respect to v, 


p^ kv | 
d k 
Р _ i? = 
dv v? 
(b) Substituting the given values we get 
dp Кк 44,940 
dv v? (274у 
= —0.599 (Ib/inch?)/inch? +.. 


Beam Deflection 


+++ Example 7: For the cantilever beam, Fig. 25-5, the deflection y at a distance x 
from the built-in end is given by 
7 61 * 

where P is the applied load, E is the modulus of elasticity of the beam material, Z is 
the moment of inertia of the beam's cross-section, and L is the length of the beam. 
This equation describes the shape of the deflected beam, or the elastic curve. A use- 
ful quantity for beam analysis is the slope dy/dx of the elastic curve. Find it, taking 
P, E, I, and L as constants. 


Solution: Let us remove parentheses and take the derivative term by term. 


PL, P 4 


This equation gives us the slope of the elastic curve at any x. ., 
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FIGURE 25-5 
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Exercise 1 • Rate of Change 


Rate of Change with Respect to Time 


1. 


3. 


The temperature T inside a certain furnace is described by the equation 
T = 55.6? + 28.21 + 44.8°F, where t is the elapsed time in hours. Find the 
time rate of change of the temperature at t = 2.00 h. 


. The pressure p in a tank varies with time according to the function 


p= 34.6 — 44.51 Ib/in.?, where f is in minutes. What is the time rate of 
change of pressure at t = 5.50 min? 


44.5 
The quantity q of water flowing in a pipe is given by g = — ——— it / min, 
2 
t^ — 26.4 
where t is the time, in minutes. Find the time rate of change of g att = 15.3 min. 


Electric Current 


4. 


NO Ut 


The charge q (іп coulombs) through a 4.82-Q resistor varies with time accord- 
ing to the function g = 3.4812 — 1.64t. Write an expression for the instanta- 
neous current through the resistor. 


. Evaluate the current in problem 4 at = 5.92 s. 
. Find the voltage across the resistor of problem 4. Evaluate it att = 1.75 s. 
. Find the instantaneous power in the resistor of problem 4. Evaluate it at 


t — 4.88 s. 


. The charge q (in coulombs) at a resistor varies with time according to the func- 


tion g = 22.4t + 41.65. Write an expression for the instantaneous current 
through the resistor, and evaluate it at 2.50 s. 


Current in a Capacitor 


9. 


10. 


The voltage applied to a 33.5-wF capacitor is v = 6.2712 — 15.31 + 522 V. 
Find the current at = 5.50 s. 
The voltage applied to a 1.25-4F capacitor is v = 3.17 + 28.31 + 2940? У. 
Find the current at = 33.2 s. 


Voltage Across an Inductor 


11; 


19. 


The current in а 1.44-Н inductor is given by i = 5.221? — 4.021. Find the 
voltage across the inductor at г = 2.00 s. 
The current in a 8.75-H inductor is given by i = 8.22 + 5.835. Find the 
voltage across the inductor at t = 25.0 s. 


Rate of Change with Respect to Another Variable 


13. 


14. 


15. 


16. 


17. 


The air in a certain cylinder is at a pressure of 25.5 Ib/ in.” when its volume is 
146 in.?. Find the rate of change of the pressure with respect to volume as the 
piston descends farther. Use Boyle's law, pv = k. 

A certain light source produces an illumination of 655 lux on a surface at a dis- 
tance of 2.75 m. Find the rate of change of illumination with respect to distance, 
and evaluate it at 2.75 m. Use the inverse square law, J = k/ а. 

A spherical balloon starts to shrink as the gas escapes. Find the rate of change 


4 
of its volume with respect to its radius when the radius is 1.00 m. (V = — tr?) 


The power dissipated in a certain resistor is 865 W at a current of 2.48 A. 
What is the rate of change of the power with respect to the current as the 
current starts to increase? Use Eq. 1066, P = 1 R 

The period (in seconds) for a pendulum of length L in. to complete one oscil- 
lation is equal to P = 0.324 VL. Find the rate of change of the period with 
respect to length when the length is 9.00 in. 


Section 1 * Rate of Change 


18. The temperature 7 at a distance x in. from the end of a certain heated bar is 
given by T = 224x? + 1.85x + 95.4 (°F). Find the rate of change of tem- 
perature with respect to distance, which is called the temperature gradient, at a 
point 3.75 in. from the end. 


Beam Deflection 


19. The cantilever beam in Fig. 25-6 has a deflection y at a distance x from the built-in 
end of 
wx? 


= (х2 + 612 — ALx) 


y 


where E is the modulus of elasticity and J is the moment of inertia. Write an 
expression for the rate of change of deflection with respect to the distance x. 
Regard E, I, w, and L as constants. 
20. The equation of the elastic curve for the beam of Fig. 25-7 is 
wx 


——_ (73 — 2Lx? + x) 


Ў EI 


Write an expression for the rate of change of deflection (the slope) of the 
elastic curve at x — L/4. Regard E, I, w, and L as constants. 


Uniform | . 
Dad, w Ip, Uniform load, w lb/ft 


зү 
=Y 


< L » 
[ i . " 
y 


FIGURE 25-6 Cantilever beam with FIGURE 25-7 Simply supported beam 
uniform load. with uniform load. 


25-2 Motion of a Point 


We saw in the preceding section that the rates of change that we often have to find 
are with respect to time. We continue with time rates of change here as we consider 
the motion of a point. We will find velocity and acceleration of a moving point. 


Displacement and Velocity in Straight-Line Motion 


Let us first consider straight-line motion; later we will study curvilinear motion. 

A particle moving along a straight line is said to be in rectilinear motion. To 
define the position P of the particle in Fig. 25-8, we first choose an origin O on the 
straight line. Then the distance s from O to P is called the displacement of the parti- 
cle. Further, the displacement of the particle at any instant of time / is determined if 
we have a function s = f(t). 


+++ Example 8: The displacement of a certain particle is given by 
з= f(t) = 32 +4 m 
where f is in seconds. Find the displacement at 2.15 s. 


Solution: Substituting 2.15 for t gives 
$230.15) + 4(215) = 225 m ooo 
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FIGURE 25-8 


In this section let us assume that the 
integers in the given equations are 
exact numbers. 


“ү 
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тепер? 


Screen for Example 9. Graph of ће 


given function and the first derivative. 


At x = 1.00 the derivative is 9.00. 
Tick marks are one-half unit apart on 
the x axis and 5 units apart on the y 
axis. 
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Next we distinguish between speed and velocity. As an object moves along 
some path, the distance traveled along the path per unit time is called the speed. No 
account is taken of any change in direction; hence speed is a scalar quantity. 

Velocity, on the other hand, is a vector quantity, having both magnitude and 
direction. The sentence “I drove my car 60 miles per hour on the interstate” is refer- 
ring to the speed of the car. The statement “I drove my car 60 miles per hour and in 
the due north direction” is referring to the velocity of the car. 

For an object moving along a curved path, the magnitude of the velocity along 
the path is equal to the speed, and the direction of the velocity is the same as that of 
the tangent to the curve at that point. We will also speak of the components of that 
velocity in directions other than along the path, usually in the x and y directions. 

As with average and instantaneous rates of change, we also can have average 
speed and average velocity, or instantaneous speed or instantaneous velocity. 

Velocity is the rate of change of displacement and hence is given by the deri- 
vative of the displacement. If we give displacement the symbol s, then we have 
the following equation: 


+++ Example 9: The displacement of an object is given by s = 217 + 5t + 4 (in.), 
where t is the time in seconds. Find the velocity at 1.00 s. 


Solution: We take the derivative 
v————4t t5 


Att = 1.005, 


d 
v(1.00) = - = 4(1.00) + 5 = 9.00 in./s 
t= 1.00 


Graphical Solution: As with other rate of change problems, we can graph the first 
derivative and determine its value at the required point. Thus the graph for velocity 
shows a value of 9.00 in./s at t = 1.00 s. ooo 


Acceleration in Straight-Line Motion 


Acceleration is defined as the time rate of change of velocity. Like velocity, it is 
also a vector quantity. Since the velocity is itself the derivative of the displacement, 
the acceleration is the derivative of the derivative of the displacement, or the second 
derivative of displacement, with respect to time. We write the second derivative of s 
with respect to t as follows: 


Section 2 + Motion of a Point 817 


+++ Example 10: One point in a certain mechanism moves according to the equation s(cm) 
s = 3P + 5t — 3 cm, where t is in seconds. Find the instantaneous velocity and 
acceleration at t = 2.00 s. (a) 10 


: sogi : . =3P +5t-3 
Solution: We take the derivative twice with respect to t. заан 


t(s) 
ds 


e= се 9? + 5 
апа 
а = шэн 18t 
dt 
Att = 2.00s, 
v(2.00) = 9(2.00)* + 5 = 41.0 cm/s 
and 
a(2.00) = 18(2.00) = 36.0 cm/s” 

Graphical Check: These values are verified graphically in Fig. 25-9. ooo 


FIGURE 25-9 
Velocity in Curvilinear Motion 


Figure 25-10 shows a point moving along a curved path. At any instant we may 
think of the direction of the point as being tangent to the curve. Thus if the speed is 
known and the direction of the tangent can be found, the instantaneous velocity (a 
vector having both magnitude and direction) can also be found. 

A more useful way of giving the instantaneous velocity, however, is by its x FIGURE 25-10 
and y components (Fig. 25-11). If the magnitude and direction of the velocity are 
known, the components can be found by resolving the velocity vector into its x and 
y components. 


+++ Example 11: A point moves along the curve y = 2х3 — 5х2 — 1 ст. 


FIGURE 25-11 x and y components 


(a) Find the direction of travel at x = 2.00 cm. . 
of velocity. 


(b) If the speed v of the point along the curve is 3.00 cm/s, find the x and y 


components of the velocity when x — 2.00 cm. E 
у(ст 


Solution: 


(a) Taking the derivative of the given function gives 
dy/dx = 6x* — 10x 
When x = 2.00, 
у' (2.00) = 6(2.00)? — 10(2.00) = 4.00 


The slope of the curve at that point is thus 4.00 and the direction of travel is 
tan ! 4.00 = 76.0°, as shown in Fig. 25-12. FIGURE 25-19 


(b) Resolving the velocity vector v into x and y component gives us 
v, = 3.00 cos 76.0? = 0.726 cm/s 
Vy = 3.00 sin 76.0° = 2.91 cm/s 2 
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FIGURE 25-13 
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Displacement Given by Parametric Equations 


If the x displacement and y displacement are each given by a separate function of 
time (parametric equations), we may find the x and y components directly by taking 
the derivative of each equation. 


Once we have expressions for the x and y components of velocity, we simply 
have to take the derivative again to get the x and y components of acceleration. 


+++ Example 12: A point moves along a curve such that its horizontal displacement is 
x=4 +5 cm 


and its vertical displacement is 
y=3+ 2 cm 
Find (a) the horizontal and vertical components of the instantaneous velocity at 
t = 1.00 s and (b) the magnitude and direction of the instantaneous velocity. 
Solution: 
(a) Using Eqs. 1033, we take derivatives. 
v, =4 and v, = 2t 
Att = 1.005, 
V, = 4.00 ст/ѕ and v, = 2(1.00) = 2.00 cm/s 


(b) We get the resultant of v, and v, by vector addition. 


v = Vv; + vi = V16.0 + 4.00 = 447 cm/s 


Finding the direction of the resultant, we have 

tan Ө = v/v, = 2.00/4.00 = 1/2 

0 = 26.6° 

Figure 25-13 shows a parametric plot of the given equations. At t = 1.00 s, the 
moving point is at (9, 4). The figure also shows the velocity tangent to the curve 
and the x and y components of the velocity. 
The screens for obtaining the parametric plot by calculator are shown. The calcu- 
lator must be put into PARAMETRIC mode before entering the functions in the 
Y =| screen. 


Floti Flotz Flokz 
«Хэт B4T+5 
Way B34T2 


лет =й 
FEE 
ASTE 
зт = 
чт = 


(а) TI-83/84 check for Example 12. (b) Parametric plot of the given functions. 
Tick marks are 5 units apart. ooo 


Section 2 * Motion of a Point 


Trajectories 


A trajectory is the path followed by a projectile, such as a ball thrown into the air. 
Trajectories are usually described by parametric equations, with the horizontal and 
vertical motions considered separately. 

If air resistance is neglected, a projectile will move horizontally with constant 
velocity, and will fall with constant acceleration, just like any other freely falling 
body. Thus if the initial velocities are vo, and vo, in the horizontal and vertical 
directions, the parametric equations of motion are then 

gt” 


x = voxt and y= Voyt — EH 


Here, the term -gt 2 accounts for the downward pull of gravity, without which the 
object would continue traveling upward. 


+++ Example 13: A projectile is launched with initial velocity vp at an angle 0 
(Fig. 25-14). The horizontal and vertical components of the vector vp are 


Vox = Vo cos 0 


Voy = o sin 0 


so the parametric equations of motion are 


gn 
x = (vo cos 0)t and у = (vo sin 0) — E 
Find the horizontal and vertical velocities and accelerations. 
y 
= t = зө 


y = (00 sin 0)t — £ 


=Y 


0 | vg cos 0 


х= (vg cos 0)! — —— 


FIGURE 25-14 А trajectory. 


Solution: We take derivatives, remembering that vp, cos 0, and sin 0 are constants. 


= j апа a ing = рї 
Vv, = — = 0)с050 and wv, = — = vsin0 — 
ха 3 54 0 d 
We take derivatives again to get the accelerations. 
dv, 0 d dvy 
= = ani à = = = 
Ox at 7 di 4 


As expected, we get a horizontal motion with constant velocity and a vertical 
motion with constant acceleration. +.. 
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FIGURE 25-15 
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+++ Example 14: A projectile is launched at an angle of 62.0? to the horizontal with 
an initial velocity of 585 ft/s. Find (a) the horizontal and vertical positions of the 
projectile and (b) the horizontal and vertical velocities after 1.55 s. 


Solution: 


(a) We first resolve the initial velocity into horizontal and vertical components. 


Vox = tgo cos Ө = 585 cos 62.0? = 275 ft/s 
Voy = Vo Sin 0 = 585 sin 62.0? = 517 ft/s 


The horizontal and vertical displacements are then 


х = бум = 275t ft 


y = vet — 82/2 = 517t — 812/2 ft 
Att = 1.55 s, and with g = 32.2 ft/s”, 
x = 275155) = 426 ft 


and 
y = 517(1.55) — 322(1.55/2 = 763 ft 
(b) The horizontal velocity is constant, so 
Vy = Vox = 275 ft/s 
and the vertical velocity is 
Uy = Uo, — gt 


= 517 — 32.2(1.55) = 467 ft/s +.. 


Rotation 


We saw for straight-line motion that velocity is the instantaneous rate of change of 
displacement. Similarly, for rotation (Fig. 25-15), the angular velocity, œ, is the 
instantaneous rate of change of angular displacement, 0. 


Similarly for acceleration: 
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eee Example 15: The angular displacement of a rotating body is given by 
0 = 1.75 + 2.8812 + 4.88 rad. Find (a) the angular velocity and (b) the angular 
acceleration at т = 2.00 s. 


Solution: 
(a) From Eq. 1029, 


d 
w = se 5.251? + 5.761 
dt 


At 2.00 s, о = 5.25(4.00) + 5.76(2.00) = 32.5 rad/s. 
(b) From Eq. 1031, 


9g 
dt 


At 2.00 s, а = 10.5(2.00) + 5.76 = 26.8 rad/s?. 


= 10.5t + 5.76 


а = 
Graphical Check: These results are verified graphically in Fig. 25-16. ooo 


Exercise 2 • Motion of a Point 


Straight-Line Motion 


Find the instantaneous velocity and acceleration at the given time for the straight- 
line motion described by each equation, where s is in centimeters and f is in sec- 
onds. In this exercise assume that the integers in the given equations are exact 
numbers and give approximate answers to three significant digits. 
1. s = 321 — 82 att = 2.00 
2. s = 602 — 2? att = 1.00 
3. 5= 2 +11 +3 att = 0.500 
4.5 = (1+ 1) – 3( + 1)? att = – 1.00 
5.5 = 120: — 162 att = 4.00 
6. 5= 31 — 1 —8 att = 1.00 
7. The distance in feet traveled in time / seconds by а point moving in a straight 
line is given by the formula s = 40t + 1612. Find the velocity and the accel- 
eration at the end of 2.00 s. 
8. A car moves according to the equation s = 25012 — ЗГ, where 1 is measured 
in minutes and s in feet. 
(a) How far does the car go in the first 10.0 min? 
(b) What is the maximum speed? 
(c) How far has the car moved when its maximum speed is reached? 


9. If the distance traveled by a ball rolling down an incline in ¢ seconds is s feet, 
where s — 6, find its speed when т = 5.00 s. 

10. The height s in feet reached by a ball t seconds after being thrown vertically 
upward at 320 ft/s is given by s = 320r — 1617. Find (a) the greatest height 
reached by the ball and (b) the velocity with which it reaches the ground. 

11. A rocket was fired straight upward so that its height in feet after t seconds was 
s = 20001 — 162. 

(a) What was its initial velocity? 
(b) What was its greatest height? 
(c) What was its velocity at the end of 10.0 s? 
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(c) 


FIGURE 25-16 


Solve or verify some of these 
problems graphically. 
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12. The height h in kilometers to which a balloon will rise in ¢ minutes is given by 
the formula 


10t 


V 4000 + 7 


At what rate is the balloon rising at the end of 30.0 min? 
13. If the equation of motion of a point is s = 16/2 — 64t + 64, find the position 
and acceleration at which the point first comes to rest. 


h= 


Curvilinear Motion 


14. A point moves along the curve y = 2x? — 3x? — 2 cm. 
(a) Find the direction of travel at x — 1.50 cm. 
(b) If the speed of the point along the curve is 3.75 cm/s, find the x and y com- 
ponents of the velocity when x — 1.50 cm. 


15. A point moves along the curve y = x^ + x? in. 
(a) Find the direction of travel at x — 2.55 in. 
(b) If the speed of the point along the curve is 1.25 in./s, find the x and y com- 
ponents of the velocity when x — 2.55 in. 


Equations Given in Parametric Form 


16. A point moves along a curve such that its horizontal displacement is 
x = 302 + 5t cm and its vertical displacement is y — 13 — 3i? cm. Find the 
horizontal and vertical components of the instantaneous velocity and acceleration 
att = 4.55 s. 

17. Find the magnitude and direction of the resultant velocity in problem 16. 

18. A point has horizontal and vertical displacements (in cm) of x = 4 — 21? and 
y = 512 + 3, respectively. 

(a) Find the x and y components of the velocity and acceleration at t — 2.75 s. 
(b) Find the magnitude and direction of the resultant velocity. 


Trajectories 


19. A projectile is launched at an angle of 43.0? to the horizontal with an initial 
velocity of 6350 ft/s. Find (a) the horizontal and vertical positions of the 
projectile and (b) the horizontal and vertical velocities, after 7.00 s. 

20. A projectile is launched at an angle of 27.0? to the horizontal with an initial 
velocity of 1260 ft/s. Find (a) the horizontal and vertical positions of the 
projectile and (b) the horizontal and vertical velocities, after 3.25 s. 


Rotation 


21. The angular displacement of а rotating body is given by 
0 = 44.8? + 29.312 + 81.5 rad. Find the angular velocity at t = 4.25 s. 

29. Find the angular acceleration in problem 21 at t = 22.4 s. 

23. The angular displacement of a rotating body is given by 0 = 184 + 27177 rad. 
Find (a) the angular velocity and (b) the angular acceleration, att = 1.25 s. 

24. The angular displacement of a rotating body is given by Ө = 2.84? — 7.25 rad. 
Find (a) the angular velocity and (b) the angular acceleration, at t = 4.82 s. 


Section 3 * Related Rates 
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25-3 Related Rates СР 


In related rate applications, there аге two quantities changing with time. The rate of 
change of one of the quantities is given, and the other must be found. A procedure 
that can be followed is 


+++ Example 16: A 20.0-ft ladder leans against a building (Fig. 25-17). The foot of 
the ladder is pulled away from the building at a rate of 2.00 ft/s. How fast is the top 
of the ladder falling when its foot is 10.0 ft from the building? 


Estimate: Note that when the foot of the ladder is 10 ft from the wall, the ladder’s 
angle is arccos (10/20) or 60°. If the ladder is at 45°, the top and foot should move at 
the same speed; when the angle is steeper, the top should move more slowly than the 
foot. Thus we expect the top to move at a speed less than 2 ft/s. Also, since y is 
decreasing, we expect the rate of change of y to be negative. 


Solution: 
1. If we let x be the distance from the foot of the ladder to the building, we have 


dx 
— = 2.00 ft 
di fs 
2. Ifyis the distance from the ground to the top of the ladder, we are looking for 


dy/ dt. 
3. The equation linking x and y is the Pythagorean theorem. 


x? + у? = 20.0 
Solving for у, 
y = (400 — x?y!/2 
4. Taking the derivative with respect to f, 


dy 1 4-1/2 dx 
= 2 400 x^) !^(—-2x) di 


5. Substituting x = 10.0 ft and dx/dt = 2.00 ft/s gives 


dy 1 
- = 3400 — 100) 1/2(—20.0) (2.00) = —1.15 ft/s 


The negative sign indicates that y is decreasing. 


You would, of course, study the problem 
statement and make a diagram, as you 
would for other applications. 


20.0 ft 


angle of ladder 
—» 2.00 ft/s 


FIGURE 25-17 The ladder problem. 
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TI-83/84 screen for Example 16. Tick 
marks are 5 units apart on the x axis 
and 1 unit apart on the vertical axis. 


FIGURE 25-18 Conical tank. 
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Graphical Solution: The derivative dy/dt, after substituting 2.00 for dx/dt, is 
dy/dt = —2x(400 — x?) 1/2 


We plot this derivative as shown, and we graphically determine that the value of 
dy/dt at x = 10.0 ftis —1.15 ft/s. 


Alternate Solution: Steps 1 through 3 are the same as above, but instead of solv- 
ing for y as we did in step 3, we now take the derivative implicitly. It will often 
be easier to take the derivative implicitly rather than first to solve for one of the 
variables. 

dx dy _ 


26 — eo 


0 
dt 74 


When x — 10.0 ft, the height of the top of the ladder is 


у = \/ 400 — (10.0 = 17.3 ft 


We now substitute 2.00 for dx/dt, 10.0 for x, and 17.3 ft for y. 


dy 
2(10.0) (2.00) + 2(17.3) = 0 


dy 
dt 


— 1.15 ft/s ooo 


In step 4 of Example 16, when taking the derivative of x7, it is 
tempting to take the derivative with respect to x, rather than t. Also, 
don't forget the dx/dt in the derivative. 


dx 
di 


D Don't forget! 


Students often substitute the given values too soon. For example, 
if we had substituted x — 10.0 and y — 17.3 before taking the 
derivative, we would have gotten 
(10.0)? + (17.3)2 = (20.0)? 
Taking the derivative now gives us 
0 = 0! 


Do not substitute the given values until after you have taken 
the derivative. 


In the next example when we find an equation linking the variables, it contains 
three variables. In such a case we need a second equation with which to eliminate 
one variable. 


+++ Example 17: A conical tank with vertex down has a base radius of 3.00 m and 
a height of 6.00 m (Fig. 25-18). Water flows in at a rate of 2.00 m?/ h. How fast is the 
water level rising when the depth y is 3.00 m? 


Section 3 * Related Rates 895 


Estimate: Suppose that our tank was cylindrical with a radius of 1.5 m and cross- 
sectional area of т ( 1.5)? == 7m’. The water would rise at a constant rate, equal to 
the incoming flow rate divided by the cross-sectional area of the tank, or 


2m3/h + 7 m? = 0.3 m/h 


The conical tank should have about this value when half full, as in our example, 
less where the tank is wider and greater where narrower. 


Solution: Let x equal the base radius and V the volume of water when the tank is 
partially filled. Then 

1. Given: dV/dt = 2.00 m?/h. 

2. Unknown: dy/dt when y = 3.00 m. 


3. The equation linking V and y is that for the volume of a cone, V = (т/ 3)x2y. 
But, in addition to the two variables in our derivatives, V and y, we have 
the third variable, x. We must eliminate x by means of another equation. By 
similar triangles, 


from which x — 5 Substituting yields 


РР ye 
ГЭМ ий 


y. 
3 


4. Now we have V as a function of y only. Taking the derivative gives us 


5. Substituting 3.00 for y and 2.00 for dV /dt, we obtain 


2.00 = Z (9.90) È 
` 4 dt 


dy 8.00 
SE uo ЭЭ шор h 
ZR Bug. О 


This agrees well with our estimate. 


Graphical Solution: The derivative dy/dt, after substituting 2.00 for dV /dt, is 


dy ( 4 ) 8 
-2 = 
We plot dy/dt as shown and graphically find that dy/dt is 0.283 when y is 
3.00 m. +.. 


You cannot write an equation linking the variables until you have 


Screen for Example 17. We need to 
redefine our axes for this graph. The 
horizontal axis, usually x, is now y. The 
vertical axis, usually y, is now dy/dt. 
For our equation, instead of dy/dt = 


Two Moving Objects 8/ay, we enter у = 8/тх”. 


defined those variables. Indicate them right on your diagram. 
Draw axes if needed. 


Some applications have two independently moving objects, as in the following example. 
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A 19.4 mi/h 


+ 19.4 (t— 2.25) 


FIGURE 25-19 Note that we give 
the position of each ship after t hours 
have elapsed. 


Graphical check for Example 18. 
Tick marks are 1 unit apart in x and 5 
units apart in y. 
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+++ Example 18: Ship A leaves a port P and travels west at 11.5 mi/h. After 2.25 h, 
ship B leaves P and travels north at 19.4 mi/h. How fast are the ships separating 
5.00 h after the departure of A? 


Solution: Figure 25-19 shows the ships ¢ hours after A has left. Ship A has gone 11.5¢ 
mi and В has gone 19.4(f — 2.25) mi. The distance S between them is given by 
S? = (11.5t + [19.4(t — 2:25)? 
= 13212 + 376(t — 2.25? 


We could take the square root of both sides before taking the derivative, but it is 
sometimes easier to take the derivative first. We then have 
dS 
20 dE = 2(132)t + 2(376)(t — 2.25) 
dS 1321 + 376t — 846 508; - 846 


dt S S 
Att = 5.00 h, A has gone 11.5 (5.00) = 57.5 mi, and B has gone 


19.4(5.00 — 2.25) = 53.35 mi 


The distance S between them is then 


S = \/ (57.5)? + (53.35)? = 784 mi 
Substituting gives 


45 _ 508(5.00) — 846 
dt 78.4 


= 21.6 mi/h 


Graphical Check: After substituting $ = 78.4 mi/h, our derivative is 


dS 
—- = 6.481 — 10.8 
dt 
A graph of dS/dt shows a value of 21.6 at t = 5.00 s. +++ 


Be sure to distinguish which quantities in a problem are constants 
Common and which are variables. Represent each variable by a letter, and 


Error do not substitute a given numerical value for a variable until the 
very last step. 


Exercise 3 • Related Rates 
One Moving Object 


1. An airplane flying horizontally at a height of 8000 m and at a rate of 100 m/s 
passes directly over a pond. How fast is its straight-line distance from the pond 
increasing | min later? 

2. A ship moving 30.0 mi/h is 6.00 mi from a straight beach and is moving par- 
allel to the beach. How fast is the ship approaching a lighthouse on the beach 
when 10.0 mi (straight-line distance) from it? 

3. A person is running at the rate of 8.00 mi/h on a horizontal street directly toward 
the foot of a tower 100 ft high. How fast is the person approaching the top of the 
tower when 50.0 ft from the foot? 
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Ropes and Cables 


4. 


9. 


A boat is fastened to a rope that is wound around a winch 20.0 ft above the level 
at which the rope is attached to the boat. The boat is drifting away at the hori- 
zontal rate of 8.00 ft/s. How fast is the rope increasing in length when 30.0 feet 
of rope is out? 


A boat with its anchor on the bottom at a depth of 40.0 m is drifting away 
from the anchor at 4.00 m/s, while the anchor cable slips from the boat at wa- 
ter level. At what rate is the cable leaving the boat when 50.0 meters of cable 
is out? Assume that the cable is straight. 


. A kite is at a constant height of 120 ft and moves horizontally, at 4.00 mi/h, 


in a straight line away from the person holding the cord. Assuming that the 
cord remains straight, how fast is the cord being paid out when its length is 
130 ft? 


. A rope runs over a pulley at A and is attached at B as shown in Fig. 25-20. 


The rope is being wound in at the rate of 4.00 ft/s. How fast is B rising when 
AB is horizontal? 


A 
(e) 


4.00 ft/s 


FIGURE 25-90 Derrick. FIGURE 25-21 


. A weight W is being lifted between two poles as shown in Fig. 25-21. How 


fast is W being raised when A and B are 20.0 ft apart if they are being drawn 
together, each moving at the rate of 9.00 in./s? 


A bucket is raised by a person who walks away from the building at 12.0 in./s 
(Fig. 25-22). How fast is the bucket rising when x — 80.0 in.? 


12.0 ш./8 
—— 


FIGURE 25-22 


Moving Shadows 


10. 


A light is 100 ft from a wall (Fig. 25—23). A person runs at 13.0 ft/s away from 
the wall. Find the speed of the shadow on the wall when the person's distance 
from the wall is 50.0 ft. 
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FIGURE 25-25 
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11. A lamp is located on the ground 30.0 ft from a building. A person 6.00 ft tall 
walks from the light toward the building at a rate of 5.00 ft/s. Find the rate at 
which the person's shadow on the wall is shortening when the person is 15.0 ft 
from the building. 

12. A ball dropped from a height of 100 ft is at height s at t seconds, where 
s — 100 — gt) 2 ft (Fig. 25-24). The sun, at an altitude of 40°, casts a shadow 
of the ball on the ground. Find the rate dx/dt at which the shadow is traveling 
along the ground when the ball has fallen 50.0 ft. Remember, the sun is so far 
away that the angle of the ball to the sun will always be 40°. 


kK 100 ft >| СЭ 


1Э Ball 
\ 


ds/dt 


Wall 


Person 


Ы 


13.0 ft/s 


Person’s A 
View from above 


shadow 


FIGURE 25-23 FIGURE 25-24 


Expansion and Contraction 


13. A square sheet of metal 10.0 in. on a side is expanded by increasing its temper- 
ature so that each side of the square increases 0.00500 in./s. At what rate is the 
area of the square increasing at 20.0 s? 

14. A circular plate in a furnace is expanding so that its radius is changing 
0.010 cm/s. How fast is the area of one face changing when the radius is 5.00 cm? 

15. The volume of a cube is increasing at 10.0 in.?/min. At the instant when its 
volume is 125 in.?, what is the rate of change of its edge? 

16. The edge of an expanding cube is changing at the rate of 0.00300 in./s. Find 
the rate of change of its volume when its edge is 5.00 in. long. 

17. At some instant the diameter x of a cylinder (Fig. 25—25) is 10.0 in. and is in- 
creasing at a rate of 1.00 in./min. At that same instant, the height y is 20.0 in. 
and is decreasing at a rate (dy/dt) such that the volume is not changing 
(dV/dt — 0). Find dy/dt. 


Fluid Flow 


18. Water is running from a vertical cylindrical tank 3.00 m in diameter at the rate 
of 3a V/h m? / min, where A is the depth of the water in the tank. How fast is the 
surface of the water falling when Л = 9.00 m? 

19. Water is flowing into a conical reservoir 20.0 m deep and 10.0 m across the 
top, at a rate of 15.0 m?/ min. How fast is the surface rising when the water is 
8.00 m deep? 

20. Sand poured on the ground at the rate of 3.00 m? /min forms a conical pile 
whose height is one-third the diameter of its base. How fast is the altitude of 
the pile increasing when the radius of its base is 2.00 m? 

21. A horizontal trough 10.0 ft long has ends in the shape of an isosceles right tri- 
angle (Fig. 25—26). If water is poured into it at the rate of 8.00 ft?/ min, at what 
rate is the surface of the water rising when the water is 2.00 ft deep? 
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Gas Laws 


22. 


93. 


An expanding tank contains 734,000 cubic inches of gas at a particular instant, 
with a pressure of 5.25 Ib/ in.”. As the volume of the tank increases the pressure 
decreases at the rate of 0.575 Ib/in.? per hour. Find the rate of increase of 
the volume. Use Boyle's law, which says that the pressure times the volume is 
constant. 

The adiabatic law for the expansion of air is pv C. If at a given time the 
volume is observed to be 10.0 ЁС, and the pressure is 50.0 Ib/ in, at what rate 
is the pressure changing if the volume is decreasing 1.00 ft?/ s? 


14 _ 


Two Moving Objects 


24. 


25. 


96. 


97. 


Two trains start from the same point at the same time, опе going east at a rate of 
40.0 mi/h and the other going south at 60.0 mi/h. Find the rate at which they 
are separating after 1.00 h of travel. 

An airplane leaves a field at noon and flies east at 100 km/h. A second air- 
plane leaves the same field at 1 P.M. and flies south at 150 km/h. How fast are 
the airplanes separating at 2 р.м.? 

An elevated train on a track 30.0 m above the ground crosses a street (which is 
at right angles to the track) at the rate of 20.0 m/s. At that instant, an automo- 
bile, approaching at the rate of 30.0 m/s, is 40.0 m from a point directly beneath 
the track. Find how fast the train and the automobile are separating 2.00 s later. 
As a person is jogging over a bridge at 5.00 ft/s, a boat, 30.0 ft beneath the jog- 
ger and moving perpendicular to the bridge, passes directly underneath at 
10.0 ft/s. How fast are the person and the boat separating 3.00 s later? 


Miscellaneous 


98. 


29. 


30. 


The speed о ft/s of a certain bullet passing through wood is given by 
v = 500V 1 — 3x, where x is the depth in feet. Find the rate at which the speed 
is decreasing after the bullet has penetrated 3.00 in. (Hint: When substituting for 
dx/dt, simply use the given expression for v.) 
As a man walks a distance x along a board (Fig. 25-27), he sinks a distance 
of y in., where 

Рх? 


У 3EI 


Here, P is the person's weight, 165 Ib; E is the modulus of elasticity of the 
material in the board, 1,320,000 Ib/ in; and / is the modulus of elasticity of 
the cross section, 10.9 in.^. If he moves at the rate of 25.0 in./s, how fast is he 
sinking when x — 75.0 in.? 

A stone dropped into a calm lake causes a series of circular ripples. The radius 
of the outer one increases at 2.00 ft/s. How rapidly is the disturbed area chang- 
ing at the end of 3.00 s? 


95-4 Optimization 


In an earlier chapter, we found extreme points, the peaks and valleys on a curve. We 
did this by finding the points where the slope (and hence the first derivative) was 
zero. We now apply the same idea to problems in which we find, for example, the 
point of minimum cost, or the point of maximum efficiency, or the point of maxi- 
mum carrying capacity. 


FIGURE 25-26 
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8.00 ft/min 


FIGURE 25-97 
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A list of general suggestions such as these is usually so vague as to be useless 
without examples. Our first example is a number puzzle in which the relation 
between the variables is given verbally in the problem statement. 


+++ Example 19: What two positive numbers whose product is 100 have the least 
possible sum? 


Solution: 
(1) We want to minimize the sum S of the two numbers by varying one of them, 
which we call x. Then since their product is 100, 


100 
FI — other number 


(2) The sum of the two numbers is 


100 
S =x + — 
x 
(3) Taking the derivative yields 
d$ _ 100 
dx x? 


(4) Setting the derivative to zero and solving for x gives us 
x? = 100 
x = +10 
Since we are asked for positive numbers, we discard the —10. The other num- 
ber is 100/10 = 10. 
(5) But have we found those numbers that will give a minimum sum, as requested, 
or a maximum sum? We can check this by means of the second-derivative test. 
Taking the second derivative, we have 


200 
S" Zp шин 
e 
When x — 10, 
200 
"(10) = —— = 02 
шан 1000 ш 


which is positive, indicating a minimum point. 
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Graphical Solution: A graph of S versus x, shown in screen (1), shows a minimum 
at x = 10. Another way to locate the minimum is to graph the derivative, screen (2) 
and note where it crosses the x axis. 


nzi Lae — 


(1) Screen for Example 19. Tick marks (2) Tick marks are 5 units apart on the x 
are 5 units apart on the x axis and 5 axis and 0.1 unit apart on the vertical axis. 
units apart on the vertical axis. 


ooo 


In the next example, the equation linking the variables is easily written from 
the geometrical relationships in the problem. 


+++ Example 20: An open-top box is to be made from a square of sheet metal 40 cm 
on a side by cutting a square from each corner and bending up the sides along the 
dashed lines (Fig. 25—28). Find the dimension x of the cutout that will result in a box 
of the greatest volume. 


Solution: 
(1) We want to maximize the volume V by varying x. 
(2) The equation is 
V = length * width - depth 
= (40 — 2x)(40 — 2x)x 
x(40 — 2x)* 


(3) Taking the derivative, we obtain 


dV 
dx 


x(2)(40 — 2x)(—2) + (40 — 2x 


= —4x(40 — 2x) + (40 — 2x)” 
= (40 — 2x)(—4x + 40 — 2x) 
— (40 — 2x)(40 — 6x) 


(4) Setting the derivative to zero and solving for x, we have 


40 — 2x = 0 40 – 6x = 0 
20 
x = 20cm цаг cim ae 


We discard x — 20 cm, because it is a minimum value and results in the entire 
sheet of metal being cut away. Thus we keep x — 6.67 cm as our answer. 


Graphical Check: The graph of the volume equation, shown in screen (1), shows a 
maximum at x ~ 6.67, so we don't need a further test of that point. The graph of the 
derivative has a zero at x — 6.67, verifying our solution. 


831 


40 cm 


40 cm 


FIGURE 25-28 
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FIGURE 25-29 Simply supported 
beam with concentrated load. The 
given equation is actually valid only for 
points to the left of the load—the 
region of interest to us. The equation is 
slightly different for deflections to the 
right of the load. 
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Screen for Example 20. Tick marks are 
2 units apart on the x axis and 1000 units 
apart on the vertical axis. РЕЧ 


Our next example is опе in which the equation is given. 


+++ Example 21: The deflection y of a simply supported beam with a concentrated 
load P (Fig. 25—29) at a distance x from the left end of the beam is given by 


Pbx 


ша (L? x2 2) 
6LEI 


y 


where E is the modulus of elasticity, and J is the moment of inertia of the 
beam's cross section. Find the value of x at which the deflection is a maximum for a 
20.0-ft-long beam with a concentrated load 5.00 ft from the right end. 


Estimate: It seems reasonable that the maximum deflection would be at the center, 
at x — 10 ft from the left end of the beam. But it is equally reasonable that the max- 
imum deflection would be at the concentrated load, at x — 15. So our best guess 
might be that the maximum deflection is somewhere between 10 and 15 ft. 


Solution: 

(1) We want to find the distance x from the left end at which the deflection is a 
maximum. 

(2) The equation is given in the problem statement. 

(3) We take the derivative using the product rule, noting that every quantity but x 
Or y is a constant. 


dy _ Pb 
dx 6LEI 


[x(—2x) + (L?-x?-b*)(1)] 


(4) We set this derivative equal to zero and solve for x. 
9x? = 12 — x? — Б? 
30 = 12 – 2 
12 — p? 
3 


х= + 


We drop the negative value, since x cannot be negative in this problem. Now 
substituting L = 20.0 ft and b = 5.00 ft gives us 


400 — 2 
х= = nan 


Thus the maximum deflection occurs between the load and the midpoint of the 
beam, as expected. 

(5) It is clear from the physical problem that our point is a maximum, so no test 
is needed. өөө 
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The equation linking the variables in Example 21 had only two variables, x 
and y. In the following example, our equation has three variables, one of which 
must be eliminated before we take the derivative. We eliminate the third variable by 
means of a second equation. 


+++ Example 22: Assume that the strength of a rectangular beam varies directly as 
its width and the square of its depth. Find the dimensions of the strongest beam that 
can be cut from a round log 12.0 inches in diameter (Fig. 25—30). 


Estimate: A square beam cut from a 12-in. log would have a width of about 8: in. 
But we are informed, and know from experience, that depth contributes more to the 
strength than width, so we expect a width less than 8: in. But from experience we 
would be suspicious of a very narrow beam, say, 2 in. or less. So we expect a width 
between 2 and 8: in. The depth has to be greater than 8: in. but cannot exceed 12 in. 
These numbers bracket our answer. 


FIGURE 25-30 Beam cut from a log. 


Solution: 

(1) We want to maximize the strength S by varying the width x. 

(2) The strength is S — kxy?, where k is a constant of proportionality. Note that 
we have three variables, S, x, and y. We must eliminate x or y. By the 
Pythagorean theorem, 

x? + y? = 12.0? 
so 
у? = 144 – x? 
Substituting, we obtain 
S = kx(144 — x?) 
(3) The derivative is 
dS 
dx 
= —3kx? + 144k 


= kx(—2x) + k(144 — x?) 


(4) Setting the derivative equal to zero and solving for x gives us 3x? = 144, so 
x = +6.93 in. 
We discard the negative value, of course. The depth is 


y = V 144 — 48 = 9.80 in. 


(5) But have we found the dimensions of the beam with maximum strength, or 
minimum strength? Let us use the second-derivative test to tell us. The second 
derivative is 


425 
12 == —6kx 
dx 

When x = 6.93, 
a’s 
er Ээж -41.6К 
dx 


Since k is positive, the second derivative is negative, which tells us that we 
have found a maximum. 


Graphical Solution or Check: As before, we can solve the problem or check the 
analytical solution graphically by graphing the function and its derivative. But here 


the equations contain an unknown constant k! Haxiraura 
Ч | _ м-Б.83 үс1885.58 x 
The screen shows the function graphed with assumed values of k = 1, 2, and 3. 
Notice that changing k does not change the horizontal location of the maximum Screen for Example 22. Tick marks are 
point. Thus we can do a graphical solution or check with any value of k, with k = 1 4 units apart on the x axis and 


being the simplest choice. +.. 1000 units apart on the vertical axis. 
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FIGURE 25-31 


Screen for Example 23. Tick marks are 
1 unit apart on the x axis and 50 units 
apart on the vertical axis. 
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Sometimes a graphical solution is the only practical one, as in the following 
example. 


+++ Example 23: Find the dimensions x and y and the minimum cost for a 10.0-ft?- 
capacity, open-top box with square bottom (Fig. 25—31). The sides are aluminum at 
$1.28/ ft”, and the bottom 18 copper at $2.13/ ft?. An aluminum-to-aluminum joint 
costs $3.95/ft, and a copper-to-aluminum joint costs $2.08/ ft. 


Solution: The costs are as follows: 


an aluminum side $1.28 xy 
the copper bottom $2.13x? 
one alum-to-alum joint $3.95y 
one alum-to-copper joint $2.08x 


The total cost C is then 
C = 4(1.28xy) + 23x? + 4(3.95y) + 4(2.08x) 


We can eliminate y from this equation by noting that the volume, 10.0 ft?, is equal 
2 
to x^y, so 


_ 10.0 


M 32 


Substituting gives 
10.0 10.0 
С = 4(128х)—,— + 2.13x? + 4(3.95) —- + 4(2.08x) 
х х 


This simplifies to 

С = 243x? + 8.32х + 51.2x7! + 158x ? 
Taking the derivative, 

C' = 426x + 832 — 512x ? — 316x 2? 


For an analytical solution, we would set C' to zero and attempt to solve for x. 

Instead we will do a graphical solution. As in the preceding examples, we graph 

the function and its derivative as shown and find a minimum point at x — 2.83 ft. 
Substituting back to get y, 


10.0 10.0 
x? (2.83? 


= 1.25 ft 


We can get the total cost C by substituting back, or we can read it off the graph. 
Either way we get C = $78.47. 22 


Exercise 4 » Optimization 


Number Puzzles 


1. What number added to half the square of its reciprocal gives the smallest sum? 


2. Separate the number 10 into two parts such that their product will be a maxi- 
mum. 

3. Separate the number 20 into two parts such that the product of one part and 
the square of the other part is a maximum. 

4. Separate the number 5 into two parts such that the square of one part times the 
cube of the other part shall be a maximum. 


Section 4 * Optimization 


Minimum Perimeter 


5. A rectangular garden (Fig. 25—32) laid out along your neighbor’s lot contains 


432 m). It is to be fenced on all sides. If the neighbor pays for half the shared 
fence, what should be the dimensions of the garden so that your cost is a mini- 
mum? 


. It is required to enclose a rectangular field by a fence (Fig. 25—33) and then di- 


vide it into two lots by a fence parallel to the short sides. If the area of the 
field is 25,000 #2, find the lengths of the sides so that the total length of fence 
will be a minimum. 


7. A rectangular pasture 162 yd? in area is built so that a long, straight wall 


serves as one side of it. If the length of the fence along the remaining three 
sides is the least possible, find the dimensions of the pasture. 


Maximum Volume of Containers 


8. Find the volume of the largest open-top box that can be made from a rectangu- 


lar sheet of metal 6.00 in. by 16.0 in. (Fig. 25—34) by cutting a square from each 
corner and turning up the sides. 


9. Find the height and base diameter of a cylindrical, topless tin cup of maximum 


10. 


volume if its area (sides and bottom) is 100 cm?. 


The slant height of a certain cone is 50.0 cm. What cone height will make the 
volume a maximum? 


Maximum Area of Plane Figures 


11. 
12. 


13. 


Find the area of the greatest rectangle that has a perimeter of 20.0 in. 

A window composed of a rectangle surmounted by an equilateral triangle is 
15.0 ft in perimeter (Fig. 25—35). Find the dimensions that will make its total 
area a maximum. 

Two corners of a rectangle are on the x axis between x = 0 and 10 
(Fig. 25—36). The other two corners are on the lines whose equations are 
y = 2x and 3x + y = 30. For what value of y will the area of the rectangle 
be a maximum? 


Maximum Cross-Sectional Area 


14. 


15. 


A trough is to be made of a long rectangular piece of metal by bending up two 
edges so as to give a rectangular cross section. If the width of the original piece 
is 14.0 in., how deep should the trough be made in order that its cross-sectional 
area be a maximum? 

A gutter is to be made of a strip of metal 12.0 in. wide, with the cross section 
having the form shown in Fig. 25—37. What depth x gives a maximum cross- 
sectional area? 


Minimum Distance 


16. 


17. 


Ship A is traveling due south at 40.0 mi/h, and ship B is traveling due west at 
the same speed. Ship A is now 10.0 mi from the point at which their paths will 
eventually cross, and ship B is now 20.0 mi from that point. What is the closest 
that the two ships will get to each other? 

Find the point Q on the curve y — х?/ 2 that is nearest the point (4, 1) 
(Fig. 25-38). 
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Neighbor | 432m? 


FIGURE 25-32 Rectangular garden. 


25,000 ft? 
Total area 


FIGURE 25-33 Rectangular field. 


<— 6.00 іп. 


FIGURE 25-34 Sheet metal for box. 


FIGURE 25-36 
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18. Given the branch of the parabola y? = 8x in the 1" quadrant and the point 
P (6, 0) on the x axis (Fig. 25—39), find the coordinates of point Q so that PQ is 
a minimum. 


4.00 in. 
FIGURE 25-37 


FIGURE 25-38 FIGURE 25-39 


Inscribed Plane Figures 


19. Find the dimensions of the rectangle of greatest area that can be inscribed in an 
equilateral triangle, each of whose sides is 10.0 in., if one of the sides of the rec- 
tangle is on a side of the triangle (Fig. 25-40). (Hint: Let the independent vari- 
able be the height x of the rectangle.) 

20. Find the area of the largest rectangle with sides parallel to the coordinate axes 
which can be inscribed in the figure bounded by the two parabolas 
Зу = 12 — x? and 6y = x? — 12 (Fig. 25-41). 

91. Find the dimensions of the largest rectangle that can be inscribed in an ellipse 
whose major axis is 20.0 units and whose minor axis is 14.0 units (Fig. 25—42). 


3y = 12-2 
2 
6y=x -12 
H ED. C E 
-4 5 0 2 4 ii | 

T 

-2 

10.0 in. —— 00 — 

FIGURE 25-40 FIGURE 95-41 FIGURE 25-42 Rectangle 


inscribed in ellipse. 


Inscribed Volumes 


22. Find the dimensions of the rectangular parallelepiped of greatest volume and 
with a square base that can be cut from a solid sphere 18.0 inches in diameter 
(Fig. 25-43). 

23. Find the dimensions of the right circular cylinder of greatest volume that can 
be inscribed in a sphere with a diameter of 10.0 cm (Fig. 25-44). 


24. Find the height of the cone of minimum volume circumscribed about a sphere 
of radius 10.0 m (Fig. 25-45). 
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25. Find the altitude of the cone of maximum volume that can be inscribed in a 
sphere of radius 9.00 ft. 


FIGURE 25-43 FIGURE 25-44 FIGURE 25-45 Cone circumscribed 


Parallelepiped Cylinder inscribed about sphere. 
inscribed in sphere. in sphere. 


Most Economical Dimensions of Containers 

26. What should be the diameter of a can holding 1 qt (58 in.?) and requiring the 
least amount of metal, if the can is open at the top? 

27. A silo (Fig. 25—46) has a hemispherical roof, cylindrical sides, and circular floor, (Үү 
all made of steel. Find the dimensions for a silo having a volume of 755 m? 
(including the dome) that needs the least steel. 


Minimum Travel Time 


28. A man in a rowboat at P (Fig. 25-47) 6.00 mi from shore desires to reach point 
Q on the shore at a straight-line distance of 10.0 mi from his present position. If 
he can walk 4.00 mi/h and row 3.00 mi/h, at what point L should he land in FIGURE 95-46 Silo. 
order to reach Q in the shortest time? 


Beam Problems Shore Л, Q 


29. The strength S of the beam in Fig. 25-30 is given by 5 = kxy?, where k is a 
constant. Find x and y for the strongest rectangular beam that can be cut from an 
18.0-in.-diameter cylindrical log. 

30. The stiffness Q of the beam in Fig. 25-30 is given by О = kxy°, where k is a 
constant. Find x and y for the stiffest rectangular beam that can be cut from an 
18.0-in.-diameter cylindrical log. 


Light FIGURE 25-47 Find the fastest route 


from boat P to shore at Q. 
31. The intensity Е of illumination at a point due to a light at a distance x from the 


point is given by E — KI/ x”, where К is a constant and / is the intensity of the M 
source. A light M has an intensity three times that of N (Fig. 25-48). At what ог 2, 
distance from M is the illumination a minimum? uci UNS 
39. The intensity of illumination / from a given light source is given by 
k sing 100 in. — —* 
I= 


d? FIGURE 25-48 
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where К is a constant, ф is the angle at which the rays strike the surface, and d is 
the distance between the surface and the light (Fig. 25-49). At what height Л 
should a light be suspended directly over the center of a circle 10.0 ft in diameter 
so that the illumination at the circumference will be a maximum? 


Electrical 
33. The power delivered to a load by a 30-V source of internal resistance 2 О is 
10.0 ft 30i — 2i? W, where i is the current in amperes. For what current will this source 
FIGURE 95-49 deliver the maximum power? 


34. When 12 cells, each having an EMF of e and an internal resistance r, are 
connected to a variable load R as in Fig. 25—50, the current in R is 


3e 


Show that the maximum power (GÊR) delivered to the load is a maximum when 
the load R is equal to the equivalent internal resistance of the source, 37/4. 


Lol l lom 


FIGURE 25-50 


35. A certain transformer has an efficiency E when delivering a current i, where 
Л дэ LI 
115i 


At what current is the efficiency of the transformer a maximum? 


Mechanisms 
F 36. If the lever in Fig. 25—51 weighs 12.0 Ib per foot, find its length so as to make 
3.00 ft _ the lifting force F a minimum. 
fx т | 37. The efficiency E of a screw is given by 
x = ux? 
1200 Ib x tp 
FIGURE 25-51 where u is the coefficient of friction and x the tangent of the pitch angle of the 


screw. Find x for maximum efficiency if и = 0.45. 


Graphical Solution 


The following problems require a graphical solution. 


38. Find the dimensions x and y and the minimum cost for a 28.7 m? -capacity box 
with square bottom (Fig. 25—52). The material for the sides costs $5.87/ т^, and 
the joints cost $4.29/m. The box has both а top and a bottom, at $7.42/m?. 


Review Problems 


39. 


A cylindrical tank (Fig. 25-53) with capacity 10,000 ft? has ends costing 
$4.23/ft? and cylindrical side costing $3.81/ft?. The welds cost $5.85/ft. Find 
the radius, height, and total cost, for a tank of minimum cost. 


$5.85/ft 


$5.87/m? $4.29/m Volume = 10,000 ft? 


FIGURE 25-52 FIGURE 25-53 
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10. 


12. 


. Airplane A is flying south at a speed of 120 ft/s. It passes over a bridge 12 min 


before another airplane, B, which is flying east at the same height at a speed of 
160 ft/s. How fast are the airplanes separating 12 min after B passes over the 
bridge? 


. Find the velocity at 3.55 s of a point moving in a straight line according to 


the equation, s — P+ A. 


. A person walks toward the base of a 60.0-m-high tower at the rate of 5.0 km/h. At 


what rate does the person approach the top of the tower when 80.0 m from the base? 


. A point moves along the hyperbola x? — y? — 144 with a horizontal velocity 


v, = 15.0 cm/s. Find the total velocity when the point is at (13.0, 5.00). 


. А conical tank with vertex down has a vertex angle of 60.0°. Water flows from 


the tank at a rate of 5.00 cm? / min. At what rate is the inner surface of the tank 
being exposed when the water is 6.00 cm deep? 


. Find the instantaneous velocity and acceleration at = 2.0 s for a point moving 


in a straight line according to the equation s — 4t? — 6t. 


. A turbine blade (Fig. 25—54) is driven by a jet of water having a speed s. The 


power output from the turbine is given by P = k(sv — 02), where v is the blade 
speed and k is a constant. Find the blade speed v for maximum power output. 


. A pole (Fig. 25—55) is braced by a cable 24.0 ft long. Find the distance x from the 


foot of the pole to the cable anchor so that the moment produced by the tension 
in the cable, about the foot of the pole, is a maximum. Assume that the tension 
in the cable does not change as the anchor point is changed. 


. Find the height of a right circular cylinder of maximum volume that can be 


inscribed in a sphere of radius 6. 


Three sides of a trapezoid each have a length of 10 units. What length must the 
fourth side be to make the area a maximum? 


. The air in a certain balloon has a pressure of 40.0 Ib/in.? and a volume of 


5.0 ft? and is expanding at the rate of 0.20 ft?/ s. If the pressure and volume are 
related by the equation po = constant, find the rate at which the pressure 
is changing. 

A certain item costs $10 to make, and the number that can be sold is estimated 
to be inversely proportional to the cube of the selling price. What selling price 
will give the greatest net profit? 
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FIGURE 95-54 Turbine blade. 


24.0 ft 


х Anchor 


FIGURE 25-55 Pole braced by a cable. 
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Start 


Run 


FIGURE 95-56 An athletic field. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


The distance s of a point moving in a straight line is given by 


s = —P + 302 + 24t + 28 
At what times and at what distances is the point at rest? 
A stone dropped into water produces a circular wave which increases in radius 
at the rate of 5.00 ft/s. How fast is the area within the ripple increasing when its 
diameter is 20.0 ft? 
What is the area of the largest rectangle that can be drawn with one side on the 
x axis and with two corners on the curve y = 8/ (x + 4)? 
The power P delivered to a load by a 120-V source having an internal resistance 
of 5 О is Р = 1207 — 5I 2. where / is the current to the load. At what current 
will the power be a maximum? 
Separate the number 10 into two parts so that the product of the square of one 
part and the cube of the other part is a maximum. 
The radius of a circular metal plate is increasing at the rate of 0.010 m/s. At 
what rate is the area increasing when the radius is 2.00 m? 
Find the dimensions of the largest rectangular box with square base and open 
top that can be made from 300 in.” of metal. 
The voltage applied to а 3.25-uF capacitor 18 v = 1.0312 + 1.331 + 2.52 V. 
Find the current at t = 15.0 s. 
The angular displacement of а rotating body is given by 
0 = 18.517 + 12.81 + 14.8 rad. Find (a) the angular velocity and (b) the angu- 
lar acceleration at t = 3.50 s. 
The charge through a 8.24-O, resistor varies with time according to the function 
q= 2.26? — 8.28 C. Write an expression for the instantaneous current through 
dv 
аг 
The charge at a resistor varies with time according to the function 
q= 2.8417 + 6.25 C. Write an expression for the instantaneous current 
through the resistor, and evaluate it at 1.25 s. 


the resistor. Remember, i = C 


Writing: Once again, our writing assignment is to make up an application, but 
now one that leads to a max/min or a related rate problem. As before, swap with 
a classmate; solve each other's problems; note anything unclear, unrealistic, or 
ambiguous; and then rewrite your problem if needed. 


Team Project: Lay out a race course (Fig. 25—56) on your school athletic field. 
The object is to get from A to C in the shortest time. You may take any path, but 
you may run only on line AB and must walk anywhere else. 

Each member of your team should clock his or her rate of running and of 
walking. Then, using the ideas from problem 28 of Exercise 4 as a guide, com- 
pute for each of you the point P at which you should leave line AB for minimum 
time. Mark these points. 

When ready, challenge another class to a race. Be careful to avoid students 
who have taken calculus or who are members of the track team. 


Integration 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Find the integral of certain algebraic functions. 


Check an integral by differentiating. 


Check an integral by calculator. 


Solve simple differential equations. 


Evaluate the constant of integration, given boundary conditions. 


Perform successive integration. 


Use a table of integrals. 


Evaluate definite integrals. 


Determine approximate areas under curves by the midpoint method. 


Find the approximate area under a curve by calculator. 


Apply the fundamental theorem of calculus to determine exact areas 
under curves. 


Every operation in mathematics has its inverse. For example, we reverse the squar- 
ing operation by taking the square root; the arcsin is the inverse of the sine, and so 
on. In this chapter we learn how to reverse the process of differentiation with the 
process of integration. 

The material in this and the following three chapters usually falls under the 
heading of integral calculus, in contrast to the differential calculus already intro- 
duced. We define the definite integral and show how to evaluate it. Next we discuss 
the problem of finding the area bounded by a curve and the x axis between two 
given values of x. We find such areas, first approximately by the midpoint method 
and then exactly by means of the definite integral. In the process we develop the 
fundamental theorem of calculus, which ties together the derivative, the integral, 
and the area under a curve. 
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FIGURE 26-1 
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Integration has a great many practical applications in technical work. As we did 
with the derivative, we will give the mathematics in this chapter, followed by two 
chapters of applications. We will, however, have an occasional application here to 
give an idea of what is to come. For example, if we had an equation for the dis- 
placement of a point on a body, say the projectile of Fig. 26-1, we saw that we 
could take the derivative of that equation to get the velocity of that point. Now we 
will be able to do the reverse; given the velocity, we can take the integral to get the 
displacement. This is just one of a long list of applications of the integral. 


26-1 The Indefinite Integral 


As with any new mathematical idea, we must first have new definitions, symbols, 
and some theory. We begin with the idea that finding an integral is the inverse of 


finding a derivative. 


Reversing the Process of Differentiation 


An integral of an expression is a new expression which, if differentiated, gives the 
original expression. 


өөө Example 1: The derivative of x? is 3x?, so an integral of 3x? is x°. 


derivative 
7” Бэ 


x3 3x2 


integral 434 

The derivative of x? is 3x?, but the derivative of x? + 6 is also 3x. The deriva- 
tives of x? — 99 and of x? + any constant are also 3x?. This constant, called the 
constant of integration, must be included when we find the integral of a function. We 
will learn how to evaluate the constant of integration later. 


өө» Example 2: The derivative of x?^-- any constant is 3x7, so the integral of 
3x? is x?-- a constant. We use C to stand for the constant. 


"nd derivative I 


x3 + C 3x2 


D a ыш 
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The process of finding the integral is called integration. The variable, x in this 
case, is called the variable of integration. Another name for the integral is the 
antiderivative. 


The Integral Sign 


We have seen above that the derivative of x? + C is 3x?, so the integral of 
3x? is x? + C. Let us now state this same idea more formally. 
Let there be a function 
F(x) + С 

Its derivative is 

— [F(x) + С] = F'(x) + 0 = F'(x) 

x 

where we have used the familiar prime (7) notation to indicate a derivative. Going 
to differential form, we have 


а[Е(х) + C] = F(x) dx 
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Thus the differential of F(x) + C is F'(x) dx. Conversely, 


Integral of F'(x) dx = F(x) + C 


Instead of writing “Integral of,’ we use the integral sign T to indicate that operation. 
It is no accident that the integral sign looks like the letter S. We will see later that it 
stands for summation. 


We read Eq. 286 as “the integral of F'(x) dx with respect to x is F(x) + C." The 
expression F'(x) dx to be integrated is called the integrand, and C, as we said ear- 
lier, is the constant of integration. 


өөө Example 3: What is the indefinite integral of 3x? dx? 


Solution: The function x? has 3x? dx as a differential, so the integral of 3x? dx is 
3 
x" + C. 


Ё 4х = х + С +++ 


If we let F'(x) be denoted by f(x), Equation 286 becomes the following: 


We use both capital and lowercase F in this section. Be careful 
not to mix them up. 


Some Rules for Finding Integrals 


We can obtain rules for integration by reversing the rules we previously derived 
for differentiation. Such a list of rules, called a table of integrals, is given in Appen- 
dix C. This is a very short table of integrals; some fill entire books. 

Let there be a function u = F(x) whose derivative is 


du 
— z= F' 
Ян (x) 
or 
du = F' (x) dx 


Just as we can take the derivative of both sides of an equation, we can take the inte- 
gral of both sides. This gives 


а 


by Eq. 286. Substituting F (x) = и, we get our first rule for finding integrals. 


[roa = F(x) + C 
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The integral is called indefinite because 
of the unknown constant. In a later sec- 
tion we will study, we will study the defi- 
nite integral, which has no unknown 
constant. 
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We will often say “integrate” instead of the longer “find the integral of.” 


+++ Example 4: Integrate 1 d(3x — x’). 


Solution: By Rule 1, the integral of the differential of a function is the function it- 
self, plus a constant, so 


Јав = з-с eee 
+++ Example 5: Here are some more examples of the use of Rule 1. 
(a) СЕ (b) [=с+с (с) [4 =? +с 


ntl ntl 
2 + 2x) = xb + 2x + E )- 5-4 
(4) ае x)-—x Фох +С (e) | 4 2251 "n С өө 


For our second rule, we use the fact that the derivative of a constant times a 
function equals the constant times the derivative of the function. Reversing the 
process, we have the following: 


Rule 2 says that we may move constants (not variables!) to the left of the integral 
sign, as in the following example: 


+++ Example 6: Find / 5 dx. 
Solution: By Rule 2, 


[54к=5 [а 


s [а= 56+ су 
= 5х + С 


Then, by Rule 1, 


where we have replaced the constant 5С by the constant C. +.. 


We get our third rule by noting that the derivative of a function with several 
terms is the sum of the derivatives of each term. Reversing gives the following: 
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Rule 3 says that when integrating an expression having several terms, we may 
integrate each term separately. The constant C comes from combining the individ- 
ual constants, С, C», ... into a single constant. 


+++ Example 7: Integrate f (3x? + 5) dx. 


Solution: 
By Rule 3, 

[ox + 5)dx = ГЕС + oa 
By Rule 2, = Ja dx +5 fo 


=x + Сү + 5х + С 
= X + 5х + С 


where we have combined C, and С» into a single constant C. From now on, we will not 
bother writing C, and C5 but will combine them immediately into a single constant C. 999 


Our fourth rule is for a power of x. 


We can prove this rule simply by taking the derivative. 


п+1 п 
AG +c)=@+D E dup 


ах \n+1 n+1 
Note that Rule 4 is not valid for n = —1, for this would give division by zero. 
We'll derive a later rule for when n is —1. 
+++ Example 8: Integrate / x? ах. 
Solution: We use Rule 4 with n = 3. 
341 4 
3 х х 
dx = +C=—+C 
| х ах = з 4 +.. 


+++ Example 9: Integrate fx’ dx. 


Solution: This is similar to Example 8, except that the exponent is 5. By Rule 4, 


53-1 6 
x x 
| бах +С = +C +.. 


5+1 6 
eee Example 10: Integrate / 7x? dx. 


Solution: This is similar to Example 8, except that here our function is multiplied by 
7. By Rule 2, we may move the constant factor 7 to the left of the integral sign. 


Га = 7 [ах 
4 
($a) 


7x* 
= а +7 


7х“ 
= — + С 
4 


Where С = 7С]. өөө 
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+++ Example 11: Integrate foe + x’) dx. 


Solution: By Rule 3, we can integrate each term separately. 


fetar [o2 | бах 


4 6 


Even though each of the two integrals has produced its own constant of integration, 
we have combined them immediately into the single constant C. ooo 


+++ Example 12: Integrate fax TAX = 3) dx: 


Solution: Integrating term by term yields 
2 за? 2 
(5х Ш 4 9 T6 ooo 


Rule 4 is also used when the exponent n is not an integer. 


+++ Example 13: Integrate n dx. 


Solution: We apply Rule 4 with n — 2/3 and get 


win 


+ 
б 


| w I = 
Mm 


To find the integral of a radical, change the radical to exponential form and 
proceed as in the last example. 


+++ Example 14: Integrate f Vx dx. 


Solution: We write the radical in exponential form with n — 23 


| ухах = n 


х4/3 
By Rule 4, DU EE 
3 
3x4? 
E + С ooo 
4 


The exponent п can also be negative (with the exception of —1, which would 
result in division by zero). 


1 
+++ Example 15: Integrate I з dx. 
X 


1 -3 
e dx = х dx 
2 


x? 1 


Solution: 
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Simplify Before Integrating 

If an expression does not seem to fit any given rule at first, try changing its form by 
performing the indicated operations (squaring, removing parentheses, and so on). 
өөө Example 16: Integrate f (x + 2)(x? — 1) dx. 


Solution: None of our rules seems to fit, so we try to rewrite the given function in a 
different form. Let us multiply out. 


ferae- 1) dx = Je + 2x? — x — 2) dx 


We can now use Rule 2 to integrate term by term, and Rule 4 to integrate each term. 


3 2 x*. ax? з? 
(x ий E EC аг” 2 2x +С +.. 


+++ Example 17: Integrate Jœ + 3) dx. 
Solution: None of our rules (so far) seem to fit. Rule 3, for example, is for x raised 
to a power, not for (x? + 3) raised to a power. However, if we square x? + 3 before 
integrating we get 
[€ + 3} dx = Э + 6x? + 9) dx 
5 ge 
= + 3 + 9x + C 


+ 2x3 + 9x +С эээ 


5 3 
— 24° #5 
++» Example 18: Integrate [M 


X 


Solution: This problem looks complicated at first, but let us perform the indicated 


division 
5 3 
E00 ys pcs 
r E taco fot- 255 + 5а» 


X 


Now Rules 3 and 4 can be used. 


+5x+C ooo 


Checking an Integral by Differentiating 


Many rules for integration are presented without derivation or proof, so you would 
be correct in being suspicious of them. However, you can convince yourself that a 
rule works (and that you have used it correctly) simply by taking the derivative of 
your result. You should get back the original expression. 


+++ Example 19: Taking the derivative of the expression obtained in Example 15, 
we have 


A ! «c)-2( с) = 253) ер =, 
dx\ 2x2 dx\ 2 gt шин” 


which is the expression we started with, so our integration was correct. ooo 
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Graphing an Indefinite Integral by Calculator 


We can use our calculators to compute and graph the approximate integral of a 
given function. The ability to find integrals by calculator is extremely important be- 
cause most functions cannot be integrated analytically. 

On the TI-83/84 we use the fnInt operation (standing for function integral) found 
in the МАТН menu. On the TI-89, we use nInt from the | CALC | menu. 


+++ Example 20: Graph the integral / x? dx by calculator. 
Solution: In screen (1) we enter 


Y1 = fnlnt(X?,X,0,X) 


selecting fnInt from the MATH | menu. Here the first quantity in the parentheses 
is the function, х?, the second is the variable of integration, x, and the last two 
are limits of integration that we will learn about later. For now, to make a graph we 
enter 0 and x. The graph is shown in screen (2). 


Floti Flot Flot? 
sSV1BfnInt6xe.x. Й 
21 | 


(1) TI-83/84 screens for Example 20. (2) Tick marks are | unit apart. You 
can speed up the drawing of the graph 
by setting Xres to a larger value. өөө 


The work is even easier if the function is already defined in the screen. 


өө» Example 21: Graph the function y = x? and its integral, in the same viewing 
window. 


Solution: We enter the function itself as Y1 and the integral as Y2. 


Floti Flotz FPlotz 


T1-83/84 screens for Example 21. Graph of the given function, shown 
light, and its integral, shown heavy. 
Tick marks are 1 unit apart. +++ 


Checking an Integral by Calculator 


For a calculator check of an integral that was found analytically, (a) graph that inte- 
gral, with C = 0, and (b) have the calculator compute and graph the integral of the 
given function. The graphs should overlay. 
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+++ Example 22: Evaluate / 4x? dx, and check graphically. 


Solution: We take the integral using Rule 4. 
3 х? 
4x dx = 4 ТЭ iC 


x*-C 
We graph that function (with C = 0) as Y1. In the same viewing window we graph 
the fnInt of 4x?, as Y2. We graph Y2 with a heavier line than Y1. The two graphs 
are identical, showing that our integral is correct. 


Floti FPlotz Flotz 


T1-83/84 screen for Example 22. Graph of x^ and / 4x? dx. It helps to 
have the first curve plotted lightly or 
dashed, and the second heavy, so that 
you may see the second overlaying the 
first. Tick marks are 1 unit apart. +++ 


Symbolic Integration by Calculator 

We can find integrals on a calculator that does symbolic processing. Here, instead 
of getting a graph, we will get an expression. 

+++ Example 23: Evaluate / Ax? dx on the TI-89 calculator. 


Solution: We press [| or select 1 () from the Cale menu. We follow this by the ex- 
pression to be integrated (4x3) and the variable of integration (х). Do not enter “ах 


Pressing | ENTER | gives the integral, as shown. өөө 


Of course, a calculator that does symbolic mathematics can also be used to graph 
an integral. 


+++ Example 24: Graph the integral J 4x3 dx on the TI-89 calculator, for x = 0 to 3. 


Solution: We enter the integral into the | Y =| editor just as we did in Example 23, set 


the viewing window, and press | ENTER |. 


DEGAUTO 
TI-89 screens for Example 24. The Graph of the integral. Tick marks are 
Y =| editor on the TI-89, showing 1 unit apart on the x axis and 2 units 


the integral entered as y1. apart on the y axis. +++ 
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Fir Fer |ЕЗ» Far 
Tools|Alzebrajcalc Clean Ur 


a [(4-х°)ах x4 
JC4x^3, x2 


IM ——————————————— 
MAIN RAD AUTO FUNC 1230 


TI-89 screen for Example 23. Notice 
that the constant of integration is not 
given. We will use this same instruction 
later in this chapter to evaluate 

definite integrals. 
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Exercise 1 • The Indefinite Integral 


Find each indefinite integral. Check some by calculator. 


1. fax 2 fay 


3. nz 4. 

5. fsa 6. fw 

7: fras 8. fea 

9 pra 10. pea 

11 [ea 12. [ea 

13. Ї» dx 14. n dx 

15. fe dx 16. nz dx 

17. Jo + 4) dx 18. fe — х2) dx 

19. Je + 4x) dx 20. Jo + 6 — х2) dx 
21. | (3х2 — 24x + 4) dx 22. / (x3 + 7 — 2х?)ах 


7 
23. ТЭР ах 24. 1389 ах 
4/3 4 з 
95. xl? dx 26. 3" dx 


97. / V5x dx 98. / N Ax dx 
99. / 9 Х/2х dx 30. Ї 7 N 8x dx 
1 3 
31. | а 39. | —d 
EE ЇЕД 
ах 54х 
33. 1-2 34. 
x4 | x? 
dx 7 dx 
35. | — 36. 
Vx Nx 
Simplify and integrate. 
37. | ухах -2)4х 38. Jo +1)? dx 
Ax? — 2 
39. / Ax -2Ух dx 40. 1 (x + D(x — 3) dx 
X 


3 2 
+ 2x? – 3x – 6 
41. [а-а 49. ГЕ T dx 
x+2 
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43. m Exploration: 
Try this. In the same viewing window, graph 
(a) For Y1, the function xi 2x, light. 
(b) For Y2, the integral of Y 1, light. 
(c) For Y3, the derivative of Y2, heavy. 
What do you find? Why are there only two curves in our viewing window, 
when we had graphed three functions? What can you conclude from this 
exploration? 


Ploti Plotz Flot 
sY BRO SER 
sYBfnlnt iYi x. B 


M sBnDenriucVz s X. 
хэ 


АЫ 
WES 


TI-83/84 screens for problem 43. Tick marks are 1 unit apart. 


26-9 Rules for Finding Integrals SSS 


Our small but growing table of integrals has four rules so far. To these we will now 
add rules for integrating a power function and for integrating an expression in the 
form du/u. 

Integral of a Power Function 


The integral of u”, where u is some function x, is given by 


Again, we prove this rule by taking the derivative. 


п+1 п 
г ( ec)- en S 43 


du\n+1 п+ 1 


The expression и in Rule 5 can be any function of х, say, x? + 3. However, in order 
for us to use Rule 5, the quantity u” must be followed by the derivative of u. Thus if 
u = x? + 3, then du = 3x? dx, as in the following example. 


өө» Example 25: Find the integral f(x? + 3У(3х2) ах. 
Solution: If we let 

u=x +3 
we see that the derivative of u is 

du 
— = 3x2 
dx р 


or, in differential form, 
du = 3x? dx 
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Ploti Flotz Plots 
SEC ldo CA 2*2) 


4 
SYeBfnlnt<c2eocs 
242373 2 


2 2 2 
DL 
ALL 
уБ 


(a) TI-83/84 screens for Example 27. 


(b) Tick marks are 1 unit apart on the x 


axis and 2 units apart on the y axis. 
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Notice now that our given integral exactly matches Rule 5. 


cq 
(x? + 3)6(3х2)ах 


— M 
u du 


We now apply Rule 5. 


3 +3 7 
J (х3 + з)бзх)ах = SFP : 2-8 e 


Students are often puzzled at the "disappearance" of the 3x? dx in Example 25. 


3 7 
nz + зу DA= сс : т 


| Where did this go? 


The 3x? dx is the differential of x? and does not remain after integration. Do not be 
alarmed when it vanishes. As before, we may check our integration by taking its 
derivative. We should get back the original expression, including the part that 
seemed to “vanish.” 


өөө Example 26: Check the integration in Example 25 by taking the derivative. 
Solution: If 


1 
= 7 +37 4C 


y 

then 

d 1 

“= (тух? + 3)°3x?) + 0 

dx 7 
or 

dy = (x? + 33x?) dx 

This is the same expression that we started with. өөө 


+++ Example 27: Evaluate | (x? + 2) (2x dx). Check by calculator. 


Solution: Our integral is already in the form of Rule 5, so 


me (x? + 2f 
(x? о Cu 48 


Заг 


Graphical Check: In the same window we graph as Ү1 the integral found above 
(light line) and as Y2 the fnInt (nInt on the TI-89) of the given function (heavy 
line). Note that the two curves have the same shape but do not overlay. However, 
they seem to differ by a constant amount, being 4 units apart in the y direction. 
This is accounted for by the constant of integration. In fact, if we subtract 4 units 
from Y1, the curves exactly overlay. +.. 
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Very often an integral will not exactly match the form of Rule 5 or any other 
rule in the table of integrals. However, if all we lack is a constant factor, it can usu- 
ally be supplied, as in the following examples. 


+++ Example 28: Integrate ТОР + 3)°x? ах. 


55143666 21: 8068 рү Эш смарт | 
2 
BIS * 3) зай 


Solution: This is almost identical to Example 25, except that the factor 3 is missing. 
Realize that we cannot use Rule 5 yet, because if 


и-х +3 
Шеп 

22.0 

du = Зх dx SCRA SHS OEM R 


MAIN DEG AUTO FUNC 1/30 


Our integral contains x? dx but not 3x? dx, which we need in order to use Rule 5. 
But we can insert a factor of 3 ши our integrand as long ав we compensate for it by 12272777 solution for 
multiplying the whole integral by 5. Example 28. 


$ J (x3 + 36x?) dx 


Compensate. на Insert. 


Integrating gives us 
1 1\ (x? +3)7 
Je + 3f (3x3 dx = (18 : Lyg 


_ (+з) x 
21 


C $96 


Here is another example where a constant factor is inserted to make the given 
integral match Rule 5. 


+++ Example 29: Evaluate f(x? + 3ху(х2 + dx. 


Solution: If we letu = x? + 3x, then du would have to be (3x? + 3)dx. Instead we 
have (x? + 1)dx. However, it would match if we multiply this expression by 3. 
We must then compensate with 1/3 to the left of the integral sign. 


/ (x? + Зх)? (х2 + Idx = : / (x? + 3xy (3х2 + 3)dx 


1 (x? + 3x) 
-10 e 


C 
3 4 


1, 4 
md + 3х) + С да 


If the expression to be integrated contains a quantity іп the denominator which is 
raised to a power other than 1, rewrite it in exponential form and try to match it to Rule 5. 
Remember that the exponent n in Rule 5 cannot be —1. 


x dx 


+++ Example 30: Evaluate | —— ———. 
P / (x? + 1)? 


Solution: Let us first move the expression from the denominator to the numerator. 


x dx 2 —2 
02-19 - (x^ + 1) “(x dx) 
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rosislansebralearelatner|ersrualcrean ur] || 


2-(x2 +1) 


е2)" 


JGxZCx^2*15^2; x2] 


MAIN DEGAUTO FUNC 


TI-89 calculator solution for 
Example 30. 
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If we letu = x? + 1, then du would have to be 2x dx. So we insert a 2 before x dx 
and compensate with to the left of the integral sign. 


fo + 1) (хах) = JF + 1) 202х dx) 


Өү? 
2 -1 | 
1 


-— ~ +С 
2(x? + 1) 


If the expression to be integrated contains a radical, rewrite it in exponential 
form and try to match it to Rule 5. 


+++ Example 31: Evaluate Їх x? + Зах. 


Solution: Let us first rewrite the expression in exponential form. 
Ten + 3dx= nz + ЗУУ (x dx) 


If we let u = x? + 3, then du would be 2x dx. So we insert a 2 before x dx and 
compensate with 2 to the left of the integral sign. 


/ (х2 + 3)'/2(x ах) = E | (х2 + 3)'/2(2x ах) 
роса. ” 

2 3/2 

= ; (х2 + 377 + С +.. 


In our next example the expression to be integrated contains a radical in the 
denominator. Again, rewrite it in exponential form and try to match it to Rule 5. 


5x dx 


\/ 3х2 — 7 


Solution: We rewrite the given expression in exponential form and move the 5 out- 
side the integral. 


+++ Example 32: Evaluate 


w x s [ол — 7) VI dx 


V3x -7 
1 


Here n = —5. Let u = 3x? — 7, so du is 6x dx. Comparing with our actual inte- 
gral, we see that we need to insert a 6 before the x dx and compensate with 5 out- 


side the integral sign. 
1 2 —1/2 
S 6 (35-07) (6x dx) 


5 | (3х2 — 7) V? x dx 

3x2 — 72 

= 2 OP c= V-C ose 
3 


Common Rule 2 allows us to move only constant factors to the left of the 


Error integral sign. You cannot use this same procedure with variables. 


Other Variables 


Mathematical relationships do not, of course, depend on whatever letters of the al- 
phabet we have chosen to represent the various quantities. 
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+++ Example 33: If it is true that 


агас 


fe dz 


and that fe йа = +С ooo 


it is also true that 


! 
N 

EN 
+ 
б 


Integral of bu/u 


Our next rule applies when the function u appears in the denominator. 


We cannot prove this rule by taking the derivative, as we did with other rules, be- 
cause we have not yet learned how to take the derivative of a logarithmic function. 
Instead, we can gain some confidence that this rule is true by graphing the integral 
/ du/u as well as In|u| in the same viewing window. 


DEGAUTO FUNC 


(1) TI-89 screen showing the two (2) Graph of the two functions. We see 
functions entered in the |Y = editor. that y2 exactly overlays y1. 


5 
+++ Example 34: Integrate / F dx. 


Solution: This matches Rule 6 if we let x = u. So du then equals dx. Then 


[ies [ E o smd +c ooo 
x x 


x dx 


= x2 


+++ Example 35: Integrate I 


Solution: Letu = 3 — x”. Then du is —2x dx. Our integral does not have the —2 
factor, so we insert a factor of —2 and compensate with a factor of -4. 


d 1 —2xd 1 
[= - - / хех _ In|3 —х?| + C 
3-х2 2J 3-х? 2 


by Rule 6. өө 


As before, if the expression does not appear to match any rule, try performing 
the indicated operations. 


2 
x 
dx. 


7 
+++ Example 36: Evaluate | 


855 


856 
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Solution: This does not seem to match any of our rules, so let us try to divide through 


by x. 
7 — x2 
/ “х= [(Z-x)ax 
x x 


We can now integrate term by term. 


СЕЗЕ 


x? 
= 7 In|x| cu tS +.. 


Summary of Integration Rules So Far 


Our table of integrals now contains six rules, summarized in the following table. 
These will be enough for us to do the applications in the following chapter. We will 
learn more rules later. 


Miscellaneous Rules from a Table of Integrals 


Now that you can use Rules 1 through 6, you should be able to use many of the 
rules from the table of integrals in Appendix C. We will restrict ourselves here to 
finding integrals of algebraic expressions, for which you should be able to identify 
the du portion in the rule. We will do transcendental functions in a later chapter. 


+++ Example 37: Integrate | —;———. 
P E / Ax? + 25 


Solution: From the table we find the following: 
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Letting a = 5,b = 2,u = x, and du = dx, our integral matches Rule 56 if we 
rearrange the denominator. 


/ dx 1 : 428 © 2 
= an 
25 + 4x? 10 5 
ах 
+++ Example 38: Integrate | —; —— —. 
(4x^ + 9)2x 


Solution: We match this with the following rule: 


with a = 3,u = 2x, and du = 2 dx. Thus 


dx ol 2 ах 21 
2 2 2 In 
(Ax^ + 9)2x 2 (2x)[Qx)* + 35] 36 


When using the table of integrals, be sure that the integral chosen 
completely matches the given integral, and be sure especially that 
all factors of du are present. 


dx 
+++ Example 39: Integrate / — c; 
x V x? + 16 


Solution: We use Rule 64. 


with u = x, a = 4, and du = dx. Thus 


dx 1 x 
le ee re db 
Exercise 9 • Rules for Finding Integrals 
Evaluate each integral. Check some by calculator. 
Integral of a Power Function 
i: J (x4 + 14x? ах 2. J (2х2 — 6)?4х dx 
3. [ow + 1)2х2 dx 4. fse - 1)2х dx 


5. ] 2(x? + 2xy (2х + 2) dx 6. 1 (x + DG + 2x + 6 dx 


857 


858 
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7. ах : 
(1 = x) 
9 J: Vx?—2dx 
11 x? dx 
` Vi- x 
Other Variables 


13. ЇЕ dt 


15. [€ + 32! (2 + Idz 
2 
+ 
17. Ї F 
t 
Integral of du/u 
19. n 
B 
5 2 
21. / 2-4 
| ES 
+ 
93. 15 L3 
X 


4x dx 


8. ———— 
(9 — x)? 


10. 3xV x? — 1dx 


12. [Versa 


14. / (w? + 2)? (w dw) 
16. [NP -Iw 


18. nz - 3w)*(w* — 1) dw 


20. | B 
xem] 
t dt 

99. мэ 
/ ©» 


2 
+ 
24. |" з dw 
Ww 


Miscellaneous Rules from a Table of Integrals 


Integrate, using the rule from Appendix C whose number is given. 


dt 
25. | Rule 57. 


4 — 9r? 


97. / V25 — 9x? dx. Rule 69. 


99. Ї m Rule 56. 
X +9 
dx 
31. | —— Rule 56. 
l6x^ + 9 


Rule 62. 


d 
Fen 

s? — 16 
98. / V Ax? + 9dx Rule 66. 


d 
30. | -7 Rule 49. 
x- «2x 


39. [^^ + Зх ах Rule 52. 


Integrate, finding an appropriate rule from Appendix C. 


dx 
зз. f F 
9 — 4x 
dx 
35 азы 
E 
37. [Ver 


5x dx 


V1 — xí 


39. 


34. + 9x? dx 


d 
36. | 
V 25 — у? 
x? dx 


V3x + 5 


38. 
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26-3 Simple Differential Equations 


To tackle the applications that follow, mostly in the next two chapters, we have to 
solve equations that contain derivatives, and evaluate all constants of integration. 
Here we show how to do that, for simple cases. 


Solving a Simple Differential Equation 
Suppose we have the derivative of a function, say, 


Lae 


3x2 
dx Ы 


Any equation that contains а derivative, such as this опе, is called a differential 
equation. Since it contains only a first derivative, it is called a first-order differential 
equation. To solve this differential equation means to find the equation y = F (x) of 
which 3x? is the derivative. The steps are 


(a) Write the equation in differential form by multiplying both sides by dx. 
(b) Take the integral of both sides. 


d 
eee Example 40: Solve the differential equation ys = 3x", 
x 


Solution: 
(a) Multiplying by dx gives 
dy = 3x? dx 


(b) Now taking the integral of both sides of the equation 


fo = 138 dx 


у + Сү = х? + О, 


SO 


Next we combine the two arbitrary constants, С and Су. 
— 3 2 = 3 
у=х tn -Cyp=x +С 


This is the function whose derivative is 3х2. This function is also called the solution 
to the differential equation dy/dx = 3х2. +.. 


Note that our solution to the preceding problem contains a constant of integra- 
tion. But if our aim is to use the integral to solve practical problems from technol- 
ogy, of what use is an equation that contains an unknown constant? What we need 
is a way to evaluate such a constant. 


Finding the Constant of Integration 


To find the constant of integration we need another piece of information. Such addi- 
tional information is called a boundary condition, or if our variable is time, an ini- 
tial condition. A boundary condition is often in the form of a point through which 
the curve passes, as in the following example. 


+++ Example 41: Evaluate the constant of integration in the preceding example if it 
is known that the curve passes through the point (1, 2). 
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Keep in mind that our main applications 
of the integral will come in the two 
following chapters. 


Chapter 26 * Integration 


Solution: We had found that 
y= х + С 
Since у = 2 when x = 1, we have 
2= (1) +C 
from which С = 1. Our solution, with no unknown constant, is then 


y=x +1 +++ 


An Application 


In our applications of the derivative, we saw that velocity is the rate of change of 
displacement. So we took the derivative of displacement to get velocity. The reverse 
of this is that we take the integral of velocity to get displacement. 


eee Example 42: A certain body thrown downward has a velocity of 
v = 18.2 + 32.2t ft/s 
and its displacement is 55.6 ft at = 2.00 s. Write an equation for its displacement s. 


Solution: Since velocity is the first derivative of displacement, we write 


ds 
v = — = 18.2 + 32.21 
dt 


Going to differential form and integrating 


fa = Jose + 3221) dt 


32.217 


Integrating, 


s = 18.2t + 


To evaluate C we let s = 55.6 when t = 2.00. 
55.6 = 18.2(2.00) + 16.1 (2.00)? +C 


Solving, we get C = —45.2. Our complete equation for s, with no unknown 
constant, is 


s = 18.2t + 16.112 — 45.2 ft ... 


Solving a Simple Second-Order Differential Equation 
An equation that contains a second derivative, such as 
y" =4х—2 


is called a second-order differential equation. To solve such an equation we must 
integrate twice. However, each time we integrate we get another constant of inte- 
gration. To evaluate both we need two additional pieces of information, as in the 
following example. 


+++ Example 43: Find the equation that has a second derivative y" = 4x — 2 and 
that has a slope of 1 at the point (2, 9). 
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Solution: We can write the second derivative as 


dy’) 
dx 


= 4х – 2 


ог, in differential form, 
d(y') = (Ax — 2) dx 


Integrating gives 


y= Је 2) dx = 2x? - 2x + Cj 


But the slope, and hence у’, is 1 when x = 2, so 
Ci = 1-202) + 2(2) = -3 
This gives y' = 2x? — 2x — 3 or, in differential form, 
dy = (2x? — 2x — 3) dx 


Integrating again gives 


2 2x? 2 
y= | (2x 2х = 3) ах = 3 x 3x + С 
But y = 9 when x = 2, so 
202°) 4 41 
a +2 +30) = = 


Our final equation, with all of the constants evaluated, is thus 


2x" а 4l 


Another Application 


We found in the preceding chapter that acceleration is the rate of change of ve- 
locity, which is itself the rate of change of displacement. Thus acceleration is 
therefore the rate of change of the rate of change of displacement. Since rates of 
change are found by taking the derivative, we see that acceleration is the second 
derivative of displacement. Thus if we want to find displacement from the accel- 
eration, we have to integrate twice. 


+++ Example 44: А body moves with an acceleration of 5.86 m/s”. It has an initial 
velocity of 4.55 m/s and an initial displacement of 3.94 m. Write the equations for 
velocity and displacement, with all constants evaluated. 


Solution: Since the acceleration is dv/dt, we write 


d 
E cad 
dt 

dv — 5.86 dt 


Integrating gives 


]^- зве far 


v = 5.86t + C, 
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Since v = 4.55 when t = 0, we get 
С, = 4.55 — 5.86(0) = 4.55 
so 
= 5.86¢ + 4.55 m/s 


Now since v = ds/dt, 


Es = 5.861 + 4.55 
dt 


ds = (5.86t + 4.55) dt 


f^ = nz + 4.55) dt 


2 
t 
s= 5.86 — + 4.551 + С, 


Integrating again, 


Since s = 3.94 when т = 0, we get C; = 3.94. Our final equation is then 
s = 2.9312 + 4.551 + 3.94 m eee 


Exercise 3 • Simple Differential Equations 


Simple First-Order Differential Equations 


Solve each differential equation. 
dy dy 


Ф. = 4" 9. — = 2x(x? + 
2; x dx x(x 6) 
dy 23 ds =e 
== = 4. — = 101 
ыы, m 
ds 1 dv 
5. — = p7? 6. — = 6P – 3172 
dt 2 dt 


Finding the Constant of Integration 
Solve each differential equation, including evaluation of the constant of integration. 


7. y' = 3x, passes through (2, 6) 


8. y' = x’, passes through (1, 1) 

9. y' = Vx, passes through (2, 4) 
10. If dy/dx = 2x + 1, and y = 7 when x = 1, find the value of y when x = 3. 
11. If dy/dx = V2x, and y = 1 when x= 1, find the value of y when x = 2. 


Simple Second-Order Differential Equations 


12. Find the equation of a curve that has a second derivative y" = x if it has a slope 
of 7/2 at the point (3, 0). 

13. Find the equation of a curve that has a second derivative y" — 4 if it has a 
slope of 3 at the point (2, 6). 

14. Find the equation of a curve that has a second derivative y" — 12/ x?ifithasa 
slope of —6 at the point (1, 0). 

15. Find the equation of a curve that has a second derivative y" — 12x? — 6 if it has 


a slope of 20 at the point (2, 4). 
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Applications 


16. A certain body thrown downward has a velocity of v = 32.21 + 43.4 m/s and its 
displacement is 28.5 m at f = 1.00 s. Write an equation for its displacement s. 

17. A body moves with an acceleration of 21.5 m/ s?. It has an initial velocity of 
27.6 m/s and an initial displacement of 44.3 m. Write the equations for veloc- 
ity and displacement, with all constants evaluated. 


26-4 Тһе Definite Integral 


While the indefinite integral will enable us to solve a great many problems from 
technology, there are others that are best tackled with what is called a definite inte- 
gral. We will use the definite integral to find the area of an airplane rudder, the sur- 
face area and volume of a rocket, the length of a bridge cable, the centroid of a 
wind generator vane, the fluid pressure on a dam, the work needed to compress a 
spring, the moment of inertia of a flywheel, and much more. 

We will explain what definite integrals are in this section, and how to evaluate 
them. We will see that all our rules for integrals can still be used. Most of our appli- 
cations will come soon afterwards. 


The Fundamental Theorem of Calculus 


Earlier we learned how to find the indefinite integral of a function. For example, 


2 d 
ЕЕ (1) 


We сап, of course, evaluate the integral at some particular value, say, х = 6. Sub- 
stituting into Eq. (1) gives us 


fea 


Similarly, we can evaluate the same integral at, say, x = 3. Again substituting in 


to Eq. (1) yields 
18 ах 


Suppose, now, that we subtract the second integral from the first. We get 
72+ C — (9 + С) = 63 


Although we do not know the value of the constant С, we do know that it has the 
same value in both expressions since both were obtained from Eq. (1), so C will 


drop out when we subtract. 
6 
= / x? ах 
x=3 3 


We now introduce new notation. We let 
Ї x? dx = / x? dx 

x=6 
The expression on the right is called a definite integral. Here 6 is called the upper 
limit, and 3 is the lower limit. This notation tells us to evaluate the integral at the up- 
per limit and, from that, subtract the integral evaluated at the lower limit. Notice that a 
definite integral (unlike the indefinite integral) has a numerical value, in this case, 63. 
But what is this number, and what is it good for? We'll soon see that the definite in- 
tegral gives us the area under the curve y = x’, from x = 3 to 6, and that it has 
many applications. In general, if 


6 
=a TOSC 


x=6 


33 
=>+C=9+C 
= 3 


fio dx = F(x) + C 


863 


We require, as usual, that the function 
f(x) be continuous in the interval under 
consideration. 
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then 
= F(a) + C 


= F(b) + C 
b 


and 


b 
/ f(x) dx = F(b) + C — F(a) - С 


The constants drop out, leaving the following equation: 


The equation defining the definite integral is called the fundamental theorem of 
calculus, because it connects the processes of differentiation and of integration. 

We will now show how to evaluate a definite integral. Unlike with an indefinite 
integral, which gives us an equation, here we will get a numerical value. 


Evaluating a Definite Integral 


To evaluate a definite integral, first integrate the expression (omitting the con- 
stant of integration), and write the upper and lower limits on a vertical bar or 
bracket to the right of the integral. Next substitute the upper limit and then the 
lower limit, and subtract. 


+++ Example 45: Evaluate rà x^ dx. 


Solution: 
4 314 
| х2 dx = ын 
2 315 
4 25 56 
=— = — = — $69 
3 3 


ese Example 46: Evaluate /? (2x — 5)° dx. 


Solution: We insert a factor of 2 in the integral and compensate with a factor of ; 
in front. 


3 3 
f (2x — 5)? dx = 2! Ох — 5) Q dx) 
0 0 


3 
140) Ох = 9^ 


(1/8)[(6 — 5 — (0 — 5)4] 
= (1/8)[1 — 625] = —78 66 


We have seen that integrals will sometimes produce expressions with absolute 
value signs, as in the following example. 
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724х 
— = In|x| 
-3 Х 


The logarithm of a negative number is not defined. But here we are taking the loga- 
rithm of the absolute value of a negative number. Thus 


+++ Example 47: 
9, 

= In|-2| — In|-3]| 
—3 


In3 = —0.405 ooo 


In| -2] — In|-3| = In2 


Discontinuity 


Recall that a function is called discontinuous if there is a break, jump, cusp, corner 
or gap in the curve, and is nondifferentiable at such points. The definite integral is 
not defined over an interval containing any of these features. 


2 
d 
+++ Example 48: The integral / = is not defined because the function y = 1/x 
-3 


is discontinuous at x = 0. ooo 


Common Be sure that your function is continuous and differentiable between 


Error the given limits before evaluating a definite integral. 


A simple but rough way to check for corners, cusps, and jumps is with a graph. 
This will show many discontinuities, but small gaps may go undetected. 


өө» Example 49: Is the function y = V x? — 4 continuous from x = 3 to 6? 


Solution: Our graph shows continuity between the given limits. However, the func- 
tion is discontinuous between x — —2 and 2. 22 


Finding a Definite Integral by Calculator 
In an earlier section, we used 
fnInt (u, x, 0, x) 


to designate the approximate indefinite integral, obtained by calculator, of a func- 
tion u whose variable of integration is x. We could graph the indefinite integral but 
could not, of course, obtain a numerical value for it. We will now use 


fnInt (u, x, a, b) 


to designate the approximate definite integral, obtained by calculator, of a function 
u whose variable of integration is x, between the limits a and b. Here we will obtain 
a numerical value for the expression. 


1 
+++ Example 50: (a) Evaluate | x? dx analytically, (b) check by TI-83/84 calcula- 
0 
tor, and (c) check by TI-89 calculator. 


Solution: 


1 
= 1/3[13 — 05] = 1/3 
0 


1 
(a) | x ах = (1/3)х% 
0 
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Screen for Example 49. Tick marks аге 
1 unit apart. 


fnIntixe:.:0:125 
" (5555 


(1) TI-83/84 screen for Example 50. 


Позз он рете ur] || 


«| х2)ах 


S¢x*2,x,0;1) 
MAIN DEG AUTO FUNC 


(2) TI-89 screen for Example 50. 


866 


(1) TI-83/84 screen for Example 51. As 
usual, you must check your calculator 
manual to see how these operations are 
performed on your own device. 


rosislansebraléarelatner|ersrualcrean url || 


815|---2 2 
1 (х2 +5 
fO Ox*2459%C1729, x, 1, 22] 


MAIN DEGAUTO FUNC 1230 


(2) TI-89 screen for Example 51. Here 


we press the| ~ | key to get 


the approximate decimal value. 
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(b) On the TI-83/84, we enter fnInt(X?, X, 0, 1) and get the rounded value 0.3333, 
which agrees with our analytical result, screen (1). 


(c) On the TI-89, we press f or select it ) from the Cale menu. We follow 
this by the expression to be integrated (х2), the variable of integration (x), 
the lower limit (0), and the upper limit (1). Pressing | = | gives the integral, 
screen (2). өөө 


: x dx 
1 Vx + 5 
Solution: We write the radical in exponential form, 
2 


+++ Example 51: Evaluate and verify by calculator. 


хах | 
1 Vx +5 1 
We match Rule 5 by multiplying x dx by 2, and compensate with 5 in front of the 
integral. We then integrate and substitute in the limits. 


2 
(2 + 5) 4х dx) 


2 2 
] (x? + 5)-2(x dx) = 2) (х2 + 5)72(2x dx) 
1 1 


(x? $ 5)(1/2) 2 


(1/2) 
2 
= Ух? + 5 
1 
= V9 — V6 = 0.5505 


This is verified by screens (1) and (2). +.. 


= (1/2) 


1 


Exercise 4 • The Definite Integral 


Evaluate each definite integral to three significant digits. Check some by calculator. 


2 
1+ / х ах 
1 


4 2 
5 (x? + 2x) dx 6. / x(x + 2) dx 
0 == 
4 а 
7. (x + 3)? dx 8. | (x — x?) dx 
2 0 
10 e 
d 
9. / = 10 a 
1 х рох 


11. 


хах в. f 2x dx 
о М4 + x Ja 1+? 


1 
13 lu 
0 МЗ – 2х 
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An Application 


15. The volume of the rocket nose cone, Fig. 26-2, is given by 


48.0 
ji 12x ах 
0 


-48.0 in. 


< 48.0 in. >| 
FIGURE 26-2 Rocket nose cone. 


Evaluate this integral. 


26-5 Approximate Area Under a Curve 


In this section we will find the approximate area under a curve both graphically and 
numerically. These methods are valuable not only as a lead-in to finding exact areas by 
integration, but also for finding areas under the many functions that cannot be integrated. 


m Exploration: 


Try this. On a sheet of graph paper, draw coordinate axes, draw any smooth curve, 
and draw vertical lines at upper and lower limits a and b, as in Fig. 26-3. 


* Can you devise a way to get an approximate value for the shaded area shown? 
* Can you think of more than one way to do it? L| 


Estimating Areas 


We want to find the approximate value of the area under a curve, such as у = f (x) 
in Fig. 26-3, between two limits a and b. Our graphical approach is simple. After 
plotting the curve, we will subdivide the required area into rectangles, find the area 
of each rectangle, and add them. 


өөө Example 52: Find the approximate area under the curve y = х?/ 3 between the 
limits x = 1 and x = 3. 


Solution: We draw the curve as shown in Fig. 26-4 between the upper and lower lim- 
its. We subdivide the required area into squares 5 unit on a side, and we count them, 
estimating the fractional part of those that are incomplete. We count around 12 
squares, each with an area of i square units, getting 


area ~ 3 square units өөө 


Another way to estimate the area under a curve is to simply sketch a rectangle 
or triangle of roughly the same area right on the graph of the given curve and 
compute its area. 
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FIGURE 26-3 


FIGURE 26-4 We have chosen very 
large squares for this illustration. Of 
course, smaller squares would give 
greater accuracy. 
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+++ Example 53: Make a quick estimate of the area in Example 52. 


Solution: We draw line PQ as shown in Fig. 26-4, trying to balance the excluded 
and included areas, and compute the area of the triangle formed. 


shaded area = area of POR = +(2)(3) 


= 3 square units ++» 


Summation Notation 


Before we derive an expression for the area under a curve, we must learn some new 
notation to express the sum of a string of terms. We use the Greek capital sigma È 
to stand for summation, or adding up. Thus 


Жи 
means to sum a string of n’s. Of course, we must indicate a starting and an ending 
value for n, and these values are placed on the sigma symbol. Thus 
5 
n=1 
means to add up the n’s starting with n = 1 and ending with n = 5. 


2 
Уу п=1+2+3+4+5=15 
п=1 


4 
өө» Example 54: Evaluate У) (и> — 1). 
n=1 
Solution: 


4 
У, (0-р = (2-1 + (02 - 1) + (32-1) + SY =1) 
п= 1 
=0+3+8 + 15 = 26 ove 
+++ Example 55: 


5 
(à) MPH? +32 +42 + 52 = 54 
к= 2 


4 
(b) 2, fo) = f(D) + fQ) + f3) + f(4) 
(c) 2 Хо) = fer) + fa) + fxs) + c + Fn) ooo 


In the following section, we use the summation notation for expressions similar 
to that of Example 55(c). 


A Numerical Technique: The Midpoint Method 


We will now show a method that is easily computerized and that will lead us to a 
method for finding exact areas later. Also, the notation that we introduce now will 
be used again later. 

Figure 26-5 shows a graph of some function f (x). Our problem is to find the 
area (shown lightly shaded) bounded by that curve, the x axis, and the lines x = a 
and x = b. 
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fe) 


FIGURE 26-5 


We start by subdividing that area into n vertical strips, called panels, by draw- 
ing vertical lines at xo, x1, X2, .. . , Xn. The panels do not have to be of equal width, 
but we make them equal for simplicity. Let the width of each panel be Ax. 

Now look at one particular panel, the one lying between х; ү and x; (shown 
shaded darkly). At the midpoint of this panel we choose a point x;*. The height 
of the curve at this value of x is then f(x;*). The area A A of the dark panel is then 
approximately equal to the area of a rectangle of width Ax and height f(x;*). 


AA = f(x;*) Ах 


The area of the first panel is, similarly, f(x;*) Ax; of the second panel, 
f(x2*) Ax; and so on. To get an approximate value for the total area, we add up the 
areas of each panel. 


А = f(x1*) Ax  f(xo*) Ax  f(xa*) Ax + c + f(x, *) Ax 


Rewriting this expression using our sigma notation gives 


А = У faš) Ax (289) 
i=1 


өөө Example 56: Use the midpoint method to calculate the approximate area under 
the curve f(x) — 3x? from x = 0 to 10, taking panels of width 2. 


Solution: Our graph (Fig. 26-6) shows the panels, with midpoints at 1, 3, 5, 7, and 
9. At each midpoint x*, we compute the height f (x*) of the curve. 


x |1 3 5 7 9 
fY [з m 75 147 243 
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These are called Riemann sums, after 
Georg Friedrich Bernhard Riemann 
(1826-66). 


Хо) д 


300 + 


200 + 


100 + 


0 
FIGURE 26-6 Area by midpoint method. 
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fA 
> 
0 X 
(a) 
700 д 
> 
0 X 


(b) 
FIGURE 26-7 More panels give 
greater accuracy. 


TABLE 26-1 


990.0000 
997.5000 
999.3750 
999.8438 
999.9609 
999.9902 
999.9968 
999.9996 
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The approximate area is then the sum of the areas of each panel. 
А == 3(2) + 27 (2) + 75(2) + 147 (2) + 243 (2) 
= 495 (2) = 990 square units 666 


We can obtain greater accuracy in computing the area under a curve simply by 
reducing the width of each rectangular panel. Clearly, the panels in Fig. 26—7(b) are 
a better fit to the curve than those in Fig. 26—7(а). 


+++ Example 57: Compute the area under the curve in Example 56 by the midpoint 

method, using panel widths of 2, 1, Е 1, апа $о оп. 

Solution: We compute the approximate area just as in Example 56. We omit the tedious 

computations (which were done by computer) and show only the results in Table 26-1. 
Notice that as the panel width decreases, the computed area seems to be approach- 

ing a limit of 1000. We’ll see in the next section that 1000 is the exact area under the 

curve. 22 


Exercise 5 • Approximate Area Under a Curve 


Estimation of Areas 


Estimate the approximate area of each shaded region, in square units. 
1. 9. 
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Graph each region. Make a quick estimate of the indicated area, and then use a 
graphical method to find its approximate value. 


7. y 2 x3 +1 fromx = 0to8 

8. у= х2 +3 fromx = —4to4 
9. y = 1/х from x = 2 to 10 
10. y=2 + х^ fromx = —2to0 


Sigma Notation 
Evaluate each expression. 


9 7 
11. > n 12. Xr? 13. X 3n 


n=1 r=1 


5 6 q 
15. X n(n-1) 16. У, 


m=1 n=1 4=19 +1 


Approximate Areas бу Midpoint Method 


Using panels 2 units wide, find the approximate area (in square units) under each 
curve by the midpoint method. 


17. у= х2 +1 fromx = 0to8 
18. y 2 х2 +3 fromx = —4to4 


1 
19. а from x = 2 to 10 


90. y=2+x* fromx = —10to0 


26-6 Exact Area Under a Curve P| 


We saw with the midpoint method that we could obtain a more accurate area by us- 
ing a greater number of narrower panels. In the limit, we find the exact area by us- 
ing an infinite number of panels, each of infinitesimal width. 

Starting with Eq. 289, 


A= 


1 


FOr Ах 


[= 


we let the panel width Ax approach zero. As it does so, the number of panels ap- 
proaches infinity, and the sum of the areas of the panels approaches the exact area A 
under the curve. 


Exact Area by Integration 


Equation 290 gives us the exact area under a curve, but not a practical way to find 
it. We will now derive a formula that will give us the exact area. The derivation will 
be long, but the formula itself will be very simple. In fact, it is one that you have al- 
ready used. 
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FIGURE 26-9 There is a theorem, 
called the mean value theorem, that 
says there must be at least one point Q 
between P and R at which the slope is 
equal to the slope of PR. We won't 
prove it, but can you see intuitively that 
it must be so? 
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Suppose we want to find the exact area under some curve f(x), between the values 
a and b, Fig. 26-8(0). Directly above the graph of f(x), let us graph its integral 
F(x), Fig. 26-8(b). Thus, the upper curve F(x) is the integral of the lower curve 
f(x); conversely the lower curve is the derivative of the upper curve. 


F(x) д 


F(b) 


F(x;) 
Fon 


(b) 


FIGURE 26-8 Area as the limit of a sum. 


For the midpoint method, we arbitrarily selected x;* at the midpoint of each panel. 
We now do it differently. We select x;* so that the slope at point Q on the integral 
(upper) curve is equal to the slope of the straight line PR, as shown in Fig. 26-9. 

The slope at Q is equal to f(x;*), and the slope of PR is equal to 


A Е we _ F(x) = F(xj-1) 


un Ax 
or 

JOP Ax = Fx) — F6) 
If we write this expression for each panel, we get 


ЈО) Ax = F(xj) — F(a) 
fGo*) Ax = Е(хо) — F(x) 
/(хз*) Ax = F(x3) — F(x) 


fGa-1 )Ax = Ё(х,-1) = F(x,-2) 
Ла) Ах = F(b) — FS) 
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If we add all of these equations, every term on the right drops out except 
F(a) and F(b). 


Ff хү") Ax + f G5*) Ax + f (x3*) Ax + © + f(x,*) Ax = F(b) — Fla) 
У (х) Ах = Fb) — F(a) 
i=1 


As before, we let Ax approach zero. 


lim У, f(xi*) Ax = F(b) — F(a) 
Ах-»0 ic] 


The left side of this equation is equal to the exact area A under the curve (Eq. 290). 
The right side is equal to the definite integral from a to b of the function f(x) that 
we had earlier derived as Eq. 288. Thus: 


We get the amazingly simple result that the area under a curve between two 
limits is equal to the change in the integral between the same limits, as shown 
graphically in Fig. 26—10. 


FQ) д 
F(b) 
F(b) — F(a) 

F(a) 

kd л 

is equal to This difference in ordinates 
SX) д 
Derivati, 
A 
0 а Ь * 
FIGURE 26-10 


So, to find the exact area under a curve, simply evaluate the definite integral of 
the given function between the given limits. 


өө» Example 58: Find the area bounded by the curve y = 3x? + x + 1, the x axis, 
and the lines x — 2 and x — 5. 
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ҮЕСхэдх:130,5 


(1) TI-83/84 screen for Example 59. 
Tick marks are 1 unit apart on the x 
axis and 10 units apart on the y axis. 


М 
Ї+#Сх)›айх=130.5 


(2) TI-89 screen for Example 59. 


We are doing only simple area problems 


here. In the following chapter we will 
find areas between curves, areas below 
the x axis, and other more complicated 
types of areas. Remember that the bulk 
of our applications will come in the next 
two chapters. There we will show how 
to set up an integral such as this one. 
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Solution: By Eq. 291, 


5 x? 5 
a= | (Зх? +x + рахе t+ tx 
2 


2 2 
2 
= (s+5+s)-(2+2 42) 


= 130.5 square units өөө 


2 


Area Under a Curve by Calculator 


To find the area under a curve that has already been graphed, 


* select f. f(x) dx from the appropriate menu 
* select the upper and lower limits 


The calculator will shade in the area under the curve between the selected limits 
and give the numerical value of that area. 


eee Example 59: Verify the result of the preceding problem by calculator. 


Solution: We enter the function itself in the |Y 7| screen and have it graphed. 
We then select J f(x) dx. This is found in the | CALC | menu on the TI-83/84 and on 
the MATH Calculus menu on the TI-89. Then enter 2 for the lower limit and 5 for 
the upper limit. The result, 130.5, is displayed below the graph. ooo 


Exercise 6 • Exact Area Under a Curve 


Find the area (in square units) bounded by each curve, the given lines, and the 
x axis. Sketch the curve for some of these, and try to make a quick estimate of the 
area. Also check some graphically or by calculator. 


1. y = 2x from x = Oto 10 


9 у= х2 + 1 fronx = 1 to 20 
3. y = 3 + x? from x = —5to5 
4. y = x* + 4 from x = —10 to —2 
5. y = x? from x = 0to4 
6. у= 9 — x? from x = 0to3 
7.у= 1/Vx from x = 5 to 8 
8. y = x? + 3x? + 2x + 10 from x = —3 to 3 
9. у= х2 + х + 1 fromx = 203 
10. у = V3x from x = 208 
11. y = 2x +S foma = 1to4 
12. y= — 5 from x = 0to5 
Vx +4 
An Application 


13. А ship's deck, Fig. 26-11, has the shape of two intersecting parabolas. Its area 
in square feet is given by 


af (ss ar 
Е = X 
v 1800 


Review Problems 


< 30.0 ft 


| 
1 
| 
| 
-- 230 ft - 


FIGURE 26-11 


Find this area. 


Top view of a ship's deck. 
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Perform each integration. 
dx 


SL Ху 


3, pare 


Б. | Унах 


1 


7. / (x^ — 2х%)(2х? — 3x?) dx 
dx 
4 E 
" 
T (х2 — 2x + 3) dx 
2 
з. | (Va — Vx? dx 
0 
3 
22) V9 + 25x? dx 
0 
4 
п. | xV 1 + 5х dx 
1 


"T [3 
9 — 4x? 


d 
% [— 
9+ 4x 


23 


6 
|! ах 
2 V4 + 9x? 


o 


10. 


12. 


20 


22. 


T x dx 

0 4+ x? 
1 

3! V7 —3xdx 
2 
2 

d V x? + 25 dx 
0 


2 
: T V1 + 9x? dx 
0 


dx 
V x? — 25 
$ dx 
x? + 4x 


24. Find the equation of a curve that passes through the point (3, 0), has a slope of 
9 at that point, and has a second derivative y" = x. 


25. The rate of growth of the number N of bacteria in a culture is dN/dt = 0.5N. 
If N = 100 when г = 0, derive the formula for N at any time. 


5 
96. Evaluate >, п? (п — 1). 


п=1 
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27. 


28. 


29, 


30. 


31. 


39. 


2 


4 

Evaluat . 

valuate 2 тач 

Use the midpoint method to find the approximate area under the curve 
y = 5 + x? from x = 1 to 9. Use panels 2 units wide. 


Find the area bounded by the parabola y? — 8x, the x axis, and the line x — 2. 


Writing: Integration is the inverse of differentiation. List as many other pairs of 
inverse mathematical operations as you can. Describe in your own words when 
the inverse of each operation gives an indefinite result. 


Project: Given a function by your instructor that can be integrated, and an upper 
and lower limit, (a) make an accurate graph, and estimate the area of the given 
region by counting boxes on the graph paper, (b) use the midpoint method with 
different panel widths to calculate the same area, and (c) find the exact area by 
integrating. Compare the results obtained by the various methods. 


On Our Web Site: There are a great many methods for finding integrals that we 
have not shown here, but that may be found under Methods of Integration at our 
Web site: www.wiley.com/college/calter 


Applications of the Integral 


OBJECTIVES 

When you have completed this chapter, you should be able to 

* Use the integral to solve motion problems. 

* Use the integral to solve problems involving electric circuits. 

* Find exact areas under curves and between curves. 

* Find the volume of a solid of revolution using the disk or shell method. 


* Determine a volume of a solid of revolution rotated about the x axis, the 
y axis, or a noncoordinate axis. 


While we had a few applications in the last chapter, here we start with two chapters 
completely devoted to applications of the integral. Our first applications concern the 
motion of a point. In our chapter on the derivative, we found velocity and accelera- 
tion by taking derivatives. Here we do the reverse; we find velocity and displace- 
ment by taking the integral. Motion is followed by the application of the integral to 
electric circuits, a topic we will take up again after we learn how to take derivatives 
and integrals of the logarithmic, exponential, and trigonometric functions. 

Next we present a fast way to set up the integral and use it to find the exact area 
under a curve. We found areas in the preceding chapter, and here do more advanced 
problems, such as the area between curves and the area between a curve and the y 
axis. This leads to applications such as verifying the areas of familiar plane figures, 
finding areas of structural members, culverts, windows, and so forth. 

Finally, we learn how to compute volumes of solids of revolution. We use this 
to verify the formulas for volumes of common solids, finding volumes of rocket 
nose cones, structural members, tanks for liquids, and so on. For example, how 
would you find the capacity of the aircraft wing tank, Fig. 27-1, given its dimen- 
sions and the shape of the curved surface? We will do such a calculation here. 

Throughout this chapter we support our analytical methods with the graphics 
calculator. 


N 3.50 m > 


FIGURE 27-1 Airplane wing tank. 
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EE 97-1 Applications to Motion 


Displacement 


In an earlier chapter we saw that the velocity v of a moving point was defined as 
the rate of change of the displacement s of the point. The velocity was thus equal to 
the derivative of the displacement, or v — ds/dt. We now reverse the process and 
find the displacement when given the velocity. Since ds = v dt, integrating gives 
the following equation: 


Thus if given an expression for velocity, we can get one for displacement by inte- 
grating. We use the initial conditions to evaluate the constant of integration, as in 
the following example. 


+++ Example 1: A point in a mechanism has an initial displacement of 2.75 ft, and 
has a velocity given by 
v = 3.741 + 5.85 ft/s 


(a) Write an equation for the displacement s and (b) evaluate it att = 5.00 s. 
Solution: 


(a) Since v = ds/dt, we write 
= = 3.74t + 5.85 
dt 
ds = (3.741 + 5.85) dt 
Integrating gives 


2 


s= fon + 5.85)dt = ж585-0С 


We find the constant by noting that s = 2.75 ft at t = 0. That gives C = 2.75, so 
our complete equation for displacement is 


s = 1.8712 + 5.85t + 2.75 ft 
(b) Att = 5.00 s, 


s = 1.87(5.00)? + 5.85(5.00) + 2.75 = 78.8 ft +.. 


Velocity 


In our applications of the derivative, we saw that acceleration was the derivative of 
velocity. The reverse is also true, that the velocity is the integral of the acceleration. 


Given an expression for acceleration, we can get one for velocity by integrating. 
As before, we use the initial conditions to obtain the constant of integration. 


Section 1 * Applications to Motion 


+++ Example 9: A point on an industrial robot has an initial velocity of 9.85 m/s and 
has an acceleration given by 


a= 11.1 + 1562 m/s? 
(a) Write an equation for the velocity v and (b) evaluate it at f = 2.00 s. 
Solution: 


(a) Since a = dv/dt, we write 
dv 
dt 
dv = (11.1 + 15.622) dt 


= 11.1 + 15.62? 


Integrating gives 


15.66? 
v= fon + 15.6tdt = 11.1t + A + 


We find the constant by noting that v = 9.85 m/s at t = 0. That gives C = 9.85, 
so our complete equation for velocity is 


v = 11.17 + 5.202 + 9.85 m/s 
(b) Att = 2.00 s, 


v = 11.1(2.00) + 5.20(2.00)?? + 9.85 = 73.6 m/s +.. 


Freely Falling Body 


Integration provides us with a slick way to derive the equations for the displace- 
ment and velocity of a freely falling body. 


+++ Example 3: An object falls with constant acceleration, g, due to gravity. Write 
the equations for the displacement and velocity of the body at any time. 


Solution: We are given that a = dv/dt = g, so 


dv = gdt 
Integrating, we find that 


v= [sa - +С 


When г = 0, v = Cj, so C, is the initial velocity. Let us relabel the constant as Up. 


But v = ds/dt, so 
ds = (00 + gt)dt 


gt 
5 = (vo + gt)dt = wt + =; + C 


When t = 0, s = С», so we interpret C» as the initial displacement. Let us call it sọ. 
So the displacement is: 
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+++ Example 4: A body is thrown downward with an initial velocity of 7.55 ft/s. 
Write an equation for its (a) acceleration, (b) velocity, and (c) displacement. (d) Evaluate 
each att = 4.00 s. 


Solution: 


(a) The acceleration of a freely falling body (even one thrown downward) is 


a = 322 ft/s” 


(b) The velocity is, from Eq. 1019, 


0 = to + gt 


7.55 + 322: ft/s 


since Up = 7.55 ft/s. 


(c) The displacement, from Eq. 1018, is 


2 
t 
= so + vot + ®- 


a 


=0+4+7.55t+ 16.102 8 


where we have taken the initial displacement sọ equal to 0. 


(d) Att = 4.00 s, 
v = 7.55 + 32.2(4.00) = 136 ft/s 
and 


s = 7.55(4.00) + 16.1(4.00 = 288 ft ooo 


Motion Along a Curve 


In an earlier chapter the motion of a point along a curve was described by 
parametric equations, with the x and y displacements each given by a separate 
function of time. We saw that dx/dt gave the velocity v, in the x direction and 
that dy/dt gave the velocity v, in the y direction. Now, given the velocities, we 
integrate to get the displacements. 


Similarly, if we have parametric equations for the accelerations in the x and y 
directions, we integrate to get the velocities. 


Section 1 * Applications to Motion 


+++ Example 5: An object starts from the point (2, 4) with initial velocities 
Uy = 7 cm/s and v, = 5 cm/s, and it moves along a curved path. It has x and y ac- 
celerations of a, = 3t cm/s” and ау = 5cm/ s?. Write expressions for the x and y 
components of (a) velocity and (b) displacement. (c) Find x and y when t = 4 s and 
(d) graph the parametric equations of displacement. 

Solution: 

(a) We integrate to find the velocities. 


an 
wo [за o and w= [5t =з +, 


Att —0,v, = 7 and vy, = 5,so 
d +7 cm/s and 20у = 57 + 5 cm/s 


(b) Integrating again gives the displacements. 


ap 
+7) and у= [Gre Sat 


3 2 
t 5t 
z "+з у= ++ C4 


x 


X 


Att = 0, х = 2 and y = 4, so our complete equations for the displacements are 


P ЭР 
к=з ЛЫН iem and yr. TOP don 


(c) Att = 45, 
3 


4 
x=; +74) +2 = 62cm 


and 
54 


+ 5(4) + 4 = 64cm 


(d) A parametric plot of the displacements is given, showing the values of x and y 
att = 4s. +.. 


Rotation 


In an earlier chapter we saw that the angular velocity w of a rotating body was 
given by the derivative d0/dt of the angular displacement 0. Thus 0 is the integral 
of the angular velocity. 


Similarly, 
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mdr-T^z/24?. a 0285... 


Y=64 


Screen for Example 5. Glance back at 
Chap. 15 if you’ve forgotten how to 
make a parametric plot. 
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өөө Example 6: A flywheel in a machine starts from rest and accelerates at 
3.851 rad/ s?. Find the angular velocity and the total number of revolutions after 10.0 s. 


Solution: We integrate to get the angular velocity. 


3.85? 
w= | 3.85tdt = 3 tC rad/s 


Since the flywheel starts from rest, о = 0 at f = 0, so C, = 0. Integrating again 
gives the angular displacement. 


3.8512 ЗГ 
s= | dt = 6 + С rad 


Since 0 is 0 at т = 0, we get C; = 0. Now evaluating w and 0 at t = 10.0 s yields 


| 3.85 (10.0)? 


= 192 rad 
7 rad/s 


and, recalling that 27 radians equals 1 revolution, 


c 3.85 (10.0)? 


6 — 642 rad — 102 revolutions 2222 


Exercise 1 • Applications to Motion 


Displacement 


1. A point in a machine has an initial displacement of 12.6 cm and has a velocity 
given by v = 11.6f + 21.4 cm/s. (a) Write an equation for the displacement s 
and (b) evaluate it att = 7.00s. 


2. Ata particular location in a mechanism, the initial displacement is 6.48 in. and 
the velocity is given by v = 1.83 + 2.287 in./s. (a) Write an equation for the 
displacement s and (b) evaluate it att = 4.00 s. 


3. A car starts from rest and continues at a rate of v = i" ft/s. Find the function 
that relates the distance s the car has traveled to the time f in seconds. How far 
will the car go in 4 s? 

4. A body is moving at the rate v = 3 r m/s. Find the distance that it will move in 


t seconds if s = 0 when t = 0. 


Velocity 


5. A pin on a robot arm has an initial velocity of 2.58 ft/s and has an acceleration 
given by a = 1.4102 + 5.28 ft/ s?. (a) Write an equation for the velocity v and 
(b) evaluate it att = 1.00 s. 


6. A pointin a mechanism has an initial velocity of 44.3 in./s and has an acceleration 
given by a = 52.612 — 41.1t in. / s?. (a) Write an equation for the velocity v and 
(b) evaluate it att = 2.00 s. 

7. A part in a machine has an initial velocity of 15.8 cm/s and has an acceleration 
given by a — D — 25.8 cm/s’. (a) Write an equation for the velocity v and 
(b) evaluate it at t = 5.00 s. 


8. The acceleration of a point is given by a — 4.00 — (2 m/ 82. Write an equation 
for the velocity if v — 2.00 m/s when t — 3.00 s. 
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Freely Falling Body 


9. A body is thrown downward with an initial velocity of 1.77 ft/s. Write an equa- 


10. 


11. 


tion for its (a) acceleration, (b) velocity, and (c) displacement. (d) Evaluate each 
att = 3.00 5. 

A ball is thrown downward with an initial velocity of 21.5 ft/s. Write an equa- 
tion for the ball’s (a) acceleration, (b) velocity, and (c) displacement. (d) Evalu- 
ate each at t = 4.00 s. 

The acceleration of a falling body isa — —32.2 ft/ s?. Find the relation between 
sand tifs = O and v = 20 ft/s when t = 0. 


Motion Along a Curve 


12. 


13. 


14. 


15. 


A point starts from rest at the origin and moves along a curved path with x and 
y accelerations of a, = 2.00 cm/ s? and a, = 8.00t cm/ s?. Write expressions 
for the x and y components of velocity. — 

A point starts from rest at the origin and moves along a curved path with x and 
y accelerations of a, = 5.0017 cm/s” and a, = 2.00t cm/s”. Find the x and y 
components of velocity at t = 10.0 s. | 

A point starts from (5, 2) with initial velocities of v, = 2.00 cm/s and 
vy = 4.00 cm/s and moves along a curved path. It has x and y accelerations of 
ах = Tt and a, = 2. Find the x and y displacements at t = 5.00 s. 

A point starts from (9, 1) with initial velocities of v, = 6.00 cm/s and 
v, = 2.00 cm/s and moves along a curved path. It has x and y accelerations of 
a, = 3t and a, = 21?. Find the x and y components of velocity at г = 15.0 s. 


Rotation 


16. 


17. 


18. 


19. 


20. 


A wheel starts from rest and accelerates at 3.00 rad/ s?. Find the angular veloc- 
ity after 12.0 s. 
A certain gear starts from rest and accelerates at 8.57? rad/ s?. Find the total num- 
ber of revolutions after 20.0 s. 
A link in a mechanism rotating with an angular velocity of 3.00 rad/s is given 
an acceleration of 5.00 rad/ s? at t = 0. Find the angular velocity after 20.0 s. 
A pulley in a magnetic tape drive is rotating at 1.25 rad/s when it is given an ac- 
celeration of 7.24 rad/ s? att = 0. Find the angular velocity at 2.00 s. 
Project: Trajectories. A projectile, Fig. 27-2, is launched at an angle 0 with 
initial velocity v. The horizontal acceleration x" is zero and the vertical accel- 
eration y" is —g. 

x"=0 

yrs 
(a) Integrate each of these expressions twice to get expressions for the hori- 

zontal and vertical displacements, x and y. 

(b) Evaluate the constants of integration, noting that 


x(0) = 0 y(0) = 0 
1 
x'(0) — vt cos 0 y'(0) = vt sin 0 — 38 


(c) Compute the range by setting to 0, solving for the nonzero value of t, and 
substituting back to get x. You should get 
12 
Капее - ГЭ sin 0 cos 0 


(4) Show that this is equivalent to 
2 
v. 
Range — — sin 20 
8 


Range .| 


FIGURE 27-2 
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Li 27-2 Applications to Electric Circuits 


Recall that we had electrical applications of the derivative in Chap. 25. There we 
stated that it was only an introduction, because currents and voltages are often ex- 
pressed by exponential or trigonometric functions, which we have not yet covered. 
The same is true here, and we will revisit this topic in Chapter 29, where we learn 
how to differentiate and integrate the logarithmic, exponential, and trigonometric 
functions. For now we will limit ourselves to simple algebraic expressions. 


Charge 


We stated in Chap. 25 that the current i (amperes, A) at some point in a conductor was 
equal to the time rate of change of the charge g (coulombs, C) passing that point, or 


‚_ 44 
dt 
We can now solve this equation for g. Multiplying by dt gives 
dq — idt 


Integrating, we get the following: 


+++ Example 7: The current to a certain capacitor is given by i = 21° + 12 + 3. The 
initial charge on the capacitor is 6.83 C. Find (a) an expression for the charge on the 
capacitor and (b) the charge when t — 5.00 s. 


Solution: 


(a) Integrating the expression for current, we obtain 


4 
q= |а [o6 P жан 


We will use the letter k for the constant of integration in electrical problems to avoid 
confusion with C used for capacitance, or Coulombs. We find the constant of inte- 
gration k by substituting the initial conditions, q = 6.83 C att = 0. So k = 6.83. 
Our complete equation is then 


+3t+k Coulombs 


v| 


+ 3t + 6.83 Coulombs 


(b) When: = 5.00 s, 
_ (5.00) " (5.00)? 
2 3 


+ 3(5.00) + 6.83 = 376C 22 


Voltage Across a Capacitor 


The current in a capacitor has already been given by Eq. 1080, i = C dv/dt, where 
i is in amperes (A), C in farads (F), v in volts (V), and t in seconds (s). We now 
integrate to find the voltage across the capacitor. 


1 
dv = ct 


Section 2 * Applications to Electric Circuits 


+++ Example 8: A 1.25-F capacitor that has an initial voltage of 25.0 V is charged 
with a current that varies with time according to the equation = tV t? + 6.83 A. 
Find the voltage across the capacitor at 1.00 s. 


Solution: By Eq. 1081 


1 2 1 2 1/2 
= — +6. = 0.80| = + 6. 
v 125 tVt 6.83 dt = 0 s0(2) fo 6.38) /* Qt dt) 


_ 040(? + 6.83)? 


+ k = 0.267 (t + 6.832 + k 
32 ( ) 


where we have again used k for the constant of integration to avoid confusion with 
the symbol for capacitance. Since v = 25.0 V when t = 0, we get 


k = 25.0 — 0.267 (6.83? = 20.2 V 
When / = 1.00 5, 


v = 0.267 (1.00? + 6.832 + 20.2 = 260 V +.. 


Current in an Inductor 


The voltage across an inductor was given by Eq. 1086 as v = L di/dt, where L is 
the inductance in henrys. Integrating this equation we get: 


+++ Example 9: The voltage across a 10.6-H inductor is v = V 3t + 25.4 V. 
Find the current in the inductor at 5.25 s if the initial current is 6.15 A. 


Solution: From Eq. 1085, 
1 1 
i= 106 Мз + 25.4 dt = 0.0943 (+) | (3t + 25.4)!/2(3dt) 


| 0.0314(3r + 25.4)? 
3/2 


+ k = 0.0210(3 + 25.4? + k 


When t = 0,7 = 6.15 A, so 
k = 6.15 — 0.0210 (25.4) = 3.46 
When t = 5.25 s, 
i = 0.0210[3 (5.25) + 25.4? + 3.46 = 9.00 A 22 


Exercise 2 » Applications to Electric Circuits 


Charge 


1. The current to a capacitor is given by i = 2t + 3. The initial charge on the 
capacitor is 8.13 C. Find the charge when t = 1.00 s. 

2, The current to a certain circuit is given by i — 12 + 4. If the initial charge is 
zero, find the charge at 2.50 s. 

3. The current to a certain capacitor is і = 3.25 + f°. If the initial charge on the 
capacitor is 16.8 C, find the charge when t = 3.75 s. 
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Voltage Across a Capacitor 


4. A 21.5-F capacitor with zero initial voltage has a charging current of i = Vi. 
Find the voltage across the capacitor at 2.00 s. 


5. A 15.2-F capacitor has an initial voltage of 2.00 V. It is charged with a current 
given by i = tV 5 + 12. Find the voltage across the capacitor at 1.75 s. 


6. A 75.0-uF capacitor has an initial voltage of 125 V and is charged with a current 
equal toi = Vt + 16.3 mA. Find the voltage across the capacitor at 4.00 s. 


Current in an Inductor 


7. The voltage across a 1.05-H inductor is 7 = V 23t V. Find the current in the 
inductor at 1.25 s if the initial current is zero. 


8. The voltage across a 52.0-H inductor is v = 12 — 3t V. If the initial current is 
2.00 A, find the current in the inductor at 1.00 s. 

9. The voltage across a 15.0-H inductor is given by v = 28.5 + Мө V. Find the 
current in the inductor at 2.50 s if the initial current is 15.0 A. 


97-3 Finding Areas by Integration 


305 Another Way to Set Up an Integral 
5 
A In the preceding chapter we found the area under a curve and the x axis, between 
two given limits. We did this by setting up and evaluating a definite integral. Now 
we will do somewhat different area problems: areas between curves and areas 
bounded by the y axis, and later we will find volumes, length of arc, and so forth. 
For each of these we need to write a slightly different definite integral. To 
avoid doing a long derivation for each, we now give an intuitive shortcut. 
Think of the integral sign as the letter S, standing for sum. It indicates that we 
are to add up the elements that are written after the integral sign. Thus 


Height =f (x) 


b 
0 a Rem box a= | f(x)dx 
a 


Width = dx 
can be read, “The area A is the sum of all of the elements having a height f(x) and a 


FIGURE аз width dx, between the limits of a and b,’ as shown in Fig. 27-3. 
++» Example 10: Find the area bounded by the curve y = x? + 3, the x axis, and 
yA the lines x = 1 and x = 4 (Fig. 27-4). 


Estimate: Let us enclose the given area in a rectangle of width 3 and height 19, 
shown dashed in the figure. We see that the given area occupies more than half the 
area of the rectangle, say, about 60%. Thus a reasonable estimate of the required area 
would then be 60% of (3) (19), or 34 square units. 


dA=y dx 


Solution: The usual steps are as follows: 


(1) Make a sketch showing the bounded area, as in Fig. 27-4. Locate a point (x, y) 
on the curve. 


0 1 < 4X (2) Through (x, у) draw а rectangular element of area, which we call dA. Next give 
di the rectangle dimensions. We call the width dx because it is measured in the x 
FIGURE 97-4 direction, and we call the height y. The area of the element is thus 


dA = y dx = (x? + 3)dx 
(3) We think of A as the sum of all the small dA’s. We accomplish the summation 


by integration. 
a= fas = f È+ за 
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(4) We locate the limits of integration from the figure. Since we are summing the 
elements in the x direction, our limits must be on x. It is clear that we start 
the summing at x = 1 and end itat x = 4. So 


4 
A- | (x? + 3)dx 
1 


(5) Check that all parts of the integral, including the integrand, the differential, and 
the limits of integration, are in terms of the same variable. In our example, 
everything is in terms of x, and the limits are on x, so we can proceed. If, how- 
ever, our integral contained both x and y, one of the variables would have to be 
eliminated. We show how to do this in a later example. 

(6) Our integral is now set up. Integrating gives 


4 


4 А 2 
A= (x^ + 3) dx = — + 3x 
1 3 1 


13 
= 3 + 3(4) — B + 10 = 30 square units +++ 
This looks like a long procedure, but it will save us a great deal of time later. 


Areas Bounded by the x Axis 


Let us now use the definite integral to find a few more areas under curves. 


3 
өөө Example 11: Find the area under the curve у = 9.51x EY F 5.25 from 
x = 1104. : 


Estimate: 

Our sketch is made by calculator, as shown. We can imagine our area as being en- 
closed within a rectangle 3 units wide and about 25 units high, with an area of 
about 75 square units. Our area occupies about 90% of that rectangle, so we expect 
an answer of about 70 square units. 


Solution: Let us take vertical elements of area, each of width dx, height y, and area dA. 


3 

x 
dA = = Slx — —— + 5.25 } d: 
ydx (951 314 5 5) X 


We now integrate to get the area. 


А = (ss - 35 + 525} ZELLE m 
rA зуд л и 2 is Р 
= 76.76 — 9.936 = 66.8 square units 
which agrees with our estimate. өөө 


Sometimes the limits are not given and must be found Бу some other means. 


+++ Example 12: Find the first-quadrant area bounded by the coordinate axes and 
the curve y — 4x — x? + 2. 


Solution: Our graph shows that the curve has an x and a y intercept. We could try to 
find the x intercept analytically by setting y equal to zero and solving for x. A simpler 


way is to use the graphics calculator. We would use the | ZERO | operation, as shown, or 


TRACE | and | ZOOM |. 
We now integrate, between limits of 0 and 2.214. 


2.214 : 4x2 х^ 2.214 
А = (Ax — x + 2)dx = — — — + 2x 
0 2 4 0 


4(2214)^ (2214) 
Е 3 4 


+ 2(2.214) = 8.22 square units ooo 
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Screen for Example 11. It is possible to 
draw vertical lines on some calculators. 
On the TI-83/84 select Vertical from 


the 


DRAW 


menu. Tick marks are 1 


unit apart on the x axis and 5 units apart 
on the y axis. 


cere 
наг. 1Ч3 


Screen for Example 12. Tick marks are 
1 unit apart. 
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If a curve crosses the x axis somewhere between the lower and upper limits, as in 
Fig. 27—5, part of the required area will be below the x axis. If we set up our inte- 
gral in the usual way, that area will come out negative. However, if we want the to- 
tal area between the curve and the x axis, simply find each area separately and add 
their absolute values. 


+++ Example 13: Find the total area bounded by the curve y = х2 — 4 and the x axis 
between x — 1 and 3. 


Solution: Our sketch (Fig. 27—5) shows two regions. If we integrate from x = 1 to 
x = 3, then A, will come out negative and A» will be positive, and our result will be 
A» minus А |. If we want the sum of А | and A» we must set up two separate integrals. 


2 5 m. 2 5 
A= (x 4) dx 4x} = 
1 3 1 3 
3 3 3 
Ас | GF = Hae = = el 
E 1 2 3 2 3 
Adding absolute values gives 
5 
A = |Ail + 14] | 3 + d = 4 square units ooo 


In our next example we find the area under a curve that has a discontinuity. 


FIGURE 27-5 +++ Example 14: Find the area bounded by the curve y = 1/x and the x axis (a) from 
x = 1104, (b) from x = —1 to 4, and (c) from x = —4 to - 1. 


Solution: Integrating, we obtain 


b b 
d 
£* х = ЫЫ — Inlal 

X 


a 


A= 


a 


(a) For the limits 1 to 4, 
Ул А = In4 In 1 = 1.386 square units 
(b) For the limits —1 to 4, 
A = Inl4| In|-1| = In4 — In1 = 1.386 square units (?) 


-4 -2 We appear to get the same area between the limits —1 and 4 as we did for the limits 


0| 1234 х 1 and 4. However, a graph (Fig. 27-6) shows that the curve y = 1/x is discontinu- 
ous at x = 0, so we cannot integrate over the interval —1 to 4. 


Common Don’t try to set up these area problems without making a sketch. 


Errors Don't try to integrate across a discontinuity. 


FIGURE 27-6 A definite integral between limits a and b is called an improper integral if the 
integrand is discontinuous at some x within the interval a = x = b. 


(c) For the limits —4 to — 1, 


A = In|- 1| In| -4| 
= |n 1 — In 4 = —1.386 square units 


This area lies below the x axis and has a negative value, as expected. ooo 
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Areas by Graphics Calculator 


In the preceding chapter we showed three ways to find the approximate area under 
a curve. On the TI-83/84 or similar calculators, 


1. usethe ГА f (x) dx operation from the | CALC| menu оп а formerly plotted curve, or 


2. use the fnInt operation to evaluate a definite integral. 
On the TI-89 or similar calculators, 


3. usethe J key or select J () from the Calc menu. 


We will now refresh our memories of these operations to find the area under a 
curve, where other methods may fail. 


өө, Example 15: Find the approximate area under the curve 
y = x? In(2.65x — 1.73) 
from x = 2 to x = 4, by the three calculator methods. 


Solution: We have not yet learned to integrate expressions containing logarithms and 
are not sure They are integrable even if we knew the rules. This is an ideal place to 
use the calculator. 


(1) On the TI-83/84, we enter the function, screen (1). Then on the graph screen, 
screen (2), we select / (x) dx from the menu. We enter the lower and 
upper limits when prompted. The calculator then shades in the required area and 
displays its value below. 


(2) On the TI-83/84 we select fnInt from the МАТН) menu, screen (3), enter the 
function, the variable of integration x, the lower limit 2, and the upper limit 4. 
Note that we get the same result as in Method 1, as expected. 


(3) On the TI-89, we press Jor select / () from the Cale menu. We follow this by 
the expression to be integrated, the variable of integration, and the lower and up- 


per limits. Pressing [=] gives the integral screen (4). 


Ploti Plot? Plots 
эу. ВАё1пс2. 654-1 
"A 


“у= 


DL 
ELLE 
Yes 
Vg Үхэ х:35.223Н 


editor on the Т1-83/84. (2) Tick marks are 1 unit apart on the x 
axis and 5 units apart on the y axis. 


Fir Fev |For Fer 
Tools|Al3zebrajcatc Clean ШР 


(1) The [Y 


Polis Lea. n^ 


9.2758 


n 15062. 1n(2.65:x - 1.73))@х 
35.2738 
—2*Int2.69x-1.732;x,2,4)] 


MAIN DEG AUTO FUNC 1230 


(3) Using fnInt on the Т1-83/84. (4) Using the TI-89. P222 
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yA 
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FIGURE 27-8 Area between 
two curves. 
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Areas Bounded by the y Axis 


So far we have only used vertical elements when setting up our integral. Some- 
times, however, horizontal elements are more convenient. This is true when our 
area is bounded by the y axis, rather than the x axis, as in the following example. 


өөө Example 16: Find the first-quadrant area bounded by the curve y = x? + 3, the 
y axis, and the lines y = 7 and y = 12 (Fig. 27-7). 


Estimate: We enclose the given areaina5 X 3 rectangle, shown dashed, of area 15. 
From this we subtract a roughly triangular portion whose area is 5 (1)(5), or 2.5, get- 
ting an estimate of 12.5 square units. 


yA 


12 


dy { 


FIGURE 27-7 


Solution: We locate a point (x, y) on the curve. If we were to draw a vertical element 
through (x, y), its height would be 5 units in the region to the left of the point (2, 7), 
and 12 — y units in the region to the right of (2, 7). Thus we would need two differ- 
ent expressions for the height of the element. To avoid this complication we choose 
a horizontal element whose length is simply x and whose width is dy. So 


dA = хау = (у — 3)! dy 


12 
| (у = 3)? y 
7 


12 


Integrating, we have 


A 


_ 20- 3)? 
i 5 


7 


2 2 38 
29" 2- ЗО a= Square units ooo 


Area Between Two Curves 


Suppose that we want the area A bounded by an upper curve y = f(x) and a lower 
curve y = g(x), between the limits a and b (Fig. 27-68). We draw a vertical element 
whose width is dx, whose height is f(x) — g(x), and whose area dA is 


dA = [f(x) — gG)]dx 


Integrating from a to b gives the total area. 
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It is important to get positive lengths for the elements. To do this, be sure to 
properly identify the “upper curve” for the region and subtract from it the values on 
the “lower curve.” 

The steps we follow are then 


(a) Graph both curves in the same window. 
(b) Write an equation for f(x) — g(x). Simplify. 
(c) Get the area by integrating the equation from the preceding step between the 
given limits. 
өө» Example 17: Find the first-quadrant area bounded by the curves 
y= х? + 3 and y = 3x — x? between x = O and x = 3 


Estimate: We make a sketch as shown in Fig. 27-9, and we "box in” the given area 
ina3 X 12 rectangle, shown dashed, whose area is 36 square units. Let us estimate 
that the given area is less than half of that, or less than 18 square units. 


Solution: Let the upper curve be f(y) = х2 +3 
and the lower curve be g(x) = 3x — х? 
Subtracting the lower from the upper gives 


РО) — g(x) = (х2 + 3) — Bx – х2) = 2x7 - 3x + 3 


The area bounded by the curves is then 


3 
a= | будл ул зуд ec + 3x 
0 3 2 ИГ 


27 . 
18 2 + 9 = 13.5 square units 


Alternate Solution: Another way of finding the area between two curves is to find 
the area between each and the x axis, and subtract one from the other. This method is 
useful for the calculator. Screen (1) shows the area under the upper curve, while screen 
(2) shows the area under the lower curve. For each we have the calculator find the area, 
as we showed earlier in this section. Their difference is 13.5, as found above. 


SFCxIdN=18 ҮЕСхэфдх-Чч.5 
(1) Screen for Example 17. Tick marks (2) Tick marks are | unit apart. 
are | unit apart. ooo 


Don’t worry if all or part of the desired area is below the x axis. Just follow the 
same procedure as when the area is above the axis, and the signs will work out by 
themselves. Be sure, however, that the lengths of the elements are positive by sub- 
tracting the lower curve from the upper curve. 


+++ Example 18: Find the area bounded by the curves y = V/x and y=x-3 
between x = 1 and 4 (Fig. 27-10). 


Estimate: Here our enclosing rectangle, shown dashed, is 3 by 4 units, with an area 
of 12 square units. The shaded area is about half of that, or about 6 square units. 


FIGURE 27-9 
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FIGURE 27-10 
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ҮЕСхэдхэч,ЕББ? 


TI-83/84 screen for the Alternate 
solution to Example 18. Tick marks are 
1 unit apart. 
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Solution: Letting f(x) — V/x and g(x) = x — 3, we get 
b 
А= [f(x) = 80014х 


a 


4 
| [Vx — x + 3]dx 
1 


261 . 
= 6 square units 


Alternate Solution: If one of the bounding curves is just a straight line, we can of- 
ten find our area by adding or subtracting the areas of triangles from the area between 
the curve and the x axis. This enables use of the calculator. 

By calculator, as shown, we get an area between the curve and the x axis equal 
to 4.6667. We then add the area of triangle I, Fig. 27—10, and subtract the area of 
triangle II. 


1 1 
A = 4.6667 + 2 (2)(2) 2 (1)(1) = 6.1667 square units 
which agrees with our previous answer and our estimate. oe 


Sometimes we are asked to find the area enclosed by two curves, where the cross- 
ing points of two curves are the limits of integration. We find the points of intersec- 
tion by solving the equations simultaneously, or by calculator using ТКАСЕ and 
ZOOM or intersect. These will be the limits of integration a and b. 

In our next example we will also find it easier to take horizontal elements when 
setting up our integral. 


+++ Example 19: Find the area bounded by the curves y? = 12x and у” = 24x — 36. 


Solution: We first plot the two curves as shown in Fig. 27-11. We recognize from 
their equations that they are parabolas opening to the right. We find their points of 
intersection by solving simultaneously. 


(3, 6) 


Curve 2: 
~ y* = 24x -36 


=Y 


(3, -6) 


FIGURE 27-11 
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24x — 36 = 12x 
x=3 
y= +V12x = +6 
Since we have symmetry about the x axis, let us solve for the first-quadrant area and 
later double it. We draw a horizontal strip of width dy and length x; — x, where x» is 


on the rightmost curve, and x, is on the left. The area dA is then dA = (x2 — ху) dy, 
where x, and x» are found by solving each given equation for x. 


_y |y + 36 
Мр апа 42 7 УЕ 


Integrating, we get 


3. у" 
2: Ja 
3(6) (6) Р ” 
2 72 Square units 


By symmetry, the total area between the two curves is twice this, or 12 square 
units. 22 


Don’t always assume that a vertical element is the best choice. Try 
setting up the integral in Example 19 using a vertical element. 


Common 


ч What problems arise? 


+++ Example 20: Find the area bounded by the parabola y = 2 — x? and the straight 
line y = x. 


Solution: Our sketch, shown in Fig. 27-12 and in the calculator screen, shows two 
points of intersection. To find them, let us solve the equations simultaneously by set- 
ting one equation equal to the other. 


2-х? = х 
or x? + x — 2 = 0. We сап solve this quadratic by factoring. 
(x + 2)(x- 1) = 0 


so x = —2 and x = 1. Substituting back gives the points of intersection (1, 1) and 
(—2, —2), as we also see in the calculator plot. 

We draw a vertical element whose width is dx and whose height is the upper 
curve minus the lower, or 


2—- 2-x 
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(-2, -2) 27 


FIGURE 27-12 


Intersection 


Screen for Example 20. Calculator plot 
of the two curves. Here intersect was 
used to locate the points of intersection, 
one of which is shown. Tick marks are 
1 unit apart. 
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The area dA of the strip is then 
dA = (2 — x? — x)dx 


We integrate, taking as limits the values of x (—2 and 1) found earlier by simultane- 
ous solution of the given equations. 


1 
a= | (2 — x? — x)dx 
=2 
x) 211 


= 2x 


1 ? 
= 4; square units +.. 


3 2|а 


eee Example 21: An Application. A triangular glass prism for a periscope is shown 
in Fig. 27-13. (a) Use integration to verify the formula A — bh/2 for the triangular 
face, and find (b) the volume of the prism, and (c) the weight of the prism, taking the 
density of the glass as 2.55 gm/cm? : 


h=7.75 cm 


FIGURE 27-13 А triangular prism. 


Solution: (a) Taking axes as shown, the straight line OP has the equation 
: +0 
= —х 
P b 


We draw a vertical element of area of height y and width dx. The area of the 


triangular end is then 
bh 
A= ydx = —x dx 
: = 


л x2 h p М 

b 2b b 2 
_ bh 

2 


We have thus verified our familiar formula for the area of a triangle as one-half its 
base times its height. 


(b) Volume = area of face X length 
11.2)(7.75 
E. А 01.6) = 937 cm? 
(c) Weight = volume X density 


_ 3{ 2.55 g Ш 
937 em | —— 2390 g 
cm 


3 


or 2.39 kg. өөө 
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Exercise 3 • Finding Areas by Integration 


Find or check some of these by calculator. Give any approximate answers to at least 
three significant digits. 


Area Bounded by the x Axis 


Find the area bounded by each curve, the x axis, and the given limits. 


1. y = 332 + 2x from x = 1to3 
9. у= 4 + 2х2 + 2х fromx = 2104 
3. у= Зух from x = 1 0 5 
4. у= х + Vx from x = 1102 


Find the first-quadrant area bounded by each curve and both coordinate axes. 
5. y= 16 – х 6. y = х? — 8x? + 15x 
7. х+у+у = 8. Vx + Vy = 1 


9. Find the area bounded by the curve 10у = x? — 80, the x axis, and the lines 
x = Land x = 6. 


10. Find the area bounded by the curve y = x°, the x axis, and the lines x = —3 
and x = 0. 


Find only the portion of the area below the x axis. 


11. y = x? — 4x? + 3x 19. y 232 – 4х + 3 


Areas Bounded by the y Axis 


Find the first-quadrant area bounded by the given curve, the y axis, and the given lines. 
13. y = x? + 2from y = 3to5 14. 8y? = x from y = 0 to 10 
15. y? = 4x from y = 0to4 16. y = 4 — x? from y = 0to3 


Area Between Two Curves 

17. Find the area bounded by the parabola y = 6 + 4x — x? and the line 
y — 2x — 2 between x — O and x — 4. 

18. Find the area bounded by the curve y^ = x° and the line x = 4. 


19. Find the area bounded by the curve y? — x? and the line y= Ix F 1 between 
x = —landx = 8. 

20. Find the area bounded by the parabola y = 3 — x? and the line y = x + 1. 

21. Find the area bounded by the curves y? = 4x and 2x — y = 4. 

29. Find the area between the parabolas y? = 4x and x? = 4y. 

23. Find the area between the parabolas y? = 2x and x? = 2y. 

2. 


24. Find the area bounded by the curves y = 2 — x and y x 1 


Areas of Geometric Figures 


Use integration to verify the formula for the area of each figure. (Hint: For problem 
29 and several of those to follow, integrate using Rule 69.) 
25. square of side a 26. rectangle with sides a and b 
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27. right triangle [Fig. 27-14(a)] 28. triangle (Ер. 27-14 (b)] 
29, circle of radius r 30. segment of circle [Fig. 27-14(c)] 
31. ellipse [Fig. 27-14(d)] 32. parabola [Fig. 27-14(e)] 
y 
h 
bh 
2 
> > 
0 b X X 
(a) 
r? совт! Ls = (r - А) N2rh - h? 
y yA 
илр b | 
, 1 
Ч | 
: а x 9 d | x 
5 
х 
ыг 
(c) (d) (e) 
FIGURE 27-14 Areas of some geometric figures. 
Applications 


Note that no equations are given for the curves in these applications. Thus before 
setting up each integral, you must draw axes so as to obtain the simplest equation, 
and then write the equation of the curve. 


33. An elliptical culvert is partly full of water (Fig. 27—15). Find, by integration, 
the cross-sectional area of the water. 


34. A mirror (Fig. 27-16) has a parabolic face. Find the volume of glass in the 


mirror. 
Mirrored 
surface 
| 
15.0 10.0 
9.00 ft cm cm 
6.00 ft | 


Parabola 


18.0 ft 


FIGURE 27-15 Elliptical culvert. 


26.0 cm 


FIGURE 27-16 Parabolic mirror. 
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35. Figure 27-17 shows a concrete column that has an elliptical cross section. 
Find the volume of concrete in the column. 


-—— 32.0 in. = 


Parabola 


1 E27-18 Roof beam. 
FIGURE 27-17 Concrete column. RISERS? те Rout Бейш 


36. A concrete roof beam for an auditorium has a straight top edge and a parabolic 
lower edge (Fig. 27-18). Find the volume of concrete in the beam. 

37. The deck of a certain ship has the shape of two intersecting parabolic curves 
(Fig. 27-19). Find the area of the deck. 

38. A lens (Fig. 27—20) has a cross section formed by two intersecting circular 
arcs. Find by integration the cross-sectional area of the lens. 


» 30.0 ft >< 23.0 ft 


FIGURE 27-19 Top view of a ship’s deck. 


N ” 
\ 7 
\ и 
X 
IN 
4 
ша aoo m 
56.0 mm 609 m 
diameter 
Y 
(97 
X 
AN 
< 120 mm >| 


FIGURE 97-90 Cross section of a lens. 
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12.0 ft 


FIGURE 27-21 Window. 


39. A window (Fig. 27—21) has the shape of a parabola above and a circular arc 
below. Find the area of the window. 


40. Project: Draw one of the areas from this chapter on graph paper and estimate 
its area by counting boxes. How does this compare with the area found by 
integration? 

41. Project: Draw one of the areas from this chapter on sheet metal, cut it out, and 
weigh it. Also weigh a measured square of the same metal, and use it to estimate 
the area of the original cutout. How does this compare with the result gotten 
by integration? 

49. Writing: Approximate methods for evaluating a definite integral include the 
average ordinate method, the trapezoid rule, and Simpson's rule. Research one 
or more of these methods and write a short paper on your findings. 


27-4 Volumes by Integration 


Solids of Revolution 


When an area is rotated about some axis, L, it sweeps out a solid of revolution. It is 
clear from Fig. 27—22 that every cross section of that solid of revolution at right 
angles to the axis of rotation is a circle. 


Axis of rotation L 


(a) (b) 


FIGURE 27-22 (а) Solid of revolution. (b) Solid of revolution that is approximated by a 
stack of thin disks. 
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When the area A is rotated about an axis L located at some fixed distance 
from the area, we get a solid of revolution with a cylindrical hole down its center, 
Fig. 27-23(0). The cross section of this solid at right angles to the axis of rotation 
consists of a ring bounded by an outer circle and an inner concentric circle. 

When the area B is rotated about axis L, Fig. 27-23(с), we get a solid of 
revolution with a hole of varying diameter down its center. We first learn how 
to calculate the volume of a solid with no hole, and then we cover “hollow” solids 
of revolution. 


Axis of 
rotation 


Axis of 
rotation 


Axis of 
rotation 


(a) (b) (с) 


FIGURE 97-93 (а) Solid of revolution. (b) Solid of revolution with an axial hole. (c) Solid 
of revolution with axial hole of varying diameter. 


Volumes by the Disk Method: Rotation About the x Axis 


We may think of a solid of revolution, Fig. 27-22(а), as being made up of a stack of 
thin disks, like a stack of coins of different sizes, Fig. 27—22(b). Each disk is called 
an element of the total volume. We let the radius of one such disk be r (which varies 
with the disk's position in the stack) and let the thickness be equal to dh. Since a 
disk (Fig. 27—24) is a cylinder, we calculate its volume dV by Eq. 293. 


Now using the shortcut method for setting up a definite integral, we “sum” the vol- 
umes of all such disk-shaped elements by integrating from one end of the solid 
to the other. 


-— dh 


In an actual problem, we must express r and Л in terms of x and y, as in the 
following example. 


+++ Example 22: The area bounded by the curve y = 8/x, the x axis, and the lines 
x = Land x = 8 is rotated about the x axis. Find the volume generated. 


Estimate: We sketch the solid as shown in Fig. 27—25 and try to visualize a right 
circular cone having roughly the same volume, say, with height 7 and base radius 5. 
Such a cone would have a volume of B т (52) (7), or 58 тг. 


Solution: On our figure we sketch in a typical disk touching the curve at some point 
(x, y). The radius r of the disk is equal to y, and the thickness dh of the disk is dx. 


So, by Eq. 294, 
b 
ү = "| у?ах 
а 


FIGURE 27-24 One disk. 
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Axis of rotation 
> 


x 


FIGURE 27-25 Volumes by the disk method. 


For y we substitute 8/x, and for a and b, the limits 1 and 8. 


8 8 2 8 
ү = "| (2) dx = oar | x *dx 
1 NX 1 


= —64q| x] 


1 
E в 8 1) 567r cubic units ooo 


Remember that all parts of the integral, including the limits, must 


be expressed in terms of the same variable. 


Volumes by the Disk Method: Rotation About the y Axis 

When our area is rotated about the y axis rather than the x axis, we take our element 
of area as a horizontal disk rather than a vertical one. 

өө, Example 23: Find the volume generated when the first-quadrant area bounded 


by y = x”, the y axis, and the lines y = 0 and y = 4 is rotated about the y axis. 


Estimate: The volume of the given solid must be less than that of the circumscribed 
cylinder, (27) (4) or 1677, and greater than the volume of the inscribed cone, 167/3. 
Thus we have bracketed our answer between 5i 7 and 167. 


Solution: Our disk-shaped element of volume, shown in Fig. 27-26, now has a 
radius x and a thickness dy. 
b 
Vs / x dy 
a 


So, by Eq. 294, 
Substituting y for x? and inserting the limits 0 and 4, we have 


4 yt 
ЖОН 
0 2 lo 


ШӘ}; : : 
a - 0) = 87 cubic units 
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yA 


Axis of rotation 


FIGURE 27-26 


Check by Calculator: Let us check the integration by using fnInt. We get 25.133, 
which is equivalent to 877. 22 


Volumes by the Shell Method 


Instead of using a thin disk for our element of volume, it is sometimes easier to use a 
thin-walled shells (Fig. 27-27). To visualize such shells, imagine a solid of revolution 
to be turned from a log, with the axis of revolution along the centerline of the log. Each 
annual growth ring would have the shape of a thin-walled shell, with the solid of revo- 
lution being made up of many such shells nested one inside the other, Fig. 27—28. 


FIGURE 27-28 Solid of revolution 
approximated by nested thin-walled shells. 


The volume dV of one thin-walled cylindrical shell of radius r, height Л, and 
wall thickness dr is 


Integrating gives the following: 


Notice that here the integration limits are in terms of r. As with the disk method, r 
and Л must be expressed in terms of x and y in a particular problem. 


+++ Example 24: Repeat Example 23 using the shell method to find the volume 
generated. 


901 


T1-83/84 Calculator check for 
Example 23. 


FIGURE 97-97  Thin-walled shell. 
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FIGURE 27-30 


Washer or ring. 
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yA 


Axis of rotation 


FIGURE 27-29 Volumes by the shell method. 


Solution: Through a point (x, y) on the curve, Fig. 27-29, we sketch an element of 
area of thickness dx. The upper end of that element is 4 units from the x axis and its 
lower end is y units from the x axis, so the element's height is 4 — y. As the first- 
quandrant area rotates about the y axis, generating a solid of revolution, our element 
of area sweeps out a shell of radius r — x and thickness dr — dx. The volume dV of 
the shell is then 
dV = 2mrhdr = 2тх(4 — y)dx 
= 2mx(4 — x*)dx 


since y — x?. Integrating gives the total volume. 


2 
ү = am | x(4 — x*)dx 
0 


2 
= an | (Ax — x?)dx 
0 


= 87 cubic units 


as we got for Example 23. +.. 


Solid of Revolution with Hole 


To find the volume of a solid of revolution with an axial hole, such as in Fig. 27—23(b) 
and (c), we can first find the volume of hole and solid separately, and then subtract. Or 
we can find the volume of the solid of revolution directly by either the washer or the 
shell method, as in the following example. 


өөө Example 25: The first-quadrant area bounded Бу the curve y? = 4x, the x axis, 
and the line x — 4 is rotated about the y axis. Find the volume generated (a) by the 
washer method and (b) by the shell method. 


Solution: 


(a) Washer method: The volume dV of a thin washer, which is actually a cylinder 
with a hole (Fig. 27—30) is given by 
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where r, is the outer radius and r; is the inner radius. Integrating gives 
the following. 


On our given solid, Fig. 27-31(а), we show an element of volume in the shape 
of a washer centered on the у axis. Its outer and inner radii are x, and x;, 
respectively, and its thickness dh is here dy. Then, by Eq. 296, 


b 
у-т/ 257 


УА y 


Axis of rotation |< x,=4 >| 


Axis of rotation 


aay =y 


БА! 


(a) Washer method (b) Shell method 


FIGURE 27-31 


In our problem, x, = 4 and x; = у?/ 4. Substituting these values and placing 
the limits of 0 and 4 on y gives 


4 y! 
= 16 == 
ү 2! (16 a" 


544 5 
y 4 256 . | 
= т| 16у = 2—| = 16(4) = >| = => 
V al 6y 4 "| 6 (4) =| 5 T cubic units 


Integrating, we obtain 


(b) Shell method: On the given solid we indicate an element of volume in the 
shape of a shell, Fig. 27—31(b). Its inner radius r is x, its thickness dr is dx, and 
its height / is y. Then, by Eq. 297, 


dV = 2mxydx 
So we get the total volume by integrating. 


b 
V= am | xydx 
a 


Replacing y with 2 V/x and placing limits of 0 and 4 on x, we have 


4 
V= an | x x2) dx 
0 


4 
= | x? dx 
0 
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256 
= (зу! 225 5 a cubic units 


as by the washer method. өөө 


Соттоп In Example 25 the radius х in the shell method varies from 0 to 4. 


Error The limits of integration are therefore 0 to 4, not —4 to 4. 


Rotation About a Noncoordinate Axis 


We can, of course, get a volume of revolution by rotating a given area about some 
axis other than a coordinate axis. This often results in a solid with a hole in it. As 
with the preceding hollow figure, these can usually be set up with shells or, as in the 
following example, with washers. 


өө» Example 26: The first-quadrant area bounded by the curve у = х2, the y axis, 
and the line y = 4 is rotated about the line x = 3. Use the washer method to find 
the volume generated. 


Estimate: From the cylinder of volume т (3?) (4), let us subtract a cone of volume 
(«65 (4), getting 247r as our estimate. 


Solution: Through the point (x, y) on the curve (Fig. 27-32), we draw a washer- 
shaped element of volume, with outside radius of 3 units, inside radius of (3 — x) 
units, and thickness dy. The volume dV of the elements is then, by Eq. 295, 


dV = «[3? — (3 — xY]dy 
= 7(9 — 9 + бх — x) dy 
= т(бх — x) dy 
yA 


Axis of rotation 


FIGURE 27-32 
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Substituting Vy for x gives 
dV = n(6Vy — y)dy 


Integrating, we get 


4 3/2 234 
12 
v=x | (6^ -y)dy = al 4 | 
5 3 2 


16 
|4003" — | = 247 cubic units 666 


Exercise 4 • Volumes by Integration 


Perform or check some of your integrals by calculator. Give any approximate 
answers to three significant digits. 


Rotation About the x Axis 


Find the volume generated by rotating the first-quadrant area bounded by each set 
of curves and the x axis about the x axis. Use either the disk or the shell method. 


2 


1. y=x andx=2 2. y= гаміх = 4 
"n 

3. у= 5 adx-2 4. y? = x? — Зх? + 2xandx = 1 
5. y2(2 — x) = x and x = 1 6. Vx + Vy=1 

2/3 2/3 _ = Bu. x-3 
7. x^" + yt? = 1 from x = Oto 1 8. у^ = x 

х= 4 

Rotation About the у Axis 


Find the volume generated by rotating about the y axis the first-quadrant area 
bounded by each set of curves. 


9. y = x°, the y axis, and y = 8 10. 2y = x, x = 0,and y = 2 
2 2/3 
11. 9x2 + 165? = 144 19. (3) | (3) = 1 


13. y? = 4x andy = 4 


Solid of Revolution with a Hole 


Find the volume generated by rotating about the indicated axis the first-quadrant 
area bounded by the given pair of curves. 


14. y = 3x? and x = 2, about the y axis. 
15. y= 2 V x and x = 3, about the y axis. 
16. y = 2x, the y axis, and y = 7, about the x axis. 


17. у = 3 V/x, and y — 2, about the x axis. 
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FIGURE 27-33 Rocket nose cone. 


FIGURE 27-35 Bullet. 


- 48.0 in. 
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Rotation About a Noncoordinate Axis 


Find the volume generated by rotating about the indicated axis the first-quadrant 
area bounded by each set of curves. 


18. x = 4 and y? = x, about x = 4 

19. above y = 3 and below y = 4x — x?, about y = 3 
90. y? = x? and y = 8, about y = 9 

91. y = A and y = 4 + бх — 2x?, about y = 4 


Volumes of Familiar Solids 


99. Cylinder: Derive the formula for the volume of a cylinder by rotating the area 
bounded by the x axis, the line x = Л, and the line y = г about the x axis. 

23. Cone: Derive the formula for the volume of a right circular cone. Rotate the area 
bounded by the x axis, the line x = h, and the line y = rx/h about the x axis. 

24. Sphere: Derive the formula for the volume of a hemisphere by rotating the area 
bounded by the x and y axes and the curve x? + y? = r? about the x axis. Dou- 
ble it to get the volume of a sphere. 


Applications 


25. The nose cone of a certain rocket is a paraboloid of revolution, the figure formed 
by revolving a parabola about its axis (Fig. 27—33). Find its volume. 

26. A wing tank for an airplane is a solid of revolution formed by rotating the curve , 
from to 3.50, about the x axis (Fig. 27—34). Find the volume of the tank. 


3.50m 
FIGURE 27-34 Airplane wing tank. 


27. A bullet (Fig. 27—35) consists of a cylinder and a paraboloid of revolution and 
is made of lead having a density of 11.3 g/ ст. Find its weight. 

28. A telescope mirror, shown in cross section in Fig. 27—36, is formed by rotating 
the area under the hyperbola y^/ 100 — х?/ 1225 = 1 about the y axis, and has 
a 20.0-cm-diameter hole at its center. Find the volume of glass in the mirror. 


yA 


Mirrored 
surface 


100cm x 


0 
20.0 cm> 


FIGURE 27-36 Telescope mirror. 


Review Problems 


29. 


30. 


Project: Use a wood-turning lathe to make a model of one of the solids of 
revolution given in this chapter. Find its volume by immersing it in water, and 
compare it to the value obtained by integration. 


Project: Make an approximate model of one of the solids of revolution by stack- 
ing disks of equal thickness, cut from cardboard or other thin material. Add up 
the volumes of the disks and compare the volume you get with that obtained by 
integration. 


ФФ СНАРТЕВ 97 REVIEW PROBLEMS *999999999999999999999999999999 


Give any approximate answers to at least three significant digits. 


1, 


3. Find the area between the curve x? = 8y and y = 


Find the volume generated when the area bounded by the parabolas y? = 4x and 
y? — 5 — xis rotated about the x axis. 


. Find the area bounded by the coordinate axes and the curve x! + у! 3-2, 


64 


—7, — —-, (Use Rule 56. 
x? + 16 ( ) 


4. The area bounded by the parabola y? = 4x, from x = 0 to 8, is rotated about 
the x axis. Find the volume generated. 
5. Find the area bounded by the curve y? = x° and the line x = 4. 
6. Find the area bounded by the curve y = 1/x and the x axis, between the limits 
x = land x = 3. 
7. Find the area bounded by the curve у? = x? — x? and the line x = 2. 
8. Find the area bounded by xy = 6, the lines x = 1 and x = 6, and the x axis. 
9. A flywheel starts from rest and accelerates at 735p rad/ s?. Find the angular 
velocity and the total number of revolutions after 20.0 s. 
10. The current to a certain capacitor is i = P + 18.5 A. If the initial charge on the 
capacitor is 6.84 C, find the charge when t = 5.25 s. 
11. A point starts from (1, 1) with initial velocities of v, — 4 cm/s and v, — 15 cm/s 


12. 


13. 


14. 
15. 


16. 


17. 


18. 


and moves along a curved path. It has x and y components of acceleration of 
a, = t and a, = 5t. Write expressions for the x and y components of velocity 
and displacement. 


A 15.0-F capacitor has an initial voltage of 25.0 V and is charged with a current 
equal toi = V At + 21.6 A. Find the voltage across the capacitor at 14.0 s. 


Find the volume of the solid generated by rotating the ellipse x“ 16 + y^/ 9-1 
about the х axis. 


Find the area bounded by the curves y? = 8x and x? = 8y. 


Find the volume generated when the area bounded by y = x’, x = 4, and the 
x axis is rotated about the line y = 8. 


Find the volume generated when the area bounded by the curve y? = 16x, from 
x = 0 to 4, is rotated about the x axis. 


Find the entire area of the ellipse 


2 2 
LANE шэн 
16 9 


(Use Rule 69.) 


The acceleration of an object that starts from rest is given by a = 3t. Write 
equations for the velocity and displacement of the object. 


907 


908 


FIGURE 27-37 


A projectile. 
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19. The voltage across a 25.0-H inductor is given by v = 8.9 + Vt V. Find the 
current in the inductor at 5.00 s if the initial current is 1.00 A. 


20. Find the volume generated when the area bounded by y? = x°, the y axis, and 
y = 8 is rotated about the line x = 4. 


21. Writing: List the steps needed to find the area between two curves, and give a 
short description of each step. 


22. Project: A projectile is launched with initial velocity v at an angle бо with the 
horizontal, as shown in Fig. 27—37. Derive the equations for the displacement 
of the projectile. 


x = (vo cos 09)t + xo 
and 


y = (vo sin Өг — 812/2 + yo 


More Applications 
of the Integral 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Calculate the length of a curve. 


Determine the area of a surface of revolution about the x axis or 
about the y axis. 


Find centroids of areas and of volumes of revolution. 


Calculate fluid pressure. 


Determine the work done by a variable force. 


Find the moment of inertia of a plane area. 


Calculate polar moments of inertia using the disk method or 
the shell method. 


In this, our second chapter on applications of the integral, we will compute several 
quantities that are important in technical work: arc length, such as the length of a sus- 
pension bridge cable; area of a surface of revolution, perhaps the outer surface of a 
rocket; a centroid of an area, such as a vane in a wind generator; fluid pressure, to 
compute the force, for example, on a hatch in a submerged research vehicle; work, 
such as that needed to move an arm in a mechanism; and moment of inertia, a quan- 
tity needed to compute the strength of beams and the dynamics of moving bodies. 

For example, to determine the drag and the heat transfer to or from the rocket 
nose cone, Fig. 28-1, you would need to know its surface area. Could you find it, 
given its dimensions and the shape of the curve, with the tools you already have? 
You can, with a little more help, and we will show you how. 

We will learn how to set up an integral for each. We will see that this is a great 
place to use the calculator to evaluate integrals, as some are long and difficult to 
evaluate analytically. Here we will use both calculator and analytical methods. 

We will have more applications of the integral later, after we have learned to 
integrate logarithmic, exponential, and trigonometric functions. 


FIGURE 28-1 
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FIGURE 28-2 Measuring a curve by 
stepping off with dividers. 
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28-1 Length of Arc 


Building on our applications from the last chapter, we now show how to find the 
length of a curve, such as the distance around an elliptical courtyard. It is the length 
we would get if the curve were stretched out straight and then measured. 


m Exploration: 
Try this. Draw a smooth, continuous curve between two points, Fig. 28-2. Then 
* With dividers, step along the curve from one endpoint to the other, just as you 


would measure a distance on a road map. Count the number of steps, and esti- 
mate the fraction of a step at the end of the curve. 


* Measure the opening between the points of the dividers. 


* Multiply the number of steps by the opening to get the approximate length of 
the curve. 


* Repeat a few times, each time with a smaller divider opening. 


What do you conclude? Does this exploration suggest a way to find the exact length 
using calculus? a 


You may have concluded that the smaller the step, the greater the accuracy. Here we 
will use steps that are vanishingly small, and use integration to add them up. 

Again we use our intuitive method to set up the integral. We think of the curve, 
Fig. 28-3, as being made up of many short sections, each of length As. By the 
Pythagorean theorem, 


(As = (Ах)? + (Ду)? 
Dividing by (Ax)? gives us 


2 2 
(Аз)? р (A 
(Ax)? (Ax)? 


> 
X 


0 a b 


FIGURE 28-3 Length of arc. We are considering here 
(as usual) only smooth, continuous curves. 


Taking the square root yields 
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We now let the number of these short sections of curve approach infinity as we let 


Ax approach zero. 
ds _ As dyV 
= lim | 5 


dx Ахэ0 Ax — dx 
or, in a differential form 


Now thinking of integration as a summing process, we use it to add up all of the 
small segments of length ds as follows: 


өөө Example 1: Find the first-quadrant length of the curve y = x3/? from x = 0 to 
4 (Fig. 28-4). 
Estimate: Computing the straight-line distance between the two endpoints (0, 0) and 


(4, 8) of our arc gives V 42 + 82, or about 8.94. Thus we expect the curve connect- 
ing those points to be slightly longer than 8.94. 


Solution: Let us first find (dy/dx). 


у = x? 
dy _ 3 1/2 
dx — 27 


(ay өн 
dx 4 


(Vo а [8 
eme) aly] 


8 
= gott — 1) == 9.07 


Then, by Eq. 299, 


ta 
Il 


Integrating by Calculator: Every integral in this chapter may be evaluated using a 
rule (often Rule 66) from the Table of Integrals, Appendix C. They are, however, long 
and difficult, so this is an ideal place to use our calculators. We will, therefore, show 
a calculator screen for each integral. ooo 


Another Form of the Arc Length Equation 


Another form of the equation for arc length, which can be derived in a similar way 
to Eq. 299, follows. 


This equation is more useful when the equation of the curve is given in the form 
x = f(y), instead of the more usual form y = f(x). 
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FIGURE 28-4 


Printed Ci49E745, 
xa 9.8724 


TI-83 screen for Example 1. The TI-84 
displays an integral sign for the same 
operation. 


FIGURE 28-5 


fnint<f¢1+644eo, 


яа 64.2912 
й 


TI-83 screen for Example 2. 


Fir] Fer Fr 
Too1s|RT13ebra Clean Up 


" arcLen( x 5? 285 4) 9.07 
arclentx*(3/2),x,0,4)] 
MAIN E 


DEG AUTO FUNC 1/30 


(1) TI-89 screen for Example 3. 


(2) Tick marks are 2 units apart. Note 


that the MATH) menu we are using is 
not the one from the keyboard, as in 
(a), but is the function key F5. 


50 * 
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+++ Example 2: Find the length of the curve x = 4y? between y = 0 and 4. 


Estimate: The straight-line distance between the endpoints (0, 0) and (64, 4) is 
V 64? + 42, or about 64.1 (Fig. 28—5). As before, we expect the curve to be slightly 
longer than that. 


Solution: Taking the derivative, we have 


dx 


— = 8 
ау y 


so (dx/dyY) = 64y?. Substituting into Eq. 300, we have 
4 4 
1 
s= | М1 + 64y dy = Ч! М1 + буу (8 dy) 
0 0 


Using Rule 66, with u = 8y and a = 1, yields 


1[8 1 i 
= Hevi + 64? + any + VIG zx 
0 
1 ruo as Vitae do 
Haw 1 + 64(16) + z 18132 + М1 + 64(16)| — 0| 643 


22 
| 


Integrating by Calculator: The calculator screen for the integral in this example is 


as shown. ooo 


Arc Length by Calculator 


Some calculators can find arc lengths directly. On the TI-89, for example, one can 
either find the arc length of (a) a given function between two points or (b) a section 
of a previously graphed curve. 


өөө Example 3: Find the arc length of the curve in Example 1 by both methods, on 
the TI-89. 


Solution: The given function was y = x??? and the limits were 0 and 4. 


(a) We select arcLen() from the МАТН | Calculus menu. We then enter the 
function, the variable x, and the limits 0 and 4, and press [=]. The screen is 
shown in screen (1). 


(b 


wm 


We graph the curve in the usual way. Then in the МАТН menu we select Arc, 
enter the lower and upper values of x when prompted, and press | ENTER |. 
The graph, with the selected points and the arc length, is then displayed, 


screen (2). 22 


Exercise 1 • Length of Arc 


Find the length of each curve. Evaluate or check each integral by calculator or by 
rule. Round approximate answers to three significant digits. 


1. у = x32 in the first quadrant from x — 0 to 5/9 
2. y = (1/6) x? from the origin to the point (4, 8/3) 

3. y = (36 — x22 in the first quadrant (Hint: Use Rule 61.) 
4. у = (1 — x3? from x = 0{о1 
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5. y = (1/) X? from x = 0to4 
х3/2 
6. у = — from x = 0 to 10 
v2 
7. The arch of the parabola y — 4x — x? that lies above the x axis 
8. x = 2y? from y = 0to2 
9. x = (1/9? from y = 0to4 
10. x = 27? from y = 0to8 
Applications 


11. Find the length of the cable AB in Fig. 28-6 that is in the shape of a parabola. 


y 
A | B 


200.0 ft 


1000 ft — — — —^ 


FIGURE 28-6 Suspension bridge. 


12. A roadway has a parabolic shape at the top of a hill (Fig. 28-7). If the road is 
30 ft wide, find the cost of paving from P to Q at the rate of $35 per square foot. 


«Y 


600 ft 


FIGURE 28-7 Road over a hill. 


13. The equation of the bridge arch in Fig. 28-8 is y = 0.06253? — 5x + 100. 
Find its length. 


0 


m 


«Y 


»Y 


FIGURE 28-8 Parabolic bridge arch. Note that the y axis 
is positive downward. 
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14. Find the surface area of the curved portion of the mirror in Fig. 28-9. 


Mirrored 


Eo — 


15.0 10.0 
cm cm 


Parabola 


26.0 cm 


“Sa 


FIGURE 28-9 Parabolic mirror. To find the area of the 
mirrored surface, multiply the arc length of the parabola by 
the length of the mirror. 


15. Find the perimeter of the window in Fig. 28-10. Tip: You will probably get an 
integral that you will not be able to evaluate, so this is a good place to use your 
calculator. 


6.00 ft 


FIGURE 28-10 Window. 


16. Project: Find the perimeter of an ellipse whose major axis is 10 units and whose 
minor axis is 6 units. Check your answer in as many ways as you can think of. 


98-9 Area of Surface of Revolution 


Surface of Revolution 


m Exploration: 

Try this. Cut a sector of a circle from a sheet of paper and roll it into a cone, 
Fig. 28-11. The cone, then, is a surface of revolution. The area of that surface of 
revolution is the same as that of the sector obtained when the cone is laid 
out flat. E 


Section 2 * Area of Surface of Revolution 


In the exploration you could easily find the area of the surface of revolution by 
geometry. Here we will use calculus to find areas of more complex surfaces. 

We showed earlier that a solid of revolution is the figure we get by rotating an 
area about some axis. A surface of revolution is simply the surface of that solid of 
revolution. Alternately, we can think of a surface of revolution as being generated 
by a curve rotating about some axis. 


Rotation About the x Axis 


Let us take the curve PQ in Fig. 28-12 and rotate it about the x axis. It sweeps out a 
surface of revolution, while the small section ds sweeps out a hoop-shaped element 
of that surface. 


YA 


= Axis of rotation 


FIGURE 28-12 Surface of revolution. 


The area of a hoop-shaped or circular band is equal to the length of the edge 
times the average circumference of the hoop. Our element ds is at a radius y from 
the x axis, so the area dS of the hoop is 


dS = 2my ds 


But from Sec. 28-1, we saw that 


So 


We then integrate from a to b to sum up the areas of all such elements. 


We are using the capital letter S for surface area and lowercase s 
for arc length. Be careful not to confuse the two. 


FIGURE 28-11 
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FIGURE 28-13 


16 
en о EKER )ах 
1564,5859 


TI-84 screen for Example 4. Note 
how the display differs from that of 
the TI-83. 
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+++ Example 4: The portion of the parabola y = 4 Vx between x = 0 and 16 is 
rotated about the x axis (Fig. 28-13). Find the area of the surface of revolution 
generated. 


Estimate: Let us approximate the given surface by a hemisphere of radius 16. Its 
area is 3(4т) 16: or about 1600 square units. 


Solution: We first find the derivative. 


y= 4х1? 
21 = 2х!? 
ах 


а 2 
(2) 
dx 


Substituting into Eq. 301, we obtain 
16 


16 
5 am | 4х 231 + 4х714х-8тя | (x + 4)? dx 
0 0 


16 
= = 0 2 — 43/ 2) == 1365 square units 


Integrating by Calculator: The calculator screen for the integral in this example 
is shown. өөө 


Rotation About the y Axis 


The equation for the area of a surface of revolution whose axis of revolution is the y 
axis can be derived in a similar way. 


+++ Example 5: The portion of the curve у = x? lying between the points (0, 0) and 
(2, 4) is rotated about the y axis (Fig. 25-14). Find the area of the surface generated. 


FIGURE 28-14 


Solution: Taking the derivative gives dy/dx = 2x, so 


dy 2 2 
—)] 24 
(2) i 
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Substituting into Eq. 302, we have 
2 2 
2 
s= an | xV1 442 4х = 3 (1 + 4х2)12(8х ах) 
0 0 


т 201 + 4х2)22 2 


4 3 


0737 13/2) = 36.2 square units 
0 


Integrating by Calculator: The calculator screen for the integral in this example 
is shown. өөө 


Exercise © • Area of Surface of Revolution 


Find the area of each surface of revolution. Perform or check some of the integrals 
by calculator. Give all approximate answers to three significant digits. 


Rotation About the x Axis 
3 


x 
p from x = 0to3 


- 
b 
[| 


2. у= V2x fromx = 0104 

3. y=3 Vx fromx = 0104 

4. у= 2 Vx fromx = 0101 

5. у= VA — х in the first quadrant 

6. y= V24 – 4х from x = 3to6 

7y=d- LPP in the first quadrant 

3 

8. peers from x = 1 to3 

Rotation About the y Axis 


9. y = 3х2 from x = 0to5 
10. y = 6x? from x = 2to4 
11. y 24- x? from x = 0to2 
19. y = 24 — x? from x = 2104 


Geometric Figures 


13. Find the surface area of a sphere by rotating the curve х? + у? = r? about a 
diameter. 

14. Find the area of the curved surface of a cone by rotating about the x axis the line 
connecting the origin and the point (a, b). 


Applications 


15. Find the surface area of the nose cone shown in Fig. 28-15. 
16. Find the cost of copper plating 10,000 bullets (Fig. 28—16) at the rate of $15 per 
square meter. 


917 


2nfnIntisT61-t4AR? 


Ja Ao Ba 


36.1769 


TI-83 screen for Example 5. 


— 48.0 in. 


48.0 іп. 


FIGURE 98-15 Rocket nose cone. 


FIGURE 28-16 Bullet. 
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FIGURE 28-17 Апу object hung 
from a point will swing to where its 
center of gravity is directly below the 
point of suspension. 


Centroid 


—$9 


Moment = Area x d 
(a) 


Centroid 
Volume 


Moment = Volume x d 


(b) 


Axis Centroid 


Mass 
: С) 
Moment = Mass х а 
(c) 


FIGURE 28-18 Moment of (a) an 
area, (b) a volume, and (c) a mass. 
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98-3 Centroids 


For a variety of applications we can greatly simplify a problem by treating an entire 
plane area as though it was concentrated at a single point, called the centroid. We can 
do the same for many applications involving a three-dimensional object, such as a 
cube. If that object has weight or mass, we refer to its centroid as its center of gravity. 


m Exploration: 


Try this. Cut a plane area from cardboard, and suspend it so that it can swing 
freely, Fig. 28-17. Hang a string and a weight from the same suspension point and 
trace the position of the string on the cutout. Repeat a few times, hanging the cutout 
and the weight from a new point each time. 

What do you observe? Do your traced lines pass through a single point? If so, 
what is the significance of that point? E 


m Exploration: 


Try this. With the cutout from the preceding exploration horizontal, try to balance 
it on the point of a pencil. Mark the balance point. How does it compare with the 
point found above? E 


First Moment 


To calculate the position of the centroid in figures of various shapes, we need the 
idea of the first moment, often referred to simply as the moment. It is not new to us. 
We know from our previous work that the moment of a force about some point a is 
the product of the force F and the perpendicular distance d from the point to the 
line of action of the force. In a similar way, we speak of the moment of an area 
about some axis 


moment of an area — area X distance to the centroid 
or moment of a volume 
moment of a volume — volume X distance to the centroid 
or moment of a mass 
moment of a mass — mass X distance to the centroid 


In each case, Fig. 28-18, the distance is that from the axis about which we take the 
moment, measured to some point on the area, volume, or mass. But to which point 
on the figure shall we measure? To the centroid or center of gravity. 

In contrast to the first moments that we are finding now, we will learn about the 
second moment or moment of inertia later in this chapter. 


Centroids of Simple Shapes 


For simple plane figures (square, rectangle, circle, etc.) and simple solids (cube, 
sphere, cylinder, and so forth) the centroid is exactly where you would expect it to 
be, at the center of the figure. 

If a figure has an axis of symmetry, the centroid always lies on that axis. If there 
are two axes of symmetry, the centroid is at their intersection. The centroid of any 
triangle is located at the intersection of the three medians, the lines drawn from each 
vertex to the midpoint of the opposite side. 

We can easily find the centroid of an area that can be subdivided into simple 
regions, each of whose centroid location is known by symmetry. We first find the 
moment of each region about some convenient axis by multiplying the area of that 
region by the distance of its centroid from the axis. We then use the following fact: 
For an area subdivided into smaller regions, the moment of that area about a 
given axis is equal to the sum of the moments of the individual regions about that 
same axis. 
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«ee Example 6: Locate the centroid of the shape in Fig. 28-19. 


Solution: We subdivide the area into simple shapes as in Fig. 28—19(b) and compute 
its area. 
Area = 40 + 16 + 20 = 76 in? 


Next we choose x and y axes from which we will measure the coordinates x and y 
of the centroid, and locate, by inspection, the centroid of each rectangular area. 

The upper rectangle, for example, has an area of 40 in.? The centroid of that rec- 
tangle only is at its center, which is at a distance of 5 in. from the y axis. The moment 
about the y axis of that rectangle only is thus 40(5). Similarly, the moments of the mid- 
dle and lower rectangles about the y axis are 16(6) and 20(5). The moment M, about 
the y axis of the entire region is the sum of the moments of the individual regions. 


M, = 40(5) + 16(6) + 20(5) = 396 in? 
Since 
area X distance to centroid = moment 


then the distance x to the centroid is 
moment about y axis, M, 


х = 


агеа 
396 in.? 
776 ш2 
Similarly, the moment M, about the x axis is 
M, = 40(8) + 16(4) + 20(1) = 404 in? 


So the distance y to the centroid is 
moment about x axis, M, 


= 5.21 in. 


Lam area 
404 in.? | 
= с = 5.321Шш. 
76 in. 
The centroid is shown in Fig. 28-19(с). $9 


Centroids of Areas by Integration 


If an area does not have axes of symmetry whose intersection gives us the location 
of the centroid, we can often find it by integration. We subdivide the area into thin 
strips, compute the first moment of each, sum these moments by integration, and 
then divide by the total area to get the distance to the centroid. 

Consider the area bounded by the curves у = fj(x) and уз = fo(x) and 
the lines x = a and x = b (Fig. 28—20). We draw a vertical element of area of 
width dx and height (y2 — yj). Since the strip is narrow, all points on it may be 


УА 


(x, уз) е 


5 -7,0) 


xY 


0 a b 


FIGURE 28-20 Centroid of irregular area found 
by integration. 
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considered to be the same distance x from the y axis. The moment dM, of that strip 
about the y axis is then 
dM, = x dA = х(у — ур) dx 


since dA = (у — yj) dx. We get the total moment M, by integrating. 


b 
M, = / x2 — yı) dx 


But since the moment M, is equal to the area A times the distance x to the centroid, 
we get x by dividing the moment by the area. Thus: 


To find x, we must have the area A. It can be found by integration. 

We now find the moment about the x axis. The centroid of the vertical element 
is at its midpoint, which is at a distance of (у + y2)/2 from the x axis. Thus the 
moment of the element about the x axis is 


xt» 
dM, = EE (yo — у) dx 


Integrating and dividing by the area gives us y. 


Equations 303 and 304 apply only for vertical elements. When using horizontal 
elements, interchange x and y in these equations. 
Our first example is for an area bounded by one curve and the x axis. 


өөө Example 7: Find the centroid of the area bounded by the parabola y? = 4x, 
the x axis, and the line x = 1 (Fig. 28-21). 


Solution: We will need the area, so we find that first. We draw a vertical strip hav- 
ing an area y dx and integrate. 


1 321 д 
A= зав Pas = 212 | = 40 
oo f> x 3/2 |, ,^ 


Then, by Eq. 303, 


1 
1 
х = 21 x(2x!/2 — 0) dx 
1 5/2 |1 
3 
=i | за = за 224 
4 Jo 2 Gale 5 
and, by Eq. 304, 
1 
1 
y= ax (0 + 2x13 Qx!? — 0) dx 
0 


1 


3 
= ft 
4 


1 2 
3 3 4x 
— 4х4 MM CN 
5 Гаа 8 2 


Integrating by Calculator: The TI-83 calculator screens for the three integrals in 
this example are given in screens (1)-(3). 
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(1) Calculation of A. (2) Calculation of x. 
Check: Does the answer seem reasonable? The given area extends from x = 0 to 1, 
with more area lying to the right of x = than to the left. Thus we would expect x 
to be between x = : and 1, which it is. Similarly, we would expect the centroid to be 
located between y = 0 and 1, which it is. ooo 


m Exploration: 

Try this. Make a graph as in Example 7, being sure that you use the same scale for 
the x and y axes, and paste the graph to cardboard or thin metal. Cut out the shaded 
area and locate the centroid by suspending it as in Fig. 28-17 or by balancing it on 
the point of a pencil. Compare your experimental result with the calculated one. m 


Areas Bounded by Two Curves 


For areas that are not bounded by a curve and a coordinate axis but are instead 
bounded by two curves, the work is only slightly more complicated, as shown in the 
following example. 


өөө Example 8: Find the coordinates of the centroid of the area bounded by the 
curves бу = x? — 4x + 4 and 3y = 16 — х2. 


Solution: We plot the curves as shown and find their points of intersection graphi- 
cally or by solving simultaneously, as follows. Multiplying the second equation by 
—2 and adding the resulting equation to the first gives 


3x? — 4x — 28 = 0 
Solving by quadratic formula (work not shown), we find that the points of intersec- 


tion are at x = —2.46 and x = 3.79. We then take a vertical strip whose width is 
dx and whose height 15 y; — yı, where 


(3) Calculation of y. 


Intersection 
n= "2.4605 


Screen for Example 8. Graph of the 
given curves showing one of the two 
points of intersection. Here, y; is the 
parabola open upward. Tick marks are 
] unit apart. 


4 28 + 4x — 3x? 


(=) dee 16 x х? Ax 
_ dy Е 
„ж 3 3 3 6 6 6 


The area is then 


3.79 
A= / (у2 = у) dx 


2.46 


1 3.79 
- | (28 + 4х — 3x?)dx = 20.4 
6.7246 


Then, from Eq. 303, 


3.79 
Ax = / X(y2 — yp dx 
-246 


3.79 
1 2 3 
=- (28x + 4х — 3x°)dx = 13.6 


6 J 2.46 
My 136 


peu c cou 
dad шл Л 
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We now substitute into Eq. 304, with 


36 — 4x — x? 
1+ № = 6 
Thus 
3.79 
Ay = — (36 — 4x — х2) (28 + 4х — 3х?)ах 
72.) -246 
3.79 
1 4 3 2 
= — (3x^ + 8x° — 152x^ + 32x + 1008) dx 
72 J -246 
[Зх 8x" 152x? 323^ ши 
- | е X 4 2 | 1008x = 52.5 
72| 5 4 3 2 237 
М, 525 
y= — = 1-Т- 257 
Y 77A 204 


Integrating by Calculator: The TI-83 calculator screens for the three integrals in 
this sample are given in screens (1)-(3). 


14: 28445-32 1z^6fnIntó288st4dm? 
a 46: 3. ro) aay ef -2.46, 5. 


28,383 13.5886 


(1) Calculation of A. 


Axis of 
rotation 


FIGURE 28-99 Finding the centroid 
of a hemisphere. 


92.9429 


(2) Calculation of х. (3) Calculation of y. 
ooo 


Centroids of Solids of Revolution 


A solid of revolution is, of course, symmetrical about the axis of revolution, so the 
centroid must be on that axis. We only have to find the position of the centroid 
along that axis. The procedure is similar to that for an area. We think of the solid as 
being subdivided into many small elements of volume, find the sum of the moments 
for each element by integration, and set this equal to the moment of the entire solid 
(the product of its total volume and the distance to the centroid). We then divide by 
the volume to obtain the distance to the centroid. 

Of course, these methods work only for a solid that is homogeneous, that is, 
one whose density is the same throughout. 


+++ Example 9: Find the centroid of a hemisphere of radius r. 


Solution: We place the hemisphere on coordinate axes as shown in Fig. 28—22 and 
consider it as the solid obtained by rotating the first-quadrant portion of the curve 
х? + y? — r? about the x axis. Through the point (x, y) we draw an element of 
volume of radius y and thickness dx, at a distance x from the base of the hemisphere. 
Its volume is thus 


dV = ту dx 
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and its moment about the base of the hemisphere (the y axis) is 
dM, = пху? dx = mx(r? — х2) х 


Integrating gives us the total moment. 


à 4 
The total moment also equals the volume (тг? for a hemisphere) times the dis- 
tance x to the centroid, so 


Ш ar^] 4 3r 
a= 2L 
2mr?/ 3 8 
Thus the centroid is located at (37/8, 0). 12.5664 


Integration by Calculator: To check the integration by calculator we need to assign 
some value to r. The integration for M, is shown in the calculator screen, with r — 2. 
This value compares with our previous value, with r — 2, of 


М. = ar^ - TOA 


y 4 qm 12.5664 +.. TI-83 screen for Example 9. 


As with centroids of areas, we can state the method we have just used for find- 
ing the centroid of a solid of revolution as a formula. For the volume V (Fig. 28-23) 
formed by rotating the curve y — f(x) about the x axis, the distance to the centroid 
is the following: 


For volumes formed by rotation about the y axis, we simply interchange x and 
y in Eq. 305 and get 


Axis of 
rotation 


\ 


FIGURE 28-93  Centroid of a solid of revolution. 
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These formulas work for solid figures only, not for those that have holes down 
their center. 


Exercise 3 • Centroids 


Centroids of Simple Shapes 
1. Find the centroid of four particles of equal mass located at (0, 0), (4, 2), (3, —5), 
and (—2, —3). 
2. Find the centroid in Fig. 28-24(а). 
3. Find the centroid in Fig. 28-24(5). 
4. Find the centroid in Fig. 28-24(с). 


Axes of symmetry 


--9 
3 
4, В-24--4 


а —————— 


Г | 


= 


3l 3 
(a) (b) (c) 
FIGURE 98-94 


Centroids of Areas by Integration 


Find the specified coordinate(s) of the centroid of each area. 
5. bounded by y — 2 V x and x = 4; find x and y. 
6. bounded by y — Vx and x = 5; find x and y. 
7. bounded by y — x, the x axis, and x = 3; find y. 
8. bounded by y = 1 — 2 V/x + x and the coordinate axes (area — 2: find x 
and y. 
Areas Bounded by Two Curves 


Find the specified coordinate(s) of the centroid of each area. 


9. bounded by y — x? and y — 4x in the first quadrant; find x. 
10. bounded by x = 4y — y? and y = x; find y. 
11. bounded by y? — x and x? — y; find x and y. 
19. bounded by y? — 4x and y — 2x — 4; find y. 
13. bounded by 2y = x? and y = x^; find x. 
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14. 


15. 


bounded by y = x? — 2x — 3 and y = 6x — x? — 3 (area = 21.33); find x 
and y. 
bounded by y = x? and y = 2x + 3 in the first quadrant; find x. 


Centroids of Volumes of Revolution 


Find the distance from the origin to the centroid of each volume. 


16. formed by rotating the area bounded by х? + у? = 4, х = 0, х = 1, and ће x 
axis about the x axis. 

17. formed by rotating the area bounded by бу = х2, the line x = 6, and the x 
axis about the x axis. 

18. formed by rotating the first-quadrant area under the curve y? = 4x, from 
x = Oto 1, about the x axis. 

19. formed by rotating the area bounded by y? = 4x, y = 6, and the y axis about 
the y axis. 

20. formed by rotating the first-quadrant portion of the ellipse x 64 + y 36 = 1 
about the x axis. 

21. aright circular cone of height Л, measured from its base. 

Applications 

22. A certain airplane rudder (Fig. 28—25) consists of one quadrant of an ellipse and 
a quadrant of a circle. Find the coordinates of the centroid. 

23. The vane on a certain wind generator has the shape of a semicircle attached to 
a trapezoid (Fig. 28—26). Find the distance x to the centroid. 

24. A certain rocket (Fig. 28—27) c onsists of a cylinder attached to a paraboloid 
of revolution. Find the distance from the nose to the centroid of the total vol- 
ume of the rocket. 

25. An optical instrument contains a mirror in the shape of a paraboloid of revolu- 
tion (Fig. 28-28) hollowed out of a cylindrical block of glass. Find the distance 
from the flat bottom of the mirror to the centroid of the mirror. 

26. Writing: Suppose that you have designed a tank in the shape of a solid of revolu- 


tion and have found its centroid by integration. Your manager, a practical person, 
insists that it is impossible to find the center of gravity of something that isn't even 
built yet. Write a memo to your manager explaining how it is done. 


995 


2.00m 


I— 1.20 m —4 


FIGURE 28-95 Airplane rudder. 


- 28.0 ft 
Р 7.50 ft > 


FIGURE 28-26 Wind vane. FIGURE 28-27 Rocket. 


Mirrored 
surface 


90.0 mm 


190 пиг 


FIGURE 98-28 Paraboloidal mirror. 


| 6.00 ft |-— — 
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27. Project: The gasoline tank in a certain truck has the shape of a horizontal 
cylinder. When the fuel gage stopped working the trucker inserted a stick all 
the way into the tank and marked “full” where the stick met the top of the tank. 
The she marked the halfway points as “half full.” At what point on the stick 
should she mark "quarter full?” Hint: Find the centroid of a semicircle. 


Surface of fluid 


DY 


FIGURE 28-29 Force on a submerged 
vertical surface. Sometimes it is more 
convenient to take the origin at the 
surface of the liquid. 


28-4 Fluid Pressure 


The pressure at any point on a submerged surface varies directly with the depth of 
that point below the surface. Thus the pressure on a diver at a depth of 50 ft will be 
twice that at 25 ft. 

The pressure on a submerged area is equal to the weight of the column of fluid 
above that area. Thus a square foot of area at a depth of 20 ft supports a column of 
water having a volume of 20 x 1? = 20 ft). Since the density of water is 62.4 Ib/ft^, 
the weight of this column is 20 X 62.4 = 1248 Ib, so the pressure is 1248 Ib/ft? at 
a depth of 20 ft. Recall that weight = volume Х density (Eq. 1042). Further, Pascal’s 
law says that the pressure is the same in all directions, so the same 1248 Ib/ ft? will be 
felt by a surface that is horizontal, vertical, or at any angle. 

The force exerted by the fluid ( fluid pressure) can be found by multiplying the 
pressure per unit area at a given depth by the total area. 


A complication arises from an area that has points at various depths and hence 
has different pressures over its surface. To compute the force on such a surface, we 
first compute the force on a narrow horizontal strip of area, assuming that the pres- 
sure is the same everywhere on that strip, and then add up the forces on all such 
strips by integration. 


өөө Example 10: Find an expression for the force on the vertical area A submerged 
in a fluid of density 6 (Fig. 28—29). 


Solution: Let us take our origin at the surface of the fluid, with the y axis downward. 
We draw a horizontal strip whose area is dA, located at a depth y below the surface. 
The pressure at depth y is уд, so the force dF on the strip is, by Eq. 1045, 


dF = уд ад = ó(y dA) 


Integrating, we get the following equation: 


But the product y dA is nothing but the first moment of the area dA about the x axis. 
Thus integration will give us the moment M, of the entire area, about the х axis, 
multiplied by the density. 


F = 8 | yda = on, 


But the moment M, is also equal to the area A times the distance y to the centroid, 
so we have the following: 
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ooo 


We can compute the force on a submerged surface by using either Eq. 1046 or 
1047. We give now an example of each method. 


+++ Example 11: A vertical triangular wall in a dam (Fig. 28-30) holds back water 
whose level is at the top of the wall. Use integration to find the total force of pressure 
on the wall. 


40 ft - 


YY 
FIGURE 28-30 


Estimate: We can sketch in the medians and their point of intersection at the cen- 
troid of the triangle, and estimate it to be five feet below the surface. Then 


force = (density) X (distance to centroid) X (area), or 62.4(5) Q (40) (15) = 93,600 Ib. 


Solution: We sketch an element of area with width w and height dy. So 
dA = wdy (1) 


We wish to express w in terms of y. By similar triangles, 


LAT 15 = y 
40 15 

8 
w 36 y) 


Substituting into Eq. (1) yields 


8 
dA = 305 — y)dy 


88 15 
6 | ydA = ES у(15 — y)dy 
0 


15 
86 
=) 22 
0 


88115982 ys 
i zl а | 
_ 8(624)[15(15? (15) 

3 | 5-4 


Then, by Eq. 1046, 


F 


| — 93,600 Ib 


997 


,Sz^/15»fnIn 


-Ai l A Й 


1 


236868. HHHH 


TI-83 screen for Example 11. 


Surface of water 


otf 10.0 ft 
y 
у? = 4х 
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FIGURE 28-31 
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FIGURE 28-32 Oil tank. 
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Integration by Calculator: The screen for evaluating the integral by calculator is 
shown. +.. 


+++ Example 12: The area shown in Fig. 28-31 is submerged in water 
(density = 62.4 Ib/ ft*) so that the origin is 10.0 ft below the surface. Find the force 
on the area using Eq. 1047. 


Solution: The area and the distance to the centroid have already been found in 
Example 7 of this chapter: area = з #2 and y = 18 up from the origin, as shown 
in Fig. 28-31. The depth of the centroid below the surface is then 
10.0 ца "E fi 
: 4 4 t 
Thus by Eq. 1047, 


624151 4 2 
fe un dE = 770 Ib oo 


force of pressure = 


Exercise 4 + Fluid Pressure 


1. A circular plate 6.00 ft in diameter is placed vertically in a dam with its center 
50.0 ft below the surface of the water. Find the force of pressure on the plate. 

2. A vertical rectangular plate in the wall of a reservoir has its upper edge 20.0 ft 
below the surface of the water. It is 6.0 ft wide and 4.0 ft high. Find the force 
of pressure on the plate. 

3. A vertical rectangular gate in a dam is 10.0 ft wide and 6.00 ft high. Find the 
force on the gate when the water level is 8.00 ft above the top of the gate. 

4. A vertical cylindrical tank has a diameter of 30.0 ft and a height of 50.0 ft. 
Find the total force on the curved surface when the tank is full of water. 

5. A trough, whose cross section is an equilateral triangle with a vertex down, has 
sides 2.00 ft long. Find the total force on one end when the trough is full of water. 

6. A horizontal cylindrical boiler 4.00 ft in diameter is half full of water. Find the 
force on one end. 

7. A horizontal tank of oil (density — 60.0 Ib/ ft?) has ends in the shape of an 
ellipse with horizontal axis 12.0 ft long and vertical axis 6.00 ft long 
(Fig. 28—32). Find the force on one end when the tank is half full. 

8. The cross section of a certain trough is a parabola with vertex down. It is 2.00 ft 
deep and 4.00 ft wide at the top. Find the force on one end when the trough is 
full of water. 


98-5 Work 


It is important to be able to compute the work necessary to perform certain mechan- 
ical tasks. This enables us, with other information, to select the right size motor or 
engine, the speed of operation, the rating for a transmission or clutch, and so forth. 
Here we will compute the work required to perform a few simple tasks. 


Definition 
When a constant force acts on an object that moves in the direction of the force, the 


work done by the force is defined as the product of the force and the distance 
moved by the object. 
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+++ Example 13: The work needed to lift a 100-Ib weight a distance of 2 ft is 
200 ft - Ib. +.. 


Variable Force 


Equation 1005 applies when the force is constant, but this is not always the case. 
For example, the force needed to stretch a spring increases as the spring gets ex- 
tended (Fig. 28—33). Or, as another example, the expanding gases in an automobile 
cylinder exert a variable force on the piston. 

If we let the variable force be represented by F(x), acting in the x direction 
from x = ato x = b, the work done by this force may be defined as follows: 


We first apply this formula to find the work done in stretching or compressing a 
spring. 


FIGURE 28-33 


eee Example 14: A certain spring (Fig. 28-33) has a free length (when no force is 
applied) of 10.0 in. The spring constant is 12.0 Ib/in. Find the work needed to stretch 
the spring from a length of 12.0 in. to a length of 14.0 in. 


Estimate: The amount of stretch starts at 2 in., requiring a force of 2(12), or 24 Ib, 
and ends at 4 in. with a force of 48 Ib. Assuming an average force of 36 Ib over the 
2-in. travel gives an estimate of 72 in. * Ib. 


Solution: We draw the spring partly stretched, as shown, taking our x axis in the di- 
rection of movement of the force, with zero at the free position of the end of the 
spring. The force needed to hold the spring in this position is equal to the spring con- 
stant k times the deflection x. 


If we assume that the force does not change when stretching the spring an addi- 
tional small amount dx, the work done is 


dW = F dx = kxdx 


We get the total work by integrating. 


999 


930 


12frnInt cas As 2243 
г2. айа 


TI-83 screen for Example 14. 
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4 kx |^ 
W = Fdx=k xdx = —— 
2 2 


2 


12.0 
ээ (4? — 22) = 72.0 in. + lb 


Integration by Calculator: The screen for evaluating the integral by calculator is 
shown. өөө 


Common Be sure to measure spring deflections from the free end of the 


Error spring, not from the fixed end. 


Another typical problem is that of finding the work needed to pump fluid out of 
a tank. Such problems may be solved by noting that the work required is equal to 
the weight of the fluid times the distance which the centroid of the fluid (when still 
in the tank) must be raised. 


өөө Example 15: A hemispherical tank (Fig. 28-34) is filled with water having a 
density of 62.4 Ib/ ft. Find the work needed to pump all of the water to a height of 
10.0 ft above the top of the tank. 


10.0 ft 


XY 
FIGURE 28-34 Hemispherical tank. 


Solution: The distance to the centroid of a hemisphere of radius r was found in 


Example 9 to be 3r/8, so the centroid of our hemisphere is at a distance 


3 
үеэ = 3.0 ft 
У 8 


as shown. It must therefore Бе raised a distance of 13.0 ft. We find the weight of the 
tankful of water by multiplying its volume times its density. 


weight = volume X density 
2 
= 378°) (62.4) = 66,900 Ib 


The work done is then 


work = 66,900 Ib (13.0 ft) = 870,000 ft - Ib +.. 
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If we do not know the location of the centroid, we can find the work directly by 
integration. 


+++ Example 16: Repeat Example 15 by integration, assuming that the location of 
the centroid is not known. 


Solution: We choose coordinate axes as shown in Fig. 28-34. Through some point 
(x, y) on the curve, we draw an element of volume whose volume dV is 


dV — тх? dy 
and whose weight is 
62.4 dV = 62.4тх? dy 
Since this element must be lifted a distance of (10 + y) ft, the work required is 


dW = (10 + у)(62.4тх2 dy) 


Integrating gives us 


W= 6247 | 0 + у)х2ау 


But using the equation for a circle (Eq. 218), we have 


2 2 


xX =r y? = 64 у? 


We substitute to get the expression in terms of у. 
8 
W = бат | (10 + y) (64 — у2) у 
0 


8 8 
- бат | (640 + 64у — 10y? — y3)dy 52. an| t (16+ > (ЕР 


Qo) ур 869874 


1 
- 624m 640y + 32y? - 7 870,000 ft - Ib 
0 


as by the method of Example 15. 


Integration by Calculator: The screen for evaluating the integral by calculator 
is shown. ooo TI-84 screen for Example 16. 


Exercise 5 • Work 


Springs 


1. Acertain spring has a free length of 12.0 in. and a spring constant of 50.0 Ib/in. How 
much work is required to stretch the spring from a length of 14.0 in. to 16.0 in.? 

2. A spring whose free length is 10.0 in. has a spring constant of 12.0 Ib/in. Find 
the work needed to stretch this spring from 12.0 in. to 15.0 in. 

3. A spring has a spring constant of 8.0 Ib/in. and a free length of 5.0 in. Find the 
work required to stretch it from 6.0 in. to 8.0 in. 


Tanks 


4. Find the work required to pump all of the water to the top and out of a vertical cylin- 
drical tank that is 16.0 ft in diameter, 20.0 ft deep, and completely filled at the start. 

5. A hemispherical tank 12.0 ft in diameter is filled with water to a depth of 
4.00 ft. How much work is needed to pump the water to the top of the tank? 

6. A conical tank 20.0 ft deep and 20.0 ft across the top is full of water. Find the 
work needed to pump the water to a height of 15.0 ft above the top of the tank. 
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7. Atank has the shape of a frustum of a cone, with a bottom diameter of 8.00 ft, 
a top diameter of 12.0 ft, and a height of 10.0 ft. How much work is needed to 
pump the contents to a height of 10.0 ft above the tank, if it is filled with oil of 
density 50.0 Ib/ft?? 


Gas Laws 


8. Find the work needed to compress air initially at a pressure of 15.0 Ib/ in.” from a 
volume of 200 ft? to 50.0 НО. [Hint: The work dW done in moving the piston (Fig. 
28-35) is dW = Е dx. Express both F and dx in terms of v by means of Eqs. 91 
for the volume of a cylinder, and 1045 (Force = pressure), and integrate. | 

9. Air is compressed (Fig. 28-35) from an initial pressure of 15.0 Ib/ in.” and 
volume of 200 ft? to a pressure of 80.0 Ib/in.2. How much work was needed to 
compress the air? 

F 10. If the pressure and volume of air are related by the equation pv! ^ = k, find the 

work needed to compress air initially at 14.5 Ib/ in.” and 10.0 ft? to a pressure of 

100 Ib/in.?. 


FIGURE 28-35 Piston and cylinder. 
Assume that the pressure and volume 
are related by the equation 
увсын Miscellaneous 
11. The force of attraction (in pounds) between two masses separated by a distance 
d is equal to k/ d?, where k is a constant. If two masses are 50 ft apart, find the 
work needed to separate them another 50 ft. Express your answer in terms of k. 
19. Find the work needed to wind up a vertical cable 100 ft long, weighing 3.0 Ib/ft. 
13. A 500-ft-long cable weighs 1.00 Ib/ft and is hanging from a tower with a 200-Ib 
weight at its end. How much work is needed to raise the weight and the cable a 
distance of 20.0 ft? 
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Earlier in this chapter we defined the first moment; here we learn about the second 
| [^ moment, or moment of inertia. This is an important quantity in technology. 
| The moment of inertia is very important in beam design. It is not only the 
| cross-sectional area of a beam that determines how well the beam will resist bend- 
| ing, but also how far that area is located from the axis of the beam. The moment of 
| inertia, taking into account both the area and its location with respect to the beam 
| axis, is a measure of the resistance to bending. Further, the polar moment of inertia 
| of a rotating body determines how much torque is needed to accelerate that body, or 
how much torsion a shaft can take before breaking. 


FIGURE 28-36 
Moment of Inertia of an Area 


Figure 28-36 shows two small areas at a distance r from a line L in the same plane. 
In each case, the dimensions of the area are such that we may consider all points on 
the area as being at the same distance r from the line L. 

We earlier defined the first moment of the area about L as being the product of 
the area times the distance to the line. We now define the second moment, or moment 
of inertia I, as the product of the area times the square of the distance to the line. 


The distance r, which is the distance to the line, is called the radius of gyration. We 
write 1, to denote the moment of inertia about the x axis, and Z, for the moment of 
inertia about the y axis. 
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өөө Example 17: Find the moment of inertia of the thin strip in Fig. 28-36 if it has 
a length of 8.00 cm and a width of 0.200 cm and is 7.00 cm from axis L. 


Solution: The area of the strip is 8.00(0.200) = 1.60 cm”, so the moment of inertia 
is, by Eq. 307, 
I = 1.60(7.00)* = 78.4 ст“ +.. 


Moment of Inertia of a Rectangle 


In Example 17, our area was a thin strip parallel to the axis, with all points on the area 
at the same distance r from the axis. But what shall we use for r when dealing with an 
extended area, such as the rectangle in Fig. 28-37? Again calculus comes to our aid. 
Since we can easily compute the moment of inertia of a thin strip, we slice our area 
into many thin strips and add up their individual moments of inertia by integration. 


+++ Example 18: Compute the moment of inertia of a rectangle about its base 
(Fig. 28-37). 


Solution: We draw a single strip of area parallel to the axis about which we are taking 
the moment, here the x axis. This strip has a width dy and a length a. Its area is then 


dA = ady 


All points on the strip are at a distance y from the x axis, so the moment of inertia, 
а1,, of the single strip is 


dl, = y (a dy) 


We add up the moments of all such strips by integrating from y = 0 to b. 


b ар 
la | ydy == 
0 0 


Radius of Gyration 


If all of the area in a plane figure were squeezed into a single thin strip of equal area 
and placed parallel to the x axis at such a distance that it had the same moment of 
inertia as the original rectangle, it would be at a distance r that we call the radius of 
gyration. If I is the moment of inertia of some area A about some axis, then 


Ar? = 
Thus: 


We use r, and r, to denote the radius of gyration about the x and y axes, respectively. 


+%% Example 19: Find the radius of gyration for the rectangle in Example 18. 


Solution: The area of the rectangle is ab, so, by Eq. 311, 


I ab3 b 
г, = | = 0.577b 
А 3ab уЗ 
Note that the centroid is at a distance of 0.59 from the edge of the rectangle. We have 
thus shown that the radius of gyration is not equal to the distance to the centroid. +++ 


0 


FIGURE 28-37 
a rectangle. 
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Do not use the distance to the centroid when computing moment 


of inertia. 


Moment of Inertia of an Area by Integration 


УА Since we are now able to write the moment of inertia of a rectangular area, we can 
derive formulas for the moment of inertia of other areas, such as in Fig. 28-38. The 
area of the vertical strip shown in Fig. 28—38 is dA, and its distance from the y axis 
is x, so its moment of inertia about the y axis is, by Eq. 307, 


dI, = x dA = x?y dx 


since dA = y dx. The total moment is then found by integrating. 


FIGURE 28-38 


To find the moment of inertia about the x axis, we use the result of Example 
18: that the moment of inertia of a rectangle about its base is ab? /3. Thus the mo- 
ment of inertia of the rectangle in Fig. 28—38 is 


1 
dl, = at dx 


As before, the total moment of inertia is found by integrating. 


+++ Example 20: Find the moment of inertia about the х and y axes for the area un- 
der the curve y = x? from x = 1 to 3 (Fig. 28-39). 


3 
L- | 2» 
f 1 


3 
= / x dx 
1 


Solution: From Eq. 309, 


(a) TI-83 screens for Example 20. 813 
Х = —| ~ 48.4 
С1/326:11г:1. САБ: А І 
йи 194. #952 Now using Eq. 308, with y? = (х2)? = хб, 
3 773 
1 1 1 21 
L= ЗА x8 dx = B "е eie С 
З-/4 317 di 21 21 


Integration by Calculator: The screens for the two integrations in this example 
are shown on the left. 
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өө Example 21: Find the radius of gyration about the x axis of the area in 
Example 20. 


Solution: We first find the area of the figure. 


3 Pe) 
a= | дахь 
i 3 


From Example 20, Z, = 104.1. So, by Eq. 311, 
1, 104.1 
= = = 3.466 + 
"үд V 8.667 ù 


Polar Moment of Inertia 


3 3 3 
3 ] 
= | — — e 8.667 
y 23503 


* 


In the preceding sections we found the moment of inertia of an area about some 
line in the plane of that area. Now we find the moment of inertia of a solid of 
revolution about its axis of revolution. We call this the polar moment of inertia. 
The polar moment of inertia is needed when studying rotation of rigid bodies 
and torsion of shafts. We first find the polar moment of inertia for a thin-walled 
shell and then use that result to find the polar moment of inertia for any solid of 
revolution. 


Polar Moment of Inertia by the Shell Method 


A thin-walled cylindrical shell (Fig. 28—40) has a volume equal to the product of its 
circumference, wall thickness, and height. 


If we let m represent the mass per unit volume, the mass of the shell is then 
ам = 2amrhdr 


Since we may consider all particles in this shell to be at a distance r from the axis 
of revolution, we obtain the moment of inertia of the shell by multiplying the 
mass by r?. 


We then think of the entire solid of revolution as being formed by concentric 
shells. The polar moment of inertia of an entire solid of revolution is then found 
by adding up the shells by integration. 


FIGURE 28-40 
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FIGURE 28-41 Polar moment of 
inertia of a solid cylinder. 


FIGURE 28-49 Polar moment of 
inertia by shell method. 


2nfnIntC24^35-4^5 
“33 42824) 
265, 8826 


TI-83 screen for Example 23. 


Axis of 
rotation 


FIGURE 28-43 Polar moment of 
inertia by disk method. 
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өөө Example 22: Find the polar moment of inertia of a solid cylinder (Fig. 28-41) 
about its axis. 


Solution: We draw elements of volume in the form of concentric shells. The moment 
of inertia of each is 


dl, = 2тту?һ dy 


Integrating yields 


r y? ГА 
„= im | y!dy = 2m > 
0 4 0 
_ amhr^ 
2 


But since the volume of the cylinder is ar?h, we get 
1 
І, = =mVr? 
М 2" r 


In other words, the polar moment of inertia of a cylindrical solid is equal to 
half the product of its density, its volume, and the square of its radius. ooo 


+++ Example 23: The first-quadrant area under the curve y? = 8х, from x = Oto 2, 
is rotated about the x axis. Use the shell method to find the polar moment of inertia 
of the paraboloid generated (Fig. 28-42). 


Solution: Our shell element has a radius y, a length 2 — x, and a thickness dy. By 
Eq. 315, 


dl, = 2mmy> (2 — x)dy 
Replacing x by y?/8 gives 


Integrating gives us 


4 5 4 614 
y 2у y 
i= 2am | (2 - ~) dy = 2am 4 ЕЛЕС 


Integration by Calculator: We can check our integration by choosing a value for m, 
say m = 1. The screen is shown. өөө 


Polar Moment of Inertia by the Disk Method 


Sometimes the disk method will result in an integral that is easier to evaluate than 
that obtained by the shell method. 

For the solid of revolution in Fig. 28-43, we choose a disk-shaped element of 
volume of radius r and thickness dh. Since it is a cylinder, we use the moment of 
inertia of a cylinder found in Example 22. 


mar‘ dh 


dl — 
2 


Integrating gives the following: 
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eee Example 24: Repeat Example 23 by the disk method. 
Solution: We use Eq. 316 with r = y and dh = dx. 
„= гэ y* dx 


But y? = 8x, so у? = 64x?. Substituting yields 


2 
I, = 32mm | х dx 
0 


«ээн | 
тт 3 |, 
3 


2 
= ут (2) = 268m 


as before. Note how the disk method has resulted in a simpler integral in this case. 
ooo 


Exercise 6 « Moment of Inertia 


Moment of Inertia of an Area by Integration 
Perform or check some of the integrations in this set by calculator. 


1. Find the moment of inertia about the x axis of the area bounded by y = x, y = 0, 
and x = 1. 


2. Find the radius of gyration about the x axis of the first-quadrant area bounded 
by y? = 4x, x = 4, and y = 0. 


3. Find the radius of gyration about the y axis of the area in problem 2. 


4. Find the moment of inertia about the y axis of the area bounded by x + y = 3, 
x = 0, and y = 0. 


5. Find the moment of inertia about the x axis of the first-quadrant area bounded 
by the curve y — 4 — x? and the coordinate axes. 


6. Find the moment of inertia about the y axis of the area in problem 5. 


7. Find the moment of inertia about the x axis of the first-quadrant area bounded 
by the curve y -1-x. 


8. Find the moment of inertia about the y axis of the area in problem 1. 


Polar Moment of Inertia 


Find the polar moment of inertia of the volume formed when a first-quadrant area 
with the following boundaries is rotated about the x axis. 

9. bounded by y — x, x — 2, and the x axis 
10. bounded by y = x + 1, from x = 1 to 2, and the x axis 


11. bounded by the curve y — x?, the line x — 2, and the x axis 


12. bounded by Vx + Vy = 2 and the coordinate axes 


Find the polar moment of inertia of each solid with respect to its axis in terms of 
the total mass M of the solid. 


13. aright circular cone of height Л and base radius r 


14. asphere of radius r 
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15. 


16. 


17. 


18. 


a paraboloid of revolution bounded by a plane through the focus perpendicular 
to the axis of symmetry 


Project: Draw two or more shapes having the same area but different moments 
of inertia, such as a rectangle and a circle. Using each shape as the cross section 
of a beam, make a small model of each out of wood. Load each beam with 
similar weights. Write a paragraph describing how the moment of inertia seems 
to affect the stiffness of the beam. 


Writing: Find and tabulate the moments of inertia of various shapes from a struc- 
tural engineering handbook or by surfing the Web. Include simple shapes as well 
as structural members like Ells, I-beams, and so forth. Which shapes have the 
greatest moment of inertia in the vertical direction? Summarize your findings in 
a short report. 


Project: Find formulas for the strength and stiffness of simple beams. Where 
does the moment of inertia appear in these formulas? Can you predict how the 
moment of inertia will affect the beam's strength? Its stiffness? 


+++ CHAPTER 98 REVIEW PROBLEMS +++9+99999999999999595999%9%99%9%9%9%%9% 


10. 


11; 


12. 
13. 


14. 


. Find the distance from center to the centroid of a semicircle of radius 10.0. 


. A bucket that weighs 3.00 Ib and has a volume of 2.00 ft? is filled with water. 


It is being raised at a rate of 5.0 ft/s while water leaks from the bucket at a rate 
of 0.0100 ft? /s. Find the work done in raising the bucket 100 ft. 


. Find the centroid of the area bounded by one quadrant of the ellipse 


х?/16 + y?/9 = 1. 


. Find the radius of gyration of the area bounded by the parabola y? — 16x and 


its latus rectum, with respect to its latus rectum. 


. A conical tank is 8.00 ft in diameter at the top and is 12.0 ft deep. It is filled with 


a liquid having a density of 80.0 Ib/ ft). How much work is required to pump all 
of the liquid to the top of the tank? 


. Find the moment of inertia of a right circular cone of base radius r, height h, and 


mass M with respect to its axis. 


‚ А cylindrical, horizontal tank is 6.00 ft in diameter and is half full of water. Find 


the force on one end of the tank. 


. Find the moment of inertia of a sphere of radius r and density m with respect to 


a diameter. 


. A spring has a free length of 12.00 in. and a spring constant of 5.45 Ib/in. Find 


the work needed to compress it from a length of 11.00 in. to 9.00 in. 


Find the coordinates of the centroid of the area bounded by the curve y? — 2x 
and the line y — x. 


A horizontal cylindrical tank 8.00 ft in diameter is half full of oil (60.0 Ib/ ft? ). 
Find the force on one end. 


Find the length of the curve y — 23 from the origin to x = 4. 


The area bounded by the parabolas y? — 4x and y? = x + 3 is rotated about 
the x axis. Find the surface area of the solid generated. 


Find the length of the parabola y? — 8x from the vertex to one end of the 
latus rectum. 


Review Problems 


15. 


16. 


17. 


18. 


The area bounded by the curves x = 4y and x — 2y + 4 = Oand by the y axis 
is rotated about the y axis. Find the surface area of the volume generated. 


The cables on a certain suspension bridge hang in the shape of a parabola. The 
towers are 100 m apart, and the cables dip 10.0 m below the tops of the towers. 
Find the length of the cables. 


The first-quadrant area bounded by the curves y = x? and y = 4x is rotated 
about the x axis. Find the surface area of the solid generated. 


Find the centroid of a paraboloid of revolution bounded by a plane through the 
focus perpendicular to the axis of symmetry. 
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Trigonometric, Logarithmic, 
and Exponential Functions 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Find the derivative of expressions containing trigonometric functions. 


Solve applied problems requiring derivatives of the trigonometric 
functions. 


Find derivatives of the inverse trigonometric functions. 


Find derivatives of logarithmic and exponential functions. 


Solve applied problems involving derivatives of logarithmic and 
exponential functions. 


Use logarithmic differentiation to find derivatives of certain 
algebraic expressions. 


Integrate exponential and logarithmic functions. 


Integrate trigonometric functions. 


Compute the average value and root mean square (rms) value of 
a function. 


Up to now we have found derivatives and integrals of algebraic functions only. Here 
we extend our rules to cover trigonometric, logarithmic, and exponential functions. 
With these we will be able to solve a much larger range of technical applications 
than before. We will do problems similar to those in earlier chapters, tangents, re- 
lated rates, maximum-minimum, and so forth, but now with these new functions. 
We previously applied the derivative and the integral to electric circuits, finding 
current, charge, voltage, and so forth. But as these quantities are often expressed as 
trigonometric or exponential functions, we will revisit them here. For example, we 
earlier learned that the current in a capacitor was the derivative of the voltage across 


Section 1 * Derivatives of the Sine and Cosine Functions 


that capacitor divided by the capacitance. If you were given that the voltage across 
the capacitor, Fig. 29-1, was 


v-II5(1-e 9v 


would you then be able to find the current in that capacitor? You will, by the end of 
this chapter. 

If you have not worked with the trigonometric, logarithmic, and exponential 
functions lately, this would be a good time to review them before starting this chapter. 


29-1 Derivatives of the Sine and Cosine Functions 


Derivative of sinu Approximated Graphically 


Before deriving a formula for the derivative of the sine function, let us get a clue as 
to its derivative graphically. 


eee Example 1: Graph у = sin x, with x in radians. Use the slopes at points on that 
graph to sketch the graph of the derivative. 


Solution: We graph y = sin x as shown in Fig. 29-2(а) and the slopes as shown in 
Fig. 29-2(0). Note that the slope of the sine curve is zero at points A, B, C, and D, 
so the derivative curve must cross the x axis at points A', B', C', and D'. We estimate 
the slope to be 1 at points E and Р, which gives us points E' and Р” on the derivative 
curve. Similarly, the slope is —1 at G, giving us point G' on the derivative curve. 
We then note that the sine curve is rising from A to B and from C to D, so the deriv- 
ative curve must be positive in those intervals. Similarly, the sine curve is falling from 
B to C, so the derivative curve is negative in this interval. Using all of this informa- 
tion, we sketch in the derivative curve. 


ФФ 


(а) 


A’ 1 D' 
> 
28 0 х x : E Ae 2n NC x(rad) 


FIGURE 29-2 


We see that the derivative of the sine curve seems to be another sine curve, but 
shifted by 7/2 radians. We might recognize it as a cosine curve. So from our 
graphs it appears that 

d (sin x) 
dx 


= COS x 


We'll soon see that this is, in fact, correct. 


Q—— —À 


FIGURE 29-1 
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FIGURE 29-3 
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Limit of (ѕіп х) /x 


We will soon derive a formula for the derivative of sin x. In that derivation we will 
need the limit of (sin x)/x as x approaches zero. 


+++ Example 2: Find the limit of (sin x)/x (where x is in radians) as x approaches zero. 
Solution: Let x be a small angle, in radians, in a circle of radius 1 (Fig. 29-3), in which 


B AD 
sinx = 2С = ВС cos x = ОС = ОС tanx = у = AD 


We see that the area of the sector OAB is greater than the area of triangle OBC but 
less than the area of triangle OAD. But, by Eq. 102, 


1 
area of triangle OBC = 2 ВС-ОС 


1 
= > sin x cos x 
2 


and 
1 
area of triangle OAD = 5 "ОА, AD 
1 
= —tanx 
2 
Also, by Eq. 77, 
1 
area of sector OAB = 5 r?x 
205 
2 


50 


l. x 1 
= sin xcosx <- < -tanx 
2 2 2 


Dividing by sin x gives us 


1 
cosx < — 


sin x COS x 


Now letting x approach 0, both cos x and 1/cos x approach 1. Therefore x/sin x, 
which is “sandwiched” between them, also approaches 1. 


І х 
lim — = 1 
x0 sin x 
Taking reciprocals yields 
. sinx 
lim = 1 
x0 x 


Graphical Check: To convince yourself that this result is correct, plot (sin x)/x as 
shown in Fig. 29-4. Then zoom in on the y intercept as much as you like to see that 
its coordinates are (0, 1). 


FIGURE 29-4 222) 
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Derivative of sinu Found Analytically 


We want to be able to find derivatives of expressions such as 
у = ѕіп2х or у = sin(x? + 3x) 

or expressions of the form у = ѕіп и, where и is a function of х. We will use the 
delta method to derive a rule for finding this derivative. You might want to glance 
back at the delta method. 

Recall that we start the delta method by giving an increment Au to u, thus 
causing y to change by an amount Ay. 

у = sinu 
y + Ay = sin(u + Au) 
Subtracting the original equation gives 
Ay = sin(u + Au) — sinu 

We now make use of the identity 


at a= 
sina — sin B = 2cos E sn E 


to transform our equation for Ay into a more useful form. To use this identity, we let 
a=u+Au and B=u 


ut+Au+u\ , [u+ Au-u 
Ду = 2 cos ^ sin| ——— —— 


2 
= 2[cos(u + Au/2)] sin(Au/2) 


50 


Now dividing by Au, we have 
Ay  2[cos(u + Au/2)] sin(Au/2) 
Au | Au 

Dividing numerator and denominator by 2, we get 


Ay  [cos(u + Au/2)] sin(Au/2) 


Au Au/2 
= [cos(u + Au/2)] a 
Au/2 
If we now let Au approach zero, the quantity 
sin (Au/2) 
Au/2 


approaches 1, as we saw in Example 2. (When we evaluated this limit in the pre- 
ceding section, we required the angle (Au/2 in this case) to be in radians.) Thus the 
formula we derive here also requires the angle to be in radians. Also, the quantity 
Au/2 will approach 0, leaving us with 


dy 
127 cos u 
Now, by the chain rule, 
шин ae 
dx du dx 


Thus: 


943 


Do you remember the chain rule? Glance 


back at Chap. 23. 
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+++ Example 3: 


(a) If y = sin 3x, then 
d d 
4. — (cos 3x) “лу 3x 


= 3 cos 3x 


(b) If y = sin(x? + 222), then 


y' = cos(x? + 235. 43 + 2x?) 
dx 
TN = cos(x? + 2x°) Gx? + 4x) 
= (3x? + 4x) cos(x? + 2x2) 
n sin ху?) (c) If y = віп? x, then by the power rule 
3-(5100х9)2-соз(х) 


—— [11.5 ай 12.3, . а. 
dXsinGO»^3,x5 y' = 3 (sin x) + Gin x) 
MAIN RAD AUTO FUNC 1/30 x 


= 3 sin? x cos x ooo 
TI-89 calculator check for Example 3(c), 


bd br unl отин ne 3 +++ Example 4: Find the slope of the tangent to the curve у = x? — sin? xatx = 2 
Recall that sin" x is the same as (sin x)". 


(Fig. 29-5). 
YA Solution: Taking the derivative yields 
у = 2x — 2 sin x cos x 
At x = 2 rad, 


y' (2) = 4 —2sin2cos2 
= 4 — 2(0.909) (—0.416) 
= 4.757 +.. 


Remember that x is in radians unless otherwise specified. 


Be sure that your calculator is in radian mode. 


FIGURE 29-5 Graph of y = x? — sin? x. 
Derivative of cos u 


We now take the derivative of y = cos u. 

We do not need the delta method again because we can relate the cosine to the 
sine with Eq. 118b, cos A = sin B, where A and B are complementary angles 
(B = т/2 — A), Fig. 29-6. So 


[T 
y = сови = sin| 57u 
Then, by Eq. 263, 


-=(@-д(® 
А de Хаг I ах 


FIGURE 29-6 


But cos(7/2 — u) = sin u, so we have the following equation. 
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+++ Example 5: If y = cos 3x7, then 
d 
y! = (sin 3х2) —Gx’) 
dx 
= (—sin 3x2)6x = —6x sin 3x? +.. 


Recall that 


cos 3x? is not the same as (cos 3x) 


and 
Common 


Errors cos 3x? is not the same as cos(3x)? 


but that 


cos 3x? is the same as cos (3x?) 


Knowing the derivative of both sin x and cos x allows us to take second and higher 
derivatives of these trigonometric functions. 
+++ Example 6: Find the second derivative of y = sin x. 


Solution: y' = cos x 


y" = —sinx +.. 


Of course, our former rules for products, quotients, powers, and so forth, work 
for trigonometric functions as well. 


eee Example 7: Differentiate y = sin 3x cos 5x. 


Solution: Using the product rule, we have 


d 
= = (sin 3x)(—sin 5x)(5) + (cos 5x)(cos 3x) (3) 
X 
= —5sin3x sin 5x + 3 cos 5x cos 3x ooo 
2 cos x 


+++ Example 8: Differentiate y = — ar 
sin 3x 


Solution: Using the quotient rule gives us 
, _ (sin 3x)(—2 sin x) — (2 cos x)(3 cos Зх) 
(sin 3x? 


—2 sin 3x sin x — 6 cos x cos Зх 


2 oe 
sin^ 3x 


өө, Example 9: Find the maximum and minimum points on the curve у = 3 cos x. 


Solution: We take the derivative, set it equal to zero, and solve for x. 


[А 


у = 3 пх = 0 
sinx = 0 
x = 0, +т, +217, +3т,... 


The second derivative is 


"n 


y" = —3cos x 


which is negative when x equals 0, +27, +477,..., so these are the locations of 
the maximum points. The others, where the second derivative is positive, are mini- 
mum points. 


Graphical Check: This agrees with our plot of the cosine curve in Fig. 29-7. +++ 


945 


y=3 cosx 


FIGURE 29-7 
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Implicit derivatives involving trigonometric functions are handled the same 
way as shown in Chapter 23. 


+++ Example 10: Find dy/dx if sin xy = x?y. 


Solution: 
(cos xy) (xy' + y) = xy! + 2xy 


xy'cos xy + y cos ху = x?y' + 2xy 
xy'cos xy — x?y! = 2xy — y cos xy 
(x cos xy — х2)у' = 2xy — y cos xy 

_ 2xy — y cos xy 


xcos xy — x? 


, 


+5» 


Electrical Applications 


Here we will do applications similar to those given in earlier chapters, but now with 
the trigonometric functions. As we noted in an earlier chapter, we do not intend to 
teach electrical technology here, but simply to reinforce material learned in other 
courses. There we introduced the following formulas, where i is the current in am- 
peres (A), q is the charge in coulombs (C), v is voltage in volts (V), L is inductance 
in henrys (H), and t is time in seconds. 


+++ Example 11: The charge through a 4.85-Q resistor is given by 
q = 3.74 sin(44.6t + 1.44) € 


Write an expression for (a) the instantaneous current through the resistor and (b) 
the instantaneous voltage across the resistor. 


Solution: 
(a) Taking the derivative we get, by Eq. 1078, 
d 
i- - = 3.74[cos (44.61 + 1.44)](44.6) 


= 167 cos(44.6t + 1.44) A 
(b) By Ohm's law, 
v = ri = (4.85) (167) cos(44.6t + 1.44) 
810 cos(44.6t + 1.44) V +.. 
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өө Example 12: The voltage applied to a 4.82-microfarad (uF) capacitor, Fig. 29-8, is 
v = 2.85 соѕ (26.41 + 0.56) V 


(a) Write an expression for the current in the capacitor and (b) evaluate the current 
att = 0.1 s. 


Solution: 
(a) Taking the derivative, 


dv 
dt 


[—2.85 sin (26.4t + 0.56)] 26.4) 


— 15.2 sin(26.4t + 0.56) 
Then by Eq. 1080 


d 
i- gu = (4.82 х 1079) [—75.2 sin (26.4t + 0.56)] 


= (—362 х 1076) sin(26.4t + 0.569 А 
(bj Att = 0.15, 
i = (—362 х 1076) sin(2.64 + 0.56) 
22113019 A 
= 21.1 HA 222 


өөө Example 13: The current in a 11.6-Н inductor, Fig. 29-9, is 
i = 4.37 sin(6.83t + 0.55) A 


(a) Write an expression for the voltage across that inductor and (b) evaluate it at 
t = 1.60s. 


Solution: 
(a) Taking the derivative we get 
di 
di = [4.37 cos (6.83t + 0.55)] (6.83) 


= 29.8 cos (6.831 + 0.55) 
Then by Eq. 1086, 
" 
v= Е = 11.6[29.8 cos (6.83, + 0.55)] 


= 346 cos(6.83t + 0.55) V 
(b) Att = 1.605, 


e 
| 


= 346 cos(6.83 X 1.60 + 0.55) 
= 161V +++ 


Exercise 1 • Derivatives of the Sine and Cosine Functions 


First Derivatives 


Find the derivative. 


1. y= sinx 2. y = 3 cos 2x 
3. y = cos? x 4. y = sin x^ 
5. y = sin3x 6. y — cos 6x 


її! 
[| 


FIGURE 29-8 


FIGURE 29-9 
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7. y = sin x cos x 8. y = 154cos? x 
. у = 3.75 x cos x 10. y = х2 cos x? 
in 0 

11. y= sin?(z — x) 12. y= > 
13. y = sin 20 cos 0 14. у = sin?g 
15. y = sin? x cos x 16. y = sin 2x cos 3x 
17. y = 1.23 sin? x cos 3x 18. y= z sin? x 
19. y = Vcos 2t 20. y = 42.7 sin’ t 


Second Derivatives 

For problems 21 through 23, find the second derivative of each function. 

21. y — cos x 99. y = 1cos 20 

93. y = xcosx 94. If f(x) = x? cos? x, find f” (0). 
95. If f(x) = x sin(7/2) x, find f"(1). 


Implicit Functions 

Find dy/dx for each implicit function. 

26. ysinx = 1 97. xy — ysinx — xcosy = 0 
28. y = cos(x — y) 29, x = sin(x + y) 


30. xsiny — ysinx = 0 


Tangents 

Find the slope of the tangent to four significant digits at the given value of x. 
31. y = sinx atx = 2rad 39, у= x —cosx atx = l rad 
33. y = xsin7 atx — 2rad 34. y = sinxcos2x atx = I rad 


Extreme Values and Inflection Points 


For each curve, find the maximum, minimum, and inflection points between x = 0 
and 277. 

+ x А 
35. у = sinx 36. y= саах 


37. y = 3 sinx — 4 cos x 


Electrical Applications 


38. The charge through a 59.3-Q resistor is given by 
q = 224 sin(83.4t + 3.83) C 
Write an expression for the instantaneous current through the resistor. 
39. The voltage applied to a 22.5-microfarad (uF) capacitor is 
v = 11.5 cos (2.841 + 0.75) V 


(a) Write an expression for the current in the capacitor and (b) evaluate the 
current at f — 0.2 s. 
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40. The current in a 38.3-H inductor is 
i = 33.5 sin(82.4t + 0.77) A 


(a) Write an expression for the voltage across that inductor and (b) evaluate it at 
t = 2.605. 


29-2 Derivatives of the Other Trigonometric Functions SM 


Derivative of tanu 
To find the derivative of y — tan u, we first use the identity 


sinu 


y соѕ и 


Using the quotient rule (Eq. 262), we have 


2 du 2. du 
cos” u— + sin u— 


dy dx dx 


dx cos?u 


. du 
(sin? u + cos? и) — 


cos” u 


and, since sin? u + cos? u = 1, 
dy | du 
dx — cos?u dx 


and, since 1/ cos? u — sec? u, 


Thus, 


+++ Example 14: 
(a) If y = З tan x?, then 
y= 3 (sec? x?) (2х) = бх sec? x? 
(b) If y = 2 sin 3x tan 3x, then, by the product rule, 
y' = 2[sin 3x (sec? 3x)(3) + tan 3x (cos 3x) (3)] 


= 6 sin Зх sec? Зх + 6 cos Зх tan Зх ooo 


950 


Chapter 29 * Trigonometric, Logarithmic, and Exponential Functions 


Derivatives of cotu, secu, and cscu 


Each of these derivatives can be obtained using the rules for the sine, cosine, and 
tangent already derived and using the following identities: 


1 
sinu 


cosu 
cotu = — — secu = —— cscu = 
sin u COS и 


We list those derivatives here, together with those already found. 


You should memorize at least the first three of these. Notice how the signs alternate. 
The derivative of each cofunction is negative. Again, the rules learned for deriva- 
tives earlier apply to all the trigonometric functions. 


+++ Example 15: 
(a) If y = sec (x? — 2x), then 
y! = [sec(x? — 2x) tan (x? — 23)](3x? — 2) 
= (8x? — 2) sec(x? — 2x) tan (x? — 2x) 
(b) If y = cot? 5x, then, by the power rule, 


y’ = 3(cot 5x? (—csc? 5x) (5) 
= — 15 cot? 5x csc” 5x ooo 


| 


The derivatives of the trigonometric functions, in combination with the basic defi- 
nitions of the functions themselves, allow us to handle many applications. 


+++ Example 16: In Fig. 29-10, link L is pivoted at B but slides along the fixed pin 
P. As slider C moves in the slot at a constant rate of 4.26 cm/s, the angle @ changes. 
Find the rate at which 0 is changing when $ = 6.00 cm. 


Estimate: When S = 6.00 cm, 0 is equal to arctan (8.63/6.00) = 55.2°. After, say, 
0.1 s, S has decreased by 0.426 cm, so then 0 is equal to arctan (8.63/5.57) = 57.2°. 
Thus 0 has increased by about 2° in 0.1 s, or about 20 deg/s. 


Solution: S and 0 are related by the tangent function, so 


8.63 
tang = —— 
an Т 
ог 
S= BOF 8.63 cot 0 


tan 0 
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Fixed pin P 


FIGURE 29-10  Pivoted link and slider. 


Taking the derivative with respect to time gives 


d$ — >, 40 
FD 8.63 (—сѕс 0) dt 
Solving for d0/dt gives 
40 1 dS ___sin’6 ds 
dt 8.63 csc*9 dt 8.63 dt 


When S = 6.00 ст, dS/dt = —4.26 cm/s, and 0 = 55.2? (from our estimate). 
Substituting, we get 
40 (55522) 
dt 8.63 


(—4.26) = 0.333 rad/s 


or 19.1 deg/s, which agrees well with our estimate. ooo 


Exercise 2 • Derivatives of the Other Trigonometric Functions 


First Derivative 


Find the derivative in problems 1—16. 


1. y = tan2x 2. у = sec 4x 

3. y = 5csc3x 4. y — 9 cot 8x 

5. y = 3.25 tan x? 6. y = 5.14 sec 2.11x? 

7. y = 7 esc x? 8. y = 9 cot 33? 

9. у= xtanx 10. y 2 x sec x? 
11. y = 5x esc 6x 19. y = 9x? cot 2x 
13. w — sin 0 tan 20 14. s = cost sec 4t 
15. v = 5tant csc 3/ 16. z = 2 sin 20 cot 80 
17. If y = 5.83 tan? 2x, find y'(1). 18. If f(x) = sec? x, find f'(3). 
19. If f(x) = 3 csc? 3x, find f'(3). 20. If y = 9.55x cot? 8x, find y'(1). 


Second Derivative 


Find the second derivative. 
91. y = 3tanx 22. y = 2 sec 50 
23. If y = 3 csc 20, find y"(1). 94, If f(x) = 6 cot 4x, find f "(3). 
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Implicit Functions 


Find dy/dx for each implicit function. 


25. ytanx = 2 26. xy + ycotx = 0 
27. sec(x + y) = 7 28. x coty = y sec x 
Tangents 


29. Find the tangent to the curve y = tan x at x = 1 rad. 
30. Find the tangent to the curve y = sec 2x at x = 2 rad. 


Extreme Values and Inflection Points 


For each function, find any maximum, minimum, or inflection points between 0 and тг. 
31. y = 2x — tanx 
32. y = tan x — 4x 


Rate of Change 


33. An object moves with simple harmonic motion so that its displacement y at time 
118 y = 6 sin 4t cm. Find the velocity and acceleration of the object when 
t — 0.0500 s. 


Related Rates 


34. A ship is sailing at 10.0 km/h in a straight line (Fig. 29—11). It keeps its search- 
light trained on a reef that is at a perpendicular distance of 3.00 km from the path 
of the ship. How fast (rad/h) is the light turning when the distance d is 5.00 km? 

35. Two cables pass over fixed pulleys A and B (Fig. 29-12), forming an isosceles 
triangle ABP. Point P is being raised at the rate of 3.00 in./min. How fast is 0 
changing when Л is 4.00 ft? 

36. The illumination at a point P on the ground (Fig. 29-13) due to a flare F is 

= k sin 0/ d? lux, where k is a constant. Find the rate of change of / when the 
flare is 100.0 ft above the ground and falling at a rate of 1.0 ft/s if the illumina- 
tion at P at that instant is 65 lux. 


| 3.00 in. / min. 


БУТ ft—> 


FIGURE 29-12 FIGURE 29-13 Falling flare. 
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Optimization 


37. Find the length of the shortest ladder that will touch the ground, the wall, and 
the house in Fig. 29-14. 

38. The range x of a projectile fired at an angle 0 with the horizontal at a velocity v 
(Fig. 29-15) is x — (22/ g) sin 20, where g is the acceleration due to gravity. 
Find 0 for the maximum range. 

39. A force F (Fig. 29-16) pulls the weight along a horizontal surface. If f 15 the 
coefficient of friction, then 


F Ш 
i f sin 0 + cos 0 


Find 0 for a minimum force when f — 0.60. 

40. A 20.0-ft-long steel girder is dragged along a corridor 10.0 ft wide and then 
around a corner into another corridor at right angles to the first (Fig. 29-17). 
Neglecting the thickness of the girder, what must the width of the second cor- 
ridor be to allow the girder to turn the corner? 

41. If the girder in Fig. 29-17 is to be dragged from a 12.8-ft-wide corridor into an- 
other 5.4-ft-wide corridor, find the length of the longest girder that will fit around 
the corner. (Neglect the thickness of the girder.) 


FIGURE 29-15 FIGURE 29-16 
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2.67 ft 


-——— 


FIGURE 29-14 


p Girder 


FIGURE 29-17 Тор view of a girder 


dragged along a corridor. 


29-3 Derivatives of the Inverse Trigonometric Functions 


We will next use our ability to take derivatives of the trigonometric functions to find 
the derivatives of the inverse trigonometric functions. We start with the derivative of 
y = Sin ! u where y is some angle whose sine is u, as in Fig. 29-18, whose value 
we restrict to the range — 7/2 to 7/2. We can then write 


siny =u 
Taking the derivative yields 
dy du 
соѕ у — = — 
ах dx 
SO 
dy 1 du 
тет (1) 
dx | cosy dx 


However, from Eq. 125, 
cos? y -1- sin? y 
cos y = +V 1 — sin?y 


But since y is restricted to values between — 7/2 and 7/2, cos y cannot be negative. 


So 
COS y — Va sin?y — VA и? 


1-и 


2 


FIGURE 29-18 
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Substituting into Eq. (1), we have the following equation: 


Derivative of 


the Arcsin 


If y = Sin ! 3x, then 


1 
ge 


V1 — Gx)? 


3 


М1- 9х2 


The rules for taking derivatives of the remaining inverse trigonometric functions, 
and the Arcsin as well, are as follows: 


Derivatives 
of the 
Inverse 


Trigonometric 
Functions 


Try to derive one or more of these equations. Follow steps similar to those we used 
for the derivative of Arcsin. 


(a) If y = Cot! (x? + 1), then 
-1 
" TXQ Sd? Е 
=2% 


2+ 2x? + xt 
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(b) If y = Cos! VI = x, then 
-1 -1 


"CU MEUS 2Vi-x 


Exercise 3 « Derivatives of the Inverse Trigonometric Functions 


Find the derivative. 


x 
1. y= «Sin х 2. y -Sin'7 
x 
3. у = Cos! 2 4. у= Tan !(sec x + tan x) 
5 Si _, 50 x — cos x 
‚ y = Sin 


v2 
4 / _ 2 
6. у = Мах — x + a Cos 1 A 


7. y = t Cos 31 8. y = Arcsin 2x 
9. y = Arctan(1 + 2x) 10. y = Arccot(2x + 5)? 
x 1 
11. у = Arecot | 12. y= Arcsec — 
13. y = Arccsc 2x 14. y — Arcsin Vx 
t 
15. y = 12 Arcsin — 16. y = Sin! х 
2 1+ x? 
17. у = Sec а 
d e 
Find the slope of the tangent to each curve. 
Arct 
18. y = x Arcsinx at x=} 19. y= CERT at x=1 
20. у = x? Arccsc Vx at х-2 21. у = Vx Arecot 7 at х= 4 


22. Find the equations of the tangents to the curve у = Arctan x having a slope of та 


29-4 Derivatives of Logarithmic Functions 


Derivative of log, u 


Let us now use the delta method again to find the derivative of the logarithmic func- 
tion y = log; u. We first let u take on an increment Au and y an increment Ay. 
y = log,u 
y + Ay = logy(u + Au) 


Subtracting gives us 


+A 
Ay = log,(u + Au) — log, u = log, 1 - 


by the law of logarithms for quotients. Now dividing by Ан yields 


Ay 1 | и + Au 
Аи Аи KL" 
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We now do some manipulation to get our expression into a form that will be easier 
to evaluate. We start by multiplying the right side by и/и. 


Ay и, 1 lo и + Au 
Au u Au 5» 
ERA hd. 
u Au 


Then, using the law of logarithms for powers (Eq. 141), we have 


Ay m и + Au ran 
Au u TER u 


We now let Au approach zero. 


Ay dy lo и + Аи\/Аи 
8b " 


lim = = lim 
Au—0 Au du Ан-»0 и 


1 y" Au 
= — 1 + — 
и log, ит ! и 


Let us simplify the expression inside the brackets by making the substitution 


и 


Да 


Then k will approach infinity as Ли approaches zero, and the expression inside the 


brackets becomes 
Au u/Au 1 k 
lim (1+ 44) = tim (1+1) 
Ан-»0 и k— o k 


This limit defines the number e, the familiar base of natural logarithms. 


Glance back at Chap. 18 where we derived this expression. Our derivative thus be- 
comes 


dy 1, 
— = — logy e 
di ” 8b 


We are nearly finished now. Using the chain rule, we get dy/dx by multiplying 
dy/du by du/dx. Thus, 


Or, since log, e = 1/In b, 


This form is more useful when the base b is a number other than 10. 
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өөө Example 19: Take the derivative of y = log(x? — 3x). (Recall that when the 
base is not specified, as here, we have a common logarithm, with a base of 10.) 


Solution: 
dy 1 
dx = xd cog. (log e) 2x m 3) 
ш2 2 51 
x? — 3x 


Since log e = 1/In 10, we can also write the result as 


dy 2x — 3 


= oo 
dx In(10)x(x — 3) 
+++ Example 20: Find the derivative of y = x log; х2. 
Solution: By the product rule, 
( : Je ) + log x? 
= x| ———— |(2х 0g3 X 
? x?n 3 58 
- 2 2 
= — + loga x^ = 1.82 + log; x +.. 


In 3 


Derivative of Inu 


Our efforts in deriving Eqs. 275a and 275b will now pay off, because we can use 
those results to find the derivative of the natural logarithm of a function, as well as 
the derivatives of exponential functions in the following sections, without having to 
use the delta method again. To find the derivative of y — In u we use Eq. 275a. 


у= Ши 
dy |] du 


dx "MF 


But, by Eq. 144, In e — 1. Thus, 


+++ Example 21: Differentiate y = In(2x? + 5x). 
Solution: By Eq. 276, 


dy 1 
— = ——— (6x? + 5 
dx 2x34 sx ) 
_ Ox +5 eT 
2x? + 5x 


The rule for derivatives of the logarithmic function is often used with our for- 
mer rules for derivatives. 
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Познато риезат || 


22 (1oalx? - 3-x)] 


ХЭ 
ln(18):x-(x - 3) 


dclogCx^2-3x5,x2 
MAIN RAD AUTO FUNC 1730 


TI-89 calculator check for Example 19. 
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өөө Example 22: Take the derivative of y = x? In(5x + 2). 


Solution: Using the product rule together with our rule for logarithms gives us 


25 | : )s + [In(5x + 2)3x? Sx? + 3х2 (5х + 2) өөө 
= X X = > eS X X 
dx 5x +2 5x T2 


Our work is sometimes made easier if we first use the laws of logarithms to 
simplify a given expression. 


xV2x —3 


Solution: We first rewrite the given expression using the laws of logarithms. 


eee Example 23: Take the derivative of y = In 


1 1 
y=Inx + 2 In(2x — 3) 3 In(4x + 1) 
We now take the derivative term by term. 

dy 1 1 1 1 

=—t+ 2 4 
dx 2\2x —3 3\4x + 1 

1 4 
+ 
2x —3 3(4х +1) 


1 
x 
1 
x 


Logarithmic Differentiation 


Here we use logarithms to aid in differentiating nonlogarithmic expressions. Deriv- 
atives of some complicated expressions can be found more easily if we first take the 
logarithm of both sides of the given expression and simplify by means of the laws 
of logarithms. (These operations will not change the meaning of the original ex- 
pression.) We then take the derivative. 


Vx —-2Wx +3 

Wx +1 | 
Solution: We will use logarithmic differentiation here. Instead of proceeding in the 
usual way, we first take the natural log of both sides of the equation and apply the 


laws of logarithms. We could instead take the common log of both sides, but the nat- 
ural log has a simpler derivative. 


+++ Example 24: Differentiate y = 


1 1 1 
Iny = z in 2) d з Inx + 3) д х + 1) 
Taking the derivative, we have 
12 - A) iG) гн) 
ydx 2Nx—2/ 3\x+3/ 4\x41 


Finally, multiplying by у to solve for dy/dx gives us 


dy | 1 1 1 | 
=y + ooo 
dx 2(х-2) 3(x+3) 4(х +1) 


If desired, we could now use the original expression to replace the y in the 
answer. In other cases, this method will allow us to take derivatives not possible 
with our other rules. 
өө» Example 25: Find the derivative of y = x?*. 

Solution: This is not a power function because the exponent is not a constant. Nor 
is it an exponential function because the base is not a constant. So neither Eq. 258 nor 
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277 applies. But let us use logarithmic differentiation by first taking the natural log- 
arithm of both sides. 


In y = Inx** = 2x ln x 


Now taking the derivative by means of the product rule yields 
1 dy 1 
—— = 2x| — | + (In x)2 
y dx x 
—2-t2lnx 
Multiplying by y, we get 
dy 
— = 2(1 + In x)y 
dx 


Replacing y by y gives us 


d 
Y 220 + Inx)x?* .. 
dx 


Exercise 4 • Derivatives of Logarithmic Functions 


Derivative of log, u 


Differentiate. 
1. y = log 7x 2. y = log x? 
3. y = log, x? 4. y = loga(x? — Зх) 
1 
5. y = log(x V 5 + 6x) 6. y — log, (4) 
2x F5 
2 (1 + 3x) 
7. y = xlog— 8. y = log —— 
x X 
Derivative of In u 
Differentiate. 
9. y = In3x 10. y — In x? 
11. y = In(x? — 3x) 19. y = In(4x — x?) 
13. y = 2.75x In 1.023? 14. w = 2 In(1 — 22) 
In(x + 5) In x? 
15. y — —— — 16.» = — — 
y 3i 77 31n(x — 4) 
17. з= In Vt — 5 18. y = 5.06In V x? — 325x 
With Trigonometric Functions 
Differentiate. 
19. y = Insinx 90. y = Insec x 


21. y = sin x In sin x 22. y = In(sec x + tan x) 
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FIGURE 29-19 Insulated pipe. 
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Implicit Relations 


Find dy/dx. 
23. уу + cosx = 0 24. In x? — 2x sin y = 0 
95. x — y = ln(x + y) 26. xy = ах 


27. In y + x = 10 


Logarithmic Differentiation 


Differentiate. Remember to start these by taking the logarithm of both sides. 


Vx +2 а? — x? 


99. y= 


28. y 


= х х 
30. y = х" Мо 
39. y = (cot x)" * 33. у = (Сов "xy 


Tangent to a Curve 

Find the slope of the tangent at the point indicated. 

34. y=logx atx = 1 35. y=Inx where y = 0 

36. y = Inx? + 2) atx = 4 37. у = log(4x — 3) at x = 2 
38. Find the equation of the tangent to the curve у = In x at y = 0. 


Angle of Intersection 


Find the angle of intersection of each pair of curves. 


39. y = In(x + 1) and y = In(7 — 2x) atx = 2 


40. y = xln xand y = x In(1 — x)atx =» 


Extreme Values and Points of Inflection 


Find the maximum, minimum, and inflection points for each curve. 


41. у= хах 42. y= x’ lnx 

43. y = — 44. y = In(8x — x?) 
In x 

Roots 


Find the smallest positive root between x = 0 and 10 by any approximate method, 
to two decimal places. 


45. x — 10logx = 0 46. tan x — logx = 0 


Applications 


47. А certain underwater cable has a core of copper wires covered by insulation. The 
speed of transmission of a signal along the cable is 


1 
S = x*In— 
х 


where х is the ratio of the radius of the core to the thickness of the insulation. 
What value of x gives the greatest signal speed? 

48. The heat loss q per foot of cylindrical pipe insulation (Fig. 29-19) having an 
inside radius гү and outside radius у» is given by the logarithmic equation 


a 2ark(t, — t» 


) 
иг 5 
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where 1, and f» are the inside and outside temperatures (°F) and k is the con- 
ductivity of the insulation. A 4-in.-thick insulation having a conductivity of 
0.036 is wrapped around a 9-in.-diameter pipe at 550?F, and the surroundings 
are at 90°F. Find the rate of change of heat loss q if the insulation thickness is 
decreasing at the rate of 0.1 in./h. 


49. The pH value of a solution having a concentration C of hydrogen ions is 
pH = —1ору C. Find the rate at which the pH is changing when the concen- 
tration is 20 х 1075 moles/liter and decreasing at the rate of 5.5 X 1077 
per minute. 


50. The difference in elevation, in feet, between two locations having barometric 
readings of B, and B» in. of mercury is given by Л = 60,470 log В›/ Ву, where 
Ву is the pressure at the upper location. At what rate is an airplane changing in el- 
evation when the barometric pressure outside the airplane is 21.5 in. of mercury 
and decreasing at the rate of 0.500 in. per minute? (Hint: Treat B» as a constant.) 


51. The power input to a certain amplifier is 2.0 W; the power output is normally 
400 W. But because of a defective component is dropping at the rate of 0.50 W 
per day. Use Eq. 1103 to find the rate (decibels per day) at which the decibels 


are decreasing. 


99-5 Derivative of the Exponential Function [EE 


Knowing how to find derivatives of the logarithmic functions will now enable us to find 
derivatives of the exponential functions. Glance back at Chapter 18 for a review of the 
exponential functions. You will see there how extremely useful they are in technology. 


n 


Derivative of b" 


We start with the derivative of the exponential function y = b”, where b is a con- 
stant and u is a function of x. We can get the derivative without having to use the 
delta method by using the rule we derived for the logarithmic function (Eq. 276). 
We first take the natural logarithm of both sides. 


у= Б“ 
In y = ар = ulnb 


by Eq. 141. We now take the derivative of both sides, remembering that In b is a 


constant. 
14 
1dy | du, 
y dx dx 
Multiplying by y, we have 
dy du 
— = y — һр 
dx ах? 


Finally, replacing y by Б“ gives us the following: 


Note that the derivative of b" has in it the same function, b". This repetition forms 
the basis of many applications. 
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Позна ает он ресет || 


" 2 (19x? +2] 


dx 
2 
208- 1n(10):x- 10% 


aC10^Cx^2*25, x2 
MAIN RAD AUTO FUNC 1730 


TI-89 calculator check for Example 26. 


Note that y = c4e™* and its derivatives 


y' = сое", у" = сзе""х, etc., are all like 
terms, since сі, Со, and сз are constants. 
We use this fact later when solving 
differential equations. 


Познато ресет || 


eoe) 


2 
(2-х®+2-х]-е* 
dix^2e^Cx^2), x) 

MAIN RAD AUTO FUNC 1730 


TI-89 calculator check for Example 29. 
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+++ Example 26: Find the derivative of y = 10* 72. 
Solution: By Eq. 277, 


d 
= 10° +2(2x) In 10 = 2x(In 10)10* +? 
X 
х2 2 
= 2x InI0 (10) (102) 
= 200x (In10)10* .. 


Do not confuse the exponential function y = b* with the 


power function y = x". The derivative of b* is not xb*~ !! 
The derivative of b* is b* In b. 


Derivative of e" 
We will use Eq. 277 mostly when the base b is the base of natural logarithms, e. 
yeu 


Taking the derivative by Eq. 277 gives us 


But since In e — 1, we get the following: 


өөө Example 27: Find the first, second, and third derivatives of y = 2e?*. 
Solution: By Rule 278, 


y = 6e?* y" == 18e?* y" — 54e?* аж 


3 2 
+++ Example 28: Find the derivative of y = ех +5. 


Solution: By Rule 278, 
d 
= oF tS 3x? + 10x) e.. 
dx 
+++ Example 29: Find the derivative of y = er, 
Solution: Using the product rule together with Eq. 278, we have 
dy 
dx 
= (2x3 + 2x)e” 


B 2xe" (x? + 1) eee 


= x2(e \(2x) + 65 (2x) 
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Derivative of y = x", Where n Is Any Real Number 


We now return to some unfinished business regarding the power rule. We have al- 
ready shown that the derivative of the power function x" is пх” !, when n is апу 
rational number, positive or negative. Now we show that n can also be an irrational 
number, such as e or лт. Using the fact that 


In x 


x=e 
raising to the nth power gives 
х" = (el? xyr = e" In x 
Then 
d n = d ninx 
dx dx 
By Eqs. 278 and 276, 
d . 
— yn Z e" In x 
dx 
Substituting x" for е" * gives 
d n 
— x2 = yh = nx" | 
dx х 


Thus the power rule holds when the exponent n is any real number. 


өөө Example 30: The derivative of 3x” is 
d 1 


— 3x" = 3mx" 


dx 


Electrical Applications 


Now let us repeat some of the electrical applications we did with trigonometric 
functions, using the same formulas given there, but now those involving the expo- 
nential function. We will start by finding the current in a capacitor. 


+++ Example 31: The voltage applied to a certain 14.8-microfarad (uF) capacitor, 
Fig. 29-20, 18 


v=15(1-e%) у 


(a) Write an expression for the current in the capacitor and (b) evaluate the current 
att = 300s. 


Solution: 


(a) Taking the derivative, 


dv 1 
Sree ges 22 11 үн! -x) 
4 3 374 


= 03070-1974 
Then by Eq. 1080, 


d 
i= @ = (14.8 x 1079) (0.307) e 71/37 
= 4.54е '/97® uA 


(b) Att = 300s, 
i = 454е 7 = 204 uA +.. 


Next we will find the voltage across an inductor. 


Ш 
й! 


FIGURE 29-20 
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FIGURE 29-21 
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өөө Example 32: The current in a 58.3-H inductor, Fig. 29-21, is 


і = 458е'/25 А 


(a) Write an expression for the voltage across that inductor and (b) evaluate it at 


t = 125s. 


Solution: (a) Taking the derivative we get 


di 1 
dt ° 295 


= —1.55е 1/295 
Then by Eq. 1086, 


d 
ge — (58.3) (1.55) e 1/799 


-90,4е-425 у 
(b) Att = 125s, 
v = 90.4e7 125/295 = -592 V 


Exercise 5 • Derivative of the Exponential Function 


Derivative of b" 


Differentiate. 
1. у = 3% ‚ у = 102513 
3. у = (х)(10?**З) 4. у = 10% 
5. у = 2° ё. уе 
Derivative of e" 
Differentiate. 
7. y = e” 8. y = e” 
9. у= et 10. y= ex t4 
11. y=e 1-0 19. у = xe* 
13. yas 14. y = (3х + 2e 
15. y = xe” 16. y= xe * 
x 2 _ 
17. у= — 18. y = Ux 
X _ „—х х _ 
узе —— 90. y= -a 
91. y = (x + ур 99. y = (ех + 2х)? 
pps 24. y = (5 ы 3 
x ~ е^ = 1 


Section 5 * Derivative of the Exponential Function 965 


With Trigonometric Functions 


Differentiate. 
95. y = віп? ех 26. у = e* sin x 
97. у = e? cos 20 98. y = e*(cos bx + sin bx) 


Implicit Relations 


Find dy/dx. 
99. £^ + е? = 1 30. e*siny = 0 
31. e* = sin(x + y) 


Evaluate each expression. 
32. f'Q) where f(x) — esin(arx/2) 33. f" where f(t) = esint cost 
34. f'(1) and f"(1) where f(x) = е"! sin тх 


With Logarithmic Functions 


Differentiate. 

35. y = e*Inx 36. y = In(x?e?) 
37. y= In^ 38. y = Ine? 

Find the second derivative. 

39. y = е! cost 40. y=e ‘sin 21 
41. y = ех ѕіп х 42. у = z(e Fe” 


Approximate Solution 


Find the smallest root that is greater than zero to two decimal places using 


any method. 
43. е +x-3=0 44. xe 00 = 1 
45. 5е *+x—-—5=0 46. e* = tanx 


Maximum, Minimum, and Inflection Points 


47. Find the minimum point of у = e?* + 5е7 2“, 
2 
48. Find the maximum point and the points of inflection of y = е^. 


49. Find the maximum and minimum points for one cycle of y = 10e * sin x. 


Applications 


50. If $10,000 is invested for г years at an annual interest rate of 10% compounded 
continuously, it will accumulate to an amount y, where y — 10,000e°!". At 
what rate, in dollars per year, is the balance growing when (a) t = 0 years and 
(b) t — 10 years? 

51. If we assume that the price of an automobile is increasing or “inflating” expo- 
nentially at an annual rate of 8%, at what rate in dollars per year is the price of 
a car that initially cost $9000 increasing after 3 years? 


52. When a certain object is placed in an oven at 1000°F, its temperature 7 rises 
according to the equation T = 1000(1 — e 9^). where t is the elapsed time 
(minutes). How fast is the temperature rising (in degrees per minute) when (a) 
t = O and (b) t = 10.0 min? 
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53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


A catenary has the equation y — i + e ^). We have seen the catenary be- 
fore. It is the shape taken by a rope or chain suspended from both ends. Find 
the slope of the catenary when x — 5. 

Verify that the minimum point on the catenary described in problem 53 occurs 
at x = 0. 

The speed N of a certain flywheel is decaying exponentially according to the 
equation N — 18555 09! (rev/min), where : is the time (min) after the power 
is disconnected. Find the angular acceleration (the rate of change of N) when 
t = | min. 

The height y of a certain pendulum released from a height of 50.0 cm is 
y- 50.0e 9?! cm, where f is the time after release in seconds. Find the verti- 
cal component of the velocity of the pendulum when г = 1.00 s. 

The number of bacteria in a certain culture is growing exponentially. The 
number N of bacteria at any time / (h) 18 N = 10,000 е0. At what rate (num- 
ber of bacteria per hour) is the population increasing when (a) t = 0 and (b) 
t = 100 h? 

The force F needed to hold a weight W (Fig. 29-22) is F = We"? where u = 
the coefficient of friction. For a certain beam with u = 0.15, an angle wrap of 
4.62 rad is needed to hold a weight of 200 Ib with a force of 100 Ib. Find the rate 
of change of F if the rope is unwrapping at a rate of 15°/s. 


The atmospheric pressure at a height of Л miles above the earth’s surface is 
given by p — 29.92e "5 in. of mercury. Find the rate of change of the pressure 
on a rocket that is at 18.0 mi and climbing at a rate of 1500 mi/h. 

The equation in problem 59 becomes p — 2121e 0000037 when А is in feet 
and p is in pounds per square foot. Find the rate of change of pressure on an 
aircraft at 5000 ft climbing at a rate of 10 ft/s. 

The approximate density of seawater at a depth of Л miles is 
d = 64.0e990676^ 1b/ft?. Find the rate of change of density, with respect to 
depth, at a depth of 1.00 mile. 


Electrical Applications 


62. 


63. 


64. 


65. 


The voltage applied to a certain 218-microfarad (uF) capacitor is 
v—254(0 – e 285) v 
(a) Write an expression for the current in the capacitor and (b) evaluate the current 
att = 200 s. 
The voltage applied to a certain 185-microfarad (uF) capacitor is 
v = 448(1 — e /122) ү 
(a) Write an expression for the current in the capacitor and (b) evaluate the cur- 
rent att = 150s. 
The current in a 88.3-H inductor is 
i = 115е 95534 
(a) Write an expression for the voltage across that inductor and (b) evaluate it at 
t = 250s. 
The current in a 37.2-H inductor is 
i = 22560178 А 


(a) Write an expression for the voltage across that inductor and (b) evaluate it at 
t = 155 5. 
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29-6 Integral of the Exponential and Logarithmic Functions 


Let us leave the derivative and turn our attention to the integral. We will present 
rules for integrating the exponential and logarithmic functions here, and then in 
the next section, the trigonometric functions. 


Integral of e" du 
Since the derivative of e" is 


dé") _ „ди 
dx ° dx 


or d (e^) — e" du, then integrating gives 


Је = [4-7 + 


or the following, from Appendix С: 


+++ Example 33: Integrate fe& dx. НОЛСЭН инк CN 
«bra 


Solution: To match the form / e" du, let 
u = 6x 
du = 6dx 


" [(е6 *Jax 
Eien 66x) х? 


We insert a factor of 6 and compensate with 5 then we use Rule 8. 


1 RAD AUTO FUNC 
/ еб ах = = / e" (6 ах) = ge" + С .. 
6 TI-89 calculator check for Example 33. 
Remember that the calculator does not 
We now do a definite integral. Simply substitute the limits, as before. show the constant of integration. 
3 ge Vx 


+++ Example 34: Integrate 


——dx 
0 V3x 
Solution: Since the derivative of V 3x is 23x) V ?. we insert a factor of 3 and 
compensate. 


3 ge Vox 


Ёст чин of eV xy M? dx 


_ „(2 ? ДЕ -1/2 | 
-6(2) | е 2095) ах 
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Integral of b" du 


u 


The derivative of is 
In b 
d ( b" 1 du du 
- 4) (In b) — = p^ — 
dx (25 m Mi ий” 


u 


ln b 


or, in differential form, d ( 


) = р“ du. Thus the integral of р“ du is as follows: 


+++ Example 35: Integrate / 3xa?* dx. 


[owe dx = 3 pers dx 
1 2x2 
=3 4 a^ (Ax dx) 


2 


Solution: 


3a?* 


E +C 5322 
4 та 


Integral of In u 


To integrate the natural logarithm of a function, we use Rule 43, which we give 
here without proof. 


+++ Example 36: Integrate J х In (3x?) dx. 


Solution: We put our integral into the form of Rule 43 and integrate. 


ЇЇ dx = (2) КО: ах) 
= (1) Gx?) dn3x? - 1) + C 


= 1х°(ш3х° — 1) +С dd 


Integral of logu 


To integrate the common logarithm of a function, we first convert it to a natural log- 
arithm using Eq. 147. 
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4 
+++ Example 37: Integrate | log (3х — 7) dx. 1551, 813664 61: 08008 E ван | 
3 


Solution: We convert the common log to a natural log and apply Rule 43. 


4 4 In(3x 7) «| товсэ-х-7эйх | .52997 
log(3x — 7) dx = mio € OCTETS PE E — — — 
3 3 MAIN RAD AUTO FUNC 1/30 


TI-89 calculator check for Example 37. 


4 
1 
= 1 - 
2-0) п(3х-7)(34ах) 


= —_ 0-0 8х-07)-1| 
3 In 10 3 


1 
^g Pas 1-93.) 


0.530 ooo 


1 


Electrical Applications 


In an earlier chapter we had some applications of the integral to electric circuits. 
There we presented the following formulas: 


As before, i is the current in amperes (A), q is the charge in coulombs (C), v is volt- 
age in volts (V), L is inductance in henrys (H), and t is time in seconds. 

Now let us apply them to cases involving the exponential function, and in the 
following section, the trigonometric functions. 


+++ Example 38: The current in a certain 25 F capacitor is given by А NC 
i = 185607 A + 
Write an expression for the voltage across the capacitor when charging, Fig. 29—23. ЯГ, | ils 
Solution: Integrating gives AW 
/ idt = 18.5 | e 12775 dt FIGURE 29-23 


dt 
—1/27.5 
(18.5) (— 27.5) fe ( | 


-509е74275 + ky 
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Multiplying by 1/C now gives us the voltage. 
1 
idi = — eS + д 
25 


—204e 7775 +k у 


v 


where we have replaced k,/25 by k. For a charging capacitor, the voltage is 0 at 
t — 0,so 
0 = —20.4e9 + k 


from which k = 20.4. Our complete equation is then 


—20.4е7'/275 + 20.4 
20.40. — е #75) у +.. 


v 
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Integrate. 


Exponential Functions 


1. fe dx 2. fe dx 
3. / 5 dx 4. / 10" dx 
Di foe 6. [4 
7. ]* dx 8. fe dx 
9. "n dx 10. [re dx 
2 , 4 
11. / xe?" ах 19. | Ve at 
1 3 
Vx 
d: 1 
18: T x 14. Jo д 3) er +6x-2 dii 
Vx 
1 3 ; 
15. | (e* — 1}? dx 16. Ї xe * dx 
0 2 
i | eV x72 Р 48 (eX? 2 e #2 j 
QO[— ах ‚ | — dx 
Vx—2 4 
19. nz + e*/%) dx 20. fer — e May. gy 


Logarithmic Functions 


91. [55 99. Гала 
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2 
23. | x In x? dx 24. ! log (5x — 3) dx 
1 


4 3 
25. | xlog(x? + 1) dx 26. / x? log(2 + 3x?) dx 
2 1 


27. Find the area under the curve у = e?" from x = 1 to 3. 


28. The first-quadrant area bounded by the catenary y = (е^ te") from 
x = Oto 1 is rotated about the x axis. Find the volume generated. 


29. The first-quadrant area bounded by y = e* and x = 1 is rotated about the line 
x = |. Find the volume generated. 

30. Find the length of the catenary y = (a/2) (ех/а + e^ */^) from x = 0 to 6. Use 
а = 3. 

31. The curve у = e 18 rotated about the x axis. Find the area of the surface 
generated, from x = 0 to 100. 


39. Find the horizontal distance x to the centroid of the area formed by the curve 
y= HG + e ?) the coordinate axes, and the line х = 1. 


33. Find the vertical distance y to the centroid of the area formed by the curve 
у = e" between x = 0 and 1. 


34. A volume of revolution is formed by rotating the curve y = e* between 
x = O and 1 about the x axis. Find the distance from the origin to the centroid. 


35. Find the moment of inertia of the area bounded by the curve y = e", the line 
x = 1, and the coordinate axes, with respect to the x axis. 


Electrical Applications 


36. The current in a certain 228 F capacitor is given by 
i = 25.5е 99 А 
Write an expression for the voltage across the capacitor when charging from 
an initial voltage of zero. 
37. The current in a certain 3.85 F capacitor is given by 
і = 84.6е 1/127 A 
Write an expression for the voltage across the capacitor when charging from 
an initial voltage of zero. 


29-7 Integrals of the Trigonometric Functions 


To our growing list of rules we add those for the six trigonometric functions. By 
Eq. 264, 
d (—cos u) du 


— sinu 
dx 


or d(—cos u) — sin u du. Taking the integral of both sides gives 


[ = —cosu + C 
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The integrals of the other trigonometric functions are found in the same way. We 
will not do the derivation for each but you can convince yourself that each of the 
following rules is correct by taking the derivative, as we did earlier. 


We use these rules just as we did the preceding ones: Match the given integral ex- 
actly with one of the rules, inserting a factor and compensating when necessary, 
and then copy off the integral in the rule. 


1 
+++ Example 39: Integrate ri x sin x? dx. 
rooislaSebralearclotnerlersrualerean ue] | шиг! 


Solution: 
1 1 
{ / x sin x? dx = | sin х (x dx) 

n [o Gc sinG2))ax .2298 0 Р 
Foes intxD),x, 0,1) NTC. NE "I 
MAIN RAD AUTO FUNG 1730 = — sin x“ (2x dx) = ——cos x 

2 Jo 2 0 
TI-89 calculator check for Example 39. z —}(cos 1 — cos 0) ~ 0.2298 ess 


Sometimes the trigonometric identities can be used to simplify an expression 
before integrating. 


cot 5x 


+++ Example 40: Integrate i 
cos 5x 


Solution: We replace cot 5x by cos 5x/sin 5x. 
cot 5x cos 5x 1 
dx = dx = d 
i ЭЭ И I= 5x cos 5x id / sin 5x х 
Je 5x dx 


1 1 
ЯГ 5x(5 dx) = z Plese 5x = cot 5x| + C 


Ш 


by Rule 15. өөө 
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Miscellaneous Rules from the Table 


Now that you can use Rules | through 15, you should find it no harder to use any 
rule from the table of integrals. 


eee Example 41: Integrate fe cos 2x ах. 


Solution: We search the table for a similar form and find the following: 


This matches our integral if we set 


a=3 b=2 u=x du=dx 


50 


3х 

[9e E -5-2 (3 cos 2x + 2 sin 2x) + C 
3^2 

ex 

13 (3 cos 2x + 2sin 2x) + С ooo 


An Electrical Application 


+++ Example 42: The current in a point in a certain circuit is given by 
i = 6.84 sin(5.83t + 1.46) A 


(a) Write an expression for the charge at that point, assuming an initial charge of 0, 
and (b) evaluate it att = 1.00 s. 


Solution: 


(a) The charge is the integral of the current (Eq. 1079) so, 


q = 6.84 |» (5.83t + 1.46) dt 


6.84 
= cus | [sin(5.83r + 1.46)]5. 
EET / [sin (5.837 + 1.46)]5.83 dt 


= —].17 cos(5.83t + 1.46) + k C 

Letting q = Oatt = 0 gives 
0 = —1.17 cos(1.46) + k 
from which k = 0.129. Our complete equation is then 
q = —1.17 cos (5.83t + 1.46) + 0.129 С 

(b) Att = 1.005, 
= — 1.17 соѕ (5.83 + 1.46) + 0.129 
— 0.496 С +.. 


© 
| 


Exercise 7 • Integrals of the Trigonometric Fuctions 


Integrate 


E |» 3x dx pA n Tx dx 
3. | ш 50 d0 4. fs 20 d0 
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ыг 


1. 


9. 


11 


13. 


15. 


17. 


19. 


21. 


23. 


f% 4x dx 6. | 8x dx 
[5m 8. fi sec 30 d0 


J: sin x? dx 10. E cos 2x? dx 
/ 0? tan 0° d0 19. / 0 sec 20° 40 
n + 1) ах 14. fesas - 3) dx 
| ша - 50) 40 16. n + 3) 40 
| xsec(Ax? — 3) dx 18. / 3x? cot(8x? + 3) dx 
J: cos x? dx 90. Joe cos x? dx 
T 1/2 
f sin $ аф 29, | cos Фаф 
0 0 
T 0 m/2 
T cos = 40 24. | sin? x cos х dx 
0 2 q/3 


Find the area under each curve. 


25 
26 
27 


28. 


29. 
30. 


31. 
32. 


33. 


34. 


y = sinx fromx = Oto 
y=2cosx fromx = —7/2 to 7/2 
y = 2sin5 ax from x = 0 to 2 rad 


Find the area between the curve у = sinx and the x axis from 
x = l rad to З rad. 


Find the area between the curve y — cos x and the x axis from x — 0 to 3 T. 


The area bounded by one arch of the sine curve y — sin x and the x axis is ro- 
tated about the x axis. Find the volume of the solid generated. 


Find the surface area of the volume of revolution of problem 30. 

The area bounded by one arch of the sine curve y — sin x and the x axis is ro- 
tated about the y axis. Find the volume generated. 

Find the coordinates of the centroid of the area bounded by the x axis and a 
half-cycle of the sine curve y — sin x. 

Find the radius of gyration of the area under one arch of the sine curve 
y = sin x with respect to the x axis. 


Electrical Applications 


35. 


36. 


The current at a point in a certain circuit is given by 
i = 843 sin(11.5t + 5.48) A 


(a) Write an expression for the charge at that point, assuming an initial charge 
of 0, and (b) evaluate it at t = 2.00 s. 


An expression for the current at a point in a certain circuit is 
i = 273 sin(382t + 0.573) A 


(a) Assuming an initial charge of 0, write an expression for the charge at that 
point and (b) evaluate it att = 3.50 s. 
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29-8 Average and Root Mean Square Values [pm 


We are now able to do two applications that usually require integration of a trigono- 
metric function. 


Average Value of a Function 


The area A under the curve y = f(x) (Fig. 29-24) between x = a and b is, by 


Eq. 291, 
b 
А = : f(x) dx 


УА у= Дх) 


avg e 


> 
0 a b x 
Ах <—— 


FIGURE 29-94 Average value, or average ordinate. 


Within the same interval, the average value of that function, уле, is that value of y 
which will cause the rectangle abcd to have the same area as that under the curve, or 


b 
(b ин а) Yavg = А = | f(x) dx 
Thus, 


өөө Example 43: Find the average value of a half-cycle of the sinusoidal voltage 
v = V sin0 (volts) 


Solution: By Eq. 318, with a = О and b = т, 


V T 
Улук = zi sin 0 d0 


т 


= сов 01 


V 2 
= z(C 05 т + cos 0) = A V = 0.637 V (volts) +.. 
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Root Mean Square (RMS) Value of a Function 


While the average value of a function is useful for many applications, it is not for 
others. For example, the average value of a sine wave is zero, because any part of 
the wave above the x axis is exactly matched by portions below the axis. Thus, elec- 
trical power expressed as a sine wave would have an average value of zero! That, of 
course, does not give a measure of its ability to turn a motor or heat an element. For 
such applications, a more useful measure is the root mean square value. 

The root mean square (rms) value of a function is the square root of the 
average of the squares of the ordinates. In Fig. 29-24, if we take п values of y 
spaced apart by a distance Ax, the rms value is approximately 


2 2 2 2 
SALES EE RS ee + ys 
rms = 


n 


or, using summation notation, 


Multiplying numerator and denominator of the fraction under the radical by Ax, we 
obtain 


But nAx is simply the width (b — a) of the interval. If we now let n approach in- 
finity, we get 


n 


b 
lim Y y?Ax = / ГОО dx 
1 а 


пэ = 


Therefore: 


eee Example 44: Find the rms value for the sinusoidal voltage of Example 43. 


Solution: We substitute into Eq. 319 with a = 0 and b = т. 


1 д ye gne 
rms — | V? sin? 0 40 = 4 | — | sin? 0 d0 
т — 0 0 т 0 


But, by Rule 16, 
тп m 
2 
| uu dye E. POUR 
A 2 4 
ЯТ 
2 


Vo Y 07077 Vol 
rms = Tr 2 Wa 5 olts 


In electrical work, the rms value of an alternating current or voltage is also called 
the effective value. We see then that the effective value is 0.707 of the peak value. 
ooo 


So 


Review Problems 


Exercise 8 « Average and Root Mean Square Values 
Find the average ordinate for each function in the given interval. 


1. y= х2 from 0 to 6 2. у= x? from —5 (0 5 

3. у= V1 + 2х from4to 12 4. y = ————  from0to4 
V9 + х2 

5. y = sin? x from 0 to 7/2 6. 2y = соѕ 2х + 1 from 0 to 


Find the rms value for each function in the given interval. 


7. y 2x + 1 from0to6 8. y = sin2x from to 7/2 
9. у= x + 2х2 from 1to4 10. у = 3tanx бот 0 to 7/4 
11. y = 2соѕ х бот 7/6 to 7/2 19. у = 5sin2x from 0 to 7/6 


+++ CHAPTER 29 REVIEW PROBLEMS «..ьь.ь о өөө өө өөө» л» л ллллл 


Find 4у/ах. 
1. у = “ма = e 3/4) 9. у = 52х+3 
2 
3. y = 8 tan Vx 4. y = sec? x 
1 
5. y = x Arctan 4x 6. у = ———_ 
V Arcsin 2x 
7. y? = sin2x 8. y = xe? 
9. y= xsinx 10. y = x? sinx 
11. у = x° cos x 19. y = Іа sin(x? + Зх) 
13. y= T 14. y 7 (log x 
15. y = log x(1 + x?) 16. cos(x — y) = 2x 
17. y = In(x + V x? + a?) 18. y = In(x + 10) 
19. y = csc 3x 20. y = In(x? + Зх) 
sin x 1 
oh = COS X шал cos? x 
93. y = In(2x? + x) 94. y — x Arcsin 2x 
95. y — x? Arccos x 


26. Find the minimum point of the curve y = In(x? — 2x + 3). 
27. Find the points of inflection of the curve xy = 4 log(x/2). 


98. Find a minimum point and a point of inflection on the curve y In x — x. Write 
the equation of the tangent at the point of inflection. 


Integrate. 


1 
99. | 3x sin x? dx 30. / sin 7x dx 
0 


24. / 6x cos 2x? dx 32. | sin (5x — 4) dx 
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1/2 т/2 
33. f 3 cos 5x dx 34. | 7x sin 2x? dx 
0 0 
35. n x? dx 36. porta 
4 
37. / x In(3x? — 2) dx 38. ri 5x? 108(3х° + 7) dx 
1 
т 
39. | x? cos(x? + 5) dx 40. f e* ?* dx 
0 


41. Find the average value for the function у = sin? x for x = 0 to 2. 
42. Find the rms value for the function y = 2x + x? for the interval x = —1 to 3. 


43. At what x between —7/2 and 7/2 is there a maximum on the curve 
y = 2tanx — tan? x? 


Find the value of dy/dx for the given value of x. 


Ar 2 
44. y = x Arccos x atx = —i 45. y сес 2x "— 


Vx 


46. If x? + y? = In y + 2, find у’ and y" at the point (1, 1). 


Find the equation of the tangent to each curve. 

47. y= sinx atx = 7/6 

48. y = x In x parallel to the line 3x — 2y = 5 

49. At what x is the tangent to the curve y = tan x parallel to the line y = 2x + 5? 


Find the smallest positive root between x = 0 and 10 to three decimal places by 
any method. 


50. sin3x — cos2x = 0 51. 2 sin 28 — соѕ 2х = 0 


52. Find the angle of intersection between у = In(x?/ 8-1) and 
y = In@x — x?/4 — D)atx = 4. 

53. A casting is taken from one oven at 1500?F and placed in another oven whose 
temperature is О°Е and rising. The temperature T of the casting after th is given 
by T = 100г + 1500e 9, Find the minimum temperature reached by the cast- 
ing and the time at which it occurs. 


54. A statue 11 ft tall is on a pedestal so that the bottom of the statue is 25 ft above 
eye level. How far from the statue (measured horizontally) should an observer 
stand so that the statue will subtend the greatest angle at the observer's eye? 


55. The voltage applied to a 184-microfarad (uF) capacitor is 
v = 22.5 cos(48.3t + 0.95) У 


(a) Write an expression for the current in the capacitor and (b) evaluate the 
current att = 0.1 s. 
56. The current in a certain 84.6 F capacitor is given by 
і = 39.4e !237 А 
Write an expression for the voltage across the capacitor when charging, assum- 
ing an initial voltage of 0. 


57. The current at a point in a certain circuit is given by 


і = 735 sin(33.6t + 0.73) A 


(a) Write an expression for the charge at that point, assuming an initial 
charge of 0, and (b) evaluate it att = 2.00 s. 
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58. An expression for the current at a point in a certain circuit is 
і = 24.6 sin (24.6t + 0.663) A 
(a) Assuming an initial charge of 0, write an expression for the charge at that 
point and (b) evaluate it att = 1.00s. 
59. The voltage applied to a certain 482-microfarad (uF) capacitor is 
v = 27401 — е7"/335) ү 
(a) Write an expression for the current in the capacitor апа (b) evaluate the 
current at f = 200 s. 
60. The charge through a 63.5- €. resistor is given by 
q = 184 sin(39.6t + 0.383) C 
Write an expression for (a) the instantaneous current through the resistor and (b) 
the instantaneous voltage across the resistor. 
61. The current in a certain 834 F capacitor is given by 
i = 63.5е ЗА 


Write an expression for the voltage across the capacitor when charging, assum- 
ing an initial voltage of 0. 


62. Project: A capacitor (Fig. 29—25) is charged to 300 V. When the switch is closed, 
the voltage across R is initially 300 V but then drops according to the equation 
ү = 300e "/RC. where ¢ is the time (in seconds), R is the resistance, and C 
is the capacitance. If the voltage № also starts to rise at the instant of switch 
closure so that V; = 100: 


(a) Graph Vj, V5, and V. 

(b) Show that the total voltage V is 300e "^C + 100r. 

(c) Graphically find t when V is a minimum. 

(d) Find t when V is a minimum by setting the derivative dV/dt equal to zero 
and solving for t. FIGURE 29-25 
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First-Order 
Differential Equations 


OBJECTIVES 
When you have completed this chapter, you should be able to 


* Solve simple differential equations by calculator, graphically or 
numerically. 


* Solve first-order differential equations that have separable variables or 
that are exact. 


* Solve homogeneous first-order differential equations. 
* Solve first-order linear differential equations and Bernoulli's equation. 


* Solve applications of first-order differential equations. 


A differential equation is simply an equation that contains one or more derivatives. 
We have already solved simple types in an earlier chapter and here we go on to 
more difficult types. 

After some definitions, we show how to solve differential equations by calcula- 
tor, and by graphical and numerical methods. These are useful for cases where a 
differential equation cannot be solved by other means. We then show how to solve 
several types of first-order differential equations analytically. 

Our main applications will be in exponential growth and decay, motion, and 
electric circuits. For these, we will write a differential equation from the problem 
statement and go on to solve it. For example, suppose the temperature of a part in a 
heat-treating furnace increases with time so that its rate of increase is proportional 
to the difference between its final temperature Ty and its present temperature T. 
We can express this relationship as 


8 Те = Т 
dt n( 7 ) 
where n is a constant. How would you now solve that simple differential equation 
to arrive at a formula for exponential growth? We will show how in this chapter. 

Here we limit ourselves to first-order differential equations and will cover 
those of second order in the following chapter. 


Section 1 * Definitions 


30-1 Definitions 


A differential equation is one that contains one or more derivatives. We sometimes 
refer to differential equations by the abbreviation DE. 


eee Example 1: Some differential equations, using different notation for the deriva- 
tive, are 


d 
() +5 = 2xy (b y'—4y' + xy =0 
X 


(c) Dy + 5 = 2xy (d D?y — 4Dy + xy = 0 soe 


Differential Form 

A differential equation containing the derivative dy/dx is put into differential form 
simply by multiplying through by dx. 

өөө Example 2: Example 1(a) in differential form is 


dy + 5dx = 2xy dx өөө 


Ordinary Versus Partial Differential Equations 


We get an ordinary differential equation when our differential equation contains 
only two variables and “ordinary” derivatives, as in Examples | and 2. When the 
equation contains partial derivatives, because of the presence of three or more vari- 
ables, we have a partial differential equation. 


Ox ду 
+++ Example 3: ra em is a partial differential equation. 
The symbol д is used for partial derivatives. 22 


We cover only ordinary differential equations in this book. 


Order 


The order of a differential equation is the order of the highest-order derivative in 
the equation. 


+++ Example 4: 
а?у 


а 

(а)  — x = 2y is of first order. (b) —~ — 9 = 3x is of second order. 
dx dx? dx 

(c) 5y” — 3y" = xy is of third order. +.. 

Degree 


The degree of a derivative is the power to which that derivative is raised. 


+++ Example 5: (y')? is of second degree. ooo 


The degree of a differential equation is the degree of the highest-order deriva- 
tive in the equation. We will cover first-order DEs in this chapter, an second-order 
in the next. 

The equation must be rationalized and cleared of fractions before its degree 
can be determined. 
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+++ Example 6: 


(a) (у)? — 5 (у')* = 7 is a second-order equation of third degree. 
(b) To find the degree of the differential equation 
x 


Vy -2 


we clear fractions and square both sides, getting 


Vy -2=x 


=1 


or 
y-2-2x 
which is of the first degree. өөө 


It’s important to recognize the type of DE here for the same reason as for other 
equations. It lets us pick the right method of solution. 


Don’t confuse order and degree. The symbols 


d?y ( dy ! 
-5580000|-5- 
dx? dx 


have different meanings. 


Solving a Simple Differential Equation 


We have already solved some simple differential equations in an earlier chapter by 
multiplying both sides of the equation by dx and integrating. 


+++ Example 7: Solve the differential equation dy/dx = x? — 3. 


Solution: We first put our equation into differential form, getting dy = (x? — 3)dx. 
Integrating, we get 
3 
2 x 
y= "аж ий ай +++ 


Checking a Solution 


Any function that satisfies a differential equation is called a solution of that equa- 
tion. Thus to check a solution, we substitute it and its derivatives into the original 
equation and see if an identity is obtained. 

+++ Example 8: Is the function y = е2" 
у” = 3y'+2y=0? 


a solution of the differential equation 


Solution: Taking the first and second derivatives of the function gives 
y! =2e and y" = 4е^ 
Substituting the function and its derivatives into the differential equation gives 
4e — 6e* + 2е2* = 0 


which is an identity. Thus y = e?* is a solution to the differential equation. We will 
see shortly that it is one of many solutions to the given equation. ooo 


General and Particular Solutions 


ш Exploration: We have just seen that the function y = e?" is a solution of 


the differential equation y" — 3y' + 2y = 0. But is it the only solution? Try this. 
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Substitute the following functions yourself, and you will see that they are also solu- 
tions to the given equation. 


у = 4e* (1) 
у = Ce (2) 
у = Ce + Ce (3) 
where C, С, and С» are arbitrary constants. E 


There is a simple relation, which we state without proof, between the order of a 
differential equation and the number of constants in the solution. 


The differential equation in Example 8 is of second order, so the solution can 
have up to two arbitrary constants. Thus Eq. (3) is the general solution whereas Eqs. 
(1) and (2) are called particular solutions. When we later solve a differential equa- 
tion, we will first obtain the general solution. Then, by using other given information, 
we will evaluate the arbitrary constants to obtain a particular solution. The “other 
given information" is referred to as boundary conditions or initial conditions. 


Exercise 1 • Definitions 


Give the order and degree of each equation, and state whether it is an ordinary or 
partial differential equation. 


dy 
1. — + 3xy = 5 2. y" + Зу = 5x 
dx 
2 
3 ду 
3. D°y — 4Dy = 2xy 4. —5 + 4у = 
дх 
dy 22) 
5. 3(* – 5y! = 3 6. 4 -3 = x? 
o) y y ds EX иг 
Solve each differential equation. 
d 
1. 2 = т; 8. oy = x? 
dx 
9. 4x — Зу =5 10. 3Dy = 5x + 2 
11. dy = x dx 19. dy — 4x dx = 0 


Show that each function is a solution to the given differential equation. 


NN. ee dy x53 4. 
Thy xy = Cx 14. ca ae Зу = С 
2, 
15. ру = ^y = с? 


16. у сох + 3 + у = 0, у = Ссоѕх — 3 
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We have said that any function that satisfies a differential equation is a solution to 
that equation. That function can be given 


(a) analytically, as an equation 
(b) graphically, as a plotted curve 
(c) numerically, as a table of point pairs 
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Пезару нјн | 


" deSolvely' =<; х, y) 


u? = x? + @1 
deSoluetu'zx^u,x,u» 
MAIN RAD AUTO FUNC 1730 


TI-89 screen for Example 9. 


rosigansebra}éaiclotner|ersiunlcvean ur] | 


" deSolvel y' ий" and yt) =p 


WeCy'=x“y and 
MAIN RAD AUTO FUNC 


TI-89 screen for Example 10. 
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In this section we will find all three kinds of solutions, with our analytical solution 
found by symbolic math on a calculator. We will do analytical solutions by hand 
later in this chapter. 

The methods of this section are especially important because analytical solu- 
tions cannot be found by hand for many differential equations. 


Solution by Calculator 


Many calculators that can do symbolic processing can solve a differential equation. We 
must enter the DE, the independent variable, and the dependent variable. If boundary 
conditions are also entered, we will get a particular solution. Otherwise we will get a gen- 
eral solution with unknown constants. We will first do an example of a general solution. 


+++ Example 9: Use the TI-89 to solve the DE 
dy x 


dx y 
Solution: 


(a) We select deSolve from the MATH | Calculus menu. (b) Then enter the DE, 
y' = x/ y. Indicate a derivative using the prime (7) symbol. (c) Enter the vari- 


ables x and y. (d) Press | ENTER | to display the general solution 
y =x +C 


Notice that the constant is displayed as @1 on the calculator. +.. 
Now let us repeat the preceding example with boundary conditions. 
+++ Example 10: Solve the DE from the preceding example with the boundary 


conditions 
у = | whenx = 0 


Solution: The steps are similar, but now immediately following the DE, we enter 
boundary conditions in the form 
and y(0)=1 


where and is from ће MATH | Test menu. The complete entry is then 


deSolve (y' = x/y and y (0) = 1,x, y) 


Pressing | ENTER | displays the particular solution 


у= х2 +1 22 


Graphical Solution by Slope Fields 
A differential equation, such as 

dy/dx = x — 2y 
relates the variables x and y to the derivative dy/dx. But, remember that the deriva- 
tive is the slope m of the curve. Replacing dy/dx with m gives 

m = х — 2y 

Using this equation, we can compute the slope at any point. The graph of the slopes 
is called a slope field (also called a direction field or tangent field). To get the solu- 
tions to a differential equation, we simply sketch in the curves that have the slopes 
of the surrounding slope field. 
+++ Example 11: 
(a) Construct a slope field for the differential equation 

dy/dx = x — 2y 

for x = Oto5 andy = OtoS. 

(b) Sketch the solution that has the boundary conditions y = 2 when x = 0. 
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Solution: 

(a) Computing slopes gives the following: 
At (0,0) m = 0 — 2(0) = 0 
At (0, 1) m = 0 — 2(1) = -2 


At (5,5) т = 5 — 2(5) = —5 


It takes 25 computations to get all the points. We save time by using a com- 
puter and get the following: 


5 [ed —9 -8 -7 -6 —5 
4| -8 -7 -6 -5 -4 -3 

y 3| -6 -5 -4 -3 -2 -I 
A -4 E EM 1 
1|-2 -1 0 1 2 3 

0| 0 1 2 3 4 5 

D 1 2 3 4 5 

X 


We make our slope field by drawing a short line with the required slope at each 
point, as shown in Fig. 30-1. 

(b) Several solutions are shown dashed in Fig. 30-1. The solution that has the bound- 
ary conditions y = 2 when x = 0 is shown as a solid line. 


FIGURE 30-1 This is obviously a lot of work, which usually 
makes it an impractical method of solution. It is, however, a 
good way to visualize a solution to a DE. 666 


Euler’s Method: Graphical Solution 


Euler’s method is named after the Swiss 
We will now describe a technique, called Euler’s method, for solving a differential mathematician Leonhard Euler 
equation approximately. We use it here for a graphical solution of a DE, and in the (1701793); 
next section we use it for a numerical solution. 

Suppose that we have a first-order differential equation, which we write in 
the form 


у = f(x,y) (1) 


and a boundary condition that x = x, when y = yp. We seek a solution y = F(x) 
such that the graph of this function (Fig. 30-2) passes through Р(х,, y,) and has a 
slope at P given by Eq. (1), т, = (х, yy). 
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УА y-F(x) 


"y 


0 p q 


FIGURE 30-2  Euler's method. 


Having the slope at P, we then step a distance Ax to the right. The rise dy of 
the tangent line is then 


rise — (slope)(run) — m, Ax 


Thus the point О has the coordinates (x, + Ax, у, + m, Ax). Point Q is probably 
not on the curve y — F(x) but, if Ax is small enough, may be close enough to use 
as an approximation to the curve. 

From Q, we repeat the process enough times to reconstruct as much of the 
curve y — F(x) as is needed. 


өөө Example 12: Use Euler's method to graphically solve the DE, dy/dx = x/y?, 
from the boundary value (1, 1) to x = 5. Increase x in steps of Ax = 1 unit. 


Solution: We plot the initial point (1, 1) as shown in Fig. 30-3. The slope at that 
point is then 
m = dy/dx = x/y* 
= ет 


Through (1, 1) we draw a line of slope 1. We assume the slope to be constant over 
the interval from x = 1 to 2. We extend the line to x = 2 and get a new point (2, 2). 
The slope at that point is then 


d 
FIGURE 30-3 Graphical solution of - = —, 
x 
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Through (2, 2) we draw a line of slope and extend it to get (3, 25). We continue in 
this manner to get the final point (5, 3.4). +.. 


Note that our solution in Example 12 was in the form of a graph. With the nu- 
merical method to follow, our solution will be in the form of a table of point pairs. 


Euler's Method: Numerical Solution 


We can express Euler’s method by means of two iteration formulas. If we have the 
coordinates (х, уу) at any point P, and the slope m, at P, we find the coordinates 
(х Yq) of Q by the following iteration formulas: 


eee Example 13: Find an approximate solution to y' = x?/y, with the boundary 
condition that y = 2 when x = 3. Calculate y for x = 3 to 10 in steps of 1. 


Solution: The slope at (3, 2) is 
9 
т = y'(3,2) = 2 = 4.5 


If Ax = 1, the rise is 
dy = m Ax = 4.5(1) = 4.5 
The ordinate of our next point is then 2 + 4.5 = 6.5. The abscissa of the next point 


is 3 + 1 = 4. So the coordinates of our next point are (4, 6.5). Repeating the process 
using (4, 6.5) as (Xp, уу), we calculate the next point by first getting m and dy. 


16 
= y'(4,6.5) = — = 2.462 
m = у ( ) = 6s 
dy = 2.462 (1) = 2.462 
So the next point is (5, 8.962). The remaining values are given in Table 30-1, which 
was computer generated. 


TABLE 30-1 
3 2.00000 2.00000 0.00000 
4 6.50000 5.35413 1.14587 
5 8.96154 8.32666 0.63487 
6 11.75124 11.40176 0.34948 
7 14.81475 14.65151 0.16324 
8 18.12226 18.09236 0.02991 
9 21.65383 21.72556 —0.07173 

10 25.3945 1 25.54734 —0.15283 


The solution to our differential equation then is in the form of a set of (x, y) pairs, 
the first two columns in Table 30-1. We do not get an equation for our solution. 

We normally use numerical methods for a differential equation whose exact solu- 
tion cannot be found. The exact solution, which we'll find later, is 3y? = 2x3 – 42, 
which we’ll now use to compute the values shown in the third column of the table, 
with the difference between exact and approximate values in the fourth column. Note 
that the error at x = 10 is about 0.6%. The exact and the approximate values are 
graphed in Fig. 30-4. 


FIGURE 30-4 
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Reducing the step size will result in better accuracy (and more work). However, more 
practical numerical methods for solving DEs are given on our companion web site. 999 


Exercise 2 • Solving a DE by Calculator, Graphically, 
and Numerically 


Calculator Solution 


Solve each differential equation by calculator. 


1. у= х/у 2. у = 2у/х 
3. y = xy 4. y = х/4у y(5)=2 
5. у' = х?/у* у(0)=1 6. у = Зх/у? у(4)=1 


Graphical and Numerical Solution 


Solve each differential equation and find the approximate value of y requested. Start 
at the given boundary value and use a slope field or Euler’s graphical or numerical 
method, as directed by your instructor. 


7. у= х Start at (0, 1). Find у(2). 
8. у= у Start at (0, 1). Find у(3). 
9. у= x — 2y Start at (0, 4). Find y (3). 


10. у= x? — y? — 1 Start at (0, 2). Find y (2). 
11. Computer: Use a spreadsheet to compute the values of the slopes for a slope 
field for any of the DEs in this chapter. 


12. Computer: Use a spreadsheet for the numerical solution by Euler’s method of 
any of the DEs in this chapter. 


Eom 30-3 First-Order DE: Variables Separable 


Given a differential equation of first order, dy/dx = f (x, y), it is sometimes possi- 
ble to separate the variables x and y. That is, when we multiply both sides by dx, 
the resulting equation can be put into a form that has dy multiplied by a function of 
y only and dx multiplied by a function of x only. 


If this is possible, we can obtain a solution simply by integrating term by term. 


+++ Example 14: Solve the differential equation у’ = x?/y. 
Solution: 
(1) Rewrite the equation in differential form: We do this by replacing y’ with dy/dx 
and multiplying by dx. 
x? ах 
y 
(2) Separate the variables: We do this here by multiplying both sides by y, and 


we get y dy = x? dx. The variables are now separated, and our equation is in 
the form of Eq. 321. 


dy = 
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(3) Integrate: А А А ЕА | 


» dy = Je dx 5 
кщ Т 

y n deSolvel y y хач) 

2 


2 Ux 


y2 == +01 
5 


i i OeCg'zx^2/u, х 
where С is an arbitrary constant. SEN CARE FIRT D 


(4) Simplify the answer: We can do this by multiplying by the LCD 6. В calculator check for Example 14; 


Зу? = 2x7 + С 
where we have replaced 6C; by C. We'll often leave our answer in implicit 
form, as we have done here. ooo 
Simplifying the Solution 


Often the simplification of a solution to a differential equation will involve 
several steps. 


+++ Example 15: Solve the differential equation dy/dx = 4xy. 
Solution: Multiplying both sides by dx/y and then integrating gives us 

d 
ЧЭ. 4х dx 

y 
In|y| = 2x + C 

We can leave our solution in this implicit form or solve for y. 
2х?+С 2 e C 


ly] =e e 


Let us replace e© by another constant k. Since k can be positive or negative, we can 
remove the absolute value symbols from y, getting 
y= ke” 66 


The solution to a DE can take on different forms, depending оп how you simplify 
it. Don’t be discouraged if your solution does not at first match the one in the an- 
swer key or on the calculator. 


The laws of exponents or of logarithms will often be helpful in simplifying an 
answer, as in the following example. 


eee Example 16: Solve the differential equation dy/dx = y/(5 — x). 
Solution: 


(1) Going to differential form, we have 
ydx 


dy = 
4 9 —x 


(2) Separating the variables yields 
dy dx 


y 5) =x 


990 


Позз ресоре нјн | 


ЫШ deSolvel 9 д 


eCug!'zulc5-x2,x,u) 
MAIN RAD AUTO FUNC 


TI-89 calculator check for Example 16. 


Here the constant @1 is equal to —C 
in our example. 
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(3) Integrating gives 
In|y| = —In|5 — x| + С, 


(4) Simplifying gives 
шу + Inl - x| = С, 


Then using our laws of logarithms we get 
Inly(S - x)| = С, 


Going to exponential form, 


уб = х) =е 


TUS 


where x # 5. We can leave this expression as it is or simplify it by letting 
C = eC, getting 


= Dex 
Logarithmic, Exponential, or Trigonometric Equations 


To separate the variables in certain equations, it may be necessary to use our laws 
of exponents or logarithms, or the trigonometric identities. 


2y 


өө» Example 17: Solve the equation 4y’ e? cos x = e” sin x. 


Solution: We replace у’ withdy/dx and multiply through by dx, getting 
4e” cos x dy = e” sin x dx. We can eliminate x on the left side by dividing through 


by cos x. Similarly, we can eliminate y from the right by dividing by e”. 
4e” Mons sin x 
e? 77 созу 


or 4e” dy = tan x dx. Integrating gives the solution 


2e? = —In|cos x| + C +++ 


Particular Solution 

We can evaluate the constant in our solution to a differential equation when given 
suitable boundary conditions, as in the following example. 

+++ Example 18: Solve the equation 2y (1 + х2)у' + x(1 + y?) = 0, subject to the 
condition that y = 2 when x = 0. 

Solution: Separating variables and integrating, we obtain 


2ydy | хах 
1+y БЕЗ 


2у dy 1 2x dx 
27 2-0 
1-у 2J Lx 


1 
In|1 + у + 511! + х2] = С 


Simplifying, we drop the absolute value signs since (1 + x?) and (1 + y?) cannot 
be negative. Then we multiply by 2 and apply the laws of logarithms. 
21n(1 + y?) + In(1 + х2) = 2C 
In(1 + x2)1 + y)? = 2С 
a x» + у) = 


| 
% 
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Applying the boundary conditions that y = 2 when x = 0 gives 
eC = (1 + 0) + 22) = 25 


Our particular solution is then (1 + x2) + yy = 25. 


Exercise 3 • First-Order DE: Variables Separable 


General Solution 


Find the general solution to each differential equation. Try some by calculator. 


x 
1. у= = 
и y 
3, dy = xy dx 
2 
x 
5. y = 
у? 
7. xy dx — (х? + 1) ау = 0 
9. (1 + х2) ау + O? + Idx = 0 
11. V1 + x? dy + xydx = 0 
13. (у2 + D dx = (x? + 1) dy 
15. (2 + у) ах + (x — 2) ау = 0 
17. (x — xy?) dx = — (x?y + у) dy 


With Exponential Functions 


18. dye “dx 
90. ey’ +1)=1 


With Trigonometric Functions 


99, 
23. 
24. 
25. 
26. 
27. 


(3 + у) ах + cotxdy = 0 
tan у dx + (1 + х) ау = 0 
tan y dx + tan х dy = 0 


4 sin x sec у ах = sec x dy 


Particular Solution 


Using the given boundary condition, find the particular solution to each differential 


equation. Try some by calculator. 


sin x cos? y dx + cos? x dy = 0 


d 2 
о. 2-2 
dx x 
4. y! = xy? 
2 
X eu 
6. у = 2 
Mc 
8. y = gy 
10. y = xe? 


19. ye* = (1 + e?»y' 
91. e "dx +e * dy = 0 


cos x sin y dy + sin x cosy dx = 0 


98. x dx = 4y ау, х = 5 when y = 2 

99. у?у' = 52, x = Owheny = 1 

30. Vx? + 1y' + 3x? = 0, x = 1 wheny = 1 
31. y'sin y = cos x, x = 77/2 when y = 0 

32. 


xO + Dy’ = у(1 + х), x = 1 wheny = 1 


We'll have applications later in 
this chapter. 
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EN 30-4 Exact First-Order DE 


When the left side of a first-order differential equation is the exact differential of 
some function, we call that equation an exact differential equation. Even if we can- 
not separate the variables in such a differential equation, we might still solve it by 
integrating a combination of terms. 


+++ Example 19: Solve y dx + x dy = x dx. 


Solution: The variables are not now separated, and we see that no amount of ma- 
nipulation will separate them. However, the combination of terms y dx + x dy on 
the left side may ring a bell. In fact, it is the derivative of the product of x and y. 


do S A dx 


Eq. 259 
dx dx Vax (Eq ) 


Or 
d(xy) = хау + y dx 


This, then, is the left side of our given equation. The right side contains only x's, 
50 we integrate. 
[oa + хау) = f: 


ае» = а 


х2 


оС 


or 


Integrable Combinations 


The expression y dx + x dy from Example 19 is called an integrable combination. 
Some of the most frequently used combinations are as follows: 


+++ Example 20: Solve dy/dx = y(1 — xy)/x. 


Solution: We go to differential form and clear denominators by multiplying through 
by x dx, getting x dy = y(1 — xy) dx. Removing parentheses, we obtain 


x dy = ydx — ху? dx 
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On the lookout for an integrable combination, we move the y dx term to the left side. 
х4у-уах- ху? dx 
We see now that the left side will be the differential of x/y if we multiply by 


-1/ y^ Any expression that we multiply by (such as -y? here) to make our 
equation exact is called an integrating factor. 


dx — xd 
pem = x dx 
у? 
Integrating gives x/y = x?/2 + C4, or 
2x 
xX +С 


y= 


A certain amount of trial-and-error work may be needed to get the DE into a suit- 
able form. 


Particular Solution 


As before, we substitute boundary conditions to evaluate the constant of integration. 


+++ Example 21: Solve 2xy dy — 4х dx + y? dx = 0 such that x = 1 when y = 2. 


Solution: It looks as though the first and third terms might form an integrable com- 
bination, so we transpose the —4x dx. 


2xy dy + y? dx = 4x dx 
The left side is the derivative of the product xy’. 
d (xy) = 4x ах 


Integrating gives xy? = 2х? + С. Substituting the boundary conditions, we get 
C= xy? 2x? 102)? 21)? = 2, so our particular solution is 


xy? =2x +2 өөө 


Exercise 4 • Exact First-Order DE 


Integrable Combinations 


Find the general solution of each differential equation. Try some by calculator. 


1. ydx + xdy =7dx 2. хау = (4 — у) ах 
ау 
3. x— = 3 – у 4. у + ху = 9 
ах 
ау 
5. 2ху = x — 2y 6. х— = 2x — y 
dx 
7. x dy = (3x? + y) dx 8. (x + у) ах + хау = 0 
а 
9, 3x2 + 2y  2xy' = 0 10. (1 = 22у) = ху! 
х 
ydx — хау 
11. (2x — у)у = x — 2y 12. ——,; = x dx 
y 
13. y dx — x dy = 2у? dx 14. (x — 2х2у) dy = y dx 
3 dy , 2 
15. Cy aay 16. (у = х)у + 2ху + y = 0 
x 
2 , xdy = y dx 
17. 3x — 2y 4хуу' = 0 18. J 43 = 99у 
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Using the given boundary condition, find the particular solution to each differen- 
tial equation. 


19. 4x = y + xy’, x = 3 when y = 1 
20. ydx = (x — 2x*y) dy, x = 1 when y = 2 


3 dy 
91. y = By? + x)—, x = 1 wheny = 1 
dx 
99. 4x? = —2y — 2xy', x = 5 when y = 2 
d 
23. 3x — 2y = (2x — 3) ух = 2when y = 2 
х 


94. 5x = 2y? + Axyy’, x = 1 when y = 4 


n—— 30-5 First-Order Homogeneous DE 


Recognizing a Homogeneous Differential Equation 


If each variable in a function is replaced by t times the variable, and a power of t can 
be completely factored out, we say that the function is homogeneous. The power of t 
that can be factored out of the function is the degree of homogeneity of the function. 

In other words, a function f(x, y) is said to be homogeneous of degree n if 


ftx, ty) = t" f(x, y) 


+++ Example 22: Is V x* + xy? a homogeneous function? 


Solution: We replace x with tx and y with ty and get 


V (xy! + (tx) (ty? = Vra + tixy? = PV xt + ху! 


Since we were able to completely factor out a (2, we say that our function is homo- 
geneous to the second degree. 22) 


A homogeneous polynomial is one in which every term is of the same degree. 


+++ Example 23: 
(a) x? + xy — y? is a homogeneous polynomial of degree 2. 


(b) etx y? is not homogeneous. 5322 


A first-order homogeneous differential equation is one of the following form: 


Here M and N are functions of x and y and are homogeneous functions of the same 
degree. 


+++ Example 24: 
(а) (х2 + у?) dx + ху dy = Oisa first-order homogeneous differential equation. 
(b) (х2 + у?) dx + х dy = 0 is not homogeneous. ooo 


Identifying which equations are homogeneous and which are not allows us 
to pick the correct method for solving a given equation. 
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Solving a First-Order Homogeneous Differential Equation 


Sometimes we can transform a homogeneous differential equation whose variables can- 
not be separated into one whose variables can be separated by making the substitution 
y = 0х 


as explained in the following example. 
+++ Example 25: Solve 
и == ў х? + у? 
Solution: We first check if the given equation is homogeneous of first degree. We put 
the equation into the form of Eq. 326 by multiplying by dx and rearranging. 
хау —ydx= x? + у? ах 

(V xà + у? + y)dx — xdy = 0 

This is now in the form of Eq. 326, 
Mdx+Ndy=0 


with M = Vx? + y? + y and N = —x. To test if M is homogeneous, we replace 
x by tx and y by ty. 


V (tx)* + (ty)? + ty = v 252 + Ру? diy 
—-a4NV + у? + іу 
[V x? + y? + y] 


We see that t can be completely factored out and is of first degree. Thus M is homo- 
geneous of first degree, as is N, so the given differential equation is homogeneous. 

To solve, we make the substitution y — vx to transform the given equation into 
one whose variables can be separated. However, when we substitute for y, we must 
also substitute for dy/dx. Let 


y = Ux 
Then by the product rule 
dy dv 
utut bp 
dx d 
Substituting into the given equation yields 
dv 
Ч Fx ) vx = x? + vx? 
dx 
which simplifies to 
dv 2 
x— = 1-4) 
ах 
Separating variables, we have 
dv dx 


Vite 


Integrating by Rule 62, we obtain 


In|o + V1 + »?| = шх + С, 
v+ М1 + 22 


n = С, 
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where C = eC. Now subtracting v from both sides, squaring, and simplifying gives 
C?) — 2Съх = 1 

Finally, substituting back, v = y/x, we get 
Cx — 2Cy = і 22 


Exercise 5 » First-Order Homogeneous DE 


Find the general solution to each differential equation. 
1. (x = y) dx — 2xdy = 0 

. Gy = x) dx = (x + y) dy 

sy Зу 

2(х2- xy) dy + (x? — xy + y?) dx = 0 

xy? dy — (х? + у) ах = 0 

.2xy + у? = x*y = 0 


с U B ош ю 


Using the given boundary condition, find the particular solution. 
7. x— у= 2xy',x=l,y=1 
8. 3xy? dy = Gy? – х?) dx, x = 1,у = 2 
9. (х? + y) dx – x? dy = 0,х = 1,у = 0 


Штттгтгс 30-6 First-Order Linear DE 


When describing the degree of a term, we usually add the degrees of each variable 
in the term. Thus x?y? is of fifth degree. 

Sometimes, however, we want to describe the degree of a term with regard to 
just one of the variables. Thus we say that х2у? is of the second degree in x and of 
the third degree in y. 

In determining the degree of a term, we must also consider any derivatives in 
that term. We consider dy/dx to contribute one “degree” to y in this computation, 
d?y/dx? to contribute two, and so on. Thus the term xy dy/dx is of first degree in x 
and of second degree in y. 

A first-order differential equation is called linear if each term is of first degree 
or less in the dependent variable y. 


+++ Example 26: 
(a) y! + х2у = e is linear. 
(b) y' + xy? — e* is not linear because y is squared in the second term. 


(c) y dy/dx — xy = 5is not linear because we must add the exponents of y and 
dy/dx, making the first term of second degree. +.. 


A first-order linear differential equation can always be written in the following 
standard form: 


where P and Q are functions of x only. 
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+++ Example 27: Write the equation xy’ — e* + y = xy in the form of Eq. 327. 
Solution: Rearranging gives xy’ + y — xy = e". Factoring, we have 

xy + (1 x)y = e* 
Dividing by x gives us the standard form, 


1—x e 


y + 
where P = (1 — x)/x and Q = e*/x. +.. 


Integrating Factor 


The left side of Eq. 327, a first-order linear differential equation, can always be 
made into an integrable combination by multiplying by an integrating factor R. We 
now find such a factor. 

Multiplying Eq. 327 by R, the left side becomes 


dy 
R= УМР. (1) 
dx 


Let us try to make the left side the exact derivative of the product Ry of y and the 
integrating factor R. The derivative of Ry is 


R- + y- (2) 


But Eqs. (1) and (2) will be equal if dR/dx = RP. Since P is a function of x only, 
we can separate variables. 


dR 
— = Рах 
R 


Integrating, In R = J P dx, which can be rewritten as follows: 


We omit the constant of integration 
because we seek only one 
integrating factor. 


Thus, multiplying a given first-order linear equation by the integrating factor R = eP% 


will make the left side of Eq. 327 the exact derivative of Ry. We can then proceed to inte- 
grate to get the solution of the given differential equation. 


4y 


d 
+++ Example 28: Solve заса 3. 
dx x 


Solution: Our equation is in standard form with P = 4/x and Q = 3. Then 


d 
[rw = TES = 41п|х| = In x4 


Our integrating factor R is then Can you show why e^ X* = x42 


4 
R eP dx ет x x4 


Multiplying our given equation by x^ and going to differential form gives 
xí dy + Ax*y dx = 3x* dx 


Notice that the left side is now the derivative of y times the integrating factor, 
d (xy). Integrating, we obtain 


3x? 
xty = 2 +С 
or 
Bm ge ют 
y 5 А 
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In summary, to solve the first-order linear equation 


y +Ру=0 
IP dx 


multiply by an integrating factor R = e 


yR= ока 


which сар be expressed as follows: 


and the solution to the equation 
becomes 


Next we try an equation having trigonometric functions. 


++» Example 29: Solve y' + y cot x = csc x. 


Solution: This is a first-order differential equation in standard form, with 
P = cot x and О = csc x. Thus ЇР dx = J cot x dx = In [sin x|. The integrating 
factor R is e raised to the In |sin x| , or simply sin x. Then, by Eq. 329, the solution 
to the differential equation is 

y sin x = / sss 


Since csc x sin x — 1, this simplifies to 
ysinx — / ах 


ysnx=x+C +.. 


50 


Particular Solution 


As before, we find the general solution and then substitute the boundary conditions 
to evaluate C. 


1 = 2x 
E 


+++ Example 30: Solve у’ + ( y = | given that y = 2 when x = 1. 


Solution: We are in standard form with P = (1 — 23)/x?. We find the integrating 
factor by first integrating / Р dx. This gives 


Р=х?—2х! 


[ra = ———21п|х| 
x 
1 
= ———1пх° 
х 
Our integrating factor is then 
-1 
— JPdx _ „—1/х—1пх° е m 1 
R=e e = = HM 
elnx x*e!* 


Section 6 * First-Order Linear DE 


Substituting into Eq. 329, the general solution is 


y / ах 
х2 el/* x el/* 


= fos ах = еМ + С 


When x = 1 and y = 2,C = 2/e — 1/е = 1/е, so the particular solution is 


or 


Equations Reducible to Linear Form 


Sometimes a first-order differential equation that is nonlinear can be expressed in linear 
form. One type of nonlinear equation easily reducible to linear form is one in which the 
right side contains a power of y as a factor, an equation known as a Bernoulli’s equation. 


Here G and H are functions of x only. We put a Bernoulli’s equation into the form 
of a first-order linear differential equation (Eq. 327) by making the substitution 
1-8 


Z=y 


өөө Example 31: Solve the equation y' + y/x = х2у?, 


Solution: This is a Bernoulli’s equation with 
С = —l/x Н = х? n=6 


n 


If we letz = y! ^" = y ?, the derivative of z with respect to x is then 


dz -6 dy 
— = —5 oe 
dx Ч 4х 
dy 
= —5;5/5©7 
á dx 
since y = y US Solving for dy/dx gives 
dy zg 95g; 
dx 5 dx 


Substituting for y and dy/dx in the given equation we get 
_ ede. z5 


2„—6/5 
5 dx x ** 
Multiplying by —5 and dividing through by g gives 
d Э 
“ЕЭ 52 (1) 
dx х 


This is now a first-order linear differential equation in z and matches the form of 
Eq. 327. We proceed to solve it as before, with P = —5/x and Q = —53?. We now 
find the integrating factor. The integral of P is 


[GS dx = —5Inx = In x 7, 
x 
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so the integrating factor is 


From Eq. 329, 


=) 
Zz o 223 207-5Х 
"m sf dx — -2 +С 


x 


This is the solution of the differential equation, Eq. (1). We now solve for z and 
then substitute back z = 1/y°, 


5 1 
£—-x + Cx = 
2 у? 


Our solution of the given DE is then 


5 1 
NS ES Agen uU 
5x3/2 + Cx? 
or 
2 
a Е 5332 
d 5x? + Сүх” 


Exercise 6 • First-Order Linear DE 


Find the general solution to each differential equation. 


y 


, P 
у= у += = 
Ty) к 4 o. y 2 3х 
а 
3. xy! = 4х? – у 4-2 вау 
dx 
п „2 _ Q2 HEC oe 
5. y x x^y 6. y = E 
3 — xy 2y 
же й ‚ж — + — 
7. y za 8. y " 
9. xy! 22y – x 10. (x + Dy — 2y = (x + D* 
2 — 4х?у 
Th y > 19. (x + ly’ 22(x * y +1) 
Хол 


13. ху + xy + y 20 14. (1 + x?) dy = (1 — 3x2y) dx 
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15. у +у= е" 16. y! = e* + у 

17. y! = 2у + 4e” 18. xy’ - еї + y + xy = 0 
Эг 4ln x — 2x?y 

19. y HE uu 


With Trigonometric Expressions 

90. у + ysinx = 3 ѕіп х 91. у + y = sinx 
99. y! + 2xy = 2x cos x? 93. у = 2cos x — y 
94, y' = sec x — y cot x 


Bernoulli's Equation 
95. y' + - = 3x*y" 96. xy’ + ху + y = 0 
97. y! = y — xy! (x + 2) 98. y' + 2xy = xe’ y3 


Particular Solution 
Using the given boundary condition, find the particular solution to each differen- 
tial equation. 
29. ху + y = 4х, x = 1 wheny = 5 
dy 


30. — + 5x = x — xy, x = 2 when y = 1 
dx 


31. y +2 =5,х = 1 when y = 2 
3y 
39. y' =2 +- x = 2 when y = 6 


T 
33. y' = tan? х + y cot x, х = 4 When y =2 


dy 
34. + 5y = 3e*,x = 1 wheny = 1 
dx 


30-7 Geometric Applications of First-Order DEs 


Now that we are able to solve some simple differential equations of first order, we 
turn to applications. Here we not only must solve the equation but also must first set 
up the differential equation. The geometric problems we do first will help to pre- 
pare us for the physical applications that follow. 


Setting Up a Differential Equation 


When reading the problem statement, look for the words “slope” or “rate of 
change.” Each of these can be represented by the first derivative. 


+++ Example 32: 

(a) The statement “the slope of a curve at every point is equal to twice the 
ordinate” is represented by the differential equation 

dy 

dx 


(b) The statement “the ratio of abscissa to ordinate at each point on a curve is 
proportional to the rate of change at that point” can be written 


xo a 
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(c) The statement “the slope of a curve at every point is inversely proportional to 
the square of the ordinate at that point" can be described by the equation 
dy k 


= 7 oe 


dx у? 


Finding an Equation Whose Slope Is Specified 


Once the equation is written, it is solved by the methods of the preceding sections. 


+++ Example 33: The slope of a curve at each point is one-tenth the product of the 
ordinate and the square of the abscissa, and the curve passes through the point (2, 3). 
Find the equation of the curve. 


Solution: The differential equation is, from the problem statement, 
dy ху 
dx 10 


In solving a differential equation, we first see if the variables can be separated. In 
this case they can be. 


10 dy 2 
= х“ах 
У 
Integrating gives us 
3 
x 
101n || = +С 
3 
At (2, 3), 
8 
C = 101n3 — 3 = 8.32 
Our curve thus has the equation In |у| = x?/30 + 0.832. +++ 


Tangents and Normals to Curves 


In setting problems involving tangents and normals to curves, recall that 


dy 
slope of the tangent = — = y’ 
dx 
1 
slope of the normal = —— 
^ 


+++ Example 34: A curve passes through the point (4, 2), as shown in Fig. 30-5. If 
from any point P on the curve, the line OP and the tangent PT are drawn, the triangle 
OPT is isosceles. Find the equation of the curve. 


Solution: The slope of the tangent is dy/dx, and the slope of OP is y/x. Since the 
triangle is isosceles, these slopes must be equal but of opposite signs. 


BN. y 
dx x 


We can solve this equation by separation of variables or as the integrable combina- 
tion x dy + y dx = Q. Either way gives the hyperbola 


xy=C 
(see Eq. 248). At the point (4, 2), С = 4(2) = 8. So our equation is xy = 8. 999 
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Orthogonal Trajectories 


If we graph a relation that has an arbitrary constant, we get a family of curves. 
For example, the relation x? + y? = C? represents a family of circles of radius C, 
whose center is at the origin. Another curve that cuts each curve of the family at 
right angles is called an orthogonal trajectory to that family. 

To find the orthogonal trajectory to a family of curves, 


(1) Differentiate the equation of the family to get the slope. 

(2) Eliminate the constant contained in the original equation. 

(3) Take the negative reciprocal of the slope to get the slope of the orthogonal 
trajectory. 

(4) Solve the resulting differential equation to get the equation of the orthogonal 
trajectory. 


өөө Example 35: Find the equation of the orthogonal trajectories to the parabolas 
у? = px. 
Solution: 
(1) The derivative is 2yy' — p, so 
# жа om 1 
y 2y (1) 


(2) The constant p, from the original equation, is y^/ x. Substituting y x for p in 
Equation (1) gives y' = y/2x. 


Common Be sure to eliminate the constant (p in this example) before 


Error continuing. 


(3) The slope of the orthogonal trajectory is, by Eq. 214, the negative reciprocal of 
the slope of the given family. 


ba 5—24 
D cur 
y 
(4) Separating variables yields 
ydy = —2x dx 
Integrating gives the solution, 
2 2 
y —2X 
— = C 
2 2 i 
which is a family of ellipses, 2x? + y? = C (Fig. 30-6). +.. 


Exercise 7 • Geometric Applications of First-Order DEs 


Slope of Curves 


1. Find the equation of the curve that passes through the point (2, 9) and whose 
slope is y' = x + 1/x + y/x. 

2. The slope of a certain curve at any point is equal to the reciprocal of the ordinate 
at the point. Write the equation of the curve if it passes through the point (1, 3). 


1003 


зү 


FIGURE 30-6 Orthogonal ellipses and 
parabolas. Each intersection is at 90°. 
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The equations for the various distances 
associated with tangents and normals 
were given in the Review Problems for 
our chapter on analytic geometry. 
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3. Find the equation of a curve whose slope at any point is equal to the abscissa of 
that point divided by the ordinate and which passes through the point (3, 4). 

4. Find the equation of a curve that passes through (1, 1) and whose slope at any 
point is equal to the product of the ordinate and abscissa. 

5. A curve passes through the point (2, 3) and has a slope equal to the sum of the 
abscissa and ordinate at each point. Find its equation. 


Tangents and Normals 


6. The distance to the x intercept C of the normal (Fig. 30-7) is given by 
OC = x + уу. Write the equation of the curve passing through (1, 2) for which 
OC is equal to three times the abscissa of P. 

7. A certain first-quadrant curve (Fig. 30—8) passes through the point (4, 1). If a tan- 
gent is drawn through any point Р, the portion AB of the tangent that lies between 
the coordinate axes is bisected by Р Find the equation of the curve, given that 


AP = -(2)Vi+ oF and BP = x VA + (у) 
У 


8. A tangent РТ is drawn to a curve at a point Р (Fig. 30-9). The distance OT 
from the origin to a tangent through P is given by 


xy —y 
V1 +07 
Find the equation of the curve passing through the point (2, 4) so that OT is 
equal to the abscissa of P. 


9. Find the equation of the curve passing through (0, 1) for which the length PC of 
a normal through P equals the square of the ordinate of P (Fig. 30-10), where 


РС = yM 1 + (у) 


10. Find the equation of the curve passing through (4, 4) such that the distance OT 
(Fig. 30-9) is equal to the ordinate of P. 


OT = 


Orthogonal Trajectories 


Write the equation of the orthogonal trajectories to each family of curves. 


11. the circles, x? + y? = r? 


19. the parabolas, x? = ay 
13. the hyperbolas, x? — y? = Cy 


30-8 Exponential Growth and Decay 


In our chapter on the exponential function we derived Eqs. 151, 153, and 154 for ex- 
ponential growth and decay and exponential growth to an upper limit by means of 
compound interest formulas. Here we derive the equation for exponential growth to 
an upper limit by solving the differential equation that describes such growth. The 
derivations of equations for exponential growth and decay are left as an exercise. 


өөө Example 36: A quantity starts from zero and grows with time such that its rate 
of growth is proportional to the difference between the final amount a and the pres- 
ent amount y. Find an equation for y as a function of time. 


Solution: The amount present at time ¢ is y, and the rate of growth of y we write 
as dy/dt. Since the rate of growth is proportional to (a — y), we write the differ- 
ential equation 


dy 
s n(a — y) 


Section 7 * Geometric Applications of First-Order DEs 


where n is a constant of proportionality. Separating variables, we obtain 


dy 
gc 


—ndt 


Integrating gives us 
—ln(a — у) ^nt + C 
Going to exponential form and simplifying yields 


a-y= етт С = e "e C = Cie 


where Су =e €. Applying the initial condition that y = 0 when t = 0 gives 
С, = a, so our equation becomes a — y = ae 


™ Which can be rewritten as follows: 


So we have just verified, by setting up and solving a differential equation, the ex- 
pression for exponential growth to an upper limit that we got in an earlier chapter 
from the compound interest formula +.. 


Motion in a Resisting Fluid 


Here we continue our study of motion. We earlier showed that the instantaneous ve- 
locity is given by the derivative of the displacement, and that the instantaneous 
acceleration is given by the derivative of the velocity (or by the second derivative of 
the displacement). Later we solved simple differential equations to find displace- 
ment given the velocity or acceleration. Here we do a type of problem that we were 
not able to solve then. 

In this type of problem, an object falls through a fluid (usually air or water) 
which exerts a resisting force that is proportional to the velocity of the object and in 
the opposite direction. We set up these problems using Newton’s second law, 
F = ma, and we'll see that the motion follows the law for exponential growth 
described by Eq. 154. 


өөө Example 37: A crate falls from rest from an airplane. The air resistance is pro- 
portional to the crate’s velocity, and the crate reaches a limiting speed of 218 ft/s. 


(a) Write an equation for the crate’s velocity. 
(b) Find the crate’s velocity after 0.75 s. 
Solution: 


(a) By Newton’s second law, 


W dv 
E> 4102-55-08 
g dt 
where W is the weight of the crate, dv/dt is the acceleration, and g = 32.2 ft/s”. 
Taking the downward direction as positive, the resultant force F is equal to 
W — kv, where k is a constant of proportionality. So 


We can find k by noting that the acceleration must be zero when the limiting speed 
(218 ft/s) is reached. Thus 

W — 218k = 0 
So k = W/218. Our differential equation, after multiplying by 218/W, is then 
218 — v = 6.77 dv/dt. Separating variables and integrating, we have 
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We'll have more problems involving 
exponential growth and decay in the 
following section on electric circuits. 
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PR. NM 0.148 dt 
218— v 
In|218 — v| = —0.148t + C 
218 — p = eg 0-148 +С — 0.14816 
2 C,e 91481 


Notice that the weight W has dropped out. Since v = 0 when t = 0, 
С, = 218 — 0 = 218. Then 


v = 218(1 = е 99) 


(b) Note that our equation for v is of the same form as Eq. 154 for exponential 
growth to an upper limit. When t = 0.75 s, 


v = 218(1 — e ©!!!) = 22.9 ft/s eee 


Exercise 8 • Exponential Growth and Decay 


Exponential Growth 


1. A quantity grows with time such that its rate of growth dy/dt is proportional to the 
present amount y. Use this statement to derive the equation for exponential growth, 
y = ae". 

2. A biomedical company finds that a certain bacterium used for crop insect con- 
trol will grow exponentially at the rate of 12.0% per hour. Starting with 1000 
bacteria, how many will the company have after 10.0 h? 

3. If the U.S. energy consumption in 2000 was 158 million barrels (bbl) per day 
oil equivalent and is growing exponentially at a rate of 6.9% per year, estimate 
the daily oil consumption in the year 2020. 


Exponential Decay 


4. A quantity decreases with time such that its rate of decrease dy/dt is propor- 
tional to the present amount y. Use this statement to derive the equation for ex- 
ponential decay, y = ае". 

5. An iron ingot is 1850?F above room temperature. If it cools exponentially 
at 3.5096 per minute, find its temperature (above room temperature) after 2.50 h. 

6. A certain pulley in a tape drive is rotating at 2550 rev/min. After the power is 
shut off, its speed decreases exponentially at a rate of 12.596 per second. Find 
the pulley's speed after 5.00 s. 


Exponential Growth to an Upper Limit 


7. A forging, initially at O?F, is placed in a furnace at 1550?F, where its tempera- 
ture rises exponentially at the rate of 6.5096 per minute. Find its temperature 
after 25.0 min. 

8. If we assume that the compressive strength of concrete increases exponentially 
with time to an upper limit of 4000 Ib/ in.?, and that the rate of increase is 52.5% 
per week, find the strength after 2 weeks. 


Motion in a Resisting Medium 


9. A 45.5-Ib carton is initially at rest. It is then pulled horizontally by a 19.4-Ib 
force in the direction of motion and is resisted by a frictional force which is 
equal (in pounds) to four times the carton's velocity (in ft/s). Show that the dif- 
ferential equation of motion is dv/dt = 13.7 — 2.83v. 

10. For the carton in problem 9, find the velocity after 1.25 s. 

11. An instrument package is dropped from an airplane. It falls from rest through 
air whose resisting force is proportional to the speed of the package. The ter- 
minal speed is 155 ft/s. Show that the acceleration is given by the differential 
equation a — dv/dt — g — gv/155. 


Section 9 * Series RL and RC Circuits 1007 


12. 
13. 
14. 


15. 
16. 


17. 
18. 


Find the speed of the instrument package in problem 11 after 0.50 s. 

Find the displacement of the instrument package in problem 11 after 1.00 s. 

А 157-16 stone falls from rest from a cliff. If the air resistance is proportional to 
the square of the stone's speed, and the limiting speed of the stone is 125 ft/s, 
show that the differential equation of motion is dv/dt = g — gv?/15,625. 

Find the time for the velocity of the stone in problem 14 to be 60.0 ft/s. 

A 15.0-Ib ball is thrown downward from an airplane with a speed of 21.0 ft/s. 
If we assume the air resistance to be proportional to the ball's speed, and the 
limiting speed is 135 ft/s, show that the velocity of the ball is given by 
v = 135 — 114e '/^? ft/s, 

Find the time at which the ball in problem 16 is going at a speed of 70.0 ft/s. 
A box falls from rest and encounters air resistance proportional to the cube of 
the speed. The limiting speed is 12.5 ft/s. Show that the acceleration is given by 
the differential equation 60.7 dv/dt = 1953 — v?. 


30-9 Series RL and RC Circuits 


Series RL Circuit 


Figure 30-11 shows a resistance of R ohms in series with an inductance of L hen- 


rys. The switch can connect these elements either to a battery of voltage E (position R 

1, charge) or to a short circuit (position 2, discharge). In either case, our objective is 4 “ЛМ 
to find the current i in the circuit. We will see that it is composed of two parts: а 

steady-state current that flows long after the switch has been thrown, and a tran- E 2 13 
sient current that dies down shortly after the switch is thrown. 

eee Example 38: Inductor Charging: After being in position 2 for a long time, the 


switch in Fig. 30-11 is thrown into position | at т = 0. Write an expression for (a) 
the current i and (b) the voltage across the inductor. FIGURE 30-11 RL circuit. 


Solution: 


(a) 


The voltage vz across an inductance L is given by Eq. 1086, vj, = L di/dt. Us- 
ing Kirchhoff's voltage law (Eq. 1067) gives 
di 
Li =F (1) 
dt 
We separate variables, 
Ldi = (E — Ri)dt 
Ldi 
dt = : 
E= Ri 


Taking the integral of both sides, with an initial current of 0 at t = 0, 


зааг “ла. рр d 
б oE- Ri  RjJọi— E/R 


Note that we have used a definite integral here. We could also use an indefinite integral 
and later evaluate the constant of integration by substituting the initial conditions. 


The right side is of the form / du/u (Integral No. 7). Integrating, 


Rt 


L i L Я 
t= – |б - ES = pind — E/R) – 10 — E/R] 


- n( =) - (1-80) 


Switching from logarithmic to exponential form gives 
Ri 


= eT КІГ 
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FIGURE 30-12 RC circuit. 
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From which we get 


The first term in this expression (E/R) is the steady-state current, and the sec- 
ond term (E/R) (е! 2 is the transient current. 
(b) From Eq. (1), the voltage across the inductor is 


125 Е- Ri 

v, =L— = Е – Ві 

L “dt 

Using Eq. 1087, we see that Ri = E — Ee К". Then 
v, = E — E + Ee™™/L 


Thus: 


Note that the equation for the current is the same as that for exponential growth to 
an upper limit (Eq. 154), and that the equation for the voltage across the inductor is 
of the same form as for exponential decay (Eq. 153). 


Series RC Circuit 


We now analyze the RC circuit as we did the RL circuit. 


+++ Example 39: Capacitor Discharging: A fully charged capacitor (Fig. 30-12) is 
discharged by throwing the switch from 1 to 2 at t = 0. Write an expression for (a) 
the voltage across the capacitor and (b) the current i. 


Solution: 


(a) If the voltage across the capacitor is v, then the voltage across the resistor must 
be —v, since the sum of the voltages around the loop must be zero. Since the 
current (—v/R) through the resistor must equal the current (C dv/dt) through 
the capacitor we write 


dv _ dr 
v RC 

t 
hnv=-— +k 
no pe 


Recall that in electrical problems, we will use k for the constant of integration, sav- 
ing C for capacitance. Similarly, R here is resistance, not the integrating constant. 


At t = 0 the voltage across the capacitor is the battery voltage E, so k = In E. 
Substituting, we obtain 


t 
nes he =i = ==—— 
Е ЕС 


—t/RC 


Or, in exponential form, v/E = e , which is also expressed as follows: 
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(b) We get the current through the resistor (and the capacitor) by dividing the volt- 
age v by R. 


Equations 1082 and 1084 are both 
for exponential decay. 


eee Example 40: For the circuit of Fig. 30-12, R = 15400, C = 125 uF, 
and E = 115 V. If the switch is thrown from position | to position 2 at t = 0, find 
the current and the voltage across the capacitor at t = 60 ms. 


Solution: We first compute 1/RC. 


1 1 
RC 1540 х 125 х 10-5 — 


Then, from Eqs. 1082 and 1084, 


2.19 


E -1/КС 115 —5.19¢ 
к“ 1540 ° 


i= 


and 
v = Ri = Ee VC = 115е 519! 


Att = 0.060 s, e ?-?' = 0.732, so 


115 
j = —— (0.732) = 0.0547 A = 54.7 mA 
i 1549 0-732) 0.0547 54.7 
and 
v = 115(0.732) = 842 V ooo 


Alternating Source 


We now consider the case where the RL circuit or RC circuit is connected to an al- 
ternating rather than a direct source of voltage. 


eee Example 41: A switch (Fig. 30-13) is closed at t = 0, thus applying an alter- — d 
nating voltage of amplitude Е to a resistor and an inductor in series. Write ап ex- 


pression for the current. 
СЭ E sin wt R 
Solution: By Kirchhoff's voltage law, Ri + L di/dt = E sin ot, or 


L 


di R. E. 
— + —i = — sin wt 
d L L FIGURE 30-13  RL circuit with ac 


TM : : : : А : . source. 
This is a first-order linear differential equation. Our integrating factor is 


eI R/L dt _ QRIÍL Thus 


E 
гей! = Е | еми sin wt dt 


E екі 


— L(R/L2 + о?) 


R 
(5 sin wt — o cos or +k 


1010 


Z- ҮК? + aD? 


FIGURE 30-14 


Impedance triangle. 
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by Rule 41. We now divide through by е! and after some manipulation get 


, R sin wt — cL cos wt ny 7 
К? + 12 
From the impedance triangle (Fig. 30-14), we see that R? + «12? = Z?, the 


square of the impedance. Further, by Ohm's law for ac, E/Z = I, the amplitude of 
the current wave. Thus 


E(R L 
i= ( sin wt — —— cos ө) + ке К 
Z\Z Z 


i= 


R wL 
= i( sin wt cos 2 + ke RUL 
Z 7. 


Again from the impedance triangle, R/Z = cos ф and wL/Z = sin ф. Substituting 
yields 
i = I (sin wt cos ф — cos wt sind) + Ке К! 
= I sin (ot — ф) + ke К! 
which we get by means of the trigonometric identity for the sine of the difference of 
two angles (Eq. 128). Evaluating k, we note that i = 0 when t = 0, so 


| | IX; 
k = —Isin(—@¢) = I sin = uz 


where, from the impedance triangle, sin ф = X,/Z. Substituting, we obtain 


IX, . 
i = I sin(ot — ф) + е к 
Z 
steady-state transient 
current current 


Our current thus has two parts: (1) a steady-state alternating current of magnitude /, 
out of phase with the applied voltage by an angle ф; and (2) a transient current with 
an initial value of 7X; /Z, which decays exponentially. ooo 


Exercise 9 • Series RL and AC Circuits 


Series RL Circuit 


1. If the inductor in Fig. 30-11 is discharged by throwing the switch from position 
1 to 2, show that the current decays exponentially according to the function 
i = (E/Rye P/E, 

2. The voltage across an inductor is equal to L di/dt. Show that the magnitude of 
the voltage across the inductance in problem | decays exponentially according 
to the function v = Ee К, 

3. We showed that when the switch in Fig. 30-11 is thrown from 2 to 1 (charging), 
the current grows exponentially to an upper limit and is given by 
i = (E/R) — e F'/L). Show that the voltage across the inductance (L di/dt) 
decays exponentially and is given by v = Ее "IL, 

4. For the circuit of Fig. 30-11, R = 382 Q, L = 4.75 H, and E = 125 V. If the 
switch is thrown from 2 to | (charging), find the current and the voltage across 
the inductance at t = 2.00 ms. 


Series RC Circuit 


5. The voltage v across the capacitor in Fig. 30-12 during charging is described by the 
differential equation (E — v)/R = C dv/dt. Solve this differential equation to 
show that the voltage is given by v = E(1 — e tl RC) (Hint: Write the given equa- 
tion in the form of a first-order linear differential equation, and solve using Eq. 329.) 
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6. 


7. 


Show that in problem 5 the current through the resistor (and hence through the 
capacitor) is given by i = (E/R)e !/*©. 

For the circuit of Fig. 30-12, R = 538 Q, C = 525 uF, and E = 125 V. If the 
switch is thrown from 2 to 1 (charging), find the current and the voltage across 
the capacitor at t = 2.00 ms. 


Circuits in Which R, L, or C Is Not Constant 


13. 
14. 


For the circuit of Fig. 30-11, L — 2.00H, E — 60.0 V, and the resistance de- 
creases with time according to the expression 


R = 4.00/(t + 1) 
Show that the current i is given by 


i= 10( -1)—100 + 1)? 


. For the circuit in problem 8, find the current at t = 1.55 ms. 
. For the circuit of Fig. 30-11, R — 10.00 O, E — 100 V, and the inductance 


varies with time according to the expression L = 5.007 + 2.00. Show that the 
current i is given by the expression і = 10.0 — 40/(5t + 2}?, 


. For the circuit in problem 10, find the current at t = 4.82 ms. 
. For the circuit of Fig. 30-11, E = 300 V, the resistance varies with time accor- 


ding to the expression R = 4.00, and the inductance varies with time according 
to the expression L — t? + 4.00. Show that the current i as a function of time is 
given by i = 100r(? + 12)/(02 + 4). 

For the circuit in problem 12, find the current at -- 1.85 ms. 

For the circuit of Fig. 30-12, C = 2.55 uF, E = 625 V, and the resistance 
varies with current according to the expression R = 493 + 372i. Show that the 
differential equation for current is di/dt + 1.511 di/dt + 795i = 0. 


Series RL or RC Circuit with Alternating Current 


15. 


16. 
17. 


18. 


19. 


20. 


For the circuit of Fig. 30-13, R = 233 О, L = 5.82H, and E = 58.0 sin 377: V. 
If the switch is closed when E is zero and increasing, show that the current is 
given by i = 26.3 sin(377t — 83.9°) + 26.1e mA, 

For the circuit in problem 15, find the current at £ = 2.00 ms. 

For the circuit in Fig. 30-12, the applied voltage is alternating and is given by 
Е = Emax sin ot. If the switch is thrown from 2 to | (charging) when e is zero 
and increasing, show that the current is given by 


i = (Emax/Z)[sin (ot + ф) — e "/FCsin ф] 


In your derivation, follow the steps used for the RL circuit with an ac source. 
For the circuit in problem 17, R = 837 О, C = 2.96 uF, and E = 58.0 sin 3771. 
Find the current att = 1.00 ms. 


Project: Using the methods of Sec. 30—9 as a guide, derive the formula for the 
voltage across a capacitor in a series RC circuit, when charging. 


Project: Using the methods of Sec. 30—9 as a guide, derive the formula for the 
current across an inductor in a series RL circuit, when discharging. 
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ooo CHAPTER 30 REVIEW PROBLEMS *9999999999999999999999999999 


Find the general solution to each first-order differential equation. 


1. xy ty + xy’ =e 9. y + xy! = 4? 
3. у +y—2cosx=0 4. y + х?у*+ ху 20 
5. 2y + 3х2 + 2xy’ = 0 6. y - 3x22 +2=0 
х 
7. y + (х2 — ху)у = 0 8.y' —-e?—] 
dy 2 
9. (1— x) — = y 10. y'tan x + tany = 0 
dx 
11. y+ 2x? + (y = x)y' = 0 
Using the given boundary conditions, find the particular solution to each differential 
equation. 
19. x dx = 2y dy, x = 3wheny = 1 
13. y'sin y = cos x, x = T Wheny = 0 
14. ху + y = 4x, x = 2wheny = 1 
15. y dx = (x — 2x?y) dy, x = 2wheny = 1 
16. Зху? dy = By? – x*)dx, х =3wheny = 1 


17. 


18. 


19. 


20. 


21. 


99. 


23. 


24. 


25. 


26. 


A gear is rotating at 1550 rev/min. Its speed decreases exponentially at a rate of 
9.50% per second after the power is shut off. Find the gear’s speed after 6.00 s. 


For the circuit of Fig. 30-11, R = 1350 Q, L = 7.25 H, and E = 225 V. If the 
switch is thrown from position 2 to position 1, find the current and the voltage 
across the inductance at f = 3.00 ms. 

Write the equation of the orthogonal trajectories to each family of parabolas, 
x = 4у. 

For the circuit of Fig. 30-12, R = 2550 Q, C = 145 uF, and E = 95.0 V. If 
the switch is thrown from position 2 to position 1, find the current and the volt- 
age across the capacitor at t = 5.00 ms. 

Find the equation of the curve that passes through the point (1, 2) and whose 
slope is y' = 2 + y/x. 


An object is dropped and falls from rest through air whose resisting force is pro- 
portional to the speed of the package. The terminal speed is 275 ft/s. Show that 
the acceleration is given by the differential equation a = dv/dt = g — gv/275. 
A certain yeast is found to grow exponentially at the rate of 15.0% per hour. 
Starting with 500 g of yeast, how many grams will there be after 15.0 h? 
Writing: State in words what a differential equation is. Explain the difference 
between a first-order DE and a second-order DE. 

Team Project: Take a differential equation from Exercise 2. Solve it 

by slope field 

by Euler’s graphical method 

by Euler’s numerical method 

analytically 

with each team member using a different method. Compare your results. 

On Our Web Site: Another method for solving differential equations is by use of 
the Laplace transform. A complete treatment of the Laplace transform, with elec- 
trical applications, is given in our text Web site. Also in that section are given more 
advanced numerical methods than are shown here. 


See www.wiley.com/college/calter 


Second-Order 
Differential Equations 


OBJECTIVES 
When you have completed this chapter, you should be able to 


Solve second-order differential equations that have separable variables. 


е 
c 


se the auxiliary equation to determine the general solution to second- 
rder differential equations with right side equal to zero. 


e 
с © 


se the method of undetermined coefficients to solve a second-order 
ifferential equation with right side not equal to zero. 


e 
ce 


se second-order differential equations to solve problems involving me- 
hanical vibrations. 


Q 


е 
c 


se second-order differential equations to solve RLC circuits. 


We conclude our study of differential equations with second-order equations. These, 
you recall, will have second derivatives. They may, of course, also have first deri- 
vatives, but no third or higher derivatives. Here we solve types of second-order 
equations that are fairly simple, but of great practical importance just the same. 

Certain applications cannot be described by first-order differential equations. 
For mechanical vibrations, for example, we must include acceleration in the equa- 
tion. As we've seen in earlier units, acceleration is found by taking the second de- 
rivative of the displacement. This gives rise to a second-order differential equation. 
Thus an equation describing the motion of the block suspended from a spring, 
Fig. 31-1, has the form 

d'y ау 


gp A V TEM 


where a and b are constants. To analyze the motion of the block we must solve this 
second-order differential equation, and we will do just that in this chapter. 

Equations describing circuits that have both capacitance and inductance, in 
addition to resistance, also contain the second derivative and lead to second-order 
differential equations. 


хо 


FIGURE 31-1 
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[ESI 31-1 Second-Order DE 


The General Second-Order Linear DE 
A linear differential equation of second order can be written in the form 
Py" + Оу + Ry=S 


where P, Q, R, and S are constants or functions of x. 

A second-order linear differential equation with constant coefficients is one 
where P, О, and R are constants, although 5 can be a function of x, such as in 
the following equation: 


where a, b, and c are constants. This is the type of equation we will solve in this chapter. 


Equation 336 is sometimes called homogeneous if f(x) is zero, but we will not use 
this misleading term. 


Operator Notation 


Differential equations are often written using the D operator that we have already 
introduced, where 


Dy = y! D?y = у” D?y = у” еїс. 
Thus Eq. 336 can be written 
aD?y + bDy + cy = f(x) 


We'll usually use the more familiar y' notation rather than the D operator. 


Second-Order Differential Equations with Separable Variables 


We will develop methods for solving the general second-order equation later. How- 
ever, simple differential equations of second order that are lacking a first derivative 
term can be solved by separation of variables, as in the following example. 


+++ Example 1: Solve the equation y" = 3 cos x (where x is in radians) if y' = 1 at 
the point (2, 1). 


Solution: Replacing y" by d (y')/dx and multiplying both sides by dx to separate 
variables, we have 


d(y') = 3 cos x dx 


Integrating gives us 
y = 3sin x + Ci 
Since y' = 1 when x = 2rad, Су = 1 — 3sin2 = —1.73, so 
у= 3 sin x — 1.73 
or dy = 3 sin x dx — 1.73 dx. Integrating again, we have 
y = —3 cos x — 1.73x + С 
At the point (2, 1), C; = 1 + 3 cos 2 + 1.73(2) = 3.21. Our solution is then 
y = —3 cos x — 1.73x + 3.21 ooo 


Section 2 Constant Coefficients and Right Side Zero 


Notice that we had to integrate twice to solve a second-order DE and that two con- 
stants of integration had to be evaluated. 


Solution by Calculator 

Many calculators that can do symbolic processing can solve a second-order differ- 
ential equation. We must enter the DE, the independent variable, and the dependent 
variable. If boundary conditions are also entered, we will get a particular solution. 
Otherwise we will get a general solution with unknown constants. We will repeat 
Example 1, first getting a general solution, and then a particular solution. 


Example 2: Use the TI-89 to solve the DE 
d 


—— 73cosx 
dx 
Solution: 
(a) We select deSolve from the MATH Calculus menu. 


(b) Then enter the DE, y" — 3 cos x. Indicate a second derivative using 


the prime (7) symbol twice. 
(c) Enter the independent variables x and y. 
(d) Press | ENTER | to display the general solution 


y = —3c0s x + Cx + С» 


Notice that the constants are displayed as @1 and @2 on the calculator. ees 


Now let us repeat the preceding example with boundary conditions. 


Example 3: Solve the DE from the preceding example with the boundary conditions 
y' = latthe point (2, 1) 


Solution: The steps are similar, but now immediately following the DE, we enter the 
boundary conditions in the form 


and у(2) = 1andy'(2) = 1 


where and is from the MATH | Test menu. The complete entry is then 
deSolve( y" = 3 cos (x) and у (2) = 1 and y’ (2) = 1, х, y) 


Pressing | ~ | displays the particular solution 


y = —3.00 cos x — 1.73x + 3.21 +.. 


Exercise 1 • Second-Order DE 


Solve each equation for y. Try some by calculator. 


1. у= 5 9. у" = х 
3. y" = 3e* 4. y" = sin 2x 


5. y"— x? = 0. where y' = 1 at the point (0, 0) 


31-2 Constant Coefficients and Right Side Zero 


Solving a Second-Order Equation with Right Side Equal to Zero 


If the right side, f(x), in Eq. 336 is zero, and a, b, and c are constants, we have the 
following equation: 
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тина] х: эс нд ваа | 


и deSolue(u' ' =3-cos(x),x,> 
y= -3:cos(x)-* P1-x- 02 


deSolvecy' '=3costx),x, Wu) 
MAIN RAD AUTO FUNC 1/30 


TI-89 screen for Example 2. 


Петар ресет || 


" deSolue(u'' = 3:cos(x) and 
43.00-cos(x)-1.73-x+3.21 


. YC2d=1 and _y'¢2d=1, x,y] 
N 


Mal RAD AUTO FUNC 1/30 


TI-89 screen for Example 3. 
Unfortunately, the entire equations do 
not fit on the screen. 
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To solve this equation, we note that the sum of the three terms on the left side must 
equal zero. Thus a solution must be a value of y that will make these terms alike, so 
they may be combined to give a sum of zero. Also note that each term on the left con- 
tains y or its first or second derivative. Thus a possible solution is a function such that 
it and its derivatives are like terms. Recall from the chapter on the integration of ex- 
ponential functions that one such function was the exponential function 
y= етх 

It has derivatives y’ = те” and y" = m?e"", which are ай like terms. We thus try 
this for our solution. Substituting y = е” and its derivatives into Eq. 331 gives 


ате" + bme™ + се" = 0 
Factoring, we obtain 
e"* (am? + bm + с) = 0 


Since e" can never be zero, this equation is satisfied only when am? + bm + с = 0. 
This is called the auxiliary or characteristic equation. 


The auxiliary equation is a quadratic and has two roots which we call тү and 
m». Either of the two values of m makes the auxiliary equation equal to zero. Thus 


mix mox 


we get two solutions to Eq. 331: y = e"'* andy; = e 


Note that the coefficients in the auxiliary equation are the same as those in the orig- 
inal DE. We can thus get the auxiliary equation by inspection of the DE. 


General Solution 
We now show that if у and у» are each solutions to ay" + by’ + cy = 0, then 
y = су + суу» is also a solution. 

We first observe that if y = су + coy», then 


у= «y t су and у" = су" + су" 
Substituting into the differential equation (331), we have 
а(суу"| + соу") + b(eiy'1 + e2y3) + С(сууу + суу) = 0 
This simplifies to 
cy (ay", + by' + суу + c2(ay"2 + Бу! + cy) = 0 
But ay"; + by’; + су = 0 and ay") + руз + су = 0 from Eq. 331, so 
cı (0) + c2.(0) = 0 


showing that if ур and y» are solutions to the differential equation, then 
y = су + сәу» is also a solution to the differential equation. Since y = e"'* and 
mX are solutions to Eq. 331, the complete solution is then of the form 


y-—e 


Section 2 * Constant Coefficients and Right Side Zero 


We see that the solution to a second-order differential equation depends on the na- 
ture of the roots of the auxiliary equation. We thus look at the roots of the auxiliary 
equation in order to quickly write the solution to the differential equation. 

The roots of a quadratic can be real and unequal, real and equal, or nonreal. We 
now give examples of each case. 


Roots Real and Unequal 

+++ Example 4: Solve the equation y" — 3y' + 2y = 0. 

Solution: We get the auxiliary equation by inspection. 
m? – Зт + 2 = 0 


It factors into (m — 1) and (т — 2). Setting each factor equal to zero gives m = 1 
and m = 2. These roots are real and unequal; our solution, by Eq. 333, is then 


2x 


y = cje” + coe ooo 


Sometimes one root of the auxiliary equation will be zero, as in the next example. 


өө Example 5: Solve the equation y" — 5y' = 0. 


Solution: The auxiliary equation is m? — 5m = 0, which factors into m(m — 5) = 0. 
Setting each factor equal to zero gives 


m=0 and m=5 
Our solution is then 


у = сү + се?“ ves 
If the auxiliary equation cannot be factored, we use the quadratic formula to 
find its roots. 
+++ Example 6: Solve 4.82y" + 5.85y' — 7.26y = 0. 


Solution: The auxiliary equation is 4.82m? + 5.85m — 7.26 = 0. By the quadratic 
formula, 


=5.85 + 858 — 4(4.82)(—7.2 
m = V685? = 44.82)(-7.26) = 0.762 and -198 
2(4.82) 


Our solution is then 


y = cue 9x + суе 1981 veil 


Roots Real and Equal 


If b? — Дас is zero, the auxiliary equation has the double root, where m, = m»; = m 


-b+ Vb -4ac b 


ирээ 
2а 2а 


Our solution у = сүе””* + c5e"* seems to contain two arbitrary constants, but it ac- 
tually does not. Factoring gives 


y = (сү + о) е" = ce" 


where сз = су + c». A solution with one constant cannot be a complete solution 
for a second-order equation. 

Let us assume that there is a second solution у = ue", where и is some func- 
tion of x that we are free to choose. Differentiating, we have 


, 


y' = mue"* + u'e™ 


and 
y" = m^ue"* + mu! e"* + mu! e" + u "e" * 


Substituting into ay" + by’ + cy = 0 gives 


a(mue™ + 2mu'e"* + u"e™) + b(mue™ + u'e"*) + cue™ = 0 
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which simplifies to 

e"* [u(am? + bm + c) + и (2am + b) + au"] = 0 
But am? + bm + c = 0. Also, m = —b/2a, so 2am + b = 0. Our equation then 
becomes e""(au") = 0. Since e"* cannot be zero, we have и” = 0. Thus any u that 
has a zero second derivative will make ue"" a solution to the differential equation. 
The simplest u (not a constant) for which и” = 0 is u = x. Thus xe"" is a solution 
to the differential equation, and the complete solution to Eq. 331 is as follows: 


+++ Example 7: Solve y" — бу + 9y = 0. 


Solution: The auxiliary equation m? — бт + 9 = 0 has the double root m = 3. 


Our solution is then 


y= суе? + coxe** 444 


Euler’s Formula 


When the roots of the auxiliary equation are nonreal, our solution will contain 
expressions of the form eP*. In the following section we will want to simplify such 
expressions using Euler’s formula, which we derive here. 
Let z = cos 0 + isin 0, where i = V —1 and 0 is in radians. Then 
d 
- = —sin0 + icos0 
Multiplying by i (and recalling that i? = —1) gives 
dz 


p = —isin@ — cos 0 = —z 
Multiplying by —i, we get dz/d0 — iz. We now separate variables and integrate. 
d 
22—140 
z 
Integrating, we obtain 
1: = 10 + с 


When 0 = 0, = = соѕ0 + isinO = I. So с = 1п2— 10 = 1п1 — 0 = 0. Thus 
In z = 10, or, in exponential form, z = еб. Butz = cos 0 + isin 0, SO we arrive at 
Euler's formula. 


x 


We can get two more useful forms of Eq. 185 for eP* and e 0. First we set 


0 — bx. Thus 
eP* = cos bx + i sin bx (1) 
Further, 
e P* = cos(—bx) + isin(—bx) = cos bx — isin bx (2) 
since cos(— A) = cos A, and sin(—A) = —sin A. 


Roots Not Real 


We return to our second-order differential equation whose solution we are finding 
by means of the auxiliary equation. We now see that if the auxiliary equation has 
the nonreal roots a + bi and a — bi, our solution becomes 


у= cje thx Ер ce * - 90x 


= Mi ud + mere (= = et [ig ES eee) 


Section 2 * Constant Coefficients and Right Side Zero 


Using Euler’s formula gives 


y = е“ [су (cos bx + isin bx) + с (соѕ bx — isin bx)] 
= ей [(cy + су) cos bx + (су — сә) sin bx] 


Replacing су + c? by С, and (сү — со) by C» gives the following: 


A more compact form of the solution may be obtained by using the equation 
for the sum of a sine wave and a cosine wave of the same frequency. In our chapter 
on trigonometric graphs we derived the formula 


A sin ot + B cos ot = Rsin(wt + ф) (166) 


B 
R= VA + В? and Ф = arctan т 


Thus the solution to the differential equation can take the following alternative form: 


where 


where C = МС? + C$ and ф = arctan С/С». 


+++ Example 8: Solve y" — 4y' + 13y = 0. 


Solution: The auxiliary equation m? — 4m + 13 = 0 has the roots m = 2 + 3i, 
two nonreal roots. Substituting into Eq. 335a with a = 2 and b = 3 gives 


y = e?" (C, cos Зх + С sin Зх) 


or 
y = Ce** sin Bx + ф) 

in the alternative form of Eq. 335b. +.. 

Summary 


The types of solutions to a second-order differential equation with right side zero 
and with constant coefficients are summarized here. 


Particular Solution 


As before, we use the boundary conditions to find the two constants in the solution. 


+++ Example 9: Solve y" — 4y’ + Зу = Oif y' = 5 at (1, 2). 


We'll find this form handy for 
applications. 
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Solution: The auxiliary equation m? — 4m + 3 = 0 has roots m = 1 and m = 3. 
Our solution is then 


y = cje” + ce 
At (1, 2) we get 
2 = ce + oe (1) 


Here we have one equation and two unknowns. We get a second equation by taking 
the derivative of y. 


y! = cje” + 3c98* 
Substituting the boundary condition y' = 5 when x = 1 gives 
5 = се + Зозе? (2) 


We solve Eqs. (1) and (2) simultaneously. Subtracting Eq. (1) from Eq. (2) gives 
2сэе” = 3,or 


23 
Сэ — 263 
= 0.0747 
Then, from Eq. (1), 

2 — (0.0747) ? 


е 


СІ 


= 0.184 
Our particular solution is then 


y = 0.184e* + 0.0747e** ooo 


Third-Order Differential Equations 

We now show (without proof) how the method of the preceding sections can be 
extended to simple third-order equations that can be easily factored. 

+++ Example 10: Solve y" — 4y" — 11y' + 30у = 0. 

Solution: We write the auxiliary equation by inspection. 


m? — 4m? — 11m + 30 = 0 


which factors, by trial and error, into 
(m — 2)(m — 5)(m + 3) = 0 
giving roots of 2, 5, and —3. The solution to the given equation is then 


y ee t + Ce” + Сзе Ба ooo 


Exercise 2 » Constant Coefficients and Right Side Zero 


Find the general solution to each differential equation. 


Second-Order DE, Roots of Auxiliary Equation Real and Unequal 


1. y" — бу' + 5y = 0 9, 2y" — 5y' — Зу = 0 
3. y" —3y' + 2y = 0 4. y" + 4y' —5y = 0 
5.y"—y'—6y = 0 6. y" + 5у + бу = 0 
7. Sy" — 2у = 0 8. y" + 4у + Зу = 0 
9. бу" + 5у' — бу = 0 10. у" = 4у +y=0 
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Second-Order DE, Roots of Auxiliary Equation Real and Equal 


11. y" = 4y’ + 4y = 0 19. y" — бу + 9y = 0 
13. y" - 2у * у= 0 14. 9y" —6y' + y =0 
15. y" + 4y’ + 4у = 0 16. 4у" + 4y'+ y 20 
17. y" + 2у * y «0 18. y" — 10y' + 25у = 0 


Second-Order DE, Roots of Auxiliary Equation Not Real 


19. y" + 4y' + 13у = 0 20. y" — 2у' + 2y = 0 
91. y" — бу' + 25y =0 99, y" + 2y' + 2у = 0 
93. y" + 4Ay = 0 94. y" + 2y = 0 

95. y" — 4y’ + 5y = 0 26. y" + 10y' + 425y = 0 


Particular Solution 

Solve each differential equation. Use the given boundary conditions to find the con- 
stants of integration. 

97. y" + бу + 9y = 0, y = Oand y’ = 3whenx = 0 

28. 


y” + 3y’ + 2y = 0, y = Oandy’ = I whenx = 0 
99, y" —2y' + y 20, y =Sandy’ = —9 when x = 0 
30. y" + 3y’ — 4y = 0, y =4and y’ = —2 when x = 0 
31. y"^ 2у 20, y=1 + e? and y' = 2 when x = 1 
39. y" + 2у + y=0, y= landy’ = —1 whenx = 0 
33. y” — 4y 20, у= landy’ = —1 whenx = 0 
34. y" + 9y = 0, y = 2andy’ = 0 when x = 7/6 
35. y" + 2у + 2y = 0, y = Qand y’ = 1 whenx = 0 
36. y" + 4y' + 13у = 0, y = Oand y' = 12 when x = 0 
Third-Order DE 
Solve each differential equation. 
37. y" — 2y" — у + 2y = 0 38. у" —y' 2 0 
39. y" — бу" + lly’ – бу = 0 40. y" + y" — 4у' — 4y = 0 
41. y" = 3y" = у + Зу = 0 49. y" — Ty' + бу = 0 
43, 4," = Зу ty = 0 44. y" - у= 0 


31-3 Right Side Not Zero 


Complementary Function and Particular Integral 


We'll now see that the solution to a differential equation is made up of two parts: 
the complementary function and the particular integral. We show this now for a 
first-order equation and later for a second-order equation. 

The solution to a first-order differential equation, say, 


ENS 
усаа а) 


сап be found by the methods of the preceding chapter. The solution to Eq. (1) is 


-5-2 
у= = + 2x 
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Note that the solution has two parts. Let us label one part y, and the other y,. Thus 
y = Ye + yp where ye = c/x and yp = 2x. 

Let us substitute for y only ye = c/x into the left side of Eq. (1), and for y’ the 
derivative —c/ x?. 


c c 
3” И x 

We get 0 instead of the required 4 on the right-hand side. Thus y, does not satisfy 
Eq. (1). It does, however, satisfy what we call the reduced equation, obtained by 
setting the right side equal to zero. We сай y, the complementary function. 

We now substitute only у, = 2x as y in the left side of Eq. (1). Similarly, for 
y', we substitute 2. We now have 

2+ зав 4 
х 

We see that y, does satisfy Eq. (1) and is hence a solution. But it cannot be a com- 
plete solution because it has no arbitrary constant. We call y, a particular integral. 
The quantity y, had the required constant but did not, by itself, satisfy Eq. (1). 

However, the sum of y, and y, satisfies Eq. (1) and has the required number of 


constants, and it is hence the complete solution. 


Don't confuse particular integral with particular solution. 


Second-Order Differential Equations 

We have seen that the solution to a first-order equation is made up of a complemen- 
tary function and a particular integral. But is the same true of the second-order 
equation? 


ay" + by' + cy = f(x) (336) 
If a particular integral y, is a solution to Eq. 336, we get, on substituting, 
аур + Бур + сур = f(x) (2) 
If the complementary function y, is a complete solution to the reduced equation 
ay" + by! + су = 0 (331) 
we get 
аус + by, + cy, = 0 (3) 


Adding Eqs. (2) and (3) gives us 
а(уу + ус) + DOD + Yo) + COp + ус) = F(X) 
Since the sum of the two derivatives is the derivative of the sum, we get 


aly, + XJ" + Ь(у„ + ye)’ + cQ, + x) = f(x) 


This shows that y, + ye is a solution to Eq. 336. 


өөө Example 11: Given that the solution to y" — Sy’ + бу = Зх is 


ЭХ 2x x 5 

ее buie del sd 
ВА 1 2 2 12 
complementary particular 


function integral 
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prove by substitution that (a) the complementary function will make the left side of 
the given equation equal to zero and that (b) the particular integral will make the left 
side equal to 3x. 


Solution: Given y" — 5y' + 6y = 3x, 
(a) Let Ye = сүе + coe” 


3cje* + 2cye?* 


Ye 
y! = 9ce?" + Acre” 
Substituting on the left gives 
сез" + 4суед” - 5(Зсүе"" + 2c5e?*) + 6(сүе"" + се?) 


which equals zero. 


(b) Let UE. 
e = = + = 
P2? n2 
‚_1 
Ур 2 
ур=0 
Substituting gives 
0- (1) + (3+ 5) 
2 2 12 
or 3x. 2222 


Finding the Particular Integral 


We already know how to find the complementary function ye. We set the right side 
of the given equation to zero and then solve that (reduced) equation just as we did 
in the preceding section. 

To see how to find the particular integral y,, we start with Eq. 336 and isolate y. 
We get 


1 
у= 70) ау" — by'] 


For this equation to balance, y must contain terms similar to those in f(x). Further, 
y must contain terms similar to those in its own first and second derivatives. Thus it 
seems reasonable to try a solution consisting of the sum of f(x), f'(x), and f "(x), 
each with an (as yet) undetermined (constant) coefficient. 
өө» Example 12: Find y, for the equation y" — 5y' + бу = 3x. 
Solution: Here f(x) = Зх, f'(x) = 3, and f"(x) = 0. Then 

yp = Ax + B 


where A and B are constants yet to be found. This is sometimes called the trial 
function. ooo 


Finding the Constants in a Particular Integral 


To find the constants A and B in the particular integral yp, 


(a) Take the first and second derivatives of уу. 
(b) Substitute y, and its derivatives into the given differential equation. 
(c) Equate coefficients of like terms and solve for A and B. 


This is called the method of undetermined coefficients. It is best shown by example. 
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өөө Example 13: Find the constants A and В in Example 12. Write the complete 
solution to the differential equation, given that the complementary function is 


y, = cye* + oe” 


Solution: From Example 12, 


Y = Ax + B 
Taking derivatives, 
yea 
yp = 0 


Substituting into the original differential equation, 


or 


y" = 5y’ + бу = Зх 
0 — 5A + 6(Ax + B) = 3x 
6Ax + (6B — 5A) = 3x 


In order for an equation to be true, the coefficients of like powers of x on both sides 
of the equation must be equal. Thus we equate the coefficient of x on the left with 
that on the right, 


бА = 3 


or A = 1/2. Equating the constant term on the left with that on the right gives 


6B – 5А = 0 
From which 
SA 5 
в= eu 
6 12 
Our particular integral is then 
Hee = гү 
oe 25 
The complete solution is then 
| х 2 
у= X tx = де" to + + ooo 


General Procedure 


Thus to solve a second-order linear differential equation with constant coefficients 
(right side not zero): 


1. 


Doo s 


Find the complementary function y, by solving the auxiliary equation. 

Write the particular integral у. It should contain each term from the right side 
f (x) (less coefficients) as well as the first and higher derivatives of each term 
of f (x) (less coefficients). Discard any duplicates. When we say “duplicate,” 
we mean terms that are alike, regardless of numerical coefficient. These are 
discussed in the following part of this section. 

If a term in y, is a duplicate of one in у,, multiply that term in y, by x”, using 
the lowest n that eliminates that duplication and any new duplication with 
other terms in у. 

Write y,, each term with an undetermined coefficient. 

Substitute y, and its first and second derivatives into the differential equation. 
Evaluate the coefficients by the method of undetermined coefficients. 

Combine y, and y, to obtain the complete solution. 


Section 3 * Right Side Not Zero 


We illustrate these steps in the following example. 


++» Example 14: Solve y" — y' — бу = 36x + 50 sin x. 


Solution: 


? — m — 6 = Ohas the roots m = 3 and m = —2, so 


—2x 


(1) The auxiliary equation m 
the complementary function is у. = ae + се 


(2) The terms in f(x) and their derivatives (less coefficients) are 


Term in f(x) x sin x 
First derivative constant cos x 
Second derivative 0 sin x 
Third derivative 0 COS X 


We see that the sine and cosine terms will keep repeating, so eliminating dupli- 
cates, we retain an x term, a constant term, a sin x term, and a cos x term. 


(3) Comparing the terms from у, and those possible terms that will form y,, we see 
that no term in y, is a duplicate of one in ye. 


(4) Our particular integral, у,, is then 
Yp = А + Bx + Csinx + Dcosx 
(5) The derivatives of yp are 
Yp = B+ Ccosx — Dsinx 
and 
ур = —Csinx — Dcos x 


Substituting into the differential equation gives 


Yp = Ур” бур = 36x + 50 sin x 
(—C sin x — Dcos x) — (B + C cos x — D sin x) 
—6(A + Bx + C sin x + Dcos x) = 36x + 50 sin x 


(6) Collecting terms and equating coefficients of like terms from the left and the 
right sides of this equation gives the equations 


—6B = 36 -В – 6А = 0 D — 7С = 50 -10-0-0 
from which A = 1, B 6,C 7, and D = 1. Our particular integral is then 


Yp = 1 — 6x — 7 sin x + cos x 
(7) The complete solution is thus ye + yp, or 


y = cqe* + ce ?* + 1 — бх — 7sinx + cosx +.. 


Duplicate Terms in the Solution 


The terms in the particular integral y, must be independent. If y, has duplicate terms, 
only one should be kept. However, if a term in y, is a duplicate of one in the complemen- 
tary function y, (except for the coefficient), multiply that term in у, by х", using the low- 
est n that will eliminate that duplication and апу new duplication with other terms in уу, 


өө» Example 15: Solve the equation y" — 4у' + 4y = e”. 
Solution: 
(1) The complementary function (work not shown) is 


Yo = eie? exe 
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(2) Our particular integral should contain ед" and its derivatives, which are also of 
the form е?^, But since these are duplicates, we need e?" only once. 


(3) But ед isa duplicate of the first term, сүе?^, in yc. If we multiply by x, we see 


that xe?" is now a duplicate of the second term in y,. We thus need x?e?". 


We now see that in the process of eliminating duplicates with у,, we may 
have created a new duplicate within y,. If so, we again multiply by x", using 


the lowest n that would eliminate that new duplication as well. Here, x 


does not duplicate any term in y,, so we proceed. 


(4) Our particular integral is thus y, = Ax 


(5) Taking derivatives 


262%, 


ур = 2Ах?е?^ + 2Axe?* 


and 


Ур 4Ах?е?^ + 8Axe^* + 2Ae?* 


Substituting into the differential equation gives 


AAx?e?* + 8Axe?* + 2Ае?* — 4(2Ах2е2* + 2Axe?*) + A(Ax?e?*) = ед, 


(6) Collecting terms and solving for A gives A — 5 


(7) Our complete solution is then 


1 


: : 1 
y = се?" + caxe^ + хе” 


Exercise 3 • Right Side Not Zero 


Solve each second-order differential equation. 


With Algebraic Expressions 
1. у" — 4y = 12 
3. у" — у — 2y = 4x 
5. у" – 4у = д + х 


With Exponential Expressions 


6. y" + 2y' - Зу = 42e% 
8. y” + у = бех + 3 
10. y"— y = ех + 22? 
19. у”— y = хе" 


With Trigonometric Expressions 


13. y" + 4y = sin2x 
15. y" + 2y' + y = cosx 


17. y" + y = 2cos x — 3 cos 2x 


14. 5 
16. 
18. 


‚ у' + у= 2у = 3 — бх 
у”+у'=х+2 


” 


= у = 2y = бе" 


y" — 4y = 4х — 3e* 
‚ у” + Ay! + 4y = 8e* + x 


Жу = 6sin 2x 


y" + 4у' + 4y = cos x 


+y=sinx+ 1 


With Exponential and Trigonometric Expressions 


19. у" + у = ехѕіп х 


91. у" = 4у + 5y = e?* sin x 


20. y" + y = 10e* cos x 
22. y" + 2y' + 5y = 3e *sinx — 10 
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Particular Solution 


Find the particular solution to each differential equation, using the given boundary 
conditions. 

23. у" —4y' 2-8, у = y' =Owhenx = 0 

94, y" + 2y' — 3y = 6, y = Oandy' = 2 when x = 0 

25. y" + 4y = 2, у = 0 when x = O and y = 1 when x = 7/4 
96. y" + 4y' + Зу = 4e "^, y = Oandy’ = 2 when x = 0 

97. y" — 2y + y = 28, у! = 2e at (1, 0) 

98. у” —9y = 18cos3x + 9, y = —landy' = 3 when x = 0 
29. y" cy = —2sinx, y = Oatx = Oand 7/2 
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Free Vibrations 


An important use for second-order differential equations is the analysis of mechani- 
cal vibrations. We first consider free vibrations, such as a vibrating spring, and later 
study forced vibrations, such as those caused by an unbalanced motor. 

A block of weight W hangs from a spring with spring constant k (Fig. 31-2). 
The block is pulled down a distance хо from its rest position and released, its mo- 
tion retarded by a frictional force proportional to the velocity dv/dt of the block. 
By Newton's second law of motion, the force F on the body equals the product of 
the mass m and its acceleration a. 


ma = F 


But m — W/g (where g is the acceleration due to gravity) and a is the second 
derivative of the displacement x. Further, the force on the block is equal to the spring 
force kx acting upward, plus the frictional force c dx/dt, where c is called the coeffi- 
cient of friction. So if the block is moving in the positive (downward) direction, we have 


W d?x 
шатар ЭРЭР шаг 
8 аг аг 
Rearranging gives 
dix сах k 
2 8 ах 8 0 (1) 
dt Wdt W 
Making the substitutions 
k 
2а = — and o; zm 
W 
our equation becomes 
x" + 2ax' + wx =0 (2) 


This is a second-order linear differential equation with a right side of zero, which 
we solve as before. The auxiliary equation m? + 2am + «2 = 0 has the roots 


-2а + V4a? — 40% 
m 2242 Ма 4 s Vd cul 9) 
We saw that the solution to a second-order differential equation depends on the па- 
ture of the roots of the auxiliary equation. Now we will see that each of these cases 


corresponds to a particular type of motion. These are 


Y 
x 


FIGURE 31-29 А block hanging from 
a spring. 
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No damping Nonreal roots No friction. The block will bob up and 
Simple harmonic down indefinitely, with constant amplitude 
motion a=0 
Underdamped Nonreal roots With some friction the block will bob up and 
down, but with decreasing amplitude 
а = о, 
xÀ Critically damped Real, equal As friction is increased, a point is reached at 
roots which the block no longer bobs but creeps 
а = 0, back to its initial position 
Overdamped Real unequal Even more friction causes the block to creep 
0 roots back even more slowly 
a > On 


Underdamped Free Vibrations (а < wpn) 
When a is less than w,, the auxiliary equation, Eq. (3), gives the nonreal roots 


m= –а + iVa – а? 


= -а + 104 
if we make the substitution од = ma - ас. The solution to Eq. (2) is then (using 
the alternative form) 
x = Ce " sin (шл! + Ф) 


a damped sine wave of maximum amplitude C. From the physical problem, we 
know that the maximum amplitude is the initial displacement xo, So 


x = хоё "sin (wgt + ф) 
Also, at t = 0, 
—=1 = snd 


from which ф = 7/2. Then sin (wgt + 7/2) = cos wat, so 


The motion is thus a cosine wave whose amplitude decreases exponentially. The angu- 
lar velocity wy is called the damped angular velocity. From our earlier substitution, 


+++ Example 16: The block in Fig. 31—2 weighs 25.9 Ib, the spring constant is 110 Ib/in., 
and c = 1.26 Ib/(in./s). It is pulled down 0.625 in. from the rest position and released 
with zero velocity at t = 0. Find (а) the damped angular velocity, (b) the frequency, and 
(c) the period. (d) Write an equation for the displacement. Take g — 386 in./ 52, 
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Solution: 
(a) We first find a and w,. 
| cg _ (1261b/(in./s) 386 in./s?) 


— 9.39 rad 
2W 2 (25.9 Ib) а 
апа хап.) A 
kg 1 110 Ib/in. (386 in./s?) 
= - = 40.5 гай T 
On ne 25.9 Ib redis 06 


Since а < o,, we have underdamping. Then by Eq. 1040, 


wg = V (40.5. — (9.39)? = 39.4 rad/s 


(b) The frequency fis then 


w 39.4 
= 4- 2 6.27 Hz (cycles/s) 
2a 217 
(c) The period is the reciprocal of the frequency, so 
Period : : 0.159 
егі Se eee 5 S 
шин 105 
(4) Ву Eq. 1039, 
—9.39t FIGURE 31-3 


x = хое “ cos одї = 0.625е cos 39.41 in. 


Underdamped vibrations. 
The displacement is graphed in Fig. 31-3, showing a cosine wave enclosed within 
an “envelope” which decreases exponentially. +.. 


Simple Harmonic Motion (a = 0) 


When there is no damping, we have a special case of underdamped motion called 
simple harmonic motion. The coefficient of friction c is 0 and hence a is zero, and 
Eq. 1039 reduces to 


We see that the displacement is a cosine function of amplitude xọ (it would be a 
sine function if we had chosen x = 0, rather than x = xo, at t = 0). The quantity 
€, is called the undamped angular velocity. From before, 


The frequency obtained by dividing од, by 277 is called the natural frequency fy. 


өөө Example 17: If the frictional coefficient c in Example 16 is zero, find 


(a) the undamped angular velocity, 
(b) the natural frequency, and 

(c) the period. 

Write equations for 

(d) the displacement and 

(e) the velocity. 


x(in.) A 
1 e 
0.625 
Ї > 
0 0.1 02 Ks 


FIGURE 31-4  Undamped vibrations, 
displacement vs time. 


Screen for Example 17 showing the 
velocity vs. time. Ticks are spaced 0.1 s 
horizontally and 5 in./s vertically 
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Solution: 

(a) The undamped angular velocity w, is from (Example 14) 40.5 rad/s. 
(b) By Eq. 1038, 

an _ 40.5 


= = —— = 644H 
fn 2m 2т í 


(c) The period is the reciprocal of the frequency, so 


1 1 
Period = f. = 644 = 0.155 s 


(d) By Eq. 1036, 
X = xo COS wt = 0.625 cos 40.5t in. 


This is graphed in Fig. 31-4. 
(e) Taking the derivative, 


_ dx 


v= P7 = — „ху sin wt = — (40.5) (0.625) sin 40.5t 


= — 25.3 sin 40.57 in./s 
The velocity curve is shown in the screen. 


Overdamped Free Vibrations (a > w,) 


When а is greater than w,, the auxiliary equation has the real and unequal roots 
m=-at Ма? – ax 


The solution to the differential equation of motion is then 


We evaluate C, and C» by substituting the initial values, as shown in the following 


example. 


+++ Example 18: If c = 7.46 Ib/ (in./s) for the block in Examples 16 and 17, write 


an equation for the displacement and the velocity. 
Solution: We first find a. 

cg (1.46 1b/Gn./s)) (386 in./s?) 
oW — 2(25.9 Ib) 


— 55.6 rad/s 


a= 


Since a > w, (40.5 from before), we have overdamping. Then 


Va? — w2 = У (55.6) — (40.5)2 = 38.1 rad/s 


So 
mı = —55.6 — 38.1 = —93.7 and тә —55.6 + 38.1 = — 17.5 


By Eq. 1041, 
x = Сүе 997 + cg 
Taking the derivative gives the velocity, 
v = —93.7Сүе 7*7 — 17,5050 P^ 
Substituting x = 0.625 and v = 0 at t = 0 in the equations for x and v gives 


C, + C; = 0.625 
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and 
93.7С, + 17.5С› = 0 


Solving simultaneously gives C, = — 0.144 and C; = 0.769. Substituting back, 
we get 
x = —0.144e ?* + 0.7696 7175! іп. 
and 
v = 13.5е 927 — 13,567 3t | ш/8 


The displacement is graphed in Fig. 31—5 and the velocity is shown in the screen. 
*** 


Exercise 4 • Mechanical Vibrations 


Simple Harmonic Motion 


1. The displacement x of an object at t seconds is given by x = 3.75 cos 1827 in. 
Find (a) the period and (b) the amplitude of this motion. 

2, What is the earliest time at which the displacement of the object in problem 1 
is —3.00 in.? 

3. The equation of motion of a certain wood block bobbing in water is 
x" + 225x = 0, where x is in centimeters and f is in seconds. The initial con- 
ditions are x = 0 and v = 15.0 cm/s at t = 0. Write an equation for x as a 
function of time. 

4. In problem 3, find (a) the maximum displacement and (b) the earliest time at 
which it occurs. 

5. A 2.00-Ib weight hangs motionless from a spring and is seen to stretch the 
spring 8.00 in. from its free length. It is pulled down an additional 1.00 in. and 
released. Write the equation of motion of the weight, taking zero at the origi- 
nal (motionless) position. 

6. The maximum velocity in simple harmonic motion occurs when an object 
passes through its zero position. Find the maximum velocity and its time of 
occurrence for the weight in problem 5. 

7. 'The motion of a pendulum hanging from a long string and swinging through 
small angles approximates simple harmonic motion. If the initial conditions 
are xọ = 1.50 cm and ag = — 3.00 cm/ s?, write an equation for the displace- 
ment as a function of time. 

8. Find the period for the motion of the pendulum in problem 7. 


Damped Vibrations 


9. The equation of motion of a certain car shock absorber is given by 
x = 2.50e7% cos 55t in., where t is in seconds. Make a graph of x versus f. 

10. In problem 9, is the motion underdamped, overdamped, or critically damped? 

11. For the shock absorber in problem 9, find x when t is 0.30 second. 

19. For the shock absorber in problem 9, use any approximate method to find the 
earliest time at which x is half its initial value. 

13. An object has a differential equation of motion given by x" + 5x' + 4x = 0, 
with the initial conditions хо = 1.50 cm and v = 15.3 cm/s. Write an equa- 
tion for x as a function of time. 

14. For the weight of problem 5, assume a resisting force numerically equal to 
3.00 times the velocity, in ft/s. Write an equation for the displacement. 

15. In problem 14, (a) what type of damping do we have and (b) what weight W will 
produce critical damping? 
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Т > 
0 0.1 0.2 Ks) 


FIGURE 31-5 Overdamped vibrations, 
displacement vs time. 


Screen for Example 18 showing the 
velocity vs. time. Ticks are spaced 0.1 s 
horizontally and 1 in./s vertically 
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31-5 RLC Circuits 


R In the preceding chapter we studied the RL circuit and the RC circuit. Each gave 
— e rise to a first-order differential equation. We’ll now see that the RLC circuit will 
result in a second-order differential equation. 
— E Э) L A switch (Fig. 31-6) is closed at t = 0. The sum of the voltage drops must 
equal the applied voltage, so 
\| А 
а 
J| R+L—+2=22 (1) 
C dt С 
FIGURE 31-6 RLC circuit with dc source. Replacing q by f i dt and differentiating gives 
m d i : 
аг d? С 
or 
urs + (4); 0 (2) 
i i = |і = 
С 


This is a second-order linear differential equation, which we now solve as we did 
before. The auxiliary equation Lm? + Кт + 1 /C = Ohas the roots 


-R + VR? — 4L/C 


21: 
R R? 1 
CS + = 
2L 412 LC 
We now let 
2 
a? = AL? and в? = LC 


We define the resonant frequency ав wp. We'll say why it is called the resonant fre- 
quency later in this section: 


and our roots become 


m — —a + jog 


where w3 = «? — a’. In this section we will use j rather than i for the imaginary 


unit. This is common practice in electrical work, where i is reserved for current. 
We have three possible cases, listed in Table 31-1. 


TABLE 31-1 RLC Circuit with dc Source: Second-Order Differential Equation 


Nonreal Underdamped a < On 
No damping (series LC circuit) а= 0 

Real, equal Critically damped а= о, 

Real, unequal Overdamped а> о, 


Of these, we will consider the underdamped апа overdamped cases with а dc 
source, and the underdamped case with an ac source. 
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Underdamped with dc Source (a « w,) 


We first consider the case where R is not zero but is low enough so that a < о. 
The roots of the auxiliary equation are then nonreal, and the current is 


i = e (Ку sin ogt + Кә cos wyt) 
Since i is zero at t = 0, we get ky = 0. The current is then 
i = ke“ sin egt (1) 
Taking the derivative yields 


di Е = 
m Күюае " cos ogt — акџе ^ sin wat 


At t = 0, the capacitor behaves as a short circuit, and there is also no voltage drop 


across the resistor (since i = 0). The entire voltage E then appears across the induc- 
tor. Since E — L di/dt, then di/dt — E/L, so 


E 


ogqL 


Substituting into (1) gives the current: 


where, from our previous substitution, 


We get a damped sine wave whose amplitude decreases exponentially with time. 


eee Example 19: A switch (Fig. 31-6) is closed at г = 0. If R = 225 О, 
L = 1.50 H, C = 4.75 uF, and E = 75.4 V, write an expression for the instanta- 
neous current. 


Solution: We first compute LC. 
LC 1500175 xX 1076) = 7.13 x 1029 


Then, by Eq. 1090, 
E | 106 
On лш. N313 7 375 rad/s 


R _ 225 
2L — 2(1.50) 


a= 


= 75.0 rad/s 


Then, by Eq. 1093, 

eg = Маё — а? = М (375) — (75.0)? = 367 rad/s 
The instantaneous current is then 
E ded sin gf = к ш 
«41. 367 (1.50) 
137е sin 367: mA 


е sin 367t A 


ч. 


This curve is plotted in Fig. 31—7 showing the damped sine wave. ooo 
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FIGURE 31-7 


t (ms) 
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No Damping: The Series LC Circuit 


When the resistance R is zero, a = 0 and оџ = w,. From Eq. 1092 we get the 
following: 


which represents a sine wave with amplitude E/w,,L. This, of course, is a theoreti- 
cal case, because a real circuit always has some resistance. 


+++ Example 20: Repeat Example 19 with R = 0. 


Solution: The value of w,, from before, is 375 rad/s. The amplitude of the current 


wave is 
E 75.4 
= 0.134 A 
O,L 375 (1.50) 
so the instantaneous current is 
i = 134 sin 375t mA 66 


Overdamped with dc Source (a > wpn) 


If the resistance is relatively large, so that a > w,, the auxiliary equation has the 
real and unequal roots 


m, = —a + jog and m, = —a — jog 


The current is then 


i= Куе"! + Кое"?! (1) 

Since i(0) = 0, we have 
kj +k =0 (2) 
Taking the derivative of Eq. (1), we obtain 
» = mjk,e" + тое"?! 

Since di/dt = E/L att = 0, 

E 

L^ mjk, + mk (3) 
Solving Eqs. (2) and (3) simultaneously gives 

k = — — and ky = — B 
(ту — mL (ту — mL 

where тү — m; = —a + jog + а + jwq = 2jwq. The current is then given by 


the following equation: 


+++ Example 21: For the circuit of Examples 19 and 20, let R = 2550 О, and com- 
pute the instantaneous current. 
R 2550 

2L 2(1.50) 


wg = V (315 — (850)? = j 763 rad/s 


Solution: a — = 850 rad/s. Since о, = 375 rad/s, we have 
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Then —a — jwq = — 87.0 and — a + јод = — 1613. From Eq. 1092, 


f= 75.4 (71613: — 8701) 
20—763) (1.50) 


= 32.9 (e7870 ал g 1613r) mA 


This equation is graphed in Fig. 31-8. 22 


Underdamped with ac Source 


Up to now we have considered only a dc source. We now repeat the underdamped 
(low-resistance) case with an alternating voltage E sin ot. 

A switch (Fig. 31—9) is closed at t = 0. The sum of the voltage drops must 
equal the applied voltage, so 


di q 
Ri + L— + = = Esin ot (1) 
dt C 
Replacing q by J i dt and differentiating gives 
di di i 
R—+L + — = wE cos ot 


or 


1 
Li” + Ri' + (2): = wE cos wt (2) 


The complementary function is the same as was calculated for the dc case. 
i, = е “(ky sin gt + k cos wat) 
The particular integral і, will have a sine term and a cosine term. 
iy = Asin œt + B cos wt 
Taking first and second derivatives yields 


i’ = wA cos ot — wB sin wt 


i" = —oAsin wt — wB cos wt 
Substituting into Eq. (2), we get 
A 
—Lo?A sin wt — Lo B cos ot — ВоВ sin wt + Ro A cos wt + C sin wt 
B 
+ au wt = wE cos wt 


Equating the coefficients of the sine terms gives 


ТАА ee A 
Lœ A — ВоВ + 
C 


1 
—RB = Aot. — 5) 
wC 


where X is the reactance of the circuit. Equating the coefficients of the cosine 
terms gives 


Il 
o 


from which 


AX (3) 


2 B 
SLO DE КОА 68 
or 


RA- Е = Bot - 1.) = вх (4) 
C 
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FIGURE 31-8 Current in an 
overdamped circuit. 
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aN 


FIGURE 31-9 RLC circuit with 


ac source. 
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Х= 


R=Zcos ф 


FIGURE 31-10 Impedance triangle. 
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Solving Eqs. (3) and (4) simultaneously gives 
RE RE 
А = = 2 72 
к + X 7 


where Z is the impedance of the circuit, and 


_ EX _ EX 
Mey) 7 
Our particular integral thus becomes 
. RE . E 
lp = 72 Sin ot — peu 


= P sin wt — X cos ot) 
From the impedance triangle (Fig. 31—10), 
К = 7созф and X-—Zsinó 
where ф is the phase angle. Thus 
R sin wt — X cos ot = Z sin ot cos ф — Z cos wt sind 
= Z sin (wt — ф) 

by the trigonometric identity (Eq. 128). Thus і, becomes EJZ sin(@t — d), or 

ір = Imax Sin(@t — ф) 


since E/Z gives the maximum current Лау. The total current is the sum of the com- 
plementary function i, and the particular integral і. 


i = e (Ку sin о + Ку cos wat) + Lmax Sin(@t — Ф) 


transient steady-state 
current current 


Thus the current is made up of two parts: a transient part that dies quickly with 
time and a steady-state part that continues as long as the ac source is connected. We 
are usually interested only in the steady-state current. 


өөө Example 22: Find the steady-state current for an RLC circuit if R = 345 Q, 
L = 0.726 H, C = 41.4 uF, and E = 155 sin 285r. 


Solution: By Eqs. 1095 and 1096, 
Х, = oL = 285(0.726) = 2070 
and 
1 1 
eC 285(41.4 X 1079) 
The total reactance is, by Eq. 1097, 


X. = = 8480 


X = X; — Х, = 207 — 848 = 1220 
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The impedance Z is found from Eq. 1098, 


Z = VR + X? = \/(345)7 + (122? = 366 0 
The phase angle, from Eq. 1099, is 


X 
-1 
— tan = 
i R 


tan! | 19:59 
345 : 


The steady-state current is then 


E 
is = zlot — Ф) 
= 13 іп (2851 — 19.5°) 
366 sin : 
0.423 sin(285t — 19.55) A 


Figure 31-11 shows the applied voltage and the steady-state current, with a phase 
difference of 19.5?, or 0.239 ms. 


А e = 155 sin 2851 


i = 0.423 sin(285t — 19.5?) 


2 1 (ms) 


FIGURE 31-11 ке 


Resonance 


The current in a series RLC circuit will be a maximum when the impedance Z is 
zero. This will occur when the reactance X is zero, so 


1 
X-oL-—-0 
= wC 


Solving for w, we get »? = 1/LC or wz. Thus, 


+++ Example 23: Find the resonant frequency for the circuit of Example 22, and 
write an expression for the steady-state current at that frequency. 


Solution: The resonant frequency is 
1 1 


VLC  V0.726 (414 х 1075) 
Since Ху = Xç, then X = 0, Z = R, and  — 0. Thus Imax is 155/345 = 0.449 A, 
and the steady-state current is then 


1, = 449 sin 1827 mA өө 


= 182 rad/s 


On = 
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Exercise 5 • RLC Circuits 


Series LC Circuit with dc Source 


1. 


In an LC circuit, C = 1.00 uF, L = 1.00 H, and E = 100 V. At t = 0, the 
charge and the current are both zero. Using Eq. 1091, show that 
i = 0.1 sin 1000r A. 


. For problem 1, take the integral of i to show that 


а = 10°4(1 — cos 10007) C 


. For the circuit of problem 1, with E = 0 and an initial charge of 


255 x10 °C (ig is still 0), the differential equation, in terms of charge, is 
Lq” + q/C = 0. Solve this DE for q, and show that q = 255 cos 1000г uC. 


. By differentiating the expression for charge in problem 3, show that the current 


isi = — 255 sin 10007 mA. 


Series RLC Circuit with dc Source 


Б. 


8. 


In an RLC circuit, R = 1.55 О, C = 250 uF, L = 0.125 H, and E = 100 V. 
The current and charge are zero when t = 0. 

(a) Show that the circuit is underdamped. 

(b) Using Eq. 1092, show that i = 4.47 e ©?! sin 179г A. 


. Integrate i in problem 5 to show that 


q = —e 9? (0.866 sin 179t + 25.0 cos 179) + 25.0 mC 


. In an RLC circuit, R = 1.75 О, C = 425 Е, L = 1.50 H, and Е = 100 V. 


The current and charge are 0 when т = 0. 
(a) Show that the circuit is overdamped. 
(b) Using Eq. 1094, show that 


i = —77.8е COP + 778е ©З A 
Integrate the expression for i for the circuit in problem 7 to show that 


q = TI0e 10! — 5902, 9X + 425 С 


Series RLC Circuit with ac Source 


9. 


For an RLC circuit, R = 10.50,L =0.125H,C = 225 uF, and 
e = 100 sin 175t. Using Eq. 1101, show that the steady-state current is 
i = 9.03 sin(175t + 18.5?). 


. Find the resonant frequency for problem 9. 
‚ш an RLC circuit, А = 1550 0, L = 0.350H, С = 20.0 uF, and 


e = 250 sin 377t. Using Eq. 1101, show that the steady-state current is 
i — 161 sin 377t mA. 


. If R = 1050, = 0.175H, C = 1.50 х 10? F, and e = 175 sin 55t, find 


the amplitude of the steady-state current. 


. Find the resonant frequency for the circuit in problem 12. 
. Find the amplitude of the steady-state current at resonance for the circuit in 


problem 12. 


. For the circuit of Fig. 31-9, R — 1100, L — 5.60 X 1075 Н, and 


w = 6.00 X 10° rad/s. What value of C will produce resonance? 


. If an RLC circuit has the values R = 10 0, L = 0.200 H, C = 500 uF, and 


e = 100 sin ott, find the resonant frequency. 


. For the circuit in problem 16, find the amplitude of the steady-state current at 


resonance. 


Review Problems 


18. 


Project: In the electrical laboratory construct one of the circuits given in this 
section (or create one of your own). With an oscilloscope, measure the voltage 
and/or current at the specified place in the circuit. Do you get what is pre- 
dicted by the differential equations? Make a presentation to your class to con- 
vince yourself and your classmates that the convoluted computations of this 
section really do describe what happens in the real world. 
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Solve each differential equation. 


‚ у” = 2y = 2x7 + 3x 


y" = 4у' — 5y = e^ 

y" — 2y' 20 

у" — 5у = 6, у = y’ = 1whenx = 0 

у" + 2у' — Зу =0 

y" — Ty’ — 18у = 0 

у” + бу + 9у = 0, y = Oand y’ = 2 when x = 0 
y" — бу” + Пу = бу = 0 

у" — 2y = 3x%e* 

y" + 2y = 3 sin 2x 

у” + у' = 5 sin Зх 

у” + 3y’ + 2y = 0, у= landy’ = 2 when x = 0 
у" + 9y = 0 

у" + 3у' — 4у = 0 

у" = 2у + у= 0, y = Oand y’ = 2 when x = 0 
Уу уг 

у”-4у + 4y =0 

y 


"+ 3у' —4y = 0, у = 0andy' = 2 whenx = 0 


. у” + 4y’ + 4y = 0 

‚ y" + бу + 9y = 0 

‚у”—2у +у= 0 

. 9у" = бу +y = 0 

. А 5.00-Ib weight hangs motionless from a spring, which is seen to stretch 7.00 


in. from its free length. The weight is pulled down another 1.50 in. and released. 
Write the equation of motion of the weight, taking zero at the original (motion- 
less) position. 


. In problem 23, assume a resisting force numerically equal to 2.50 times the 


velocity, in ft/s. Write an equation for the displacement. 


. For an LC circuit, С = 1.75 uF, L = 2.20 H, and E = 110 V. At t = 0 the 


charge and the current are both zero. Find i as a function of time. 


. In problem 25, find the charge as a function of time. 
. Foran RLC circuit, R = 3.75 Q, C = 150 uF, L = 0.100 H, and E = 120 V. 


The current and charge аге 0 when t = 0. Find i as a function of time. 


. In problem 27, find an expression for the charge. 
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29, 


30. 


31. 


Writing: We have given seven steps for the solution of a second-order linear dif- 
ferential equation with constant coefficients. List as many of these steps as you 
can and write a one-sentence explanation of each. 


The deflection curve for a beam is given by 


d?y _ М 

dx? ЕІ 
where Е is the modulus of elasticity of the material, J is the moment of inertia 
of the beam cross section, y is the deflection of the beam, and M is the bending 


moment at a distance x from one end. 
(a) For the cantilever beam (Fig. 31-12) show that the deflection curve is 


d'y рх — PL 
dx? EI 


FIGURE 31-19 A cantilever beam. 


(b) Solve this DE for the slope dy/dx and for the deflection y. Evaluate any 
constants of integration. 

On Our Web Site: Another method for solving second-order differential equa- 

tions is by use of the Laplace transform. A complete treatment of the Laplace 

transform, with electrical applications, is given on our text Web site. Also given 

in that section are more advanced numerical methods than are shown here. 


See www.wiley.com/college/calter 


Summary of Facts 
and Formulas 


Many mathematics courses cover only a 
fraction of the topics in this text. Further, 
some of these formulas are included 
for reference even though they may not 
appear elsewhere in the text. We hope 
that this Summary will provide a handy 
reference, not only for your current 
course but for others, and for your tech- 
nical work after graduation. 


No. Page 
1 a + (—b) =a- (+b)=a- b 10 
" 2 Rules of Signs ааз " 
ec 
2 E 3 Commutative Law at+b=b+a 12, 68 
E E 4 Associative Law а + (Б + с) = (а+ Ь)+с=(а+с)+Ь 12 
а 
< B When adding or subtracting approximate numbers, keep as many 
5 Approximate Numbers decimal places in your answer as contained in the number having 12 
the fewest decimal places. 
6 Rules of Signs Д ce qom il 16, 80 
> 7 (а and b are positive numbers) (+a)(—b) = (7a) b) (+a)(+b) ab 16, 80 
9 
E 8 Commutative Law ab — ba 81 
Q ey: 
: 9 Associative Law a(bc) = (ab)c = (ac)b = abc 81 
5 10 Distributive Law alb + c) = ab + ac 83, 320 
H Approximate Numbers When multiplying two or more approximate numbers, round the result a 
to as many digits as in the factor having the fewest significant digits. 
a a a tad a 
12 Rules of Signs b b +b b b 20, 93 
(a and b are positive numbers) 
+a  —a =å a 
20, 93 
ё | B -b +b -b b 
n 
> After dividing one approximate number by another, round the quotient to 
a 14 Approximate Numbers as many digits as there are in the original number having the 21 
fewest significant digits. 
-- : Zero divided by any quantity (except zero) is zero. Division by zero 
15 Division Involving Zero is not defined. It is an illegal operation in mathematics. 22 
16 Amount = base X rate A = ВР 52 
new value — original value 
17 Percent change aE 54 
е original value 
о 
< measured value — known value 
5 18 Percent error x 100 56 
t known value 
g 
tof A 
g 19 Percent concentration of ingredient A — Qu x 100 56, 124 
amount of mixture 
output 
20 Percent efficiency = — х 100 55 
input 
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No. Page 
Positive x” = XOX KX 
21 Integral Exponent = 24, 72, T1, 90 
n factors 
22 Products хах? = ath 72, 77, 381 
„а 
23 Quotients ~axt> #0) 73, 77, 93, 382 
x 
a 24 Power Raised to a Power (ха)? = ха = (xb) 74, 77, 381 
Ёз 
s 25 Law of Exponents Product Raised to a Power (хуу! = x". y" 74, 77, 381 
IS X n n 
2 26 Quotient Raised to a Power (>) =a (y # 0) 75, 77, 382 
y 1 
27 Zero Exponent х9 =1 (x # 0) 75, 77, 381 
28 Negative Exponent a =F (x # 0) 32, 76, 77, 380 
29 a!l" = Wa 29, 385 
Fractional Exponents 
30 qn = Wa" = (NV ay" 386 
Ё 31 Root of a Product Vab = Wa Wb 387 
2) Rules of Radicals 
o : „а Ма 
= 32 Root of a Quotient = = 387 
>” We 
© 33 Difference of Two Squares a? — 2 = (a — b)(a + b) 324 
rs 
E 34 Trinomials Sum of Two Cubes a? + D? = (a + b) (a? ab + p?) 333 
E 
z 35 Difference of Two Cubes a) — b? = (a — b) (a? + ab + 2) 333 
Q 
2 Test for Factorability ax? + bx + cis factorable if 
< 36 327 
ТЭ D? — 4acisa perfect square 
(9) 
B 37 Binomials Leading Coefficient — 1 х2 4 (a + Бух + ab = (x + a)(x 4 
СА 
Е 38 General Quadratic Trinomial acx? 4 (ad + bc)x + bd = (ax + b)(cx 327 
< 
9 39 Perfect Square Trinomials a? + 2ab + b? = (a + by. 330 
A 
Е 40 а? — 2ab + b? = (a — bY 330 
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No. Page 
4l implifyi Has 337 
Simplifying bd b 3 
42 Multiplicati Еа 340 
7 ultiplication bd 22 3 
2 
E. di КРИ асай аа и 
5 3 ivision b d 52 р 3 
< 
ра 
m : а с ate 
44 Same Denominators a ee шз 344 
b b b 
Addition and Subtraction 
"m Di D . а c ad bc ad * bc aie 
ifferent Denominators PEST bd bd bd 3 
EN . ; a+b 
2 46 Arithmetic Mean between a and b. 2 596 
< 
5 47 Geometric Mean between a and с. +Vace 494, 602 
al 
ра . 2ab 
E 48 Harmonic Mean between a and b. EX 599 
Z 49 Direct y*x or y=kx 502 
E 1 k 
5 50 k = Constant of Proportionality Inverse yx— or y= 509 
2 х х 
5 
51 Joint yx xw or у = ху 513 
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QUADRATICS 


63 


The Discriminant 


2a 


If a, b, апас if b? — Дас > 0. the roots are real and unequal 
are real, and if b? — Дас = 0 the roots are real and equal 
if D? — Дас <0 the roots are not real 


No. Page 
| — boc, — bic аүсэ — азс 
52 ах + by = с pe, ам у 7 where a,b» — ab, # 0 282 
ax + by =c aib = abı ayby = abı 
5 
E БэсхКү + bycok3 + bacqko — БосуКз = b3coky — БусзКо 
a ajbac3 + азрүсэ + agb3c, — aaboc, = ayb3cy — arbic3 
2 ajx + biy + az = ky Pe : S MS 
g аусзко + aacok, + acık azcık ack азсзК 
53 Б gud dod utendo " 1C3K2 302K] 2С1К3 3С1К2 1С2К3 2С3К| 311 
20 ? а\Бәсз a3bıc2 Ї a5bac, азЬәс\ a1b3c5 arb C3 
« азх T 23) Toca ka 
1 i ^ ароз + aab ko anb3k, aabok, 31:21) 21:15) 
^ — aybyce3 + азрусә + а2фзсү = ахас) = а|Ьзс) = anbyc3 
ар bi 
54 Second Order = аур) — abı 302 
аз b 
ар by c 
55 Third Order а by © aybyc3 + азђусо + азрзсі — (азросу + аүдзсэ + аођусз) 311 
Е аз b3 C3 
= Е 
8 Ё The signed minor of element b in the determinant 
х D 
=) a abe . 
56 d 
8 2 d e f| is - f 310 
A e : 8 1 
х g g h i 
8 s Minors 
= To find the value of a determinant: 
5 1. Choose any row or any column to develop by minors. 
2 57 2. Write the product of every element in that row ог column 310 
za] 2 and its signed minor. 
2 8 3. Add these products to get the value of the determinant. 
Е E The solution for any variable is a fraction whose denominator is the determinant of the coefficients, 
58 2 and whose numerator is also the determinant of the coefficients, except that the column of coefficients of 312 
the variable being solved for is replaced by the column of constants. 
Б €i bi ay c 
E c; b аз C 
59 B. r= and у= — 304 
o | H ар b ар bj 
a о 
17 Ё аз b аз b 
t 
5 ki bi СІ а ki [4] а bi ki 
oO 8 ky bo с) аэ ko с) a? bz ky 
© 
к= Кз 54 C3 a3 ka Сз аз 54 k3 
= x icy xum 312 
60 8 А ? n A 
о 
Е ар by ci 
ET Where A= |а b col #0 
a3 b3 Сз 
61 General Form а? + bx +c =0 368 
-b + Vb? — Дас 
62 Quadratic Formula x ёс 369, 371 
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No. Page 
9 64 Opposite angles of two intersecting straight lines are equal. 177 
E 
8 a 6 If two parallel straight lines are cut by a transversal, corresponding angles are equal and 
2 £ 5 alternate interior angles are equal. 178 
m 
= 
Z 66 If two lines are cut by a number of parallels, the corresponding segments are proportional. 178 
a 2 
67 4 || Square Area = a 
b 
9 68 а Rectangle Area = ab 
M 
< 
а 
E af th Parallelogram: Diagonals 
3 69 : 121" / : 5 5 Area = bh 
= Ь bisect each other 
[4 
2 
5 70 a/ih Rhombus: Diagonals 
л intersect at right angles Area = ah 
£ (a + b)h 
a 
: Roses = сааи 
71 JEN Trapezoid rea 2 
b 
2 
© 
2 72 n sides Sum of the interior angles = (n — 2) 180° 189 
© 
& 
i fi 
73 Definition of z т = oe’ = 3.1416 191 
diameter 
74 5 Circumference = 2zr = md 191 
_ та 2 
75 Area = ar^ = Заг 47, 191 
76 Central angle 0 (radians) = È 413 
r 
rs r?8 
m 77 Area of sector = — = 410 
d 2 2 
9 ю----4----» 
O 78 1 revolution = 27 radians = 360? 1° = 60 minute 1 minute = 60 seconds 406 
r—h 
Area of Segment A = r? arccos = (r = h)V2rh — i? 
r 
79 410 
БО. : 
where arccos is in radians 
А h 
r? . 
A = —(0 — sin 0) 
80 2 411, 490 
where @ is in radians 
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of any two corresponding dimensions. 


No. Page 
81 Inscribed and If an inscribed angle ф and a central angle 0 subtend the same arc, 192 
Central Angle the central angle is twice the inscribed angle. 0 = 26 
82 Any angle inscribed in a semicircle is a right angle. 193 
3 83 Tangents to a Circle Tangent AP is perpendicular to radius OA. 192 
5 
E 
g 84 Tangent АР = tangent ВР 193 
E OP bisects angle APB 
© 
2 
[9] 
85 Intersecting Chords ab — cd 193 
: : The perpendicular bisector of a chord passes through 
86 Perpendicular Bisector of a Chord - 27 192 
the center of the circle. 
87 а 2 Volume = a? 198 
a Cube 
88 Surface area = 6a? 198 
89 h Volume = [wh 197 
Rectangular Parallelepiped 
90 Py l Surface area = 2 (Iw + hw + Ih) 197 
91 Any Cylinder or Prism Volume = (area of base) (altitude) 197, 201 
2 we А Р : . : : 
92 E Right Cylinder or Prism Lateral area (not incl. bases) — (perimeter of base) (altitude) 197, 201 
Base 
8 93 | Volume = frr? 203 
a 2r Sphere 
Ф 
94 | Surface area = 42 203 
95 рак Апу Сопе ог Ругатіа Volume = i (area of base) (altitude) 198, 202 
S/S > i 
96 T in 5 Right Circular Cone or Lateral area = 1 (perimeter of base) X (slant height) 198, 202 
EE Regular Pyramid Does not include the base. 
A, " 
97 m Any Cone or Pyramid Volume — 5 (Ai + А5 + АЈА) 198, 202 
| | 
+ + 
- Right Circular Cone or 
98 A 7 Frustum Те Pyramid Lateral area = - (sum of base perimeters) = 208) + Py) 198, 202 
n Corresponding dimensions of plane or solid similar 
m 99 fi : ; 498 
Z gures are in proportion. 
=) 
о 
Е Areas of similar plane or solid figures are proportional to the 
x 100 f dine di : 499 
2 squares of any two corresponding dimensions. 
= 
2 101 Volumes of similar solid figures аге proportional to the cubes 499 
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No. Page 
102 Areas Area = 1bh 181 
a INC 
E h Hero's Formula: 
103 
9 b Area М (5 a)(s — b)(s — c) where s= i(a +b+c) 181 
E 
2 104 Sum of the Angles А + В + С = 180° 182, 212 
S b 
Е 105 Law of Sines 2 : - £ 241 
54 с а sin А sin В sin C 
Z 
< 
а? = b? + с? — 2bc cos A 
106 b Law of Cosines b? = а? + с? — 2ac cos B 247 
c = а? tb — 2ab cos С 
107 Exterior Angle 0=A+B 182 
a 
м z 108 If two angles of a triangle equal two angles of another triangle, the triangles are similar. 183 
д 
4 
=< 
a х 109 Corresponding sides of similar triangles are in proportion. 183 
c , 
110 й Pythagorean Theorem а? + Ь? = с? 183, 212 
а 
111 Si nd y opposite side 208, 212, 
ine sing = = ———— 
r hypotenuse 221, 232 
112 Cosi "C X- adjacent side 208, 212, 
Trigonometric озше сови hypotenuse 221, 232 
Functions 
113 Tangent tan 0 = Ec 2 208; 212; 
2 i 5 x adjacent side 221, 232 
ai 
5 x adjacent side 
z 114 Cotangent cot 8 = — = —— 232 
< y opposite side 
E hypot 
- otenuse 
ie» 115 Secant sec 0 = шан шинээ, 232 
о x adjacent side 
ра 
hypotenuse 
116 Cosecant csc 0 = = a 232 
y opposite side 
: : 1 1 1 
117 Reciprocal Relations (a) csc Ө = —— (b) sec 9 = —— (c) cot 9 = —— 234, 462 
sin 0 cos 0 tan ө 
A and B are B (a) sin A = cos B (d) cot A = tan B 
Complementary 
118 Angles б Cofunctions (b) cos A = sin B (e) sec A = csc B 235 
A C (c) tan A = cot B (f) csc A = sec B 
g 119 x —rcosÓ 455 
g Rectangular 
n 
ра 120 узсгаш0 455 
2 |: г = М2 + у? 455 
8 Polar 
© y 
о 122 = arctan — 455 
О х 
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TRIGONOMETRIC IDENTITIES 


No. Page 
in 0 
123 tang = 22 463 
. . cos 0 
Quotient Relations 
0 
124 cot = 20° 463 
sin 0 
125 sin^8 + соѕ20 = 1 463 
126 Pythagorean Relations 1 + tan?0 = sec?6 464 
127 1 + cot?@ = csc? 0 464 
128 sin (a + В) = sina cos В + cosa sin B 470 
129 Series cos (a + B) = cosa cos В + sina sin B 471 
of Two Angles 


tana + tan B 


130 t + = 472 
anga = p) 1 + tan a tan В 
131 sin 2а = 2 sin а cos œ 474 
Double-Angle (a) (b) (c) 
132 Relations 5 2 " 5 475 
cos 2a = cos^a — sin^a | соѕ 2а = 1 — 2sin“a cos 20 = 2 соѕа — 1 
2tana@ 
133 tan 2a = = foie 476 
1 — (апа 


1 - 
134 sint = +, 0088 471 
2 2 
1+ 
135 Half-Angle Relations cos $ = + = 478 


(а) (b) (c) 
136 a 1 — cosa a sina а 1 — cosa 479 
fan = =—————= ti — ——__ tan > = +,/-—_——_ 
2 sin q 2 1 + cosa 2 1 + cosa 
VI 
137 Definition of e lim ( + i) =e 525, 956 
38 Exponential to Ifb* = y then x = log,y 533 
B Logarithmic Form (у >0,b>0,b #1) ? 
139 Products log, MN = log, M + log, N 540 
А M 
140 Quotients log, М = log, M — log, N 
: о, MP = 
g 141 ТЭЭ Powers log, M plog, M 541 
x Logarithms Products 1 
z 142 Roots log; VM = —log, M 543 
< q 
e 143 Log of 1 log, | = 0 544 
Log of the Base log, b = 


Log of the Base 


n = 
Raised to a power log, b^ — n 544 


Base Raised to 
146 a Logarithm of prex = x 545 
the Same Base 


шу InN 
ш10 2.3026 


147 Change of Base log N — 545, 968 
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No. Page 
y х 
: 8 af 
ll 
148 Power function у = ах" 505 
149 Exponential Function у = a(b)™ 
| У " (xInb? (хар) 

150 Series Approximation b 1+ xInb+ 2! H 3! t (b > 0) 532 
n yA 
5 151 — m 
D Exponential 
E Growth 5 
2 Doubling Time or In2 
=. | des x Half-Life zi Зэ) 
m 
0 
2 
m 24 
> 
o 
n a 

153 Exponential Decay у= ае" 526 

> 
t 
Exponential Growth Ш _ =n 
154 toca Upper Limit у=а(1 е") 526, 1005 
: Ї 
155 Time Constant = —————— 527 
growth rate n 
Recursion Relation for 
t= By 
ын Exponential Growth ? еа 
157 Nonlinear Growth Equation y = Ву,—1(1 — у) 561 
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No. Page 
1 Ї Ї 
158 е= 2 4 a tg tur 531, 616 
Series Approximations 5 Р " 
159 e=1tx+24247 4 532, 616 
21 3! 4! 
y 
"m | у = log, x 
160 Logarithmic Function (x >0,b>0,b #1) 
> 
E x 
S 2a? 2а 2а! 
Е In x = 2а d 1 | 1 H ia | 
8 3 5 7 
E 161 Series Approximation where 539, 616 
SJ x-—1 
n LAE xc 
2 3 
© 
E =asin(bx +c 
g 162 y = asin (bx + c) 
E 360 2 
5 163 Period P = cp des/cycle - = rad/cycle 424 
m Sine Wave of Amplitude a 
5 Е ПЕТЕ pedes qudd: |. 424 
requency = — = —— cycle/deg = — cycle/ra 
ы | 16 цал ъ= ggo е 73a 7 
о 
2 . c 
165 Phase shift — Ыл 426 
Addition of a Asin wt + B cos wt = R sin (ot + ф) 
166 Sine Wave and a where 447, 474 
Є В 
Cosine Wave R= VA + В? and ф = arctan c 
| х ox" x! 
167 Series Approximations sin x = x 31 5! "TA 616 
2 E 6 
168 x is in radians cosx21-2 5 шар 616 
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No. Page 
169 Rectangular a * bi 563, 569 
170 Polar rag 569 
171 Trigonometric r(cos Ө + isin 0) 569 
172 Exponential re? 569 
Ё 
173 Forms of a Complex Number E where r= Va? + b? 
Бр 
E 569 
174 6 = arctan — 
a 
175 а = ғсоѕ 
569 
o 176 р = гіп Ө 
2 
ш 
8 | 177 Powers of i i i, 5-21 i =i etc. 564 
е] 
2 178 Sums (a + bi) + (c + id) = (a +c) + i(b + d) 563 
” 
5 179 Differences (a + bi) = (c + id) = (a — c) + i(b — d) 564 
5 180 Rectangular Form Products (a + bi)(c + id) = (ac — bd) + i(ad + bc) 565 
Q 
А a tbi ac * bd .bc = ad 
181 Quotients Е 2 ао 5 567 
ctid +d cta 
182 Products r/0:r'/0' = rr'/0 + 0' 570 
. rjg = /Ө—@' 
183 Pilar Pom Quotients 1/10 + fo = " 0—90 571 
4 И DeMoivre’s Theorem: 5 
18 Roots and Powers (r/8y = r"/nà 71 
185 Euler's Formula e? = cos 0 + 1800 1018 
186 Products rel . гэе"? - rine €i +02) 
1 10 Д 
187 Exponential Kori Quotients а = ny (6 —65) 
юе? т 
188 Powers and Roots (reif? = r'e"? 
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No. Page 
189 Series Notation uy + u + usd + Un d 587 
190 Arithmetic Progression Recursion Formula d, = ag 1 +d 593 
191 General Term d, — a + (n — Dd 593 
Я n(a + ay) 
192 Common Difference = d ‘= EE mA 594 
Sum of n Terms 
2 п 
© 193 $7 [2a + (n — Dd] 595 
a 
8 194 Geometric Progression Recursion Formula dy = Paai 600 
Ф 
2 195 General Term а, = ar"! 600 
a 
a(l = r”) 
196 K= 601 
| =y 
Sum of n Terms 
а — rd, 
197 Common Ratio — r Sn = i 601 
=F 
198 Sum to Infinity $ = 1 1 where Ir| «1 606 
n(n — 1 n(n = 1)(п—2 
199 Binomial Theorem (a + Б)” = a" + na" lp 4 ( T ) n-2p2 4 ( х ) a" 3p3 4 H b” 609 
= n! " 
2 200 General Term rth term a" rid 611 
© (r — Dn — r + Ту! 
т 
H n(n = 1 п(п = 1) (п – 2 
d 201 (a + Б)" = a" + na" b 4 ( 7! ) yg? } ( x ) qn Eee 612 
= 
= where |а| > |b] 
S Binomial Series 
m n(n = 1) n(n = 1)(п — 2) 
ууп | 2 4 “35425 
202 (1 + x) lene 4 2! X^ 4 з! X" n 612 
where ES < 1 
203 Increments Ax = х - x, Ay=y- y 681 
204 Distance Formula d = V(Ax) 4 (Ay? V(x х) + O = у)? 681 
1 Ау у-у 
205 т= 2 =— a 2 167, 682 
Slope rn Ax xo 
206 m = tan (angle of inclination) = tan 0 0 x 0 < 180° 683 
207 General Form Ax + By+C=0 690 
m 
2 208 Parallel to x axis y=b 690 
= 
© 209 Бапайон.оЁ Parallel to у axis x=a 690 
E 210 Straight Line Slope-Intercept Form у= тх +b 168, 687 
2 УГ Уз у 
a 211 Two-Point Form 22 TA AEN 689 
Х — xX X2 — X1 
= 
: УУ 
212 Point-Slope Form ех 688 
= x 
213 If Lı and L» are parallel, then m, =m) 684 
1 
214 If L, and L, are perpendicular, then m = – 684 
тэ 
: тэ — mı 
215 Angle of Intersection tan ф = — — —— 685 
І + mm 
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No. Page 
Ах? + Bxy + Cy? + Dx + Ey + F = 0 
Circle: A=CandB=O 
Parabola: Either A = 0 or C=0 
216 General Second-Degree Equation Бире: И зау sign 698 
Hyperbola: A = C and have opposite signs 
For the parabola, ellipse, and hyperbola: 
B — 0 when an axis of the curve is 
parallel to a coordinate axis 
217 The set of points in a plane equidistant from a fixed point 694 
218 х + у? = р? 695 
5 = 
E M 3 
3 3 
E a 
29 | 9 : (х= 0 + (у – 0 = 2 696 
> 
0 h x 
220 General Form x? + у? + Dx + Ey+F=0 698 
The set of points in a plane such that the distance PF from each point P to a fixed point F (the focus) is equal 
221 to the distance PD to a fixed line (the directrix) 702 
Z PF = PD 
8 
n Vf F 224 
= 222 nv x у = арх 702 
o 
О 
223 x? = 4ру 704 
Ё 
E 
yA E 
F E 7 
224 2 „Г vip à (y — К) = Ap(x — A) 705 
o 
m > 
Е 0| h х 
a 
УА 
oF 
225 ON 17 (x = h? = Ap(y = k) 705 
k| V 
h x 
Cy? + рх + Ey + Е = 0 
226 General Form or 707 
Ax? + Dx + Ey + F = 0 
227 Focal Width or length of latus rectum L= l4p| 705 
a 2 
228 Area Area — 3 99 
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No. Page 
The set of points in a plane such that the sum of the distances PF and PF' from each point P to two 
229 fixed points F and F' (the foci) is constant, and equal to the length 2a of the major axis 713 
PF + PF' = 2a 
УА 
2 y 
холч +>—= 1 
230 а? p 716 
x 
ab 
УА 
7 2 
ыж =1 
231 ab 718 
x 
ab 
E 
5 E 
5 з 
5 = 
E yA © 
S Е 
iS] 5 » 5 
— Nn =, 2 y — 
22 9 (x — h) (y — k) i 
8 | 232 | 3 a? p? 719 
E a k 
m а> Б 
о > 
Q 0 h x 
2 
o 
О 
УА 
O- Gay 
233 2 p 719 
k 
ab 
» 
0 h x 
Ах? + Cy? + Dx + Ey + F =0 
234 General Form 720 
A # C, but have same signs 
235 Distance from Center to Focus c= Ма? = р 714 
2 
236 Focal Width or length of latus rectum = 2b 722 
a 


237 


Area = mab 
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xy = 


k 


No. Page 
The set of points in a plane such that the difference of the distances PF and PF’ from each point P to two 
238 fixed points F and F' (the foci) is constant, and equal to the distance 2a between the vertices 725 
PF' — PF =2a 
x? у? 
239 2 = p2 = 1 726 
2 2 
240 22-15 
2273 726 
Ё 
S 
A = 
y 
` 9 
© 
g 
8 h (у= kP 
= Ап 
241 К ( 5 y 729 
c a 
Е 
3 
5 > 
E 0 h x 
o 
sd E: 
2 ? 7 
5 1 END A 
„х= Дд? an ja 
Q 22 | = Q- (х= А) Я 
22 К 42 p 729 
S PAN 
б 
> 
9 0 h x 
Ах? + Cy? + Dx + Ey + F=0 
243 General Form 731 
A = C, and have opposite signs 
244 Distance from Center to Focus c= Ма + 727 
b 
245 Transverse Axis Horizontal Slope = +— 727 
a 
Slope of Asymptotes 
246 Transverse Axis Vertical Slope = + - 727 
2p? 
247 Length of Latus Rectum L= 2 
a 
248 Axes Rotated 45? 731 
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249 Limit Notation Jim f@=L 738 
2 (1) lim Cx =0 (4) „іт Cx = о 
® | 250 | Limits involvi infinit Q) lim 2 =0 (5) lim == œ 741 
5 imits involving zero or infini im = = im — = 
4 8 y x—0 С x=% C 
А С 
(3) lim — = +% (6) lim —=0 
x0 x x>% X 
А > Ay f(x + Ax) — fQ) 
fo d Tun Ax se Ax 
251 Definition of the Derivative 751 
lim 2| Ау) – y 
AS D Ax 
dy ly d 
252 The Chain Rule ке К 767 
dx du dx 
. 4(с) 
253 Of a Constant — = 759 
dx 
~ . d == 1 
254 Of a Power Function 4a = пх" 
ах 
5 А А d (cu) du 
255 Of a Constant Times a Function = с— 772 
T dx dx 
m 
2, d 
i» 256 Of a Constant Times a Power of x — cx" = cnx"! 760 
x dx 
Ё 257 E Оға а Есет du | dv | dw 762 
a Sum и + H + H 
E dx ' : dx | dx dx 
[5] 
E : Е : d (cu^) 2, du 
258 2 Of a Function Raised to a Power d = спи" ^ — 768, 777 
% X 
2 . d(uv) dv du 
259 Of a Product и tv 771 
dx dx dx 
d (uvw dw d 
260 Of a Product of Three Factors ( ) ил ш + uw + vw 1 773 
dx dx 
оғ " . : The derivative is an expression of n terms, each term being the 4 
261 О Factors product of n — 1 of the factors and the derivative of the other factor. ыг 
du dv 
E EMT 
262 Of a Quotient 774 
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No. Page 
d(sinu d 
263 BH ae 943, 950 
dx dx 
d (cos u d 
264 E Sy 944, 950 
dx 
d (tan u) > du 
265 w^ E Sec ur 949, 950 
х 
Of the Trigonometric Functions 
d (cot u) 5 
266 csc“ и 950 
ах ах 
d(sec u 1 
267 E — secutanu ius 950 
dx dx 
d (csc u) du 
268 — — — = — esc u cot u —— 950 
dx dx 
d (Sin ! и) 1 d 
260 |с ш 1<и<1 954 
= dx _ 2 ах 
S 1-1 
3 
РА d(Cos lu -1 d 
270 | 8 : : и 1<и<1 954 
Б ах 2 dx 
© ы 
2 
© d(Tan lu 1 d 
т |а : : А 954 
5 dx 1 a) dx 
ps Of the Inverse Trigonometric Functions 
- E d (Cot ! и) =1 du ЭР 
x dx 1+ dx 
3 d (Sec | u) 14 
$ ec и 
= | 27 5 ш> 954 
Е ах ict dx 
Б ими 1 
> 1(Csc ^! u) 1 d 
d(Csc u — 
a | 274 2 - [| > 1 954 
2, * ими? = 1% 
z m NEUEM er ee 7 
og, u Og, € og), u) = 
27 (а) da t £5 dx e dee ulnb dx * 
m 
a 14 
276 | 220 2 nu) = -= 957 
Of Logarithmic and 1 и dx 
Exponential Functions d 1 
277 b" = "ль 961 
dx dx 
d du 
278 7 E 962 
dx dx 
279 Differential of y dy = f'(x) dx 780 
280 Maximum and Minimum Points To find maximum and minimumi points (and other stationary 795 
points) set the first derivative equal to zero and solve for x. 
. "m The first derivative is negative to the left of, and positive to the right 
281 First-Derivative Test of, a minimum point. The reverse is true for a maximum point. 797 
2 If the first derivative at some point is zero, then, if second derivative is 
8 - 1. Positive, the point is a minimum. 
282 E Second-Derivative Test 2. Negative, the point is a maximum. 797 
8 3. Zero, the test fails. 
E . Find y a small distance to either side of the point to be tested. If y 
283 ‘a Ordinate Test 1 ас 22 à 797 
5 is greater there, we have a minimum; if less, we have a maximum. 
е To find points of inflection, set the second derivative to zero and 
284 Inflection Points solve for x. Test by seeing if the second derivative changes sign 799 
a small distance to either side of the point. 
(Xn) 
285 Newton's Method Xu X fe 
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286 [ro dx = F(x) + С 843 
The Indefinite Integral 
287 nc dx = F(x) + C where f(x) = F'(x) 843 
b 
288 The Fundamental Theorem f(x) dx = F(b) — F(a) 864 
a 
n 
А = (ЖУДА. 
289 Midpoint Method >, Йо Ах 869 
where f(x;*) is the height of the ith panel at its midpoint 
n b 
290 Defined by Riemann Sums A= lim > fGj*)Ax = | f(x) dx 871 
a Ax>0 j=] a 
5 By Integration 
© У 
g i b 
х 
AZ | 201 9 id A= | f(x)dx = F(b) — Fla) 873 
Б а 
Бы 
E 0 a b x 
E 
5 Areas between Two Curves 
< y 
3 f(x) 1 
292 | d A= | (0) = ga) dx 890 
a 
80) 
O| a box 
Р 
шин 
293 2 сэ Volume = dV = ar? dh 899 
8 ав! 
o 
2 г 
E: b 
294 a ү-т | г? dh 899 
Ola h a 
= 
2 295 dV = «(r2 — r2) dh 902 
5 31 3 
E ЕМНЕ: 
2, "8 2] 
оо > = 
[ea] © ав 
E & © r 
E EE 
ё с 8 
E 5 |# ( b 
- 296 5 oa V= "| (r2 — r2) dh 903 
Е A 0 ( bh a 
3 2 
29 
5 E 
л a 
22 © 
б > 
> 297 dV = 2тгһаг 901, 935 
Q 
5 
a * 
< 2 
o 
= 
p 
= 
[72] b 
298 V= an | rh dr 901 
a 
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y b dy M2 
299 g s= | 1+ (2) dx 911 
4 d " dx 
© 
g 
50 
5 с a dx\? 
300 d s= 1+ [= | dy 911 
0 7 dy 
y 
7 
i About x Axis: 
301 Sr = 
0 ud) X b ЯН (2). 
= ; : 
\ id a ДК" 915 
I] 
8 
< 
9 
£ yA 
=) 
© o 
3 About y Axis: 
$ | зо ЕТ | 5 EN 
S т uu = : =, 
© | S эл | хА/1 + Еэ? ах 916 
= 11 »- a 
< 0 a b x 
2 
Ф 
m 
= 
Z Of Plane Area: 
p v 
= 303 yA x= 4/ х(уз = у) dx 920 
Е А 
m Y2 = f(x) a 
5 
a 
E A 
E: A: 
5 y у AW _ b | 
2 304 Br a р > 5А 1 (у + 9) Ол — yı) dx 920 
© x 
z 
ч 
z Of Solid of Revolution 
> of Volume V: 
6 
E About x Axis: 
305 О b 
| х= 2/ xy? dx 
= x= Tf Wax 
Ol a b x Voda 923 
x 
About y Axis: 
d 
306 у=” 2 yx? dy 924 
V Jc 
»- 
0 Xx 
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No. Page 
Thin Strip 
— 
307 dc An 332 
pe A 
1 
308 2 == I у? dx 934 
8 3 
& Extended Area 
= 2. 
309 © : Жий = Js ydx 934 
310 Polar 
D 1, + 1, 
Radius of Gyration: 
311 211 933 
= TN 
3 
E 
E 312 | r— 1, = Ar? 
S E: pe QA di 
d E 
E 5 | 
нэ D 
g |33 ра Disk: cocos BE... dI = oM dh 
= Е 
2, Е -— аһ 
© 
2 2 
ё 
БЭ! тт 
a 314 аә ч 4 — rf dh 
m 
BE 
B Е 38 
29 $ Е! 
г E 28 
2 2 n 22 
g 315 5 Shell: —* (шиг ч E dl = 2«mr?h dr 935 
z = Б 
RO 
2 pode <5 
T FEE 
Ay : 802 
< Solid of <& Disk Method: 
316 Revolution: эс b 936 
А І = zu r^ dh 
' 2 а 
/ 
1 > 
0| а 1р h Shell Method: 
317 : 935 
\ I = 2mm 1 rh dr 
9 Average Value: 
‘is b 
318 | $ 1 975 
si ave = T—— d 
а Yavg pma), 56 
87) 
S Root-Mean-Square Value: 
v 
319 | 2 E fu 12 976 
© rms = ,/——— x x 
2 b — a Ja 
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Xo = Xbox 
320 Euler's Method 987 
Yq = Yp + тАх 
321 Variables Separable f(y) dy = g(x) dx 988 
322 x dy + ydx = d(xy) 992 
х ау — ydx y 
323 —.— = d — 992 
E x 
Integrable Combinations T 
ydx — хау x 
324 ———— db 992 
y y 
xs | = zady um 4! 2) 992 
т х? + у? цаг 
ь 
T MES H bids da 994 
omogeneous (Substitute y = ux) 
2 327 Form y + Ру = 0 996 
8 328 First-Order Linear Integrating Factor R = el Pax 997 
< 
= 32 J Pdx Pdx 
9 9 уе/Рах = | Qef” 998 
= 
5 Solution dy Р ТЭР 
--- Gy = Hy 
2 330 Bernoulli’s Equation dx 999 
& (Substitute z — улу 
m 
сэ 
a 331 Form ay" + Бу + cy =0 1016 
332 Auxiliary Equation am? + bm +c=0 1016 
о 
ë Roots of Auxiliary Equation Solution 1016 
o ч > 
333 = Real and Unequal у = се"! + суе" 1018, 1019 
334 5 | © Form of Solution Real and Equal y = сүе”* + сухе" 1019 
T 22 
© (а) у = е (C, cos bx + Сэ sin bx) 
335 a Nonreal Or 1019 
8 (b) y = Се“ sin (bx + ф) 
“a 
336 8 Form ay" + ру + cy = f(x) 1014, 1024 
N 
2 y= Ye + Yp 
о 
337 = Complete Solution | || 1022 
5 complementary particular 
Z function integral 
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STATISTICS AND PROBABILITY 


Ys 


338 Arithmetic Mean x 629 
n 
Measures of The median of a set of numbers arranged in order of 
339 Median magnitude is the middle value, or the mean of the two 630 
Central Tendency : 
middle values. 
340 Mode The mode of a set of numbers is the measurement(s) 630 
that occurs most often in the set. 
341 Banse The range of a set of numbers is the difference between 
d the largest and the smallest number in the set. 632 
342 Population Variance o? N Sa - xy 633 
о? = -————— 3 
n 
Measures of Dispersion 5 
343 Sample Variance s? = 2e =H 633 
` ` п— 1 
344 Standard Deviations The standard deviation of a set of numbers is the 634 
positive square root of the variance. 
number of ways in which A can happen 
345 Of a Single Event P(A) - : 639 
number of equally likely ways 
346 Of Two Events Both Occurring P(A, B) = P(A)P(B) 640 
T Of Several Events P(A, B.C ) = P(A)P(B)P(C) ыб 
Probability All Occurring a m 
ccurring 
349 Of Two Mutually Exclusive P(A + B) = P(A) + P(B) 641 
Events Occurring 
y= 1 ёл (x— uy o? 
2 
350 Gaussian Distributi КОБИ ни 
aussian Distribution where u = population mean 
and o = population standard deviation 
: : р n! — 
351 Binomial Probability P(x) = (= dx pq 645 
Formula я 
с 5 
352 Of the Mean SE, = Va = хо 658 
с 
353 Standard Error Of the Standard Deviation SE, = Prom 659 
n 
: pd = p 
354 Of a Proportion SE, = а 659 
Correlation n> xy — Ух Ху 
355 Coefficient 670 
oefficien Vn Sx - (У x? Vn xy (xy 
4 nor = Ух Уу "T 
Least opem — 2. 2 
356 Squares Line пх (23) 
2 mcs ] 
Ex Ly — Ух У ху n 


y intercept b 


п 2 — (x)? 
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Applications 
Note that the applications numbers start with 1000. 
1000 Total amount of mixture = amount of A + amount of B+... 123 
Mixture containing 
5 Ingredients А, B, С, .. . Final amount of each ingredient = initial amount + 
z 1001 amount added — amount removed 123 
8 2 А . Final amount of A = amount of A in first mixture + 
1002 Combination of Two Mixtures amountotA in'second mixture 124 
1003 Fluid Flow Amount of flow — flow rate X elapsed time A — QT 
1004 Amount done = rate of work X time worked 130 
5 1005 d Constant Force Work = force X distance = Fd 928 
É а —_+| 
2 гол = b 
1006 Variable Force Work = | F(x) dx 929 
a 
А А total cost 
1007 Unit Cost Unit cost = ——— — ——— 
number of units 
a 1008 Simple у= а(1 + nt) 
< 
О 1009 Interest: у = а(1 + ny 524 
2 Principal a Invested at C ded A П - 
2 ‘nin Rate n for t years SIDDOUDSSAE DD ay. Recursion Relation 593 
= Accumulates X = y-10 +n) 
to Amount y EV 
1 
1011 Compounded т times/yr y=a ( + z) 524 
m 
F 
1012 a Moment about Point a M, = Fd 127 
a 
1013 Ё i = 
2 Equations of The sum of all horizontal forces = 0 127 
c 1014 Equilibrium The sum of all vertical forces = 0 127 
É (Newton's First Law) 
va 1015 The sum of all moments about any point = 0 127 
f | 
-" тыы р / 
1016 Coefficient of Friction ш = N 
N 
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No. Page 
1017 Uniform Motion Distance — rate X time 
(Constant Speed) D= Rt 
Uniformly 
1018 Accelerated Displacement at Time t s = vt + 359, 879 
(Constant 
Acceleration a, . . Е 
1019 Initial Velocity vp) Velocity at Time t vU = v + at 879 
For free fall, 
——— 2 
1020 а=8 = а Newton’s Second Law F = ma 
= 32.2 ft/s 
Linear total distance traveled 
1021 Motion Average Speed Average speed total time elapsed 
1022 Displacement 
023 Nonuniform 
1923 Motion 
Instantaneous Velocity 
1024 
. dv d?s 
1025 Instantaneous Acceleration =—_=-> 816 
dt dt? 
5 1026 Angular Displacement 0 = ot 416 
Е : А 
5 Р Uniform Motion Linear Speed of cles 
1027 Point at Radius г att 
1028 Angular Displacement 0- |» dt 881 
Rotati 
otation d8 
1029 w = — 820 
dt 
Nonuniform Motion Angular Velocity 
1030 w= fe dt 881 
dw 490 
1031 Angular Acceleration EE ыл үл 820 
dt di? 
1032 Displacement (а) х = Ї» dt (by- Ї» dt 880 
dx dy 
1033 v, =—— b) v, 2 — 818 
| (a) v, =” у= 
Curvilinear x and y Yelocity 
1034 Motion Components (a) Vy = Ё dt (b) vy = fo dt 880 
_ ао " " dv, 
1 @а = 1 BR dt 
1035 Acceleration 5 5 818 
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No. Page 
1036 X = xg COS 0 1029 
22 : : 
Z k Simple Harmonic | : E kg 
5 1037 Motion Undamped Angular Velocity о, = үү 1029 
< (No Damping) 
E w 
5 1038 ү Natural Frequency i, = pus 1029 
= 
< 2 
Q 1039 x = хоё " соо 1028 
2 
= * Underdamped 2.2 
Ü 1040 Ps : - 2.28 
m sin wt Damped Angular Velocity wq wn 2 1028 
5 2 
Coefficient of 
1041 friction = c Overdamped x = Спе"! + Cet 1030 
weight Г 
1042 Density Density 5 -- 
volume volume 
weight 
1043 Mass Mass n 1 
acceleration due to gravity 
c . . density of substance 
nj 1044 Specific Gravity SG - - 
E density of water 
ра 
m 
5 zr 
---г- — 
Ё 1045 А Pressure Total Force on a Surface Force = pressure X area 926 
- 
= 
ра 
m 
= = REN 
5 1046 — |— — A F=6]ydA 926 
z y = 
Force on a Submerged Surface 
1047 F = буА 927 
1048 pH pH = —10 log concentration 559 
2 5 
5 1049 Conversions between C = (К— 32) 
5 Degrees Celsius (С) and 
= 1050 Degrees Fahrenheit (F) Е = 2c +32 
E 
1051 P Normal Stress с=— 
а 
1052 | Strain є = = 
L 
2 2 
1053 4212-27-56 E = — 359 
E Р А ае 
4 P Ed Modulus of Elasticity and Hooke's Law 
5 с 
Bi 1054 Tension or Compression = P 
< 
> 1055 Thermal Expansion Elongation e=aLAt 
о 
= | 1056 Cold New Length L = Ly + ал) 359 
9 - Ly Tz : 
E 1057 Hot Strain € — — = ал 
Е L 
2 Ё " | 
1058 Stress, if Restrained с = Ee = Ea At 
Temperature change = At 
Coefficient of thermal Force, 
1059 expansion = а if Restrained P = ас = аЕа At 
Е 
1060 | | Force needed to Deform a Spring F = spring constant X distance = kx 929 
<—— x — 
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No. Page 
voltage V 
1061 Ohm's Law Current = —— 1 = — 
resistance R 
1062 In Series к= К+ К + К + 
Combinations of Resistors 1 1 1 1 
1063 In Parallel | H 1 359 
R К, R КЁ; 
1064 Power Dissipated Pove = P= yl 
in a Resistor 
1 —> 2 
R 
к) 
1066 ү P — PR 
1067 вар The sum of the voltage rises and drops 
around any closed loop is zero. 
Kirchhoff’s Laws 
The sum of the currents entering and 
1068 Nodes lesd Е 
eaving any node is zero. 
1069 Resistance Change with Temperature R= Ry + ot — 1)] 360 
Resistance of 
: L 
1070 SEMEN L к= 
А А 
Resistivit 
" yp 
8 1 1 1 1 
a 1071 In Series + 
5 Combinations of Capacitors с с C C 
Q 1072 In Parallel C —G t Cy t Cy e 
= 
т 1073 Charge оп a Capacitor at Voltage V Q=CV 
Q 
22 Sinusoidal Form Complex Form 
5 1074 Alternating Voltage - 
= v = Vp sin (wt + $4) У = Vor 2 Qı 580 
5 1075 Alternating Current i = I, sin (wt + фэ) I= Ly /» 580 
: T 
1076 Period Р = — seconds 435 
1 w 
1077 Frequency f= na hertz (cycles/s) 436 
Р 2 
44 
1078 Current i = — 811, 946 
dt 
1079 Charge а= fi dt coulombs 884, 969 
dv 
1080 Instantaneous Current = Еэ 811, 946 
4 
ОР 
1081 Instantaneous Voltage v= T / i dt volts 884, 969 
8 : 2 
TS 5 Current when Charging Series RC Circuit T LT О 
5 or Discharging R R 
o 4117 
1083 Voltage when Charging _|_ v = E(1 = e RC) 1011 
E eere, © 
1084 Voltage when Discharging —t/RC 
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Мо. Page 
‚1 
1085 Instantaneous Current i= L v dt amperes 885, 969 
di 
1086 Instantaneous Voltage = di 812, 946 
d 
5 І mere 
15) | Series RL Circuit . E уц 
1087 8 Current when Charging i= в = е ) 1008 
S R 
ое ЛМ 
r : Е —Rt/L 
1088 Current when Discharging i=—e 1011 
EZZ L 
Voltage when Charging e 
1089 or Discharging v = ert 1008 
1090 R tF : 1032, 1037 
esonant Frequency o, = = 32, 
V LC 
No Resistance: 
= 1091 The Series LC Circuit: i= ar sin of 1034 
Е w 
S n 
S 
© | 1092 8 i = е“ sin wat 1033 
> OQ Pa 
2 a Underdamped 
R2 
8 | 1093 wy = lel — Ло 1033 
2, 
нь 
I Series RLC Circuit 
E 1094 R Overdamped in E [eeto — fon 1034 
2jwqL 
5 ома ЛА 
= 1095 Inductive Reactance X, = oL 
QU 
zal С) Ѕошсе 3 L 
d Ї 
m 1096 Capacitive Reactance Xo——— 
Nn wC 
K 
1097 C Total Reactance X = Xy — Xc 227 
2 xS 
1098 8 Impedance 121 к? + x? = 4/R? 4 (2 ) 228 
$ wC 
< 
X 
1099 Phase Angle ф = arctan R 228 
1100 Complex Impedance Z-RtjX-Z/$ Zeit 581 
; E. 
1101 Steady-State Current iss = z sin (wt — ф) 1036 
1102 Ohm’s Law for AC V=ZI 581 
А Р, 
1103 Power Gain or Loss = 10 logio Р, dB 556 
1 
V2 
1104 Voltage Gain or Loss = 20 10010 v. dB 557 
1 
. h 
1105 Sound Level Gain or Loss s = 10 logio — ЯВ 558 
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UNIT EQUALS 
LENGTH 


1 angstrom 


1 centimeter 


1 foot 


1 inch 


1 kilometer 


1 light-year 


1 meter 


1 micron 


1 nautical mile (International) 


1 statute mile 


1 yard 


1x 10:19 meter 
1 x 10% micrometer (micron) 
107? meter 
0.3937 inch 
12 inches 
0.3048 meter 
25.4 millimeters 
2.54 centimeters 
3281 feet 
0.5400 nautical mile 
0.6214 statute mile 
1094 yards 
9.461 х 1072 kilometers 
5.879 x 107? statute miles 
10'° angstroms 
3.281 feet 
39.37 inches 
1.094 yards 
10* angstroms 
10 centimeter 
10-5 meter 
8.439 cables 
6076 feet 
1852 meters 
1.151 statute miles 
5280 feet 
8 furlongs 
1.609 kilometers 
0.8690 nautical mile 
3 feet 
0.9144 meter 
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UNIT EQUALS 
ANGLES 


1 degree 60 minutes 
0.01745 radian 
3600 seconds 
2.778 x 10? revolution 


1 minute of arc 0.01667 degree 
2.909 х 10 radian 
60 seconds 
1 radian 0.1592 revolution 


57.296 degrees 

3438 minutes 

1 second of arc 2.778 х 10^ degree 
0.01667 minute 


1 acre 4047 square meters 
43560 square feet 
1are 0.02471 acre 


1 square dekameter 
100 square meters 


1 hectare 2.471 acres 
100 ares 
10000 square meters 
1 square foot 144 square inches 
0.09290 square meter 

1 square inch 6.452 square centimeters 

1 square kilometer 247.1 acres 

1 square meter 10.76 square feet 

1 square mile 640 acres 


2.788 х 10” square feet 
2.590 square kilometers 


1 board-foot 144 cubic inches 
1 bushel (U.S.) 1.244 cubic feet 
35.24 liters 
1 cord 128 cubic feet 
3.625 cubic meters 
1 cubic foot 7.481 gallons (U.S. liquid) 
28.32 liters 
1 cubic inch 0.01639 liter 
16.39 milliliters 
1 cubic meter 35.31 cubic feet 
108 cubic centimeter 
1 cubic millimeter 6.102 x 105 cubic inch 
1 cubic yard 27 cubic feet 
0.7646 cubic meter 
1 gallon (imperial) 277.4 cubic inches 
4.546 liters 
1 gallon (U.S. liquid) 231 cubic inches 


3.785 liters 
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UNIT 


VOLUME (Continued) 


EQUALS 


1 kiloliter 


1 liter 


35.31 cubic feet 

1.308 cubic yards 
220 imperial gallons 
10? cubic centimeters 
108 cubic millimeters 
10? cubic meter 

61.02 cubic inches 


1 gram 


1 kilogram 


1 slug 


1 metric ton 


FORCE 


1073 kilogram 


6.854 x 1075 slug 


1000 grams 


0.06854 slug 


14.59 kilograms 
14,590 grams 
1000 kilograms 


1 dyne 
1 newton 


1 pound 


1 ton 


105 newton 
105 dynes 
0.2248 pound 
3.597 ounces 
4.448 newtons 
16 ounces 
2000 pounds 


1 kilogram 


AT SEA LEVEL 


VELOCITY 


2.205 pounds 


1 foot/minute 


1 foot/second 


1 kilometer/hour 


1 kilometer/minute 


1 knot 


1 meter/hour 
1 mile/hour 


0.3048 meter/minute 
0.011364 mile/hour 


1097 kilometers/hour 


18.29 meters/minute 
0.6818 mile/hour 


3281 feet/hour 


54.68 feet/minute 
0.6214 mile/hour 


3281 feet/minute 


37.28 miles/hour 


6076 feet/hour 


101.3 feet/minute 
1.852 kilometers/hour 
30.87 meters/minute 
1.151 miles/hour 
3.281 feet/hour 
1.467 feet/second 
1.609 kilometers/hour 
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ИЕС ae 
1 British thermal unit/hour 0.2929 watt 
1 Btu/pound 2.324 joules/gram 
1 Btu-second 1.414 horsepower 
1.054 kilowatts 
1054 watts 
1 horsepower 42.44 Btu/minute 
550 footpounds/second 
746 watts 
1 kilowatt 3414 Btu/hour 


737.6 footpounds/second 
1.341 horsepower 
10? joules/second 
999.8 international watt 
1 watt 44.25 footpounds/minute 
1 joule/second 


1 atmosphere 1.013 bars 
14.70 pounds/square inch 
760 torrs 
101 kilopascals 
1 bar 10° baryes 
14.50 pounds-force/square inch 
1 barye 1078 bar 
1 inch of mercury 0.03386 bar 
70.73 pounds/square foot 
1 pascal 1 newton/square meter 
1 pound/square inch 0.06803 atmosphere 
1 British thermal unit 1054 joules 
1054 wattseconds 
1 foot-pound 1.356 joules 
1.356 newtonmeters 
1 joule 0.7376 foot-pound 


1 wattsecond 
0.2391 calories 


1 kilowatthour 3410 British thermal units 
1.341 horsepowerhours 

1 newtonmeter 0.7376 footpounds 

1 watthour 3.414 British thermal units 
2655 footpounds 
3600 joules 


Source: Adapted from P. Calter, Schaum's Outline of Technical Mathematics, McGraw-Hill 
Book Company, New York, 1979. 


Note: Many integrals have alternate forms 
that are not shown here. Don’t be sur- 
prised if another table of integrals gives 
an expression that looks very different 
than one listed here. Further, a computer 
algebra system may give integrals that 
look much different than these, but that 
will result in the same numerical answers 
after substituting limits. 


Basic forms 


Trigonometric functions 


A-32 


Table of Integrals 


1. Га=и+с 


2. | ао) dx- a | fe а= аго) +С 


we 


| LG) + во) + по) + Тасе | fo) d | ea) dee | по) d € 
4. [r a= +c жа) 
3. [wau + 4-1) 


6. | edv - [ v au 


du 
7. | “=injq+c 


oo 


: [ede c 


“| аас ф»>о,ь #1) 
ind 


© 


10. | sin и йи=—сози+С 

11. | cos udu = sinu C 

12. | tan u йи =- [cos С 

13. | cot u йи - In [sinu C 

14. | see и йи =1n | sec u + tan |+ C 


15; | ese u du = n [esc и— cot u| + С 
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: sin 2u 
Squares of the 16. | sin? u du = 4 2101.24 
qu f | 2 i 


trigonometric functions 


+C 

17. | cos? udu c 4 8229 с 
2 4 

18. | av u du = tan u — u + C 

19. | cot u du = —cot u — u + C 


20. | sec? u du = tan u + C 


21. | esc? udu=-—cotu+C 


3 
Cubes of the 22. | sin? u du = Em —cosu+C 


trigonometric functions 
5 
: sin’ u 
23. | cos? u du = sin u — л 


EG 


24. | tan? udx jum u + In [cos u| + C 


25. | сор и ах jc u — In [sin u| + C 
26. | sec? и du =; sec u tan u + : In |sec u + tan u| + C 


1 
27. | csc? ийи= –- 5 686 ucotu ха Lin lese u — cot u| + C 


Miscellaneous 28. | sec u tan u du = sec u + C 


trigonometric forms 


29. | csc и cot и du = —csc u + С 
30. | sin? и cos* Dudas inde 
8 32 
31. | usinudu- sinu ucosu C 
32, асов u du = cos u + u sin u + C 
33. IE и? sin и du = 2и sin u + (u? — 2) cos u + C 
34. IE и? cos u du = 2и cos u + (u? — 2) sinu + C 


35. | sin udu=u Sin! u+V1-w+C 


36. | tan" и йи = и Tan! и- а V14 i24 C 


Exponential and 37. | ие“ du = 5. (au — 1) +С 
2 


logarithmic forms 
еш 


38. | we du х uw —2au+2)+C 


39. | we йи = и"е“—п | ue" ди 


40. IE du _ —e 1 IE du GEN 
u" (n-lu" n-1 и"! 
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Exponential and 41. | e™ sin bu du (a sin bu — b cos bu) + C 


24 p2 
logarithmic forms а +В 


au 


а 13: (a cos bu + b sin bu) + C 


42. | е! cos bu du 


5 


43. [m udu=u(lnu-1)+C 


44. IE In |u| du = и"! | 54 uu +C (n 1) 


Forms involving a + bu 45. | m E + bu—aln|a+ bu[] + C 
46. B Ё ! (a + bu) — 2a(a + bu) + à? In |a 4 "| +C 


47. u du 1 | a 
a 


+ In |a 4 "| +C 
+ bu 


-buy b’ 


49. 


+ C 
ыг + m a 


a+ bu 


50. ЕС 


ЇЕ 
le 
48. I V du i bu 1 зав e c 
lore 
Кз 


и? т + Im аи а и 


51. | di 1 Е In 
и(а+ buy а(а+Ьи) a 
52. | u Va- bu du шилэн (a + buy? + С 
2(15Ь?и? — 12abu + 8а?) 
1055? 


udu 2(bu — 2a) 
54. - Vatbu+C 
Vat bu 3b? 


a+ bu 
u 


+C 


53. | i? Va + bu du = 


(a+ buy? +С 


ig du 2(3Ь?и? – 4abu + 8а?) 


55. = Vat bu+ C 
Vat bu 15p? 
Forms involving и? + а? 56. | - B — L Тай? +С 
а + Би? ab а 
(а> 0) 
57. ши - 1 In 4, 
u-—a 2a |и+а 
58. | хан. u+ ш| 5-9, 
и -а 2 luca 
59. | u 23 и-аТаг! +С 
wa a 
du +1 u? 
60. Í +C 
uuta?) 2a? |u? +a? 
Forms involving 61. | —— =Sin 4c 


НЭТ: 
Va? tag qo a 


du 
e е. | —2—= 
2 + д2 
wea a u = а? 
63. | 252 wtat—injut VP ta|+C 
(a>0) 2 


64. 


C 


EE 


и +a 
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au 


1 Sec +C 


: : du 
Forms involving 65. | 
uVw-a а а 
моа р - 2 
ge 66. | Vie £d du =" и? + а? + ©-\п | + Vi tac 
2 2 


and 


Vu 2 
Vb + а? вт. | H 4 du u +a -aln 
(a>0) [Ма 2-3 
` и 


а+Ми?+а? 
и 


ЕС 


u 


+ C 
a 


и — а? — a Sec 


2 
69. | V a? — и? du 5 =w Egin С 


2 a 


2 4 
-и au a ge Ul 
70. [eve и? du а (а? — и??? + 3 Va -u +“ Sin! +C 


Мз 2 VAL. 
Af CEC AE eg ВШ Lo 
u u 
Va -wdu Ма-и? qu 
72. 5 Sin ЕС 

u? u a 


udu _-и а? и 
73. | @-w+—Sin'!-+C 


Va-uw 2 2 a 


Note: The graphs in this appendix are so 
tiny that it is difficult to convey highly 
accurate information with them. Please 
look at these graphs for general trends 
only. For larger graphs, please see the 
SSM and ISM. 


Answers to Selected Problems 


CHAPTER 1 
Exercise 1 
3 

1.7< 10 3. -3 <4 5. 4 = 0.75 7. 4 9. —6 11. 24 13. 3 15. 4 17. 1 

19. 4 91. 1 93. 3 95. 38.47 97. 96.84 99, 398.37 31. 14.0 33. 5.7 

35. 398.4 37. 28,600 39. 3,845,200 41. 9.28 43. 0.0482 45. 0.0838 47. 34.927 

49. 4.0373 51. 5.9373 
Exercise 2 

1. 1789 3. —1129 5. —850 7. 1827 9. 4931 11. 593.44 13. —0.00031 15. 78,388 mi? 
17. 35.0cm 19. 4110 
Exercise 3 

1. -48 3. 120 5. 11.3 7. 0.525 9. —17,800 11. 22.9 13. 10.2 15. 21.36 

17. $3320 19. $1440 91. 540W 93. 2375 g 95. 1751° 

Exercise 4 

1. —7 3. 6 5. 163 7. —0.347 9. 0.7062 11. 70,840 13. 0.00144 15. —0.00253 
17. —175 19. 0.2003 91. 371.708 m 93. 18.1 ft 95. 3140 97. 0.279 

Exercise 5 

1. 8 3. 81 5. 1000 7. 100 9. 625 11. 871 13. 61.6 15. 7.41 17. 156 

19. 133 91. —27 93. —64 95. -514 97. —151 99, —2.35 31. —22.9 

33. 1 35. 0.01 37. 0.0675 39. 0.0177 41. —0.00646 43. —0.158 45. 2.04 47. 2.12 
49. 2.01 51. 1.50 53. 105 55. 48.6 57. 470 ft 59. 45,900 cm? 61. $3151.35 63. 3 
65. —3 67. —2 69. 1.365 71. 27.8 73. 19.39 75. —1.79 77. 177$ 79. 6.07 
Exercise 6 

1. 3340 3. —5940 5.5 7. 3 9. 121 11. 27 13. 27 15. 24 17. 12 19. 2 
91. 30 93. 46.2 95. 978 97. 2.28 29. 0.160 31. 59.8 33. 55.8 35. 3.51 37. 7.17 
39. 3.23 41. 0.871 43. 7.93 


A-36 
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Exercise 7 


1. 100,000 3. 0.00001 5. 10,000 7. 10° 9. 10? 11. 1.86 x 10° 

13. 2.5742 X 10* 15. 9.83 x 10f 17. 2850 19. 90,000 91. 0.003667 

93. 358 95, 134 x 1072 97. 374 X 10? 29. 18.64 31. 7.739 33. 2,660,000 

35. 1.07 x 10 37. 31 x 10? 39. 107 41. 10? | 43.10? 45.4 x 10? 

47.6 x 108 49.10? 51.105 53. 4х 102 55. 5 х 1073 57.3 x 10° 

59. 1.55 10° 61. 211 x 10 63. 17 x 102 65. 979 x 1080 67. 272 х 10 Уу 
69. 677 X 10 °F 


Exercise 8 


1. 12.7ft 3. 9144 in. 5. 58,000lb 7. 448ton 9. 364km 11. 735.9 kg 

13. 62 х 10° megohms 15. 9.348 X 10 ^ uF 17. 1194ft 19, 327N 91. 1760 23. 3.60m 
95. 0.587 аге 97. 230m? 99. 243 acres 31. 12,720in? 33. 331 mi/h 35. 107 km/h 

37. 18.3 births/week 39. 19.8¢/m? 41. 236g/lb 43. 87.42? 45. 722061? 47. 275.3097? 

49. 61?20'20" 51. 177?20'38" 53. 128°15'32" 55, 42.9ft 57. 9,790,000 N/cm? 59. 958.0, 

61. 117 gal 63. 14.0 lb 65. 8.00 cm, 2.72 cm, 3.15 cm, 3.62 cm, 13.3 cm 67. 5.699 m? 69. 2.450 gal 


Exercise 9 


1. 372% 3. 0.55% 5. 40.0% 7. 70.0% 9.0.23 11. 2.875 13.2 15. 14 17. 105 tons 
19. 220kg 91.1201 93. 10900 95. $1562 97. 518 99.656 31. 100 33. 108 km 
35. $4457 37. 45.9% 39. 18.5% 41. 33.4% АЗ. 11.6% 45. 1.5% А7. 96.6% 49. 31.3% 
51. 10.5% 53. 5.99% 55. 67.0% 57.73% 59. 2.3% 61. l12.5and312.5 V 63. 37.5% 

65. 25L 


Review Problems 


1. 83.35 3. 88.1 5. 0.346 7. 94.7 9. 5.46 11. 6.8 13. 30.6 15. 17.4 17. (a) 179 
(b) 1.08 (c) 4.86 (d) 45,700 19. 70.296 21. 3.16 x 10° 23. 12,500 kW 25. 3.4% 


2 
97. 7 x 10'' bbl 99. 10,200 31. 4.16 X 1077 33.242 35. – E < —0.660 37. 2370 


39. —1.72 41. 64.596 43. 219N 45. 525 ft 47. 22.096 49. 7216 51. 4.939 53. 109 
55. 0.207 57. 14.7 59. 6.20 61. 2 63. 83.4 65. 93.52 cm 67. 9.07 69. 75.2% 
71. 0.0737 73. 7.239 75. 121 77. 121 


oe CHAPTER 9 КААААДАААААДААААААААААДААААААДАДАДААААААААДАДАААААААДААААААААААДААААААААААААААДААААААААААААА 
А 
Ехегсіѕе 1 


1., 3. 1. and 4. 5., 7. 6. and 7. 9. 2 11. 3 13. 3,a, x 15. 7, х, х,у, у, у 17. 6 19. —1 
91. 2a 93. second 95. fifth 27. second 29. third 


Exercise 2 


1. 10x 3. 7a 5. 6ab 7. 6.0x 9. 75.1а 11. —12.7ab 13. —x 15. 7a 
17. —8ab 19. 3.6x 91. 72.7m 93. 62.6xy 95. 6x 97. —5a 
29. 13.9x 31. —32.7m 33. 8r 35. 2ab 37. —23.8m 39. 4x — 2 
41. —25.5ab + 104.7 43. 1.49y + 5.47 45. 25 47. 12b — 2a — 16c — 8d 
49. 5Ьу? — 72bx? — 8Sbx^ + 23by* 51. 7.7la + 1.59y — 3.6b 53. 2x — 2w 
55. 43.9xy + 14.3x — 44.7y 57. 0.04x + 400 59. 2r? + 2тгһ 
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Exercise 3 
18 3.64 5. 243 7-32 9-125 11. тї 13. х (15.а 17. 108 
19.2 91.2 93. 10 25.5 97.10 99. w® 31. p? 33. 210 35. у 37. 4х? 

3.3.3 3.3 12.8 x? 8 16x“ 3 
39. a" x^y 41. ac 43. 256a ^c 45. — 47. -— 51. 1 53. 1087 

y? 125 ду! 
: 4 2 27y* -3 2 4—2 224-4 
57.4 59% 61. т. 63. 4w? — 3I: 65. PG 67. 5x ? 69. x? wz 71. b’c*d 
X 

9.6, 15 15.15 

AIW a 2 -1 — p-l -1 
73. E ns 18 77. 64.47 ft 79. R = Ri + R5 
Exercise 4 
1.x$ 3. -x°  5.6ab 7.15” 9. 40.803 11. 6.6032,? 13. 6ap"*! 
15. 3.66a"*" 17. 3007 19. 24а4%2+їп 91. 17.3wSx7^6 93. 5.9247 * ^pÓc**^ 95, 10.6x? 
Exercise 5 
1-х-2 3х-2 5.2а-5 7. 2х-у 9. bx+2x  11.x?— 5x 13. 2.583? — 4.79x 
15. bê + 8b4 — 17. 022 2а 19. 3x +3 91. 7а - 2х 93. 4418x + 9.49a 95. —2b — 2z 
97. 62 + Зс — 9а 99. -5x — 11 31. 18а?Ь + 12à?D? — ба» 
33. —22.0x°y? — 6.35х?у2 30.132? + 15.2х2у2 35.14р-24-2 37. -7 + 31 — y – 12 
39. 12? — 13ху + a 41. =12% + Sy +24 43. ЕК, + Ro — Кз + R4 — R5; — Ro + R} 


Exercise 6 
1. x? + xy + xz + yz 3. 8n? + 2m?n — 4mn — п? 
9. 2a? — 21x? — Пах 11. a?x? — 2552 

15. 13.1y* + 628a?by? — 18.5a°b? 


5. 2x? + xy — у? 
13. 2.93х2 + 1.82xy — 1.11y? 
17. LW – 3L + 2W – 6 


7. 12x?y* + Та?Ьху? — 120957 


Exercise 7 


1. x? — xy + х + Зу — 12 3. 4w? + 2w? — 22w + 10 

5. x + 3.880 — 25x32 — 144x + 23.4 7. бх? — 12x°y — Oxy? + 9? 
11. c? — 2cm + cn + cm? — т?п 2 
15. 28x? — 11ху + 42x + у? — бу 
19. — x2? + 2mxy? — my? + am? 


9. a + 3a? — 2 
13. x? – ,?—2yz-z 
17. a^ — 113à? + 673a? — 193a + 127 

91. xy — bx + [x + ay + wy — ab + al — bw + lw 


Exercise 8 


1. x? + 2ху +y? 3.a*-2adt+d? 5. BJ + 28р + D? 7. 24.2y? + 30.7yz + 9.7322 
9. 36x? + 60nx + 25n? 11. w?— 20 +1 13. bf — 26D? + 169 
15. 15.1xf — 10.3х + 1.77 17. x? + 2xy + 2xz + y? + 2yz z 
91. c — 2c?d + 3c)d? — 2cd? + d^ 93. x? — 3x?y + 3xy? — y? 
95. 27.5m> + 59.1n?n + 42.3mn? + 10.1n? 97. с + 3c?d + 3cd? + d? 


19. a? + 2ab — 2a + 2 — 2b + 1 


99. 8x96? + 36:2y^ + 54х4у + 27х3уб 31. х2 + Ax +4 

33. 4.19? — 25.1? + 50.3r — 33.5 

Exercise 9 

1.2: 3.5; 5.-2а  7.118b 9. 2.554 11. браг 13. —8mn 15. — 4a?bc 

17.—65 19. Sy 91.-4ас 23. —3by 95. 8ху 97. уб 29.a% 31. —5a 
19 

33. — 35. r/3 
ab? / 
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Exercise 10 


1. 15x? + Зх 3.12d* —2d 5. 4c? c 3c? 7. -3- 4p 9. -5x? — Зх 11. 795bmn + 3.10b 
2 

d 

13. 145a? — 2.1lab 15. y?z — ху 17. mn? — mn — m?n 19. x? — х2у2 — y? 91. т — 4c + — 

c 


2 2 3 3 2..2 3 
b 3 4 
оз. C ka. up PE 244 3. pea до, дле з 
p? а? x 4 р 4 
8c? 4 
31. 12c -%2 -2 
b bc 


Exercise 11 


15 
(x + 2) 


1.a+8 3.a+8 5. x5 1.а-8 9.-3х-2 11. а2 + За + 1 13. x - 6 + 
35 
Q — x) 


15. 5x + 13 — 


Review Problems 

1. 56 — bfx? + bx? — p?x5 + Ь2х — x6 3. 3.86 x 10! 5. 9x^ — 6mx? — 6m?x + 10m?x? + m* 

7. 8x? + 12x? + 6x + 1 9. 6a?x? 11. а= b —c 13. 16a? — 24ab + 9b? 15. х2у2 — бху + 8 
17. 9x? + 12xy + 4y? 19. ab — b^ — аЬ 91. 16m* — c^ 93. 2a? 95. 24 — By 
97. 6x? + 9х2у — 3axy? — 6y? 99.13» - 6 31. à + 32 33. (а – c"? 35. х+у 
37. b? — 9b? + 27b – 27 39. x7/2y3 А41. x? + 2x—8 А43. ab -2— 3b? 45. 5a — 10x - 2 
47. 801 x 106 49. 10x2y^ 51. x? + 3х2 — 4х 53. 1.77 х 108 55. 6a*b? 
57. x - x - 1 - Rx? - x - 1) 59. 013x + 540 61. 4.0212 ft 


*99 CHAPTER 3 *9999999999999999999999999999999999999990999999990999990990999099999909999909099090990990990990990990990909009090900909000969 
А 
Ехегсіѕе 1 


1.7 3. 2 5. 


2 
93. 3 25. 3 27. 7 29. EI 31. E 33. 6 35. 0 37. 5 39. 3 41. 22 43. 8 


59 12 1 15 
45. — 47. —6 49, —— 51. 2 53. 26 55. — 57. 56 59. 4 61. — 63. 1.15 

3 7 21 11 

b-9 b—' 
65. —7.77 67. —0.164 69. —3.28 71. —1.97 73. Юн 75. z 77. —18/7 
79. —1/2 81. —7/2 83. —7/2 85.0 87. 1.77 tons 89. 5.3 months 
Exercise 2 
320 


1. x and 3x + 10 3. x and x + 420r x — 42 5, 


CONES 7. 0.11х gal 9. (a)32— х (b) —— 
11. 8 13. 9 15. 5 
Exercise 3 


1. 338h 3. 130 km, 1.52 h 5. 4.95 days 7. 327 mi 9. 3:17 P.M., 902 km 


Exercise 4 


1. 8 technicians 3. $1,226,027 5. 57,000 gal 7. $42 for skis, $168 for boots 9. $60,000 11. $4608 
13. $34,027 @ 6.75%, $139,897 @ 8.24% 15. $398 for computer, $597 for printer 
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Exercise 5 


1. 336 gal 3. 489 kg of 18% alloy, 217 kg of 31% alloy 5. 1400 kg 7. 1.29 liters 9. 63.0 lb 
11. 59.3 Ib 


Exercise 6 


1. (a) 4.97 ft; (b) 4000 lb 3. 172in 5. 4.61 ft 7. 11.5 in.; 37.7 Ib 


Exercise 7 
5 
1. 2 days 3. 5 6 days 5. 24h 7. 42h 9. 12.4 h 11. 7.8 weeks 13. 5.6 winters 15. 6.1h 


Review Problems 


1. 12 3. 5 5.0 7. 10; 9. 2 11. 4 13. 9 15. 4/3 17. 1.77 19. —0.578 
91. 25/4 23. 6 95. —13/5 27. 13 99. -5/7 31. —5/2 33. —7/3 35. —6/b 


+1 -с+ 
37. 4 - 0 39. paie Hep 41. 14,600 tons, 10,400 tons 43. $30 45. 13, 15, 17, 19 


a 

47. К, = 608 lb, А = 605 Ib 49. 18.31, 51. $46,764 53. $80,000 55. 5.71 tons 57. 0.180 ton 
59. 139 Ib 61. 6.44L 63. 7 technicians 65. 3060 kg 67. 149 km 69. 58,100 km 

71. 27.1 h; 665 km 


өө, СНАРТЕВ 4 *999999999999999999999999999999999999999999999999990999999909999999999909999999909099999909999909 


Exercise 1 
1. Is a function 3. Not a function 5. Not a function 7. Yes 9. Explicit 11. Implicit 
13. x is independent; y is dependent. 15. x and y are independent; w is dependent. 


17. x and y are independent; z is dependent. 19. y=2x+4 21. y=(2—5x)/2 23. 6 95. —21 
97. 12.5 99. —5 31. 2160 ft; 4450 ft; 7540 ft 33. 0.21 in.; 0.44 in. 35. 64.7 №; 144 №; 257 W 


Exercise 2 

4f у= хл? 3. y = x + 2х? 5. у = (2/3)(х — 4) 7. с= Ма? +b 9. Р = ВІ? 

11. s = 2.25 + 0.650 dollars 13. 24? +4 15. 5a + 5b +1 17. 20 19. —52 91. х= (y - 3/5 
2 

| p + 5p 


93. x = 5/(5у + 1) 95. 4 А 


27. e = PLaE 99, х2 +2 31. (х – 42 33. -77 


+1 +6 
35. -125 37. y = (x + 15/14 39 ye m. y == 43. y = -x — 18 


45. Domain = —10, —7, 0, 5, 10; Range = 3, 7, 10, 20 47. х2 7; у 20 49. x + 0; айу 51. x « у> 0 
53.x = 1; у 2 0 


Review Problems 


1. (a) Is a function (b) Not a function (c) Not a function 3. 5 = 4qr? 

5. (a) Explicit; y independent, w dependent. (b) Implicit. 7. w = (3 — x? — у2)/2 9. 7? 11.6 13. 28 
15. 13/90 17. yis 7 less than 5 times the cube of x. 19. x =+V(6— yy3 91. у= 8 – х 
93. g[f(x)] = 25x? + 5x 95. 15.1 97. 9.50 99. 934; 1400; 1540 in 31. 40,800; 76,100; 154,000 
33. (a) f[g60] = 7 — 102. (b) gf œ] = 2032 — 140x + 245 (с) f[g (5)) = —243 (d) gif (5)] = 45 
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9, СНАРТЕВ 5 *e69999999999999999990909099999999909909090999909090909090909909999909090909090990909099990909090909990990999990909909909909090900909 
: 
Exercise 1 


1. Fourth 3. Second 5. Fourth 7. First and fourth 9x = 7 
11. E(-1.8, -0.7); F(-1.4, –1.4); G(1.4, —0.6); H(2.5, –1.9) 


13. » 15. CH, 3) 17. (4,-5) 19. 
23 y 
(0.7, 2.1) (2.3, 2.1) 
2 Isosceles 
triangle 2 


Square 


246810 


(0.7, 0.5) (2.3, 0.5) 


93. (а) =, (67V 95. (а) 100 (b) 0.0008 in./in. 
о 
8 550 Xx 80 
E e 
8 400 = 60 Stress vs. 
8 е 40 2. 
a or stee 
0 20 40 60 80100 120 8 20 ih tension 
Voltage (V) 22 
9 20 40 


Strain (in fin. x 10%) 


Exercise 2 


y 


17. y 19. y 91. 
4 6 15,000 
4 3 
2 E 
= 10,000 
2 ad 
> E 
0 2 x "TR 24 5.000 
ES 0 | 2 х 
0 5 10 
years 
23. 95. 
2000 _10000 
© 8000 
1500 N 4000 
€ 1000 0 5000 1000 
as X(Q) 
500 
0 1000 2000 3000 4000 5000 


R (Q) 


A-42 
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Exercise 3 
| RUM | "Jf HE 
| H | Vo (M. 
15. Zeros at x = —2.20 and 0.91. 17. Zeros atx = —1.23 and 1.23. 
Min at (—0.64, —16.9) Min at (0, —31) 


Exercise 4 


1.2 3. —0.797 5.1 7. —1.40 
11. 


y 22.30x-1.50 


19. y 21. 93. 3/5 95. 105 Ib T 
100 + | 
| 
| 
2504 
= 10, 5 
Pt : z > 
420 2 4 6 8 a p 5 10 
-2 2 Length L (in) 
Ë Pd : 
y = 11/3-x/3 / 
I 3 
y = 2.73-0.243х E / 
7 
зөл17/ 


Exercise 5 


1. 3.14 3. —0.34, 2.47 5. —0.79, 1.11 


Review Problems 
1. » 3. 5.(a)4 (b)2/5 7. y = -8/3x — 1/3 
: 
6 
4 
0 2 4 i 
9. 


17.11.30 


Appendix D * Answers to Selected Problems A-43 


+++ CHAPTER 6 A ——————A——A———»——-——A o —A— 1 A——————X——Y————À 
Exercise 1 

1. (a) 62.8°; (b) 64.62: (c) 37.7? 3. 5.05 5. A = C = 4635; B = D = 134° 
Exercise 2 


1. 0 = 77°, ф = 103° 3. 235 sq. units 5. a = 27.6 units, b = 58.2 units 7. 57.5 units 9. $4405 
11. 36.0 ft 13. 28.3 ft 15. 264m 17. 19.8 in. 19. 43.39 acres 21. 52mm 93. 6.62 in. 
95. 2.30 in. 97. 2.62m 


Exercise 3 


1. (а) 34.0in2;23.3in. — (5)232ш2:193ш (с) 282,000 cm’; 2240ст (d) 4070 in.”; 258 in. 
3. $3042 5. $348 7. $3220 9. $861 11. 1000 bricks 13. (a) 30° (b) 45° (с) 60° (а) 67.5? 


Exercise 4 


1. 30.3 cm; 73.0 cm? 3. 11.9 in.; 445 in? 5. 3.55 ft; 22.3 ft 7. 45.4 cm 9. 0.738 unit 
11. 44.7 units 13. 15.8 in. 15. 104 m 17. 15.1 in. 19. 218 cm 91. 1.200 in. 
93. 247 cm 95. 0.820m 97. 3.52 ft 29. 7.500 in. 


Exercise 5 


1. 266in? 3. 634 X 10? in? 5. 40 f, 12f? 7. 1800 #2, 8830 ft? 9. (a) 844 in, 52.7 in? 
(b) 4150 стг, 18,200 cm? (с) 30.1 #2, 11.2 f 11. 100 cuts 13. 4281oads 15. 5614 board ft 
17. 770yd? 19. 128 ft? — 91. 34 loads 23. 4.6yd? 27. 123іп.?, 118102 99. 104 in? 

31. (а) 395007 (b) 1180 ft? 33. 35.4 ft 


Exercise 6 


1. (a) 2860 in2, 4730 in2, 24,700 in? (Ы) 95,100 cm, 123,000 cm?, 3,190,000 em? (с) 31.7 m?, 52.6 m?, 28.9 n? 
3. 177 in? 5. 3530 mm? 7. 2.01 liters — 9. 14.8m? 11. 857gal 13. (а) 208 in2, 284 in, 317 in? 
(b) 4.52 т2, 6.79 т2, 1.28m? 15. 5650cm? 17. 660f? 19. 12.01 93. А = 158r = 1.12 


95. г = 191 cm; V = 29.3 cm? 97. 4 99. (а) 129ш (b) 4180 kg 
Review Problems 


1. 1440 mi/h 3. 2.88 m 5. 13m 7. 175,000 square units 9. 43.1 in. 11. 17.5 m 13. 161? 
15. 213 cm? 17. 1030in.2 19. 1150m? 21. 4830in? 93. 98,3300in? 95. 7.91 cm 


oo CHAPTER 7 *9999999999999999999999999990999999999999909999990999999999999999999990999990909999999099999099090909 


Exercise 1 


1. (a)sin 0 — 0.6325 cos 0 — 0.7750 tan 0 — 0.8162 (b) sin 0 — 0.5607 cos 0 — 0.8295 tan 0 — 0.6759 
(c) sin Ө = 0.5321 cos 0 = 0.8486 tan 0 = 0.6270 (d)sin Ө = 0.5109 cos Ө = 0.8607 tan 0 = 0.5937 


3. sin cos tan 


(a) 0.7581 0.6521 1.1626 
(b) 0.6280 0.7782 0.8069 
(c) 0.3140 0.9494 0.3307 
(d) 0.0361 0.9993 0.0361 
(e) 0.9966 0.0819 12.1632 
(f) 0.4802 0.8771 0.5475 
(g) 0.9598 0.2807 3.4197 
(h) 0.6934 0.7206 0.9623 


A-44 Appendix D * Answers to Selected Problems 


G) 0.0583 0.9983 0.0584 
(j) 0.8525 0.5226 1.6312 
(k) 0.9795 0.2016 4.8587 
(D 0.3754 0.9269 0.4050 
(m) 0.9940 0.1094 9.0821 
(n) 0.9798 0.2002 4.8933 
(о) 0.5561 0.8311 0.6690 
(p 0.8948 0.4465 2.0042 
5. 56.8° 7. 39.6° 9. 32.1° 11. 30.5° 13. 10.1° 15. 76.8° 17. 36.9° 19. 31.3° 


Exercise 2 


1. B = 47.1°; b = 167; c = 228 3. b = 1.08; A = 58.1°; c = 2.05 5. B = 25.3°;b = 134; с = 314 

7. a = 6.44; с = 11.3; А = 34.8° 9. а = 50.3; с = 96.5; В = 58.6° 11. с = 470; А = 54.3°; B = 35.7° 
13. а = 2.80; А = 35.2°; В = 54.8? 15. b = 25.6; A = 46.9°; В = 43.1° 17. b = 48.5; A = 40.4°; В = 49.6° 
19. а = 414; А = 61.2°; В = 28.8? 


Exercise 3 


1. 402m 3. 285 ft 5. 64.9m 7. 39.9 yd 9. 128m 11. 21.4 km; 14.7 km 
13. 432 mi; S 58?31' W 15. 156 mi north; 162 mi east 17. 30.2°; 20.5 ft 19. 37.6? 
91. A=52.4°, B= 31.65; AB = 1.23 m; Area = 0.366 m? 93. 35.3? 95. 19.5? 97. 122,000 square units 


29. 355 in. 31. 77.5 mm; 134 mm; 134 mm; 77.5 mm 33. 1.550 in. 35. 5.53 in. 37. 0.866 cm; 0.433 cm 
39. (a) 2.160 in. (b) 18.10? (c) 26.30? 


Exercise 4 
r sin cos tan 0 
T. 5.32 0.906 0.423 2.14 65.0? 
3. 6.63 0.828 0.561 1.48 55.0? 
5. 5.20 0.929 0.371 2.50 68.2° 
Exercise 5 


1. 3.28; 3.68 3. 0.9917; 1.602 5. 589; 593 7. 9.63; 20.6 9. 4.05; 17.9 11. 616; 51.7? 
13. 8811; 56.70? 15. 2.42; 31.1? 17. 8.36; 54.7? 19. 4.57; 29.8? 


Exercise 6 


1. 12.3 N 3. 1520N 5. 25.7" 7. 4.94 tons 9. 119 km/h 11. 5.70 m/min; 1.76 min 
13. 115 mi/h 15. X = 3540; Z = 3720 17. 7.13 О; 53.7? 


Review Problems 


1. 0.9558, 0.2940, 3.2506 3. 0.8674, 0.4976, 1.7433 5. 34.5? 7. 22.1? 9. 55.0? 
11. В = 61.5°; a = 2.02; с = 4.23 13. 356; 810 15. 473; 35.5? 17. 7.27 ft 19. 0.5120 91. 1.3175 
93. 0.9085 25. 60.1? 97. 46.5? 29. 18.6? 31. AC = 74.98 ft; N 28°18' E 


Appendix D * Answers to Selected Problems A-45 


өө, СНАРТЕВ 8 9999999999999999999909999909999990999999999999909999990999990999999999999999999999999900» 


Ехегсїве 1 
r sin cos tan cot sec csc 

1 5.83 —0.858 0.514 —1.67 —0.600 1.95 1.17 
3 25.0 —0.280 0.960 —0.292 —3.43 1.04 3.57 
5. 3.49 —0.890 0.455 — 1.96 —0.511 2.20 -1.12 
1. 0.9816 -0.1908 -5.145 
9. —0.4848 0.8746 —0.5543 

11. —0.8898 0.4563 -1.950 

13. 0.8090 -0.5878 -1.376 

15. 0.9108 -0.4128 -2.206 

17. 0.7880 0.6157 1.280 


19. 1.3602 21. 1.3598 23. -2.0145 25. -2.1730 27. 0.8785 29. sin 17° 31. csc 4.4° 
33. sec 7.3° 35. —0.574, —0.919 


Exercise 2 


1. 17° 3. 55? 5. 69.3? 7. IV 9. II 11. IV 13. Тог II 
15. I or IV 17. neg 19. pos 21. neg 
sin cos tan 
93. = = + 
25. = + = 
97. 50.9°; 129.1? 99. 33.2°; 326.8? 31. 81.17, 261.1? 33. 219.5°; 320.5? 
35. 54.8°; 305.2? 37. 195.0°; 345.0? 


Exercise 3 


1. (а) B = 71.1%; b = 8.20; c = 634 (b) C = 27.05; a = 212; c = 119 (с) B = 103.65; b = 21.7; c = 15.7 
(d) B = 93.0°; a = 102; b = 394 3. C = 117.595; b = 8423; с = 12,050 5. B = 71.65°; а = 0.8309; b = 1.126 
7. (а) B = 32.85 C = 100°; c = 413 (b) B = 57.15; С = 57.05; b = 1.46 (c) С = 107.85; В = 2925; с = 29.3 

9. В = 409; A = 77.4°; a = 423 11. В = 260^; C = 108.445; b = 4.80 B’ = 62.85; C’ = 71.65; b’ = 9.75 
13. 358 ft; 225 ft 


Exercise 4 


1. (a) A = 44.25; B = 29.85; с = 21.7 (D) A = 80.95; C = 47.7°; b = 1.54 (с) В = 50.35; С = 65.9°; a = 21.3 
(d) A = 52.65; В = 81.1°; c = 663 3. В = 30.85; С = 342^; a = 82.8 5. А = 26.15; С = 24.95; b = 329 
7. (a) A = 56.95; В = 95.8; С = 27.39 (D) A = 18.9°; B = 128°; C = 33.1? (c) A = 44.27; В = 29.85; C = 106° 
(d А 267.7; B = 77.1°; C = 35.2? 9. A = 44.71%; B = 61.135; С = 74.16? 

11. A = 26.2°; B = 129.05; C = 25.1? 13. 756 ft 


Exercise 5 


1. 30.8 m; 85.6 m 3. 32.3°; 60.3°; 87.4? 5. N 48.8° W 7. S59.4°E 9. 598 km 11. 28.3 m 
13. 77.3 m; 131 m 15. 107 ft 17. 337m 19. 33.7 cm 91. 73.4 in. 93. 53.8 mm; 78.2 mm 
95. 419 97. A = 45.05; В = 60.05; С = 75.0*; AC = 1220; AB = 1360 99. 21.0 ft 
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Exercise 6 
RESULTANT ANGLE 
1 521 10.0° 
3 87.1 31.9° 
5. 6708 41.16° 
7. 9.14; 54.8? 9. 1090; 34.0? 11. 39.8 at 26.2? 13. 37.3 N at 20.5? 15. 121 Nat N 59.8? W 
17. 1720 N at 29.8? from larger force 19. 44.2? and 20.7? 21. Wind: S 37.4? E; plane: S 84.8? W 


93. 413 km/hat N 41.22 E 95. 632 km/h; 3.09? 97. 26.9 A; 32.3? 
Review Problems 


1. A = 24.15; B = 20995; c = 77.6 3. A = 61.65; C = 80.05; b = 1.30 5. В = 20.2°;C = 27.8°; a = 824 
7. IV 9. II 11. neg 13. neg 15. neg 17. sin —0.800, cos —0.600, tan 1.33 
19. 1200 at 36.3? 21. 22.1 at 121? 23. 1.11 km 25. sin 0.0872, cos —0.9962, tan —0.0875 
27. sin 0.7948, cos —0.6069, tan — 1.3095 29. 0.4698 31. 1.469 33. S3.5°E 35. 130.8°; 310.8° 
37. 47.5°; 132.5° 39. 80.0°; 280.0° 41. 695 Ib; 17.0° 43. —224 cm/s; 472 cm/s 45. 148 mm 


өө, СНАРТЕВ 9 *99999999999999999999999999999999999999999999999999999999909999999999999999999999999909999909 


Exercise 1 
1. (2,-1) 3. (1,2) 5. (—0.24, 0.90) 7. (8,5) 9. (13) 11. (-3, 3) 13. (1,2) 15. (3,2) 


17. (15,6) 19. (3,4) 91. (2.3) 23. (-3,5) 25. (1.63, 0.0970) 
97. m=2,n=3 29. w=6,z=1 31. (9.36, 4.69) 33. v — 1.06, w — 2.58 


Exercise 2 


1. (a) 9.85 mi/h (b) 4.27 mi/h 3. 5.3 mi/h and 1.3 mi/h 5. $2500 at 496 7. $2684 at 6.2% and $1716 at 9.7% 
9. $6000 for 2 years 11. 2740 lb mixture; 271 Ib sand 13. 5.57 Ib peat; 11.6 Ib vermiculite 

15. Tj = 490 lb; T; = 185 Ib 17. Carpenter: 25.0 days; helper: 37.5 days 19. 18,000 gal/h and 12,000 gal/h 

21. 92,700 people and 162,000 people 93. һ = 13.1 mA; h = 22.4 mA 95. Ку = 27.6 Q; а = 0.00511 

97. h = 352 ft; d = 899 ft 99. vo = 0.381 cm/s; a = 3.62 cm/s” 


Exercise 3 
1. (60,36) 3. (87/7,108/7) 5. (15,12) 7.m-24n-23 9. ғ=377,5= 123 11. (1/2, 13) 
1 1 3 1 6 1 
13. (13,12) 15. (110,112) 1%w=—2=— 19. х= у= = 91. х= 2, у= 
( ) ( ) и 36^ 60 ХОС 54? Sb TU sp? 54 


23. (: + 2b 3b — 22) o (£ — d) c(m — 2) 


7 7 an — dm an — dm 


Exercise 4 
1. (15, 20, 25) 3. (1, 2, 3) 5. (5,6, 7) 7. (1,2,3) 9. (3,4, 5) 11. a = -3,b = 4, c = -3/2 
13. (3,6,9) 15. 2,-1,5) 17. (3a, 2a, a) 19. (с, c, ab/c) 91. 2/3A, 7/3A, 2/3A 
93. F, = 9890 lb, № = 9860 Ib, № = 9360 Ib 25. 86.0 lb zinc; 0512 Ib tin; 4.62 Ib lead; 2.25 Ib nickel; 9.05 Ib manganese. 


Review Problems 
—9 54 —21 
1. (3, 5) 3. (5,—2) 5. (2, —1, 1) 7. (3. FE =) 9. (8, 10) 11. (2, 3) 
13. Ка + b — 0)/2, (a — b + c)/2,(b — a + с)/2] 15. (7, 5) 17. (1, —5, –4) 19. (2,3, 1) 
91. (13, 17) 93. $450 for A; $270 for B 95. 3/7 97. 9 X 16 units 


Appendix D * Answers to Selected Problems A-47 


2112 СНАРТЕВ 10 *99999999999999999099999999909909090999909909999090909999909090909099909099999909090999909999990909099999090990909090909 
: 
Exercise 1 


1. A, B, D, E, F, I, J, K 3. C,H 5. I 7. В, 9. F 11. 6 13. 4х3 15. 2 X4 


Exercise 2 


1. (3, 5) 3. (—3, 3) 5. (1, 2) 7. (3, 2) 9. (15, 6) 11. (3, 4) 13. (2,3) 15. (1.63, 0.0971) 
17. n = 2, п = 3 19. w=6,z=1 91. (—0.462, 2.31) 93. (5,6, 7) 95. (15, 20, 25) 97. (1,2,3) 
99. (3,4, 5) 31. (6,8, 10) 33. (—2.30, 4.80, 3.09) 35. (3, 6, 9) 37. х= 2,у = 3,: = 4, у = 5 
39. х= —4,y 3,z=2,w=5 M.x=a-cy=bt+cz=0,w=a-—b 
43. x =4,y=5,72=6,w=7,u=8 45. у= 3, у = 2, х = 4, у = 5,5 = 6 47. t = 53.2 min; а = 200 ті 
49. 1.54, —0.377, —1.15 51. —1.01, 1.69, 2.01, 1.20 53. 1597, 774, 453, 121 


Exercise 3 

1. —14 3. 15 5. -27 7. 17.3 9. —2/5 11. ad — bc 13. (35) 

15. (—3, 3) 17. (1,2) 19. (3,2) 91. (87/7, 108/7) 93. (15, 12) 95. (15, 6) 97. (3,4) 
99. (2,3) 31. (—3,5) 33. т-4,0-3 35.m-2,n23 37. w=6,z=1 


dp — bq aq — 2) re 12 — bd 2d — 3c 
ad — bc! ad — bc 


9. v = 1.05, w = 2. 41. : 
39. v 05, w 58 | в po” ee 


Exercise 4 


1. 11 3. 45 5. 48 7. —28 9.2 11. 18 13. —66 15. (5,6,7) 17. (15, 20, 25) 
19. (1,2,3) 91. (3,4, 5) 93. (6,8, 10) 95. (—2.30, 4.80, 3.09) 97. (3,6,9) 
99. x=2,y=3,z=4,w=5 31. x 4, y 3,z=2,w=5 33.x-a—-cy-bctcoz-0w-2a-b 
35. x=4,y=5,z7z=6,w=7,u=8 37. у = 3, у = 2, х = 4, у = 5,: = 6 
39. х = —0.927, y = 2.28, z = 1.38, и = —0.385, у = 2.48 


Review Problems 


1. 20 3. 0 5. —3 7. 0 9. 18 11. 15 13. 0 15. —29 17. 133 
19. x 4, y 3,z=2,w=1 21. (3,5) 23. (4, 3) 25. (5, 1) 27. (2,5) 99. (2,1) 
31. (3, 2) 33. (9/7, 37/7) 35. (3.19, 1.55) 37. (—15.1, 3.52, 11.4) 


312 СНАРТЕВ 11 ФФФФо2ФФФФоФФФФФФФ2ФФФФФФФФФФФФФОоФФФФФоФФФФФФФФОоФФФФФ2оФОФФФФФФФФФФФоОФФФФФФФФФФФФӨФФОоФФФФФФФФ2ӨФФ 
. 
Exercise 1 


1. 8 + у) 3. х3(х2 – 2х +3) 5. а(3 +а– За) 7. 200p + Зд + q?) 

9. (1/х)(3 + 2/х — 5/х2) 11. (5m/2n)(1 + 3m/2n — 5m7/4) 13. aX5b + 6c) 15. ху(4х + су + Зу?) 
17. Зау(а? — 2ау + Зу) 19. cd(Sa — 2cd + b) 91. 4x?Q2y? + 3:2) 93. ab(3a + c — d) 
95. Lo(l + at) 97. R1 + alt — п))] 99. (уу + at/2) 


Exercise 2 

1. (2 — x)2 + x) 3. (За — х)(За + x) 5. A(x — у)(х + y) 7. (x = 3y)(x + Зу) 

9. Bc — 44)(3с + 4d) 11. Gy = DGy +1) 13. (m — n(m + n(m + п?) — 15. (2m — 3п?)От + Зп?) 
17. (a? — bya? + bat + Ба! + bt) 19. (5x? – 4у3)(5х2 + Ay) 91. (4a? — 114a? + 11) 

Эл - (: ale 3 Е 2) (s 2) 
93. (5a^b^ — 3)(5a^b^ + 3) 95. Sp) [er 97.|—*—]|—— — 99. (ro — rir + rj) 
a b a b x y x y 

31. Am(ri — њ)( + r) 33. т(у — у)(у + v3)/2 35. mh(R — rXR +r) 


A-48 Appendix D * Answers to Selected Problems 


Exercise 3 


1. (x-7(x-3) 3(х-9їх-1) 5. (х + 100 - 3) T.(x-4x-3) 9. (х – D(x + 3) 
11. (x + dx +2) 13. (р – 5(b —3) 15. (р — A(b + 3) 17. 2(у — 10)(у — 3) 

19. (4х – D(x - 3) 91. (5x + D(x + 2) 93. (3р + 2)(4Ь — 3) 95. (Qa — З)(а + 2) 

97. (x – 75x - 3) 99. 3x + 1)(х + 1) 31. (3х + 2)(х – 1) 33. 2(2х – 3)(х — 1) 

35. Qa – 1)2a+3) 37. (За – 7)(3а + 2) 39. (х + 2)2 41. (у – 1)2 43. 2(у – 3)? 

45. (3 + x 47. (3х + 1» 49. 9(у – 1 51. 40 + а)2 53. (x — 15)(х — 20) 

55. (К — 300) (R — 100) 57. Qt — 9) (81 — 5) 59. (m — 500)? 


Ехегсіѕе 4 


1. (а2 + 4)(а + 3) 3. (х - 002 +1)  5.(x—-b(x-3) 7. (х -– 203 + у) 

9. (x+y = 2)(х + у + 2) 11. (m — n + 2)(m + n — 2) 13. (4 + х)(16 — 4x + x?) 
15. 2a – 203? + 2a + 4) 17. (x— DG + х +1) 19. (x - DG — x +1) 
91. (а + 4a? — 4a + 16) 93. (x + 5)x? — 5x + 25) 95. 83 — ay9 + За + a?) 
97. (47/3)(ro — rri? + rry + гү”) 


Exercise 5 
2 15 
1. x £0 3.x*5 5 x #l;x #2 7. =1 9.d-c 11.4 13. = 15. a/3 
xd 2 n(m — 4) 2(a + 1) хэ 
17. 3m/Ap? 19. — — — ет OE 95. ————— — 
т/4р х2 + 2х +4 3(m — 2) а—1 2+ + 
а – 2 2 
97. 99. = 1)/2 31. —————— 
ü—3 M y2y 3(x*y^ — 1) 
Exercise 6 
2 6 2 E 1 арар 2n _ 
“15 3. 7 5. 2 15 7. 9% 9. 15 11. а9//2у 13. x — a 15. ax/30 17. 7/15 
2 11 3 
19. 7/32 21. 387 23. 117 25. 1943 27. "ax/2y 99. 2cx/3az 31. (a + 2)/(d + c) 
T pq + аа 2 
33. 5(х + y (x = y) 35. (а + x)2 37. (а + 1)(2а + 3) 39. 7- in. 41. —— —— 43. 4F/md 
2 Pa + 441 


45. 3F/Amr?D 47. та/$ 


Exercise 7 
1 
1.1 37 5.5/3 7. 7/6 9.1916 411.718 13. 13/5 15. 6/a 17.(а+3)у/у 
19.х — 91. x/(a—b) 93. 19a/10x 95. (5b — a6 97. m 
Эд 


11. 3. T 11 2h(a + b) — «d? 
99. mE in. 31. 167 in. 33. fi mi 35. 2/25 min 37. g Machmes 39. 3 


уа + VVd, + УУ: 
! VVV 


41 


Appendix D * Answers to Selected Problems A-49 


Exercise 8 

85 65 3(4x + y) 5(3a? + x) 2(Засх + 2d) 
1. — 3— 5.6995 7 ——— 9, - 11. — — — ‚т 

12 132 4(3х — у) Ө =а) 3(20 + x) 3(2acx + 3d) 
2x? — у? + 2)(х — 1 d, + аууу: 

15. шат . (x + 2 -D » (di + dM V; 91. —1/[х(х + h)] 
x =зЗу (х t 1I)@ = 2) аүү, + dV; 

Ехегсїве 9 


1. 12 3. 20 5. 14 7. 72 9. 24 11.7 13. 24 15. 24 17. 5/2 19. 12 
91. 17 93. 3/13 95. —2/3 97. —11/4 99. 1/2 31. No solution 33. —2 
35. 15.0 cm/s 37. 12, 24, and 18 days 39. 510 ft/min 41. 5.6 winters 


Exercise 10 


bz — ay ага + за? b + cd 
1. bc/2. 3. RE e 0 9.2za +3 11. (b — my3 
a a—b 4ас + d? a +а-а ge 4 ( m)/ 
асери). we wns. e222 ua. L3 
. (c = m)/(a . ew 54 "Ea ey "e 
2 
w alet 0)(с — a) ab 
93, —— — — — 95, (p — q)/3 27. (5b — 2a)/3 99. 31. 
Pope (p — qy3p ( a)/ 2 | 
33. V24CP?/w? | 35. 1/(1 + аА) 37. 2(s — vot? 39. у/(1 + м) 4. (E + BR3)/(R, + Бэ) 
i 2 
E АР ae : +m + ; = 
ту alt — t) 45. F/(m) + m + тз) 47. RT/(v" — Rg) 


Review Problems 


1. (х = 5)(х +3) 3. (х? – у(х? + у) 5. (2х – Dx *2) 7. Qx — y/3 (4x? + 2xy/3 + у2/9) 
9. 2a(xy — 3)(ху +3) 11. Ga + 4(a = 2) 13. (2/3)(а/2 + 2b/3)(a/2 — 2b/3) 15. 2(x — 5а)? 
17. (5а – D(1— аў 19. (а-4Ха-2) 91. (х – 10(x — 11) 93. 3(x + 3x — 5) 
95. (4m — 3n)(16m? + 12mn + 9) 97. Ba — 4)(5а +3) 99. (a — D(x + y) 

am + bn + cp 


31. (За + 2b + c)/(a — b) 33. 4 35. —16 37. (np — m)(mp — n) 39. —— —— 41. 47/7 
т+п+р 
5x? — 4ху + 18y? -10 4 2ax? b 
43.6 45.1 an gg ы. 7, 53. ——. 55. 
30x^y 9 х=» Tw 5-1 
2a + 3 


57. 5(a = c) 59. 


ФФ%Ф СНАРТЕВ 19 КААААДДАААААААААААДАААААДАДААААДААДААААДААААААААААААААААААААААААААААААААААААААААААААДАААА 
А 
Ехегсіѕе 1 


1. 3.17, 8.83 3. 3.89, —4.89 5. 1.96, —5.96 7. 0.401, —0.485 9. 0.170, —0.599 11. 2.87, 0.465 
13. 0.907, —2.57 15. 5.87, —1.87 17. 12.0, —14.0 19. 5.08, 10.9 91. 2.81, —1.61 93. 8.37, —2.10 
25. 0.132, — 15.1 97. 2.31, 0.623 99. 4.26 in. 


Exercise 2 


1. [1, —6] 3. [11.7, 0.255] 5. [6.84, 0.658] 7. [4.83, 0.165] 9. [8.47, 0.957] 11. [11.1, 0.123] 
13. [12.1, 0.371] 15. [1.39, —1.55] 17. [1.74, —0.608] 


A-50 Appendix D * Answers to Selected Problems 


Exercise 3 


1. 2/3 or 3/2 3. 4and 11 5. 5 and 15 7. 4m X 6m 9. 15cm X 30cm 11. 162 m X 200m 
13. 2.26 in. 15. 44.9 mi/h 17. 40 mi/h; 50 mi/h 19. 5 km/h 91. 15.6h 23. 21.8 days 
95. 9.07 ft and 15.9 ft 97. 24.58 29. 0.381 A and 0.769 A 31. —0.5 A and 0.1 A 33. 6.47 in. 


Review Problems 

1..6;—1 3. 0,5 5.0. =2 7. 5, —2/3 9. 1,1/2 11. +3 13. 1.79,=2.79 
15. 0.692, —0.803 17. * V10 19. 1/2, —2 21. —0.182, 9.18 93. +5 95. 3.54, —2.64 
97. 0.777, —2.49 99. 0.716, —2.32 31. 202 bags 33. 15 ft x 30 ft 35. 3 mi/h 37. 175 
39. 16 ш. wide X 5.0 in. deep or 10 in. wide X 8.0 in. deep 41. 3.56 km/h 43. 12 ft X 12 ft 


ee CHAPTER 13 *999999999999999999999999099999099999090909090990990999990909090999990909099099909099990909099099909099990990909009090909 
" 
Exercise 1 


1.3x 3.2 5. al4b? Tab? 9. plq 11.1 13. 1/(16а®%с12) 15. 1x + y) 

17. mI — бт2п)2 19. 2/х + My? 91.3 93. 9y?/4x?  95.27фу/8рх) 97. 9а%6/25х*у? 
99. 1/(3т)? — 21002 31. х2" + 2x"y" + y?" 33. х/2у7 35. р 37. 4" 6n 46njgnptny2n 

39. 3p?Dq?x^? 41. SPw?P/2PzP 43. 250“х/9тду? 45. R! = Rī! + R3! 47. 2PR 


Exercise 2 

1. Va 3. V) 5 Vm-n 7. Мух 9.52 41. y 13 (a+b! 

15. ху 17.3V2  19.3V7  Á91.2N7. 93.aVa 95. 6хУу 97. V21/7 
99. V2/2 31. 6/3 33. V2x/2x 35. 232N/2y 37. 6? N/xy 39. аума — b 
41. 3V/m? + 2п 43. a V ASab/(5b) 45. х/х 47. x VA8/3.— 49. o, = (КЕ)! 
51. Z = (2 + Х2)12 53. а\/10 


Exercise 3 


1. V6 3. V6 5.25V2 7. - Фо  9.-5V5S 14.-W3  143.10xV2y 
15. 11V6/10 17. (a - b) Vx 19. 12V6 91. 308 93. 6108 95. 2Y/ 45 
97. 4\/ 2 99. 9a V/bc 31. Vabcd/(bd) 33. V x^ 35. ab? Y10847 


37. 32x V 2x 39. 25 + 40 Vx + 16x 41. а + 10aVab + 25a?b 43. 3/4 45. 3/2 


2N/aó bic 8 + 5V2 
шээг o SS St4Vaxa 53 6Ү/20х 55. — 2a)V y — 57. -4аУЗх 


ac 
59. (5a + 3c)W10b 61. (a2b?c? — 2a + bo NV àóbc) 63. 2V15-6 65. хү – ху 67. а2 – Ь 
х= Vy 73 a? + 2aVb +b 5 3V3mn — 3m — V6n + N/2mn 


х-у ` a?—b Зп = т 


47. 


69. 16x — 12Vxy — 10у 71. 


77. 2Ах“У х 


Exercise 4 


1.36 3.4 5.138 7.8 9. 8 11.7 13. 479 15.3 17. 14.1 cm; 29.0 cm 
19. 3.91 m;477m 21. C = 1/(ф?1 + oV Z? — В?) 


Appendix D * Answers to Selected Problems A-51 


Review Problems 


1.2М1з 3,396 5.2 X99: 9. (а= а bx Mia VI- xw 
13. - 26 + 15%2 – 43 – 10%6) 15. —x V2 17. а32 19 9 + I2Vx + 4x. 91. 7\2 


93. У/25(25) 95. 72V2 97. 10 99. 14 31. 152 33. x?! + (xy 1 + хул 2 + у2"-3 
35. 27378 37, 8x y° 39. 302 41. 1(3х) 43. Ux — 2/у2 45. 1/09х2) + (уб/4х*) 
47. рг“! + (рд)! + рдд272 + q^? 49. рід 51. г2155 | 53.1 55. V = 36a? 


57. B= VAVC 


өө, CHAPTER 14 *99999999999999999999999999999999999999999999990999999999999099999999999099999999909999909090969 


Exercise 1 


1. 0.834 rad 3. 0.6152 rad 5. 9.74 rad 7. 0.279 rev 9. 0.497 rev 
11. 0.178 геу 13. 162° 15. 21.37 17. 653* 19. 7/3 

91. 117/30 93. 77/10 95. 137/30 97. 207/9 99. 977/20 
34.22 3. 147.3° 35. 20° 37. 1575" 39. 24^ 

41. 15° 43. 0.8660 45. 0.4863 47. —0.3090 49. 1.067 

51. —2.747] 53. —0.8000 55. —0.2582 57. 0.5854 59. 0.8129 
61. 1.337 63. 0.2681 65. 1.309 67. 1.116 69. 0.5000 

71. 0.1585 73. 19.1in? 75. 485cm? 277. 1130 cm? 79. 2280 cm? 
81. 3.86 in. 


Exercise 2 


1. 6.07 in. 3. 230 ft 5. 43.5 in. 7. 2.21 rad 9. 1.24 rad 

11. 0.824 cm 13. 125 ft 15. 3790 mi 17. 6210 mi 19. 448 mm 
91. 55mm 93. 40,600 bits 95. 0.251 m 97. r = 355 mm; R = 710 mm; 0 = 60.8? 
29. 14.1 cm 31. 87.591 ft 


Exercise 3 


1. 194 rad/s; 11,100 deg/s 3. 12.9 rev/min; 1.35 rad/s 5. 8.02 rev/min; 0.840 rad/s 7. 621 ft/min 
9. 7.86 rev/min 11. 4350° 13. 0.00749 s 15. 25.0 mm 17. 5.39 rev 19. 66,700 mi/h 
91. 2790 ft/min 23. 85.7 rev/min 


Review Problems 


1 TIA 3. 20° 5. 165° 7. 2.42 rad/s 9. 57/3 
11. 237/18 13. 0.3420 15. 1.000 17. —0.01827 19. 155 rev/min 


91. 336 mi/h. 93. 11089 95. —0.8812 97. —1.0291 99. 0.9777 
31. 0.9097 33. 222mm 35. 2830 cm? 


A-52 Appendix D * Answers to Selected Problems 


өө, СНАРТЕВ 15 *99999999999999999999999999999099999090909099990909099999090909999090990999990909999099999999090999099099090909099 
. 
Exercise 1 


1. amplitude = 2; period = 360°; phase shift = 0? 


3. amplitude = 1; period = 180°; phase shift = 0° 4 1 3. 

5. amplitude = 3; period = 180°; phase shift = 0? L, ioo 

7. amplitude = 1; period = 360°; phase shift = —15° EE xx 3i Ins 0 2 
9. amplitude = 1; period = 27; phase shift = 7/2 2 Е 
11. amplitude = 3; period = 360°; phase shift = —45° E 


13. amplitude = 4; period = 277; phase shift = 7/4 

15. amplitude = 1; period = 180°; phase shift = —27.5° 
17. amplitude = 1; period = 27/3; phase shift = 7/9 

19. amplitude = 3; period = 180°; phase shift = —27.5° 
21. amplitude = 2; period = 27/3; phase shift = 7/6 

23. amplitude = 3.73; period = 83.3°; phase shift = —12.8° 


25. zeros at x = 82.5? and 172.5°; y = 0.7071 atx = 15° 97. zeros atx = 1 and 2.05; y = Oatx = 1 
29. ) 31. 4 33. ғ 511(0+38.6°) 


h=Lsin@ 


10 20 30 40 50 60 70 80 90 100:119, * 


Exercise 2 


Exercise 3 


1. P = 0.0147 s; = 427 rad/s 3. P = 0.0002 s; = 31,400 rad/s 5. f = 8 Hz; о = 50.3 rad/s 
7. 3.33 5 9. Р = 0.0138 s; f = 72.4 Hz 11. Р = 0.01265; f = 79.6 Hz 
13. Р = 400 ms; amplitude = 10; ф = 1.1 rad 15. y = 5 sin (7501 + 15°) 


Appendix D * Answers to Selected Problems 


17. 


y=3 sin 377t 


+ 
| 0.0 0.08/ 0.12 


A-53 


y=R sin 16.0t 


93. Vmax = 4.27 V; P = 13.6 ms; f = 73.7 Hz; ф = 27° = 0.471 rad; v(0.12) = —2.11 V 


25. i = 49.2 sin(220t + 63.2°) mA 


Exercise 4 


1 * y=3 cosx 
Amplitude = 3 
Period = 27 
Phase shift = 0 


29. 


> 
х 
Amplitude = 1 
Period = 2/3 
-21 Phase shift = 0 
9. РЕЛЕ. 
y у=3 cos -2 
у =соѕ (x - 1) Amplitude = 3 
Period = 2t 
Phase shift = E 
2 
0 
-2 
т эл 
2 
Amplitude =1 
Period = 2 т 
Phase shift = 1 
у= 2 tan (3x - 2) 17. 


11. 


y=2 cos 3x 
Amplitude = 2 
Period = 2 


Phase shift = 0 


bib om ee 


Appendix D * Answers to Selected Problems 


25. 


Exercise 5 


ч 
e 
Sy 


y=rcos@ 


y=2.15 tan Ө km 


40 


Фү 


60 


27. 


Fh 


15d. 


15e. 


2+ 


15f. 


100 


Фү 


Appendix D * Answers to Selected Problems 


15g. 


ы os 


15h. 


17. (a) 


2000 


(8380, 5490) 


| 16.760 


-5000 


Exercise 6 


1.,3.,5., 7.,9., 11. 


13. | 


>. 
5000 10000 15000 20000 25000 ? 


260 270 280 
250 290 
240 110 10020 80 70 300 


20 
55 


\\ 


00 80 
60 90 


270 280 290 


15. 


93. (6.71, 63. 


4?) 


31. (3.41, 3.66) 


39. (—7.93, 5.76) 
45. x? +у2= 4-х 


95. (5.00, 36.9°) 
33. (298, —331) 

41. x? + у? = 2у 
47. rsin0 +3 = 0 


97. (7.61, 231°) 
35. (2.83, — 2.83) 

43. x? + y? 2 1 — у/х 
49. г = 1 51. 


N 


(b) 5490 ft (c) 8380 ft 


SS 
y, S NN 340 
DES 
en 
SS H 
SERI 
RIZA 


17. 


(d) 16,800 ft 


CHRD 


29. (597, 238°) 
37. (12.3, —8.60) 


sin Ө = r cos? 0 


(e) 4600 ft 


19. 


A-55 


Appendix D * Answers to Selected Problems 


A-56 
53. r (in.) 0 (deg) x(in.) y (in.) 
4.25 0 4.25 0.00 
4.25 15 4.11 1.10 
4.25 30 3.68 2.13 
4.25 45 3.01 3.01 
4.25 60 2.13 3.68 
4.25 75 1.10 4.11 
4.25 90 0.00 4.25 
Review Problems 
1. УА 3. YA 
у= 3 віп 2х у= L5 sin (x 5) 
Period = x 


Amplitude = 3 
Phase shift = 0 


[] 

^ 2 

TX 
ее 


an 
17 
! 


A 


3 
55 
xc 
з 
2 
[3 


бое 
ZS 
ы 
FE? 


1 
250 100 90 80 290 


Period = ш 
Amplitude = 1.5 


Phase shift = -6 


7. y = 5sin (2x/3 + 77/9) 


5. y у= 2.5 sin (4х + 2) 


Period = 2 
Amplitude = 2.5 


13. (7.62, 23.2°) 15. (57.0, 245°) 


12 = cos 20 


17. (-61,-22) 19. у2 = 4х +4 
95. Р = 0.1405; f = 7.13 Hz 97. 250 Hz 
31. Umax = 27.4 У; Р = 8.54 ms; f = 117 Hz; ф = 37° = 


ФФ% CHAPTER 16 0999999999999999999999999999999999999999999999999999999999999999999999999999Ф9999999Ф99000Ф 


Exercise 1 


1. (sinx — 1)/cos х 3. 1/cos 0 5. 1/сов 0 1. 
15. cos 0 17. sin0 19. 1 91. 1 93. sin x 
55. (а) 22 (b) tano 


Exercise 2 
1. 1 (МЗ зїп Ө + соз 0) 


9. соѕ 7х 11. sind 


Exercise 3 


1. 1 3. sin 2x 


91. r(cos0 — 3 sin Ө) = 2 
99. i = 92.6 sin(515t + 28.3?) mA 
0.646 rad; v (0.250) = 17.8 V 


93. f = 0.400 Hz; w = 2.51 rad/s 


3. 5 (sin x + V3 cos х) 5. 


0 
23. (a) 2v 7 =t 


—tan? x 9. sind 11. sec 0 13. tan x 
95. sec x 97. tan? x 99. —гап 20 
—sinx 7. ѕіп Ө cos 2ф + cos Ө sin 2ф 


Appendix D * Answers to Selected Problems A-57 


Exercise 4 


1. 2.05 3. 2.89 5. —10.9 7. 1.39 9. —0.500 11. 0.933 13. 0.137 15. 86.5 ft 
17. 1.245 19. (a) miter = 35.3°; bevel = 30.0? (b) miter = 53.6°; bevel = 38.8? 
91. miter = 58.7°; bevel = 15.5? 
Exercise 5 


1. 30°, 150° 3. 45°, 225° 5. 60°, 120°, 240°, 300° 7. 90° 9. 30°, 150°, 210°, 330° 
11. 45°, 135°, 225°, 315° 13. 0°, 45°, 180°, 225° 15. 60°, 120°, 240°, 300° 17. 60°, 180°, 300° 
19. 120°, 240° 21. 0°, 60°, 120°, 180°, 240°, 300° 23. 135°, 315° 25. 0°, 60°, 180°, 300° 
27. 0.858 s 29. 13.7°, 76.3° 


Review Problems 


15. 30°, 90°, 150° 17. 45°, 90°, 135°, 225°, 270°, 315° 19. 90°, 306.9° 21. 60°, 300° 
23. 3.82 25. 0.183 29. 4.2 ft 


9, CHAPTER 17 *999999999999999999999999999099999999999090909999909090999909090999090909090999990999099990909099999099909909909909090 
: 
Exercise 1 


1.9/2 3.8/3 25.8 7.8  9.3x 11. 5a 13. (х+2)/х 15. +12 
17. +15 19. 300tums 21. 2.63 93. (a)2.15; (b) 2.24; (c) 96.0% 


Exercise 2 
1. 0.951 m 3. 639 Ib 5. 74.2 mm 7. 202 ft? 9. $338 11. 43.8 acres 
13. l6lacres 15. 7570 ft? 


Exercise 3 


1. 197 3. 71.5 


5. x | 9 | 1] 15 
у | 45] 55 | 75 


7. x | 115 | 125 | 138 | 154 
y | 140] 152 | 167 | 187 


9. 6850 11. 418 mi 13. 44700 15. 15,136 parts 17. 36.6 MW 


Exercise 4 


1. 2050 3. 79.3 5. 2799 7. 66.7 
9, x 18.2 75.6 21:5 
y 29.7 8840 | 154 


11. x 315 | 122 | 782 
y 203 | 148 | 275 


13. Yh 15. 396 m 17. 4.03 s 19. 765 W 21. 1.73 23. f8 25. f13 


Г-120 
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Exercise 5 
1. 1420 3. y is halved 


5. x | 306 | 622 |915 
y | 125 | 615 | 418 


7. x | 9236 | 3567 | 5725 
y | 1136 | 1828. | 1443 


9. 41.4% increase 


13. 103 Ib/in.? 15. 449 x 1076 дупе 17. 79 Ib 
19. 200 lux 91. 531 m 93. 0.909 95. 33.396 increase 


Exercise 6 


1. 352 3. 4.2% increase 


5. w x y 
46.2 18.3 127 
19.5 41.2 121 
116 8.86 155 
12:2 43.5 79.8 


7. 13.9 9. у = 4.08x7/?/w 11. 13 : % decrease 13. New resistance — + original 15. 9/4 
17. 169 W 19. 3.58 n? 91. 3.0 weeks 23. 12,600 Ib 95. 394 times/s 97. 2.21 


Review Problems 


1. 1040 3. 10.4% increase 5. 121 L/min Te 1:73 9. 29 yr 11. Shortened by 0.3125 in. 

13. 8.5 15. 22h52m 17. 215,000 mi 19. 42 kg 91. 2.8 23. 45% increase 25. 469 gal 
97. 102m? 99. 1.1іп. 31. 17.602 33. 12.7tons 35. 144oz 37. $2162 39. 1.5 

41. 761 cm? 


ФФ СНАРТЕВ 18 К ЛААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААААА 


Ехегсіѕе 1 


у=5(1-е*) 


0246810 * 


у= 0.2 (3.2) 
42 0 2 4 * 
5. (a) 7.55 m (b) 3.55 m (c) 2.99 m 7. $4852 9. (a) $6.73 (5) $ 7.33 (с) $7.39 11. $1823 


13. 285 units 15. 12.4 million 17. 18.2 million barrels 19. 506?C 21. 0.100 A 23. 1040°F 
25. 9.568 in. Hg 97. 72 mA 29. 30% 


Appendix D * Answers to Selected Problems A-59 


Exercise 2 


1. log381=4 3. 1004 4096=6 5. log, 995=5 7. 102=100 9, 5 = 125 

11. 357 = х 13. 1.441 15. 0.773 17. 1.684 19. 2.922 91. 1.438 93. 906 95. 7.69 

97. 2.32 99. 94,200 31. 3.877 33. 7.7685 35. 0.6125 37. 0.3177 39. 0.3104 41. 71.1 
43. 6.33 45.379 47. 1442 49. 143yr 51. 14yr 53.2773 ft 55. 17.5 уг 


Exercise 3 


1. log 2 — log 3 3. loga + logb 5. logx + log y + log z 7. log 3 + log x — log 4 9. —log 2 — log x 
11. loga+logb+loge—logd 13. log12 15. log(3/2) 17. log27 19. log(a*c*/b*) 
91. logy?z /ab?^?) | 93. 2-x) | 95.p-4-100 297.1 99.2 31. х 33. Зу 35. 3.63 
37. 1639 39. 228 41. 195 43. —8.80 45. 5.46 


Exercise 4 


1. 2.81 3. 16.1 5. 2.46 7. 1.17 9.5.10 11. 1.49 13. 0.239 15. —3.44 17. 1.39 
19. 0.0416 s 91. 224$ 93. 55 yr 25. 1.15mi 27. 9.7 yr 29. 19.8 yr 31. 42.3 yr 


Exercise 5 


12 3.1/3 5.2/3 7.2/3 9.2 11.3 13.25 45.6  47.3/2 19.475 

21. -110,905 93. 10/3 95.22 97. 0998 29. 0.916 31. 12 33. 101 35. 25.56 in. Hg 
37. 1300kW 39. 112in. 41. 1077 43. 40 45. -3014В 47. 13dB 49. 39 dB 

51. —0.915dB 53. 6.02 dB 


Review Problems 
1. log,352=5.2 3. logyx=14 5. х124 = 52 7.3/4  9.1/128 11. log3 + logx — logz 


13. log 10. 15. log( V р/ Ма) 17. 2.5611 19. 1.2695 91. 701.5 93. 0.337 95. 4.4394 
97. —4.7410 99. 4.362 31. 2.101 33. 13.44 35. 3.17 37. 100 х 10? 39. $2071 
41. 828 rev/min 43. 23 yr 47. 2600 V 


ooo CHAPTER 19 ФФФФФ©ФФФФФФФ©СФФФФФФФФФФФФО©ФФФФФ%ФФФФФФФФ©ФФФФФФФФФФФФФФ©ЕФФФФФФФФФФФФФОФФФФФФФФФФФФОФФФФФӨФОФОФФ 
: 
Exercise 1 


1. =1 +1 3.2а-21 5. 3/4+1/6 7. 4.03 + 1.20: 9. i 11. i 13. 14i 15. —15 17. —96i 
19. —25 91. 6— 8i 93. 8 + 20i 95. 36+ 8 97. 42 — 30i 99. 21 — 20i 
31, 33, 35. Imaginary 37. 2 + 3i 39. p — qi 41. n ^ mi 43. 2i 45. 2 


(35) 5i 
А 1 
: (31)2--51 


5 


2 т] + 2 + 4 + Real 
-2 * (33) 3-2i 
E 


47,241 49. -5/2 +i/2 51. 32-28 


Exercise 2 


1. 6.40/38.7 3. 5 /323° 5. 5.39/202? 7. 10.3 /209° 9. 8.06/240° 11. 4.64 + 7.717 
13. 4.21 — 5.5979 15. 16.1 /54.9° 17. 56/ 609 19. 4.70/50.2* 21. 10/60? 


A-60 Appendix D * Answers to Selected Problems 


Exercise 3 

1. 640/38.7 3. 5/32» 5. 5.39/202° 7. 4.41 + 2.35i 9. 1.82 + 3.561 11. — 3.44 — 4.91i 
13. —-7—-3i 15. (р+д4 + (р + qj 17. —112 + 19i 19. —15 + 10i 21. 12 + 26i 93. 46 — 141 
25. 10/40? 97. 4.43/59.3? 99. —3i 31. 22 33. (32 + 8)/17 35. 2/20* 37. 2.58/41.2° 


Exercise 4 

1. 43.6,383 3. 8.30, 27.2 5. 460/ 24.9? 7. 53.7/ 64.9? 9. 36.4 Ib vertical; 45.7 Ib horizontal 

11. 1440 Ib; 23.09 

Exercise 5 

1. 490A 3. 897 V 5. 177/25? 7. 40/ -90° 9. 102/0* 11. 212 sin ot 13. 424 sin (w t — 90?) 
15. llsinwt 17. 155 + 0i; 155 /0° 19. 0 — 18i; 18/270? 91. 72.0 — 42i; 83.4/ —30.3° 

93. 552 — 5721; 795/ — 46.0? 25. (a) v = 603 sin(wt + 85.3°); (b) v = 293 sin(wt — 75.5?) 


Review Problems 
1.1 3.9 2i 5. 60.8 + 45.7i 7. 114 7i 9. 12/38? 11. 33/17 — 21i/17 13. 2/45? 
15, 17. on 19. 7 — 24i 91. 125/30* 93. 32/32? 95. 0.884/ — 45? 


(05) 
e. 


2 


4 2 | 3.4 6 Real 


15,17 — 


27. (a) (x + 30)(х — 3i) (b) (b + 5i)(b — Si) (с) (2y + zi)(2y — zi) (d) (5а + 3bi)(5a — ЗЫ) 


OOOO CHAPTER 20 *e99999999999999999999999999099909999990999909090909099990999999099099999090909909909099999999090999090909009 
Exercise 1 


1.3+6+9 + 12 + 15 FF 3n 3.2 + 3/4 + 4/9 + 5/16 + 6/25 ++ (n + D/n? + 
5. и. = 2п; 8, 10 7. иһ = 2"/(n + 3); 32/8, 64/9 9. Uy = и„-1 + 4; 13, 17 
11. и, = (ид-1): 6561, 43,046,721 


Ехегсіѕе 2 


1.46 3.43 5.49 7. х+24у 9. 3,71,112,16,201,... 11. 5,11,17, 23,29,... 13. —7 


15. 234 17. 225 19. 15 91. 10,15  93.-63,-71-73-82 95. 3/14 99. 6/17, 6/13, 6/9 
31. (a) $0.50, 1.00, 1.50,... (b) $333 33. $512,500 


Ехегсіѕе З 

1. 80 3. —9375 5. 5115 7. —292,968 9. +15 11. +30 13. 24,72 15. +20, 80, +320 
17. e? or 1.649 19. 328 21. 83yr 93. 28.8 95. 62 97.20 29. 1.97 

31. $184,202 33. $7776 

Ехегсіѕе 4 


1 5-с 3. 3/(с+4) 5. 288 7. 12.5 9. 45.5 Іп. 11. sum- 1 


Exercise 5 


1. 7200 3.42 5.35 21. 5913642218 93. —15120a*b? 95. 202400х21у? 


A-61 
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Review Problems 

1.35 3. 6,9,12,15  5.253,4,6 7.85 9% a? — 10а* + 40a? — 80a? + 80a — 32 11. 48 
13. 0—x 15.8 17. 5/7 19.187] 21.1215 93. —1004 25. 20,50 97. 1440 
31. 128х 7/y ^ — 448x 92/11 + 672x%/y8 — 560х!!/?/у? E... 33. 1 — a/2 + 3a?/8 — 5a?/16 +- 
35. —26,730a ^b 


99. 252 


+ CHAPTER 91 *999999999999999999999999999999999909999999999999999999999999999999999999990999999999999909969 


Exercise 1 


1. Discrete — 3. Categorical 5. Categorical 7. 90 9. F 
= т 80 $ ни 
3 4 ЕВ" Г 
5 8 7 250 
3370 SE aL 
8 8 60 5 2 L 
as Б ae L 
5.0 ES В 
1920 1925 1930 E 
Smith Jones Doe Not 
Year voting 
Candidate 
; 
Exercise 2 
1. (a) Range = 172- 111 261 3. (a) Range = 972 — 584 = 388 
1(b) 1c) 10(a) 10(b) 3(b) 3) 120) 12 
Cumulative Cumulative 
Эд Freq. ker Freq. 
Class Abs. Freq. Rel. Class Abs. Freq. Rel. 
Midpt. | Class Limits | Freq. (9%) Abs (%) Midpt. Class Limits | Freq. — (9) | Abs. (96) 
113 110.5 115.5 3 75 3 7.5 525 500.1 550 0 0.0 0 0.0 
118 115.5 120.5 4 10.0 1 17.5 575 550.1 600 1 33 1 33 
123 120.5 125.5 1 2.5 8 20.0 625 600.1 650 2 67 3 10.0 
128 125.5 130.5 3 75 11 27.5 675 650.1 700 4 13.3 7 233 
133 130.5 135.5 0 0.0 11 27.5 725 700.1 750 3 10.0 | 10 33.3 
138 135.5 140.5 2 5.0 13 32.5 715 750.1 800 7 233 17 56.7 
143 140.5 145.5 2 5.0 15 37.5 825 800.1 850 1 33 18 60.0 
148 145.5 150.5 6 15.0 21 52.5 875 850.1 900 7 233 | 25 83.3 
153 150.5 155.5 7 17.5 28 70.0 925 900.1 950 4 133 | 29 96.7 
158 155.5 160.5 2 5.0 30 75.0 975 950.1 1000 1 33 | 30 1000 
163 160.5 165.5 5 12.5 35 87.5 
168 165.5 170.5 3 75 38 95.0 
173 170.5 175.5 2 5.0 40 1000 
5. 2 2 7. 5 2 9. è ғ 11. Range = 99.2 — 484 = 50.8 
5 5 96 5 26 20% 9 
& 8 3. 3 а. 20% 3 20) Xc) 11a) 11(b) 
E 2 2а 2 24 3 
2 o% 2 3, ? 8 2 10% 2 Cumulative 
3 8 3 Е Е 3 Rel. Freg. 
80 0 = 20 © £0 0 5 
< 471 571671771871971 ~% < 113 128 143 158 173 < 525 675 825 95 4 Class Abs. — Freq. Rel. 
7 Racingtime 00 Student weights Prive Midpt. | Class Limits | Freq. — (9) Abs. (%) 
47.5 45.05 50.05 5 167 5 16.7 
52.5 50.05 55.05 2 6.7 7 23.3 
13. > 15. > 575 55.05 60.05 з 100 10 333 
* 8 д 100% * 8 625 | 60.05 65.05 1 33 1 367 
ЕА E 8 30 100% 2 s Үл i 22 
8 30 en 4 S» 80% 67.5 65.05 70.05 з 10.0 14 46.7 
E % Ё 
m 18 60% 2 
E 20 10% DES 902, 72.5 70.05 75.05 9 300 23 76.7 
= 10 20% 5 6 20% 77.5 75.05 80.05 0 0.0 23 76.7 
Е 09 0 Е 0 0 82.5 80.05 85.05 2 6.7 25 83.3 
9 115.5 135.5. 155.5 175.5 [s] 600 800 1000 
| : 87.5 85.05 90.05 з 100 28 93.3 
Student weights Price 
92.5 90.05 95.05 1 33 29 96.7 
17. 3 975 | 9505 100.05 1 33 30 1000 
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Exercise 3 
1.77 3. 14516 5. $796 7. 81.6 9. 157.5 11. None 13. 59.3 min 15. 76 17. 149 lb 


19. $792 21. 116, 142, 158, 164, 199 23. ECOL 25. 83 97. 428, 7.40 and 10.02; 5.74 
99. 697, 26.4 31. 201, 14.2 


Exercise 4 


1. 8/15 3.0375 5.1/9  7.1/36 9.063 11. 5/18 13. 0.133 15. 0230 17. 0.367 
19. 0.4096 91. 0.117 93. 7.68 x 10° 


0.3277 


0.2048 


0.0064 0.0512 
0.0003 х 


Ехегсїве 5 
1. 0.4332 3. 02119 5. 620 students 7. 36 students 9. | 


Exercise 6 


1. 69.47 + 0.34 in. 3. 2.35 + 024 in. 5. 164.0 + 2.88 7. 16.31 + 2.04 9. 0.250 + 0.031 


Exercise 7 


К 0.05 1 0—4 " 220 9 11. 20 
1 UCL = 0.0433 3 UCL = 0.3604 5,7 215+ UCL = 213.2 T 19}_UCL = 18.4 
0.04 >- 0.35} 222242: 210 18 
р = 0.0277 205 i X= 15.0 
= 2 16 |, = 15. 
р Ооз ыд „р. AN p 03 x 10 Ї x 15 
0.02 хэ 190r сэн 14 
0.25 p = 0.2990 185 X = 198.9, 13 
= LCL = 184.6 2E 
001F  Ler-00121 0.2L LCL-02376 , ‚Жолы ie a IE LCL- TIS 
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25 
5 5 5 : = 
0 10 15 20 2 pu Day Dui 
Day 


Exercise 8 


1. 1.00 3. 1.00 5. y= —4.83x — 15.0 


Review Problems 


1. Continuous 3. Categorical 


5. 


Sales (thousands) 
о e с 


0 
1970 1975 1980 
Year 


7. 5/36 9. 0.75 11. 0.1915 13. 0.3446 15. 81 


17. è E 

+ 25 12.5% 2 
Б 5 
= 4 10% 8. 
23 7.5% Ё 
о 2 5% о 
51 B 
51 25% 5 
20 0 8 
< 110 135 160 185 


Appendix D * Answers to Selected Problems 


19. Cumulative Cumulative 
Absolute Relative 
Data Frequency Frequency 
Under 119.5 1 1/40 (9.596) 
Under 117.5 5 5/40 (19.596) 
Under 199.5 5 5/40 (19.596) 
Under 197.5 7 7/40 (17.596) 
Under 132.5 9 9/40 (22.5%) 
Under 137.5 13 13/40 (32.5%) 
Under 142.5 15 15/40 (37.5%) 
Under 147.5 19 19/40 (47.5%) 
Under 152.5 21 21/40 (52.5%) 
Under 157.5 26 26/40 (65%) 
Under 162.5 30 30/40 (75%) 
Under 167.5 31 31/40 (77.5%) 
Under 172.5 32 32/40 (80%) 
Under 177.5 34 34/40 (85%) 
Under 182.5 35 35/40 (87.5%) 
Under 187.5 37 37/40 (92.5%) 
Under 192.5 39 39/40 (97.5%) 
Under 197.5 40 40/40 (100%) 


91. x = 150 23. 137 and 153 


A-63 


25. == 221 27. 150 + 7.0 99. 22.1 + 4.94 31. 13 


33. О, = 407, Q2 = 718, Q3 = 1055; quartile range = 648 


35. 120 
1100 ОСІ. = 1005 
1000 
900 - 
= 800 
X 700 
600 
500 
400 LCL = 479 
300 гт л 108, 
0 5 10 15 20 25 
Day 


37. —1.00; y = —2.31x+ 18.1 


39. 0.0769 + 0.0188 


122222 CHAPTER QQeeeeso909090000009000090000009993é000999999)9000000000990900000000099600000999000000000 


Exercise 1 


1.2 3.3 5. —7.90 


17. 3.34 19. 6.22 91. 
35. 61.5? 37. 110° 39. 


49. —5.372, 0.1862 51. 45? 


63. 33.7? 


Exercise 2 


7. Ax = 3, Ay 23 9. Ax = 9, Ay ——12 11. 3 13.9 15. 6.60 


3/2 93. 3 


95. —2 27. —5/9 29. 4.66 31. 1.615 33. —1.080 


1 
93.8° 41. 41.3° 43. 45.0° 45. 2, E 47. —1.85, 0.541 


53. 64? 


55. 78.6 mm 57. 2008 ft 59. 1260m 61. 0.911° 
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11. 


15. y=2x-2 17. 4х+у+3=0 19. 5х-у-3-0 91. x+3y+15=0 93. 5х-у-15-0 
25.x+5y-6=0 27. y - 220 99. 3х-4у-11-0 31. 3х-5у-15-0 33. 3х-у+2=0 


5 7х 8 
35. 2x+y-6=0 37. y=- утс = 41. F = kL — М» 
43. (a) 10.5 m/s; (b) 64.3 m/s 45. 150.10 49. P = 20.6 + 0432x; 21.8 ft 


51. t = —0.789x + 25.0; x = 31.7 cm; m = —0.789 53. y= P + t(S — P)/L; $5555 


Exercise 3 


1. x+y? = 49 3. (к—2)?°+ (y - 3. = 25 5. (x 5? - (y - 3? = 16 


13. 2 +y -4х-бу-3-0 15. x°+y’?-10x+ 8y-1=0 
17. x—4 -*y?216;C(4,0;r-4 19. (x—5Y + (yt 6)2= 36; C(5, 76; г = 6 


© 


91. (х+3)?°+ = 25; C(-3, 1); г= 5 95. 8.02 ft 97. (x 6)? + y? = 100; 7.08 ft 
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Exercise 4 
1. F2,05L = 8 3. F(0, 3/7); 1= 12/7 5. xX = 9y; F(0, 9/4) 7. 3y? = 4x; F(1/3, 0) 
2 | 1 2x ю ! 
B pot 8 
6 
1 
4 - 
-15 2 x 
27 2 
“10 -5 5 10 


11. У(3,-41) FG, 5); L= 24; x 23 13. V2, 15; F(13/8, -1); L=3/2; у= –1 


10 15 20 * 


15. V(3/2, 5/4); Е(3/2, ; L2 1; x 2 3/2 17. (y - 2? - 8x — D; FG, 2) 19. х2= -4(y - 2); F(0, 1); L=4 


Ya y 


10у-47-0 
- E =7 97. (х— 70.0} =—57.6(y — 85.0); 74.1 ft 
" 99. x -—1310(y – 3520); 27760 тл 31. x? = 1250у 
6 4 7 6 8 х 
33. 208ft 35. x7=488y 
1 
37. (x — 16.0 = —3070 (7-5) 
12 
Exercise 5 
x2 y? 
1. V(ES5, 0); FC*3,0 3. V(+2, 0); F(=1,0) 5. V, +4); F0, +) — oz y -l 
2 2 2 2 2 2 
: 7 
pfo -q dp 4 eg Tam фи 
36 4 169 25 115 115 


15. CQ, —2); V(6, -2), (-2, -2); F(4.65, —2), (—0.65, —2) 17. C(—2, 3); V(1, 3), (-5, 3); F(0, 3), (4, 3) 
19. Cd, – 1); VG, – 1), (73, – 1); F(4, – 1), (2, - 1) 21. €(=3, 2); V(-3, 7, (73, 35 F( — 3,6, (—3, —2) 


: — 3)? + 2)? + 3)? 
gi 5.4.0759 Ээ qu ew 
9 36 12 16 
97. 9х2 + 4у2— 576-0 99. Ax? + Dy? + 40x + 126y — 251 =0 
x — 2)? 
31, € ^ цөн (y + 12 = 1 C(2, –1);а = 3,b = 1; V(5, —1), (C1, —1); F(4.83, —1), (-0.838, —1) 
zi 12 34 5 
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+ 3)? + 5)? 
ag, 221079 


1 C(-3, —5); a4 = 9, b = 7; V(6, —5), (12, –5); F (2.66, —5), (—8.66, —5) 


81 49 


35. 11 37. 20cm 39. 6.9 ft 


Exercise 6 


1. V(+4, 0); F(+V/41, 0); a = 4; b = 5;slope = +5/4 3. V(+3, 0); F(+5, 0); a = 3; b = 4; slope = +4/3 


we х2 y? х2 у? 
‚ V(+4, 0); F(+2 ‚а = 4;b = 2; slope = +1/2 22--Т2-1 | 
5. V(+4, 0); F( 5, 0); a = 4; ; slope / 7. 25144 9 7 
2 2 2 2 
Ти tes ш де 
16 16 25 64 
15. C2, -15a = Sb = 4; F(84, —1), F' (C44, —1); V(7, —1); У'(—3, —1); slope = 4/5 
y- ар pem gu " Я 
17. =j 9. 1 A. - 25y? — 225 = 
7 16 n 1 1 12 9х 5y 5=0 


23. 25x? — 16y? — 150x + 128y — 4831 = 0 
95. CQ, -3;a = b = 4; Е(7, —3), Е'(—3, —3); V(5, —3), V (-1, —3); slope = +4/3 
27. C(-1, -1;a = 2,b = V5; F(-1, 2), F'(-1, —4); V(-1, D, V(-1, —3); slope = +2/V5 29. xy=36 


x? y? 
31. — = — ==] 33. — 25,000 
324 352 dii 
1000 
800 
^i 600 
= 400 
200 
0 200 400 600 800 1000 
p (Ib/in.2) 
Review Problems 


1.4 3.-144 5.147 7.-2b/a  9.m-3/2;b-—1/2 11. 7x—3y43220 13. 5x—y+27=0 

15. 7х-3у-21-0 17. у=5  19.-3 91. х+3=0 93. 230 95. Parabola; V(—3, 3); F(-3, 2) 

27. Ellipse; C(4, 5); а= 10, b = 6; F(4, 13), (4, 3); V(4, 15), (4, 5) 99. Circle; C(0,0);r=3 41. x? +2y?=100 
Ока ur. 


43. у/--17х 45. (х+5)2+у2=25 47 x 3 


1 49. x int. = 4; y int. = 8 and 2 
51. 3.00 m 53. 4.65 m 


999440», СНАРТЕВ 93 *999999999999999999999999999999999999999999999999999999999999999999999999999999999 


Exercise 1 


11 3.15 5.10 7.4 9.1 11.—4 13.-8 15. –4/5 
17. -1/A 19.2 91. 1/5 93.40 95, c 97. — 99, x2 


1 
31.0. 33.3 35.3х——; 37.32 39.2х-2 
X 


-4 
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Exercise 2 


1. 4 3. 1/2 5. —5 7. -1/2 9. -9.13 


Exercise 3 
1 
1,3: 3.2 52% 7.32 9 36 —442-——— 13.2 45.38 17.2 19. 12 
2V3-x 
93.12 95. 8x 97.24 99. 2х 31. 2х 33. 2x 
Exercise 4 
10 30 5.1 7. 7x6 9. бх 11. 5х5 13. —1/x? 15. -9x* 17. 2.5x 7 
-51 
19. 2x"? 91. s 93. 2  95.3—33? 97. 9х2 +14x-2 2.a 31. х- x? 
33. (3/2)х 1/4 — x 5^ 35, (8/3)x/3 — 2x 1^ 37. 62 39. 15x +2 41. 10452 43. 6x + 2 
3V 5 
45.3 47.135 49.4 51.375 53. 10-3 — 55.1750 — 638 57. 7 Y 59. —341/15 
d 
61. а = 10r + 3,atr = 3556. = 38.5 in./s 
Exercise 5 
-3 -4.30 6 2b b 

1. 10Qx + D^ 3. 24х(3х2 + 27-2 5. = ын j 5 = 5 11. a ) 

= 5х)?/5 (x^ + а?) (x^ + 2) X x 
ia 15, 1 1. — 19. ——" 91. 2(3х5 + 2x) (15x4 + 2) 

анааан . > e == =: * X X X 
V1 — 3x2 М1 = 2x (4 — 9х)2/3 2V (x + 1)3 
28.8(4.8 — 7.2x 2) 7.6 — 49.812 


95. (5t — 3t + (101 = 3) 97. —————, 
x? ( X ) (8.31? — 3.8ty? 


33. v’ =a = 13.8 t (t? + 2); att = 1.00 s; a = 41.4 ft/s? 


23 


29. 118,000 31. 540 


Exercise 6 


1. 3x? -3 3. 5х4 – 12x? +4 5.42x+44 7. 1x +9 9. 33.0х° — 37.4 
2 2 2 
15x? + 6x — 3 2х2 – 3 
ELEM эңе ча ЕЕ 15. + 4х\/Зх + 5 
V5 + x? 2V/x (зх + 5)2/3 
17. Ох? + 5x)? + (2х — 6)(2x> + 5х)(10х* + 5) 19. 3х2 – 12x -2 91.202 93. 6 
95. бп (2х — 4)2 97. 3х2 – 12x - 7. 99. 3x(x + 1)2(х – 2p + (252 + 2х) (x – 2) + (x + 1) (х – 2) 
2 8х -5 1 -a 
. 33. ——— 35. —— 37, ——————— 39. ——— — — 
(x + 2) (4 – xy ie 37 2Vx(Vx + 1)? (2 — qn 
43. 1 45. Т' = 3.29 °F/h at t = 235h 


31 41. —0.456 


Exercise 7 
d d d з 4 
1.642275 3.2, 27 342. 5, xy + 3х2у2 т, | 9,2-1 11. (бу— то + 3)4 
dw du dx az + 5 dt 
2 2 
- 1 + 3x2 8, 
13. 5/2 15. –у/х 17. 2a/y 19. 2—2 о, = 75 95. -0436 
yo = ах 1 + Зу? Зу — 8x^ + 4y 
2d 8 4x +3 
97. 14/15 99. 3x2dx 31. LQ 33. (302 + 3) х 35. 7а 37. ——— 2 а 
(x + 1) 2y =X 3x + 8y 


39. dy/dx = —1.16 atx = 6.25 
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Exercise 8 
8 —20 


1. 12x 3.24«- 6 538 te а 9.———з» 
(x + 2) (5—4x2y* 


11. 40 


13. v = 41.6 cm/s; a = 48.0 cm/s” 
Review Problems 
1-1 3.8/5 5 —— 75-6 9+= 11. -8 13. 72x! + 48x? 15. 101 — 3 
y 


17. —10 19. 71.6x ? (21.7x + 19.1)(64.2 — 17.9х 2) + 21.7(64.2 — 17.9x°2 91. 12x? - 3 


—2x? — 18 


93. 9x? + 4x - 21.95. — ——,. 97.24 — 48x? 99. (2/5)х 3/5 + (2/3)х 7? 31. 60x + 10 


(x^ – 9* 
33. (8x — 20) dx 35. (3х2 — 2) dx 


99999» СНАРТЕВ 24 Ooo X99999999999999999999999999999999999909999999999999999999999999999999999999909€9 


Exercise 1 


12х-у-41-0х42у-17-0 3. 12x — y — 13 = 0; х + 12у — 134 = 0 


5. Зх + 4y = 25; 4x — Зу = 0 7. (3,0) 9. (3, —4) and (-3, 4) 11. 71.6° 13. 36.9° 


Exercise 2 


1. Increasing 3. Decreasing 5. Decreasing 7. Increasing 9. Increasing for all x 
11. Increasing forallx 13. Increasingforx>-1 15. Increasing -1 <x < 1; Decreasing for x < -1, x» 1 
19. Downward 21. Upward 23. Downward 25. min(0,0) 27. max (0, 36); min (4.67, —14.8) 
99. max (1, 1), (-1, 1); min (0,0) 31. min (1, 3) 33. max (0, 0); min (-1, —5), (2, -32) 
35. max (-3, 32); min (1, 0) 37. max (0, 2); тіп (0, -2) 39. max (0.500, —4.23); min (0.500, 4.23) 
41. min (—0.630, 0.766) тах (-0.630, -1.23) 43. PI (0,3) 
1 15 


45. PI(0, 1 = 
oul (52 


) 47. РІ (0, 0) 49. РІ (0.133, 0.976) 


Exercise 3 


1. 


11. 


17. Upward 
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25. 


Review Problems 


1. min(0.250, 4.75) 3. max(1, 2); min(—1, —2) 5. 7x - y 9 = 0; х + Ty — 37 = 0 7. 7/3 
9. Rising for x > 0; never falls 11. Downward 13. 34x — y = 44; x + 34y = 818 15. 71.6? 


Oooo CHAPTER 95 *99999999999999999999999999999999999999999999999999999999999999999999999999999999090909 


Exercise 1 


1. 251?F/h 3. —0.227 ft/min? 5. 39.6A 7. 5040 W 9. 1.80mA 11. 243 V 


d 
13. —0.175 lb/in2/in 15. 12.6 m?/m 17. 0.0540 s/in. 19. E - o (2 + 312 — эх) 
X 


Exercise 2 


1у-0а--160 3. v = –3.00; а = 18.0 5. v = —8.00; a = —32.0 
7. v = 104 ft/s; a = 32.0 ft/s? 9. 60.0 ft/s 11. a) 2000 ft/s b) 62,500 ft c) 1680 ft/s 
13. s = 0; a = 32 units/s? 15. a) 89.2? b) v, = 0.0175 in./s; v, = 1.25 in./s 17. 42.3 cm/s at 320° 
19. а) х = 32,500 ft; y = 29,500 ft b) v, = 4640 ft/s; v, = 4110 ft/s 91. 2680 rad/s 93. 1270 rad/s; 2030 rad/s? 


Exercise 3 


1. 60m/s 3. 3.58 mi/h 5. 2.40 m/s 7. 4.47 ft/s 9. 9.95 in./s 11. 4.00 ft/s 13. 0.101 in.?/s 
15. 0.133 in/min 17. —4.00in./min 19. 1.19 m/min 91. 0200ft/min 93. 7.00 Ib/in.?/s 
95. 170km/h 97. 833ft/s — 99. 1.61 in./s 


Exercise 4 


2 1 
1.1 3. 67 and 137 5. 18m X 24 m, the 24 m is the shared side. 7. 9yd X 18 yd 


9. d = 6.51 cm; h = 3.26cm 11. 25 in? 13.6 15. 3.46in. 17. (2,2) 19. 5.00 in. X 4.33 in. 
21. 9.90 units X 14.1 units 23. r = 4.08 cm; h = 5.77 cm 25. 12.0 ft 

97. r = 5.24 m; h = 524m 29. 10.4in. X 14.7 in. 31. 59.1 in 33. 7.5 А 

35. 5.0А 37. 0.65 39. г = 11.0 ft; h = 26.3 ft; cost = $11,106 


Review Problems 


1. 190 ft/s 3.4.0km/h 5. 3.33cm*/min 7. 5/2 9. 693 11. —2.26 Ib/in per second 
13. t= 4,5 = 108;f = —2,5—0 15. 4sq.units 17. 4and6 19. 10 in. X IO in. X 5 in. 
21. (a) 142 rad/s; (b) 37.0 rad/s” 93. 364 A 
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Exercise 1 


1 1 5 
1х-0С 36-С 5.5x+C  T.mx^C 9. ох? +С 11. сх + С 13. 5x! + С 


2 


8 3 PEL 
15. 2x5 + С 11 ase 19— HIP RE 21. x? — 12x? dec 9з. ^ 


TC 
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3x 7/3 2 15 1 1 
25. 7 — 40 97. — V5. ep 40 05400 2342-5440 33.-— +C 
3 295 x 3x? 
Gu 4x3/2 3x2 x4 
35. 2Vx + C E E +С 39.2x7-4Vx4+C M.x т 90 
Exercise 2 


1 1 1 1 
1: 1€ +14+C 3307-17-02 5 56 +2x4+C 7. ; +C 9 3€ — 2)? + С 
— X 


2 3 + 32)“ р 
11. z cay he 13. 1 +С 15, 570 17. = +9 +С 19. 3In|x| + С 
5 1 3r —2 
91. —Inlz? — 3| + 93. х +1 + 95. ---1 + 
z "lz 3; + С 3. x + Inlx| + С 5 Ti C 
25 3 
27. ; У25 — 9x2 + 2 sin! (2) +С 
1 x 1 4x 1 2x 3 1 X 2 
99. -Tan |- + C 31. —T (8) +c 33. -— 1 + С 35. —1 C 
gg i \з 187 |224-3 d acp 
5 
37. 2 Và - 4- шх + Vx-4|4C 39. 5 sm X + С 
Exercise 3 
4x? 1 зг! 
ga +c Xgec 86 duke зый 7. y =3x2/2 9. 2x3? — Зу + 634 =0 11. 8/3 
X 


13. y=2x7-5xe+8 15. у= х“ – 382 17. v = 21.5t + 27.6 m/s; s = 10.812 + 27.6t + 44.3 m 
Exercise 4 
1.150 3. 607 5.373 7.727 9.230 11.0236 13. 0.732 15. 43,400 in? 


Exercise 5 
1. A = 33 3. A = 2.63 5. A = 5.33 7. 


11. 15 13. 84 15. 40 17. 176 19. 1.57 


Exercise 6 


1 
1. 100 3. на. 5. 64 1. 424 9. 9.83 11. 15.75 13. 500 ft? 


Review Problems 


3x23 4х Ч. 1 2 
12-20 3.1037 +C p ug T l6 -20y C Diets FE 11. 815 
2 
a 1 2x — 3 1 2х 
13. — . 25. 17. 28. 19. ---1 + 91. = Тап | — | + 
3 6 15. 25.0 7. 28.8 i2) 5.33 C 6 an (=) C 


93. 0.360 95. № = 1000/2 97. 7283 29. 16/3 square units 
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Exercise 1 


2 22 
1. s = 5.80t^ + 21.4t + 12.6; 447 cm 3. 5 = 24 28 ft 
14 
5. v = 0.47013 + 528t + 2.58 ft/s; 8.33 ft/s 7.у= zm 25.81 + 15.8 cm/s; 43.1 cm/s 


9. a = 322 fis; у = 1.77 + 32.21 ft/s;s = 1.77t + 16.112 fta = 322 6/52; v = 98.4 ft/s; s = 150 ft 
11. s = 20r — 166? ft 13. v, = 1670 cm/s; v, = 100 cm/s 15. v, = 344 cm/s; v, = 2250 cm/s 
17. 18,000 rev 19. 15.7 rad/s 


Exercise 2 
1. 121C 3. 78.4 C 5. 2.25V 7. 4.25 A 9. 20.2 A 
Exercise 3 


1.34 3. 20.4 5, 22 7. 1 9. 32.83 11. 22 13. 2.797 15. 16 


4 
17. 26 2/3 19. 270 91.9 23. 3 33. 90.1 ft? ^ 35.249f? 37. 500 f 39. 34.9 #2 
Exercise 4 


1. 57.4 cubic units 3. m cubic units 5. 0.666 cubic units 7. 0.479 cubic units 9. 60.3 cubic units 


РАСА 


8 
11. 32; cubic units 13. 40.2 cubic units 15. 3 qr cubic units 17. 9 a cubic units 
5 


19. 3.35 cubic units 21. 102 cubic units 95. 25.1 fc 97. 16.9g 


Review Problems 


1.314 3.198 5.256 7. 213 9. 19,300 rad/s; 15,400 rev 
Р 5 p 513 
11. y= 5 + Ay = аг зай анин аг 


13. 151 15. 442 17. 127 19. 3.30 A 
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Exercise 1 

1.0.704 3.942 5.592 7.929 29.4.59 11.1096й 13. 223ft X 15.303ft 
Exercise 2 

1.32.1 3.154 5. 362 7. 377 9. 1570 11.362 13. 4mr? 15. 36.2 ft? 
Exercise 3 


1. (5/4, —3/2) 3. 3.22 5. (2.40, 0) 7. 2.7 9. x — 1.067 11. x = 9/20; y = 9/20 13. x — 0.300 
15. x = 125 17. 5 19. 5 91. h/4 93. 4.13 ft 25. 36.1 mm 
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Exercise 4 
1. 88,200 Ib 3. 41,200 Ib 5. 62.4 lb 7. 2160 Ib 


Exercise 5 
1. 300 1р. Ib 3. 32 in.: lb 5. 50,200 ft: Ib 7. 5.71 X 10? ft- Ib 9. 723,000 ft - Ib 
11. k/100 ft» Ib 13. 13,800 ft: Ib 


Exercise 6 


3Mr? 4Мр? 
4. 1/12 3.262 5.195 7.2/9 9. 101т 11.894m 13. Z 15. “P 


10 3 


Review Problems 


1. 424 3. (1.70, 1.27) 5. 48,300 ft - Ib 7. 1120 Ib 9. 21.80 in.-Ib 11. 2560 Ib 13. 51.5 
15. 141 17. 410 
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Exercise 1 


1. cos х 3. —3 sin x cos? х 5. 3 cos 3x 7. cos? x — sin? x 9. 3.75(cos x — x sin x) 
11. —2sin(z — х)со8(т — x) 13. 2 cos 20 cos Ө — sin 20 sin Ө 15. 2sinxcos? x — sin? x 
17. 123(2cos3xsinxcosx — 3 sin? xsin3x) 19 шаш 21. —cosx 23. —2sinx — xcosx 
| V cos 2t 
т? ycosx + cosy — y 
95. 99. «ёс (х + y) — 1 31. —0.4161 33. 1.381 


4 ' xsiny — sinx + x 
35. шах(т/2, 1); min(37/2, —1); PI (0,0) (т, 0) 37. max(2.50, 5); min(5.64,— 5); PI(0.927, 0), (4.07, 0) 
39. (a) —735 sin (2.84t + 0.75) uA (b) —712 uA 


Exercise 2 


1. 2 sec? 2x 3. —15 csc 3x cot 3x 5. 6.50x sec? x? 7. —21x? esc x? cot x? 

9. xsec?x + tanx 11. 5csc 6x — 30x csc бх cot бх 13. 2 sin 0 sec? 20 + tan 20 cos 0 
15. 5 csc 3t sec? t — 15 tan t csc 3t cot 3t 17. -294 19. 853 21. 6sec?xtanx 93. 18.72 
95. —ysecxcsex 97. —1 99. 3.43x — y — 1.87 31. max(7/4, 0.571); min(37/4, 5.71); PI (0, 0), (т, 277) 
33. v = 23.5 cm/s;a = —19.1 cm/s” 35. —3.58deg/min 37. 15.6 ft 39. 31? 41. 25 ft 


Exercise 3 


jl COS x + sin x 


Р Е 
1. Sin ! x + ————— 3. | 7. —————À + 2tCos ! t 
м1 – 2 а? – ж? М1 + sin 2х м1 – 12 

9 : 11. = 1з. ЕИ ЧА - 
Ж * RC = M. Cp e resin — —— 
1 + 2x + 2x2 atx xV 42-1 2 4-2 
1 
17. 19. —0.285 91. —0.0537 
2. 2 
a X 
Exercise 4 
1 3 (5 + 9x)loge (2) 1 2x — 3 
1. —1 3. 2----2- 704g =} - 1 9. 11. 
x ове xInb 5x + 6x2 йн Xx mae x х2 = 3x 
4 1 2 In(x + 5) 1 
13. 8.25 + 2.75 In 1.02x? 15. Е 17 19. cot x 


x(x + 5) ЭС ' 2t — 10 
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: sin x xc ys 1 a 
21. cosx(1 + Insin x) 93. 95. 97. —y 99. —— ————— 
] * Iny xtytl xat -æ 


31. x5" (вш x)/x + cos ха х] 33. (Arccos »y(n Arccos X 


X 
V1 — x? Arccos :) 


35. 1 37. 0.3474 39. 128° 41. min(l/e, -1/e) 483. min(e, е), PI/(e?, 562) 
45. 1.37 47. 0.607 49. 1.2permin 51. —0.0054 dB/day 


Exercise 5 


1. 2(32)In3 3. 105531 + 2xIn 10) 5.2xQ*)I1n2. 7. 2e 9.675€ 


Vi y x ay 

- i -1 - 2)e* + (x + 2 

11. AE 77. 13. = 15. xe? (3x га 2) 47. е (х | ) 19. (х ye = ye 
№1 х2 e x X 


(1 + e*)(2xe* — e* — 1) 


x2 


91. 2(x + хех + ех + e°”) 93 95. 3e" sin? e* cos e* 
cos(x + 
97. e^(cos20 — 2sin20) 99. -e) 31. — GET 33. 0 
e? — cos(x + y) 


1 1 
35. е" (in x+ ) 37. e* ( + In x) 39. -26 sint 41. 2e* cos x 43. 0.79 45. 4.97 
x x 


47. min(0.402, 4.472) 49. max (77/4, 3.224); min (57/4, —0.139) 51. $915.30/yr 53. 742 
55. —563 rev/min? 57. (a) 1000 bacteria/h (b) 22 X 10° bacteria/h 59. —245 in. Hg/h 
61. 0.436 Ib/ft?/mi 63. (a) 679e "A  (b)1994A 65. (a) —65.4e "78 (Ь) -19.5 V 


Exercise 6 
5x 7х Зу x? 
2-2 3. +C 8 $C т декс 9 +C 1,271422. 13. 2? +С 
Sina 1 15 3 ша 2 


15. 0.7580 17. 2еУх-2 +С 19. ае — ae^"/"^ +C 91. xln3x — x - C 93. 1.273 95. 6.106 
97. 1980 29. 4.51 31. 7.21 33. 0.930 35. 2.12;0.718 37. V = –2790е7'/127 + 2790 V 


Exercise 7 


1 1 1 1 
1. тэрээ 3x +С 3 “гд Inleos 56) + C 5. 4 Inlsec 4x + tan 4x| + C 7. “гд In[cos 99| + C 


1 1 
9. Е cosx +С 11. =z 111005 | + С 13. —соз(х + 1) +С 


sin x? 


1 1 
15. = Inleos(d —56)|+C 17 g Inlsec(4x* — 3) + ќап(4х2 —3)| +C 19. +C 21.2 23.2 


25.2 97. 8/7 29. 3 31. 14.4 33. (7/2, 77/8) 
35. (a) g = —7.33 cos (11.51 + 5.48) + 5.00C (Ы) 12.3C 
Exercise 8 


1. 12 3. 4.08 5. 7. 7.81 9. 19.1 11. 1.08 


NR 
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Review Problems 


1 4 4x cos 2x 
1. = (e*t + exa 3. —= sec? Vx 5. — 7 —— + Агаар 4x 7. 
2 Vx 16x? + 1 y 
— si 1 + 3x? 
9. xcosx + sinx 11. 3x? cosx — x? sinx 13. ——— 15 —À.L— — log 
х x" + x 
бх? + 1 : 
17. ~— 19. —3csc3xcot3x 91. sec? x 93. a 95. 2x Arccos x — — —— 
\№ х2 + а? 2x" + х 1 — x2 
; 2 3 2 
97. (8.96, 0.291) 99. 0.690 31. IN tC 3» 35 n -1)+C 
Jos os 5 x? 1 
37. ge — 2)In(3x* — 2) — 3 +С 39. —0.0112 41. 2 43. x = 7/4 


V3 


3 

45. 00538 47. y - 1/2 — > — 2) 49. х-07/4 51. 0.517 53. 1050°F at 5.49 h 

55. (а) —200 sin(48.3¢ + 0.95) mA (b)96.4mA 57. (a) —21.9 соѕ(33.6 + 0.73) + 16.3 С (b) 8906 C 
59. (а) 394e uA (Ы) 2170А 61. —5.89e 773 + 5.89 
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Exercise 1 
1. First order, first degree, ordinary 3. Third order, first degree, ordinary 5. Second order, fourth degree, ordinary 
iiss Эаэ ж тт ү 
TUM LE GNE цан 
Exercise 2 


1. у= х2 +C 3. yt = 4x33 + C 5. у= х?+1 7.3 9. 1.26 


Exercise 3 

1зу= +2 +С 3. Щу = хъс 5. 4x3- 3у= С 7. у= М2 + 1С 

9. Arctany + Arctanx = С 11. Vi + х2 + Iny=C 13. Arctan x = Arctan y + C 

15. 2x -xy-2y- С 17. х2-0/2-0-1 1% у= СМІ + еї 91. ех + еу = С 
93. (1 + x)siny = C 25. cos x cosy = C 97. 2sin’ x — siny = С 99. y3- х? = 1 
31. sinx + cosy = 2 

Ехегсіѕе 4 

1. xy = 7х = C 3. ху - 3x = C 5. 4xy — x7 = С 7.5 - 3х = С 9. x? + 2ху = С 
11. x? + y?- 4ху = C 13. = 2х + С 15. 2y=x+Cy 17. 4xy?-3x7=C 19. 2x? - xy = 15 
91. 30 — y = 2x 93. 3x? + 3y? — 4ху = 8 

Exercise 5 


1. x(x —3 = С 3. хшу-у-Сх 5. у%=х(3шх +С) T7.x(x—3y?-24 9. y?-3x?In|xl 
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Exercise 6 
C C E C 3 
1 y=2x +> 3 у-х-- 5. у= 1 + Ce 3 717 у----1- 9. у= х + Сх? 
х x x. d 
22 2 C e С 2x 
11. (1 + x yy = 2х + х + C 13. y = ——;— 15. у=-——+— 17. y = (4х + C)e 
xe* 2 е 
1 : 
19. х2у-212х +C 91. у = znr — cos x) + Се 23. y = sinx + cosx + Ce * 
3x? 5x 1 
25. с-——|= 97. y = ————— 99. — 2x7 = 3 31. y= — — = 
»( 3 ao „д "тад 


33. y = tanx + V2 sin х 


Ехегсіѕе 7 


1. у= х2 + 3х – 1 3. у2= х2+ 7 5. у = 0.81201 — x — 1 7. ху = 4 9. у = 
11. y Cx 13. 3xy? + х?= К 
Ехегсіѕе 8 

3. 628 million bbl/day 5. 9.71°F 7. 1240?F 13. 15.0 ft 15. 2.03 5 17. 2.365 
Ехегсіѕе 9 

7. 231 mA; 0.882 У 9. 46.4 mA 11. 237 mA 13. 139 mA 
Review Problems 


E Cc 
d yes 4 3. y = sinx + cosx + Ce * 5. x) + 2ху = С 7. xlny - y = Cx 

X жег 
9. уш - x| + Су= 1 11. 2+2 + у С 13. ѕіпх + сову = 1.707 15. x + 2y = 2xy? 


y 
17. 14.6rev/s 19. у= -2inlx| +C 91. y=2xInx+2x 93. 4740g 
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Exercise 1 

5 5 А x^ 
ЦАР хаг + Cix + С 3. y = 3e” + Cix + С Lg м. 
Exercise 2 


4 y = Cie” + Ce 3. y = Cie + Се B5. yCeó*T-Ce;7 Туе Су +С, 

9. y = Ce? + Ce 9^? 11. у = (Ci + C)e 13. y = Сү" + Сухе* 15. y = (Су + Cone 7* 
17. y=Cye* + Coxe™ 19. y = e ? (C cos Зх + Casin3x) 91. y = e"'(C, cos 4x + Cp sin 4x) 
93. y = Cı cos 2х + C, sin 2x 95. y = e"(C, cos x + Cj sin x) 97. y = Зхе * 99. у = 5e* — 14xe* 
31. y=1+e™ 33. у = (1/4)е2* + (3/4)е 27 35. y=e*sinx 37. y = Се" + Coe * + Сзе2* 
39. y = Сех + Coe? + Ce? А1. у = Се + Coe Ce? А3. y = (Cy + Conde? + Cue? 
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Exercise 3 


1.» = Ce? + Ce? -3 3. у= Спе" + Coe * 2x +1 5. y = Се? + Coe — (1/4) x? — (5/8)x 
7. y = Ce? + Ce? — Зе“ 9. у= Ce + Coe ce х  1.y-e7(C, + Cox) + Qe? + x — D/A 


2 
13. y = Ci cos 2x + Cy sin 2x — = ~ 45 у= (Cy + Сәх)е + (1/2) sin x 
17. y = Cı cosx + Сз ѕіп x + cos2x + xsinx 19. y = Cı cosx + C5sin x + (e*/5)(sin x — 2 cos х) 
4x 
1 1- 2 
91, y = e*[C sin x + Cy cos x — (x/2)cos x] 93. ог cipe 95. у=, — 


97. y = e*(x? — 1) 99. y = xcosx 
Exercise 4 
1. (a) 34.5 ms, (D) 3.75 іп. 3. x = sin 15t 5. x — cos 6.95t 7. x = 1.50 cos Мз 


9. x(in) 11. —0.714 in. 13. x = 7.10e7! — 5.60e7“ 
A 


0.5 (8) 


15. (a) Overdamped, (b) 24.1 Ib 


Exercise 5 
13. 9.84 Hz 15. 0.496 uF 17. 10A 


Review Problems 
1. y = Ce V^ + Ce V^; (92x 3. y = Се”? + Се V.C, 5. у= C + Со 
7. y = —2е 7 + 2xe ?* 9. у= Ce + Coe V2" — 3e* (x? + 6x? + 30x + 72) 
11. y= C, + Coe * — (1/2) sin 3x — (1/6) cos 3x 13. y = C, cos Зх + C; sin Зх 15. y = 2xe* 
17. y = Су + Coxe” 19. у = Сүе ue 91. y = Се "^ + Coxe * 93. x = 1.5cos 7.42t 
95. і = 98.1 ѕіп 5107 mA 27. i = 4.66е 187 sin 258: А 


APPLICATIONS INDEX 


AERONAUTICS ASTRONOMY SPACE Series approximation for In x, 539 
Ai Slope field for DE, 984—985, 1012, 1040 
ircraft speed, 21, 50 


Airplane rudder, 519, 925 Solution of quadratic equations, 378 


Airplane wing tank, 906 Spreadsheets, 622, 638 


s : Statistics, 622 
Ast ] unit, 724 ў ; 
Pa “orbit. АТУ 2 Systems of numbers with bases other than 10, 9 


Flight terminology, 229 Years for depletion of world oil reserves, 531 


Gravitational attraction, 512, 517 
Halley's comet, 724 DYNAMICS 
Kepler's laws, 518 Actual mechanical advantage, 495, 496, 497 
Orbit of comet, 710, 724 Angular displacement, velocity, and acceleration, 417, 784, 822 
Orbits of planets, 724 Average speed, 351, 375, 518 
Parachute area, 519 Bouncing ball, 603, 607 
Rocket nose cone, 906, 917 Centrifugal force, 360 
Rockets, 145, 205, 446, 578, 925 Curvilinear motion, 817, 822 
Rotational speed of the earth, 420 Distance traveled by bouncing shaft, 601, 606 
Satellite's weight in space, 512 Efficiency, 496, 497 
Spacecraft equally attracted by earth and moon, 519 Falling body, 28, 60, 71, 79, 102, 144, 171, 359, 363, 367, 376, 508, 599, 883 
Space shuttle and damaged satellite, 276 Friction, 447, 460, 473, 553, 953, 966, 1006, 1027 
Speed or position of a satellite, 415, 421, 519 Ideal mechanical advantage, 495—496, 497 
Spherical balloon, 25, 326 Instantaneous velocity and acceleration, 816-818, 822, 839 
Star magnitudes, 538 Kinetic energy, 326, 360, 517, 519 
Weight of object in space, 512 Linear speed of point on rotating body, 417-419 

Moment of inertia, 489, 813, 815, 832, 932-938, 971 
AUTOMOTIVE Motion in a resisting fluid, 1005—1006 
Antifreeze mixture, 126, 135 Musical scale, 604 
Automobile scale model, 519 Newton's second law, 1005 
Braking distance of an automobile, 518 Parametric equations for motion, 451, 818, 819 
Car tire, 195 Pendulum, 28, 415, 429, 446, 484, 511, 518, 519, 536, 553, 603, 607, 814, 
Electric car, 57 966, 1031 
Engine crank, 484 Projectiles and trajectories, 141, 151, 229, 429, 451, 480, 483, 489, 507, 
Engine displacement, 204, 504 519, 707, 709, 710, 736, 819, 822, 908, 953 
Engine horsepower, 55, 58, 139, 504 Related rate problems, 823-829 
Fuel mixtures, 56, 126, 134 Resultants and components of velocity and acceleration vectors, 226 
Gasoline mileage, 504 Rotation, 262, 417, 820, 883 
Piston and cylinder, 173, 194, 204, 249, 750, 929, 932 Simple harmonic motion, 391, 401, 402, 412, 473, 483, 952, 1029-1030 
Roadway grade, 171 Speed of "bullet" train, 373-374 
Time for car to overtake a truck, 112 Uniform circular motion, 416—417 
Total travel time, 349 Uniform linear motion, 118, 119, 121, 171, 172, 271, 276, 354, 355, 375, 378 
Truck capacity, 200 Uniformly accelerated motion, 323, 692, 882 
Weight of tires, 18 Velocity and acceleration by differentiation, 770 

Velocity and displacement by integration, 882 
COMPUTER, INTERNET Velocity and displacement in curvilinear motion, 883 


Velocity vectors, 227, 229, 260 

Vibrations, 440, 460, 517, 604, 1027-1031 

Work done by a force, 928 

Work rate problems, 129—132, 274, 278, 347, 348, 349, 355, 375, 517 
Work to stretch a spring, 326 


Arc length, 938 

CAD, 712 

Compound cuts, 484, 490 
Control charts, 669 
Currency exchange rates, 50 
Curve fitting, 948 


Frequency distribution, 628 ELECTRICAL 

Logistic Function, or the Verhulst Population Model, 561 AC calculations using complex numbers, 578—584 

Nonlinear growth equation, 561 Alternating current, 260, 438—441, 460, 468, 488, 1010, 1011 
Population growth, 561 Cables in a conduit, 195 

Recursion relation for exponential growth, 561 Capacitors in parallel, 40 

Scientific notation, 34, 41 Capacitor working voltage, 58 

Sequences and series, 590, 599, 615 Charge, 811, 814, 840, 885, 946, 948, 969, 973, 974, 978, 979 
Series approximation for b*, 532 Complex current, voltage, and impedance, 570, 581 

Series approximation for e, 531 Conductance of circuit element, 22 

Series approximation for e*, 532 Current, voltage, and impedance vectors, 260 


l-2 Applications Index 


Current as rate of change of charge, 811, 946 

Current as rate of change of voltage, 764 

Current in a capacitor, 522, 764, 811, 814, 946-948, 963, 966, 978, 979 

Current in a circuit, 98 

Current in a lamp, 19, 160 

Current in an inductor, 886, 908 

Current in a resistor, 38, 519 

Current in wires, 519 

Decibels gained or lost, 522, 556—557, 559, 961 

Effective values of voltage and current, 579-580 

Electric car, 57 

Exponential change in current, 528 

Impedance, reactance, and phase angle, 227—228, 229, 581, 1036 

Kirchhoff's laws, 275, 278, 289, 301, 360, 1007, 1009 

Lissajous figures, 449, 450 

Maximum power to a load, 838, 840 

Maximum safe current in a wire, 519 

Motor efficiency, 55, 58 

Ohm's law, 519, 811 

Ohm's law for alternating current, 581 

Phasors, 578 

Power dissipated in a resistor, 28, 40, 80, 102, 151, 152, 162, 163, 376, 
508, 579, 814 

Power generation, 50, 59, 131, 132, 278, 505 

Power in a projection lamp, 19 

Power supply ripple, 58 

Power to an amplifier, 522, 556-557, 559, 961 

Resistance change with temperature, 50, 144, 174, 278, 323, 360, 692 

Resistance of conductors, 504, 513 

Resistance of transmission line, 34 

Resistivity, 351 

Resistors in parallel, 23, 40, 80, 278, 332, 349, 351, 359, 376, 385 

Resistors in series, 15, 36, 40, 332, 376 

Resistor tolerance, 58 

Resonance, 402, 1032, 1037, 1038 

Root mean square (rms) value, 579 

Series circuits: 

with alternating source, 1009, 1011, 1035, 1038 

LC, 583, 1034-1035, 1038 

RC, 531, 552, 583, 1008, 1010, 1012 

RL, 530, 583, 1007, 1010, 1012 

RLC, 392, 402, 583, 584, 1032-1039 

Sound decibel level, 557—558 

Square law devices, 376 

Total resistance, 349 

Transformer efficiency, 838 

Transformer laminations, 504 

Transformer windings, 497 

Transients in reactive circuits, 531, 552, 1008, 1010, 1036 

Underwater cable, 960 

Voltage across a capacitor, 527, 886, 907, 969, 971, 978, 979, 1009 

Voltage across an inductor, 812, 814, 908, 964, 1008 

Voltage across power line, 55 

Voltage gain or loss, 557 

Wire resistance, 495 


ENERGY 


Cords of firewood, 200 

Electric car, 57 

Energy flow, 129—130, 131, 132, 274, 278 
Exponential expiration time, 538 

Exponential increase in energy consumption, 553 
Firewood cost, 520 

Fuel consumption, 519, 604 

Fuel mixtures, 56, 59, 126, 272, 277 

Generator efficiency, 59 

Hydroelectric generating station, 112 
Hydroelectric power, 59, 131, 278, 505 

Insulation, 15, 58, 60, 122, 355, 377, 538, 559, 960 
Oil consumption and imports, 57, 60, 530, 531, 539, 553 
Oil shale deposits, 60, 134 


Parabolic solar collector, 711 

Power plant coal consumption, 132 
Power to drive a ship, 518 

Solar cell electrical output, 132 

Solar house heat storage, 500 

Solar panel, 50, 57, 60, 188, 254 

Solar pond, 194 

Solar radiation, 60 

Solar tax credit, 57 

Time needed to exhaust a resource, 538 
Water turbine, 420, 505, 519, 693, 839 
Wind generator, 132, 204, 253, 278, 419, 420, 518, 925 
Wood stove, 500 


FINANCIAL 


Annuity, 529, 538 

Capital recovery, 530, 538 
Common stock price, 58 
Cost calculations, 276 

Cost increase, 54 
Cost-of-living index, 520 
Currency exchange rates, 50 
Depreciation, 599, 604, 693 
Income tax, 112, 121, 134 
Inflation, 530, 604, 965 
Interest compound, 28, 50, 523, 524, 529, 534, 538, 542, 553, 560, 604 
Interest simple, 49, 71, 122, 123, 135, 271, 276, 277, 323, 359, 599 
Land costs, 277 

Loan repayment, 596, 599 
Minimizing costs, 834, 838 
Optimizing profits, 839 
Present worth, 529, 553 
Price change, 55 

Salary increase, 599 
Shipping charges, 151 
Sinking fund, 530 

Solar tax credit, 57 

Water rates, 122 


FLUIDS 


Adiabatic law, 829 

Atmospheric pressure at various altitudes, 531, 535, 604, 966 

Concentration, 56, 124, 559, 660, 961 

Density of seawater at various depths, 553, 966 

Drying rate of wet fabrics, 531 

Elliptical culvert, 724, 896 

Flow in pipes and gutters, 501, 520 

Flow to or from tanks, 132, 205, 278, 348, 362, 518, 824-825, 829, 839, 
930, 931, 938 

Fluid flow, 132, 274, 278 

Force exerted by a jet of liquid, 518 

Gas escaping from balloon, 326, 814, 839 

Gas laws; Boyle's or Charles', 505, 512, 517, 733, 813, 814, 829, 932 

Mixtures problems, 123, 604 

Motion in a resisting fluid, 1005—1006, 1012, 1031, 1039 

pH of a solution, 559, 961 

Pressure and depth, 693 

Pressure head, 693 

Pressure in a cylinder, 173, 813 

Pressure on a surface, 344, 926 

Turbine blade speed, 839 

Volumes of tanks, 199, 204, 362, 500, 906 

Water pump efficiency, 58 

Work needed to fill or empty a tank, 931 


GEODESY 


Compass directions, 218 

Distance between points on the earth's surface, 415 
Earth's diameter, 415 

Great circle, 205 


Applications Index 


Latitude and longitude, 414 
Richter scale for earthquakes, 555—556, 559 
Speed of a point on the equator, 420 


LIGHT, OPTICS, PHOTOGRAPHY 


Cassegrain telescope, 733 

Decrease of light intensity in glass or water, 531 
Elliptical mirror, 724 

Hyperbolic mirror, 733 

Illumination on a surface, 512, 513, 517, 758, 814, 837—838, 952 
index of refraction, 481, 489 

Inverse square law, 512, 814 

Lens cross-sectional area, 897 

Lenses, 23, 343 

Life of incandescent lamp, 518 

Light through an absorbing medium, 603 
Mirrors: 

Hyperbolic, 906 

Parabolic, paraboloidal, 896, 914, 925 
Optimizing illumination, 837-838 
Photographer's rule of thumb, 509 
Photographic exposures, 509, 513 
Searchlight, 952 

Shadows, 230, 254, 827—828 

Snell's law, 481, 489 

Viewing distance for statue, 978 
Windows, 195, 254, 484, 501, 835, 898 


MACHINE SHOP, WOODWORKING SHOP 


Angle iron dimensions, 329, 372—373 
Band saw blade, 196 

Bending allowance, 416 

Board feet, 199, 200 

Bolt circle, 219 

Compound cuts, 482—483, 484 
Cross-bridging, 186 

Crown molding, 484 

Cutting speed, 121, 348, 418, 419, 420 
Diagonal brace, 186 

Dovetail, 220 

Finding missing dimensions, 186 
Finding radius of pulley fragment, 219 
Flat on a cylindrical bar, 332 

Framing square, 196 

Gage blacks, 220 

Grinding machine, 199, 412 

Gusset plate, 210, 244, 251 

Hexagonal bolts, stock, 184, 186, 220 
Impeller vanes, 459 

Kerfing, 196 

Metal patterns, layout, 349, 378, 415, 458, 699, 701 
Miter angle, 189, 190 

Optimizing pattern dimensions, 831, 835, 837 
Punch press, 35 

Scale drawings, 499 

Scale models, 501 

Screw thread measurement, 195, 341 
Shop trigonometry, 219—221 

Sine bar, 220 

Tapers and bevels, 186, 204, 219 
T-beam dimensions, 368 

Thrust washer, 326 

Twist drill, 220 


MATERIALS 


Alloys, 102, 124—126, 134, 160, 277, 290, 300, 302 
Brick requirement, 190 

Concrete hardening, 530, 1006 

Concrete mixtures, 15, 51, 58, 126, 277 


Density and specific gravity, 37, 82, 204, 205, 322, 343, 344, 493, 519, 


520, 553, 930, 966 
Drying rate of fabrics, 531 
Gravel for roadbed, driveway, 199, 200 
Gravel removal, 54 
Iron pipe, 203 
Melting point of alloy, 160 
Mortar requirement, 200 
Potting mixture, 277 
Radioactive decay, half-life, 531, 551, 553, 561, 603 
Shrinkage of casting, 375 
Speed of a chemical reaction, 604 
Squares of roofing material, 190 
Weight of stone, 18 


MECHANISMS 
Bearings and bushings, 203, 427 


Belts or cables and pulleys, 194, 205, 412, 415, 417, 418, 496, 827, 952 


Brake band, 415 

Cam, 429 

Capstan and tape, 419 

Chain and sprocket, 419 

Conveyor belt, 682 

Derrick, 236 

Engine crank, 484 

Flywheel, 326, 419, 530, 560, 907, 966 
Gears, gearbox, 19, 204, 416, 419, 420, 495, 497, 1012 
Industrial robot, 279, 770 

Lever, 838 

Linkages, 254, 318, 416, 950 

Pivoted link and slider, 951 

Printing press roller, 192 

Rack and pinion, 414 

Scale accuracy, 56 

Scotch yoke (crosshead) mechanism, 428, 440 
Screw efficiency, 838 

Sector gear, 416 

Slider crank mechanism, 254 

Speed reducer, 58 

Spring deflection, 692, 929, 931, 938 
Velocity of a point in, 754, 766 

Winch and cable, 421, 827 


NAVIGATION 


Aircraft air speed and ground speed, 229, 260, 577, 578 
Compass directions, 218 
Distance and direction between fixed points, 218 


Distance or angle between moving craft or fixed points, 252, 253, 261, 


276, 279, 446, 733 
Flight terminology, 229 
Latitude and longitude, 414 
Maximum or minimum distance between moving craft, 835 
Rate of change of distance between moving craft, 827, 829, 839 


POPULATION 


Bacterial, 525, 527, 550 
Growth, 525, 527, 530, 550, 553, 561, 603 
Logistic Function, or Verhulst Population Model, 561 


STATICS 


Centroid and center of gravity, 128, 319, 918—926 
Equilibrium, 127, 259, 261, 287, 468, 473 

First moment, 918 

Force needed to hold a rope passing over a beam, 553, 966 
Force needed to stretch a spring, 503, 692 

Force vectors, 226, 228, 258, 259 

Friction, 447, 460, 468, 473, 553, 953, 966, 1006, 1027 
Moment of a force, 127, 360 

Moment of an area, 344, 918 

Moment of inertia, 489, 813, 932-938, 971 

Newton's first law, 127 
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STRENGTHS OF MATERIALS 


Beams: 
cantilever, 813, 815, 1040 
cross-section for maximum strength or stiffness, 833, 837 
deflection, elastic curve, 773, 815, 832, 1040 
parabolic roof beam, 897 
simply supported, 773, 815, 832 
Bending moment, 375 
Cantilever, 144, 258 
Cross-section for maximum strength or stiffness, 205 
Deflection, elastic curve, 144, 518, 712 
Hooke's law, 693 
Loads and reactions, 127, 128, 129, 301 
Maximum safe load, 517 
Moment of inertia, 932, 938 
Simply supported, 375, 712 
Spring constant, 171 
Strength change with changes in dimensions, 515 
Strength of columns, 519 
Stress, 59, 160, 344, 480 
Supports, 170 
Tension in rods and cables, 47, 49, 160, 227, 277, 359, 518, 576, 578, 693 
Young's modulus, 152 


STRUCTURES 


Beams, see Strength of Materials 
Bridge cable, arch, 115, 179, 205, 723, 736, 913, 939 
Building floor plan, 501 

Catenary, 527, 529, 966, 971 
Chimney, 204 

Circular arch, 195, 695, 701 

Circular concrete column, 202 
Conical cupola atop round tower, 202 
Cubical room, 198 

Cylindrical storage tank, 82 

Damas, 927, 928 

Derrick, 827 

Domes, 195, 837 

Elliptical bridge arch, 723, 736, 779 
Elliptical column, 897 

Elliptical culvert, 724, 896 

Escalator slope, 229, 687 

Girder length, 249, 686 

Girders, 178 

Gothic arch, 701 

Hip rafters, 200 

Horseshoe or Moorish arch, 696 
Parabolic arch, 704, 710—711, 736, 913 
Parabolic beam, 897 

Parabolic deck, 897 

Parabolic reflector, 711 

Pyramid, 200, 201 


Rafter length, 186, 218 

Ramp, 279 

Roof overhang, 254 

Roofs, 199, 200, 201, 212 

Semicircular arch, 782 

Shipping container, 83 

Ship's deck, 897 

Silo, 104, 837 

Ski jump, 689 

Sphere volume, 77 

Spherical radome, 95, 205 

Steel frame, 325 

Support strut, 199 

Tanks, cisterns, 335 

Towers, antennas, 200, 204, 205, 217, 218, 230, 246, 253, 261, 712, 826, 
839, 939 

Trusses and frameworks, 182, 183, 210, 212, 217, 218, 234, 242, 254, 
262, 343 


SURVEYING 


Acres in parcel of land, 190 

Area conversions, 43 

Area of field, 36, 83 

Building lot subdivision, 70 

Circular street, railroad track, or highway layout, 415, 416, 701 
Elevated footpath across swamp, 215 

Elevations found by barometer readings, 538, 553, 558, 961 
Grade, 687 

Height of hill, 279 

Latitude and longitude, 414 

Maps, 43, 178, 499, 501 

Measuring inaccessible distances, 217, 253 

Patio on architectural drawing, 89 

Rectangular courtyard, 30 

Sag correction for surveyor's tape, 359 

Sight distance on highway curve, 332 

Slopes of hillside tunnels roadbeds etc., 687, 689 

Vertical highway curves, 712, 913 


THERMAL 


Chemical reactions affected by temperature, 604 

Exponential rise or fall in temperature, 526, 531, 537, 553, 603, 1006 

Heat flow by conduction, 358, 359, 693 

Heat flow by radiation, 326 

Heat loss from a pipe, 538, 559, 960 

Newton's law of cooling, 526 

Resistance change with temperature, 50, 144, 174, 278, 323, 360, 692 

Temperature change in buildings ovens, 58, 60, 158, 526, 530, 776, 814, 
965, 978, 1006 

Temperature conversion, 49, 694 

Temperature gradient, 693, 815 

Thermal expansion, 323, 359, 490, 520, 692, 829 


INDEX TO WRITING QUESTIONS 


Short paper; explaining use of calculator’s two minus keys, 15 

Memo to your boss; defending your rounding practices, 31 

Short paper; explaining the different display formats on your calculator, 
41 

Short paper; describing why percentage might be most used in everyday 
life, 59 

Note to a friend; giving your opinion on the FOIL rule and similar devices, 
88 

Note to a friend; explaining how algebra and arithmetic are related, 100 

Journal entry; describing what you recall about solving equations, 102 

Letter to the author; saying why you think the word problems in this book 
are stupid, 132 

Journal entry; giving a word problem you make up yourself, 135 

Journal entry; explaining equation from chapter in book about potential 
career field, 135 

Journal entry; stating your understanding of functions and relations, 144 

Journal entry; stating your understanding of functions and relations, 153 

Instruction manual page; explaining how to find the root diameter of a 
screw thread, 196 

Short paper; describing how moving a straight line can generate a 
cylindrical or conical surface, 204 

Journal entry; speculating on how you might use right triangles in a real- 
life situation, 230 

Journal entry; explaining what happens to the law of sines with a right 
angle, 246 

Letter to a client; explaining why you used the law of cosines in a 
calculation for them, 262 

Instructions to an assistant; explaining how to solve pairs of equations, 
291 

Short paper; explaining the relationship between determinants and set of 
equations, 308 

Journal entry; giving pros and cons of solution methods for solving 
systems of equations, 318 


Journal entry; listing and explaining the differences between seven types 
of expressions, 335 

Short paper; deciding whether it’s useful to simplify fractions, 339 

Letter to the editor; defending the value of studying fractions, 351 

Journal entry; listing and explaining ways to solve a quadratic equation, 
378 

Journal entry; explaining how exponents and radicals are really two ways 
of writing the same thing, 392 

Journal entry; explaining how to solve a radical equation graphically, 402 

Journal entry; explaining why radians do not appear in the units for linear 
speed, 420 

Journal entry; listing and describing periodic phenomena, 429 

Short paper; explaining the Doppler effect, 441 

Short paper; explaining what an involute is, 452 

Journal entry; explaining the difference between trigonometric identities 
and equations, 489 

Journal entry; describing the process for solving trigonometric equations 
using the graphing calculator, 489 

Presentation to company president; pointing out his error in estimating the 
amount of plastic for a new product, 501 

Short paper; exploring the history of logarithms, 539 

Journal entry; listing and explaining the differences between seven types 
of equations, 561 

Job application; in which you say how you might use complex numbers in 
an electrical calculation, 584 

Journal entry; giving the differences between an arithmetic progression 
and a geometric progression, 593 

Short paper; reporting on the Fibonacci Sequence, 616 

Journal entry; on dubious statistical claim, 677 

Address to your class; explaining how conic sections are formed by the 
intersection of a plane with a cone, 736 


INDEX TO PROJECTS 


Make a drawing of a cylindrical steel bar, 9 

Find examples of scientific or engineering notation in technical magazine 
or journal, 41 

Estimate percentage of measurements given in metric or British units in 
magazine or newspaper, 50 

Find the vertical reactions for three stacked beams, 129 

Framing square, 179, 187 

Present dissection proof of Pythagorean theorem, 187 

Research the “centers” of a triangle, 187 

Calculate the kerfing needed to bend a board into a circular arc, 196 

Find the diameters of vents in a complex duct system, 196 

Estimate weight of marble block, 200 

Calibrate a pyramidal rain gauge, 201 

Framing square, 212 

Use the 3-4-5 right triangle to lay out right triangles, 216 

Make a simple transit and use it to measure some distance on campus, 220 

Solve Sherlock Holmes’s calculation in The Musgrave Ritual, 220 

Find the height of a flagpole on campus using Sherlock Holmes’s method, 
221 

Devise a list of practical applications for Holmes’s method, 230 

Derive law of sines for acute triangle, 246 

Reproduce derivation of Hero’s formula, 251 

Find the area of a field using a handheld GPS, 251 

Find the dimensions of four mutually tangent circles, 262 

Find the components of a certain nickel silver alloy, 290 

Formulas for solving a set of three equations, 290 

Solve a set of four equations resulting from the application of Kirchhoff’s 
Law, 316 

Solve a given set of equations by any method, 316 

Solve trinomials by temporarily dropping one variable, 332 

Use manipulatives to teach fractions, 349 

Derive the golden ratio using a series, 351 

Analyze a simply supported beam carrying a distributed load, 368 

Derive rules for roots based on the discriminant, 372 

Find the diameter of the largest pipe that can fit behind a cylindrical tank, 
376 

Make a quadratic equation solver, 403 


Calculate the Golden Ratio, 403 

Derive Eq. 79 for the area of a segment of a circle, 413 

Find the angle between cities with given latitude and longitude, 416 

Find and compare the distance between cities using latitude and longitude, 
416 

Find overall function by adding ordinates, 434 

Add sine and cosine waves of the same frequency, 441 

Study, graph, and produce beats, 441 

Graph a function that is the sum of four functions, 441 

Add sine waves of the same frequency, 447 

Sum of the two waves, 447 

Make models of cycloid and show them in class, 451 

Demonstrate Lissajous figures on oscilloscope, 452 

Graphically find the coefficient of friction for a block pulled by a rope, 
460 

Add sine and cosine waves of the same frequency, 473 

Sine function, formula for addition of sine wave and cosine wave to 
express single, 474 

Derivation of compound cut formulas, 484 

Make a picture frame, 484 

Prove identities for any angle, 490 

Prove equation for the area of a segment of a circle, 490 

Find the distortion in a railroad track due to thermal expansion, 490 

Prove or disprove whether the weights of people are proportional to cube 
of their heights, 501 

Make a large-scale duplicate of universal growth and decay curves, 531 

Produce table of world oil consumption in future years, 531 

Graph each side of logarithmic equation, 546 

Use logarithmic and semilogarithmic graph paper to extract information 
from data, 547 

Solve quadratics with complex roots, 585 

Factor the sum of two squares, 585 

Demonstrate the difference between the average, arithmetic mean, and 
harmonic mean using the speeds of an accelerating car, 600 

Disprove Zeno's paradox, 607 

Write and graph an equation for the current as a function of the voltage 
across a diode, 677-678 


GENERAL INDEX 


Abscissa, 157 
Absolute frequency, 622 
Absolute value, 5 
of a complex number, 568 
Acceleration, see Applications Index, Dynamics 
Accuracy, 5-6 
Acute angle, see Angle(s) 
Acute triangle, see Triangle(s) 
Addition and subtraction 
of algebraic expressions, 67—71 
of approximate numbers, 12-13 
by calculator, 69 
commutative and associative laws of, 12 
of complex numbers, see Complex numbers 
of fractions, see Fraction(s) 
of integers, 9 
loss of significant digits during, 14 
method, for solution of sets of equations, 266, 
284 
of radicals, 392 
rule of signs for, 10-11 
in scientific and engineering notation, 35—36 
of signed numbers, 10 
of two angles, 469-474 
of vectors, see Vector(s) 
Aeronautical terms, 229 
Air speed, 229 
Algebraic expression, 63-67 
Algebraic fraction, see Fraction(s) 
Alternate interior angle, see Angle(s) 
Alternating current, 438—439, 578 
in complex form, 580 
Ohm's law for, 581—582 
Altitude 
of cylinder, 201 
of regular pyramid, 198 
of triangle, 181 
of various solids, 197 
Ambiguous case, 242 
Amplitude, 423 
Analytic geometry, 679—736 
Angle(s) 
adjacent, 177 
alternate interior, 177—178 
central, 192 
complementary and supplementary, 177, 183 
conversion of, see Conversion 
corresponding, 177-178 
drift, 229 
of elevation and depression, 216 
exterior, 177, 182 
families of, 177-178 
formed by rotation, 176 
of inclination, 683 
inscribed, 192 
interior, 177, 180, 189 
between intersecting lines, 177 
of intersection between lines, 684 
of latitude and longitude, see Latitude and lon- 
gitude 


opposite or vertical, 177 
phase, see Phase angle 
polar, see Polar angle 
quadrantal, 237 
reference, see Reference angle 
in standard position, 221—222, 232 
straight, 176, 177 
sum or difference of two, 182, 469—474 
supplementary, 177 
types of, 176-177 
units of measure of, 45-48, 176, 405 
vertex of, 176 
working, see Reference angle 
Angular acceleration, displacement, velocity, 416 
see also Applications Index, Dynamics 
Annuity, see Applications Index, Financial 
Antilogarithm, 535 
natural, 536—537 
Approximate numbers, 5 
equations with, 107-108 
Arc 
of a circle, 192 
length of, 413 
Arc cosine, 444 
Arc functions, see Inverse trigonometric 
functions 
Arch, circular, elliptical, parabolic, see 
Applications Index, 
Structures 
Archimedean spiral, see Spiral, Archimedean, 
Hyperbolic, Logarithmic, Parabolic 
Arcsin, 150 
Area(s) 
of circle, 191 
conversion of, 42—43 
cross-sectional, 196 
of cylinder, 201 
lateral, 196 
of quadrilaterals, 187, 188 
of sector of a circle, see Sector 
of segment of a circle, see Segment 
of similar figures, 498 
surface, 196, 203 
of triangle, 181—182 
of various solids, 196 
Argand, Jean Robert, 566 
Argand diagram, 566 
Argument of a complex number, 568 
of a function, 139 
Arithmetic mean, see Mean(s) 
Arithmetic progression, see Series, sequence, 
progression 
Array, 293, 622 
Associative law 
for addition, 12 
for multiplication, 81 
Assumptions, simplifying, 114—115 
Astroid, 451 
Astronomy, see Applications Index 
Average, see Mean(s) 


Axis, Axes 
coordinate, 157 
of cylinder, 201 
major and minor, 714 
of symmetry, 162, 365 


Bar (vinculum), 4 
Bar chart, 619, 620 
Base(s) 

change of, 545 

of decimal numbers, 3 

of exponents, 23, 72 

of logarithms, 532 

log of, 544 

of a percentage, 52-53 

raised to a logarithm of the same base, 

544—545 

of trapezoid, 188 

of a triangle, 181 

of various solids, 196, 197, 198, 201 
Bernoulli, lemniscate of, see Lemniscate of 

Bernoulli 

Bifolium, 453 
Binomial, 66 

conjugate of, 395 

multiplying binomial by, 86—88 
Binomial experiment, 644—645 
Binomial formula, theorem, 607-614 
Binomial probability, 645 
Binomial probability distribution, 645—647 
Binomial probability formula, 645 
Binomial series, 611—613 
Binomial theorem, 646—647 

with factorial notation, 609 
Boundary, class, 622 
Boxplots, 631 
Boyle law, 512 

see also Applications Index, Fluids 
Braces, 4 
Bracketing an answer, 115 
Brackets and braces, see Grouping, symbols of 
Briggs, Henry, 534 
Briggs’ logarithms, 534 


Canceling, 338 
Capacitance, see Applications Index, 
Electrical 
Capacitive reactance, 227 
Capital recovery, see Applications Index, 
Financial 
Cardioid, 453 
Cartesian coordinates, see Coordinates 
Categorical variables, 618 
Catenary, 527, 529 
Center 
of circle, 190 
of gravity, 128 
of sphere, 203 
Central angle, see Angle(s) 
Central limit theorem, 655 


1-8 


Central tendency, measures of, 628—631 

five-number summary, 631 

mean, 628—630 

median, 630-631 

midrange, 630 

mode, 630 
Change of base of logarithms, 545, 546 
Chaos, 561 
Charge, see Applications Index, Electrical 
Charles’ law, see Applications Index, Fluids 
Checking a solution, 115, 116 
Chord, 192-193 
Circle, 190-196, 694—701 

equation of, 695 

in polar coordinates, 454 
Circular functions, see Trigonometric functions 
Circular motion, see Motion 
Circumference, 190, 191 
Cissoid of Diocles, 453 
Classes, data, 622 
Coefficients, 64 
Cofunctions, 235 
Column of a determinant or matrix, 293 
Column vector, 294 
Combined variation, see Variation 
Common denominator, see Least (lowest) 

common denominator (LCD) 

Common difference, 593 
Common factor, see Factors, factoring 
Common fraction, see Fraction(s) 
Common logarithms, see Logarithms 
Common ratio, see Ratio 
Commutative law 

for addition, 12, 68 

for multiplication, 81 
Complementary angles, see Angle(s) 
Complete graph, see Graph(s), graphing 
Complete quadratic, see Quadratic equations 
Completing the square, 370, 707, 721 
Complex conjugate, see Conjugate 
Complex factors, see Factors, factoring 
Complex fraction, see Fraction(s) 
Complex impedance, 581 
Complex numbers, 562—585 

by calculator, 572 

operations with, 563, 569, 573 

polar form of, 568 

rectangular form of, 563 
Complex plane, 566 
Complex roots, see Roots 
Components of a vector, 223, 224, 575-576 
Composite function, see Functions 
Compound interest, 523-526 

see also Applications Index, Financial 
Computer, see Applications Index, Computer 
Concentration, 56, 124 
Conchoid of Nicodemus, 453 
Conditional equation, 104 
Cone, 202—203 
Confidence intervals, 655, 658-659 
Congruent triangles, see Triangle(s) 
Conic sections, 694 
Conjugate 

of a binomial, 395 

complex, 566 
Conjugate axis, 725 
Constant, 63-64 

of proportionality, 502 
Continuous variables, 618, 642, 664 
Control charts, 661—662 

for continuous variable, 664 

normal curve and, 664 


General Index 


p chart, 662—664 
X and R charts, 662, 664—666 
Conversion 
of angular units, 45—48, 406 
by calculator, 407 

of areas and volumes, 42—43 

of base of exponential function, see Change of 
base of logarithms 

of base of logarithms, see Change of base of 
logarithms 

by calculator, 455 

between decimals, fractions, and percent, 51 


between exponential and logarithmic form, 533 


between exponential and radical form, 386 

between forms of a complex number, 569, 
572-573 

between general and standard form, 698 

between mixed numbers or expressions and 
improper fractions, 337 

of rates, 43 


between rectangular and polar coordinates, 455 


between scientific, engineering, and decimal 
notation, 33-35 
of units, 41—42 
Conversion factors, 41 
Coordinates 
polar, 452 
rectangular or Cartesian, 156, 157-160 
Correlation coefficient, 670 
Corresponding angles, see Angle(s) 
Corresponding segments, 178 
Corresponding values, 145 
Cosecant of an angle, 232 
inverse of, 239 
Cosecant wave, 442 
Cosine of an angle, 208, 221, 232 
of half an angle, 478 
of sum or difference of two angles, 470, 471 
of twice an angle, 475 
Cosines, law of, 246, 247 
Cosine wave, 441 
sine wave added to, 447 
Cotangent of an angle, 232 
inverse of, 239 
Cotangent wave, 442 
Cramer, Gabriel, 304 
Cramer's rule, 304—305, 312 
Cross-sectional area, see Area(s) 
Cube, 196, 197-198 
Cube of number, 23 
Cubes, sum and difference of two, 333 
Cubical parabola, 505 
Cubic function, 505 
Cumulative frequency distribution, 625 
Current, see Applications Index, Electrical 
Curve fitting, see Regression 
Curves, families of, see Families of line, curves 
Curve sketching, see Graph(s), graphing 
Curvilinear motion, see Applications Index, 
Dynamics; Motion 
Cycle, 423 
Cycloid, 451 
Cylinder, 201—202 


Data 

empirical, 158 

statistical 
on calculator, 620—621, 636 
display of, 619-621 
grouped, 622 
numerical description of, 628—638 
raw, 622 


Decay, exponential, see Exponential growth and 
decay 
Decibel, 556 
Deciles, 632-633 
Decimal degree, see Degree 
Decimal places, 6 
significant digits vs., 18 
Decimal system, 3 
Degree 
angular, 45-46, 176 
of an expression, 65 
of a term, 65 
DeMoivre, Abraham, 571 
DeMoivre's theorem, 571 
Denominator, 19, 92, 335 
common, 107 
factors in, 321 
least common LCD, 107, 279, 344 
Dependent and independent variables, 139 
Dependent systems of equations, 269 
Depression, angle of, see Angle(s) 
Descriptive statistics, 618 
Determinants, 302-308 
by calculator, 303, 306 
of the coefficients, 311 
higher order, 308 
second order, 302-308 
solving systems by, 304, 311 
Diagonals 
of a determinant or matrix, 293, 302 
of a parallelogram, 187 
Diameter, 190 
of sphere, 203 
Difference, common, see Common difference 
Difference of two cubes, 333 
Difference of two squares, 323 
Dimensionless ratio, 406 
Dimension of a matrix, 293 
Directed distance, 680 
Directrix, 702 
Direct variation, see Variation 
Discrete random variable, 642 
Discrete variables, 618 
Discriminant, 372 
Dispersion, measures of, 628, 631—636 
quartiles, deciles, and percentiles, 632—633 
range, 631—632 
standard deviation, 628, 634—636 
variance, 633-634 
Displacement, angular, 416 
Distance formula, 681 
Distributive law, 83, 320 
Dividend, 19, 92 
Division 
of algebraic expressions, 73, 92—95 
of approximate numbers, 21 
by calculator, 19 
of complex numbers, 566, 570-571 
of fractions, 341 
of powers, 73 
of radicals, 394 
in scientific notation, 36-37 
of signed numbers, 20 
symbols for, 92 
by zero, see Zero(s) 
Divisor, 19, 92 
Domain, phasor, see Phasor 
Domain and range, 137-138, 150-151 
Double angle relations, 474 
Doubling time, 551 
Drift angle, see Angle(s) 
Dynamics, see Applications Index 


General Index 


e, the base of natural logarithms, 525 
Edge, 196 
Effective (rms) value, 579 
Efficiency, percent, 55 
Elastic curve, see Applications Index, Strength of 
Materials 
Electrical applications, see Applications Index, 
Electrical 
Element 
of an array, 293 
of a cone, 694 
of a determinant or matrix, 293, 302 
of a set, 137 
Elevation, angle of, see Angle(s) 
Ellipse, 713-725 
construction of, 713 
Energy, see Applications Index 
Energy flow, 131 
Engineering notation, 32-41 
Equality symbol, 4 
Equal sign, 104 
Equation, 104 
with approximate numbers, 107—108 
calculator equation solver for, 109-110 
Equilateral triangle, see Triangle(s) 
Equilibrium, 127-128 
Error, percent, 56 
Error, standard, see Standard error(s) 
Estimation, 114—115, 116 
Euler, Leonhard, 568 
Euler formula, 568 
Events 
independent, 640 
probability of occurrence, 639-642 
Exact numbers, 5 
Explicit and implicit functions, 138—139, 
140-141 
Exponential equations, 547 
Exponential form, 386 
Exponential function, 522 
Exponential growth and decay, 524—528, 550 
Exponents, 379-404 
approximate, 24—25 
base of, 23, 72 
by calculator, 77—78, 380 
fractional, 24—25, 385 
integral, 72, 90, 380 
laws of, 72-80 
summary of, 77 
negative, 24—25, 32, 76, 380 
zero, 75, 380 
Expression, 63 
Exterior angle, see Angle(s) 
Extraneous solution, 400 
Extremes, of a proportion, 493 
Extreme values, see Maximum and minimum 
points 


Faces, 196 
Factorability, test for, see Trinomial(s) 
Factorial, 608 
Factors, factoring, 65, 80, 319 

by calculator, 322 

common, 320 

in denominator, 321 

by grouping, 329, 333 

of a number, 15 

prime, 320 

signs to, 328 

test for factorability, 327 

by trial and error, 327 
Families of line, curves, 177-178 


Fibonacci, Leonardo, 588 
Fibonacci sequence, see Series, sequence, 
progression 
Financial, see Applications Index 
First moment, see Moment, first 
Five-number summary, 631 
Flight terminology, 229 
Fluid flow, 131 
Fluids problems, see Applications Index 
Focal radius, 714 
Focal width, see Latus rectum, focal width 
Focus, focal point 
of ellipse, 713 
of hyperbola, 725 
of parabola, 702 
FOIL rule, 87 
Force, moment of, 127 
Formulas, 355 
substituting into, 47—48 
Fraction(s), 19, 92, 335 
addition and subtraction of, 344 
by calculator, 347 
algebraic, 336 
common, 336 
complex, 349 
like, 344 
multiplication and division of, 340 
by calculator, 342 
proper and improper, 336 
rational, 336 
similar, 344 
simplification of, 335 
by calculator, 338 
Fractional equations, 106—107, 352 
by calculator, 352 
Fractional exponents, see Exponents 
Fraction bar, 92, 96, 99 
Fraction line, 335 
Freely falling body, see Applications Index, 
Dynamics 
Frequency, 424, 436 
Frequency distributions, 622—628 
on calculator, 626 
cumulative, 625 
histogram, 624 
polygon, 624, 625 
of a statistic, 655 
stem and leaf plot, 625—626 
Frequency function, see Probability distributions 
Frustum, 198 
Functional notation, 139-140 
Functional variation, see Variation 
Function machine, 147 
Functions, 136-155 
by calculator, 141—142 
composite, 147—148 
domain and range of, 137-138 
empirical, 158 
forms of, 138 
implicit and explicit, 138-139, 140-141, 
366 
inverse, 148-150 
linear, 505 
logarithmic, 150 
manipulating, 147 
as a set of point pairs, 144—145 
substituting into, 141, 146 
as a verbal statement, 145—146 


Gauss, Carl Friedrich, 649 
Gaussian distribution, see Normal curve (normal 
distribution) 


General term, 587, 588, 593—594, 600 
Geodesy problems, see Applications Index, 
Geodesy 
Geometric mean, 494 
Geometric progression, see Series, sequence, 
progression 
Geometry, 175-206 
analytic, 679—736 
Golden ratio or section, 403, 497 
Graph(s), graphing, 156-174 
complete, 156, 165 
of complex numbers, 566 
of empirical data, 158 
of equation, 161—163 
of the exponential function, 522 
of a function, 158 
with graphics calculator, 164—166 
of ordered pairs, 157 
of pairs of linear equations, 265 
of parametric equations, 448 
in polar coordinates, 452 
by calculator, 452 
in rectangular coordinates, 157—160 
of a relation, 162—163 
of series and sequences, 589 
solving equations by, 172-173 
of straight line, 167—171 
of trigonometric functions, 422-460 
Gravity, center of, 128 
Great circle, 203 
Ground speed, 229 
Grouped data, 622 
Grouping, symbols of, 4, 64-65 
fraction bar, 96, 99 
removal of, 106 
Grouping method for factoring, see Factors, 
factoring 
Growth, exponential, see Exponential growth and 
decay 


Half-angle relations, 476 

Half-life, 550, 551 

Half-line, 176 

Harmonic mean, 597 

Harmonic progression, see Series, sequence, 
progression 

Heading, 229 

Height, see Altitude 

Hemisphere, 203 

Hero, Heron, 181 

Hero’s formula, 181 

Hertz, 436 

Hexagon, 180 

Histogram, 624, 644 

Hooke’s law, see Applications Index, Strength of 
Materials 

Hyperbola, 505, 725-733 

Hyperbolic spiral, see Spiral, Archimedean, 
Hyperbolic, Logarithmic, Parabolic 

Hypocycloid, 451 

Hypotenuse, 183, 208-209 


i, the imaginary unit, 563 
powers of, 564 

Identity, 104 

Identity matrix, 294 

Imaginary axis, 566 

Imaginary numbers, 563 

Imaginary unit, 563 

Impedance, 228 
see also Applications Index, Electrical 
complex, 581 
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Implicit equations, 110 
Implicit relations, see Explicit and implicit 
functions 
Improper fraction, see Fraction(s) 
Inclination, angle of, see Angle(s) 
Incomplete quadratic, 364, 486-487 
Inconsistent systems of equations, 269 
Increment, 681 
Independent events, 640 
Independent systems of equations, 265 
Independent variable, see Dependent and 
independent 
variables 
Index of a radical, 386 
Inductance, see Applications Index, Electrical 
Inductive reactance, 227 
Inductive statistics, 618 
Inequality signs, 4 
Inertia, moment of, see Moment, first 
Infinite series, see Series, sequence, progression 
Infinity, 4 
Initial position, 176 
Instantaneous value, 423 
Integer, 2 
Intercept, 165, 177 
Interest, compound, 523-526 
see also Applications Index, Financial 
Interior angle, see Angle(s) 
Interior of polygon, 180 
Intervals, 622 
Inverse function, see Functions 
Inverse square law, 512 
see also Applications Index, Light 
Inverse trigonometric functions, 409, 443 
by calculator, 445 
Inverse variation, see Variation 
Involute, 451 
Irrational number, 2, 191 
Isosceles triangle, see Triangle(s) 


j, the imaginary unit, 563 
Joint variation, see Variation 


Kirchhoff's laws, see Applications Index, 
Electrical 


Lateral area of solids, see Area(s) 
Latitude and longitude, 414 
Latus rectum, focal width 
of an ellipse, 722 
of a parabola, 705 
Law of cosines, 246, 247 
Law of sines, 240, 243, 247 
Laws of exponents, 72—80 
summary of, 77 
Leading coefficient, 326 
Least common multiple, 344 


Least (lowest) common denominator (LCD), 107, 


279, 344 
Least squares method, 670, 671—673 
Legs of a right triangle, 183 
Lemniscate of Bernoulli, 453 
Length of arc, see Arc 
Le Système International d'Unites, see SI units 
Light and optics problems, see Applications 
Index, Light 
Like fractions, see Fraction(s) 
Like terms, 67 
Limagon of Pascal, 453 
Limit(s) 
control, 662, 663 
notation for, 525, 605 


General Index 


probability of variable falling between two, 
644 
of a series, 605 
Line, number, 3 
Line, straight, see Straight line 
Linear equations, see Equation 
Linear function, 505 
Linear regression, 669, 670, 671 
on calculator, 673 
Linear speed, 417 
Line segment, 176, 680 
Lissajous figure, 449 
List, 294 
Literal equations, 109, 110, 355 
by calculator, 356-357 
systems of, see Systems of equations 
Literal expression, 64 
Locus, 161 
Logarithmic equations, 554—559 
Logarithmic function, 150 
Logarithmic spiral, see Spiral, Archimedean, 
Hyperbolic, Logarithmic, Parabolic 
Logarithms, 532-539 
common or Briggsian, 534 
natural or Naperian, 536 
properties of, 539 
Logistic function, 561 
Long division, 98 
Longitude, see Latitude and longitude 
Lowest common denominator, see Least (lowest) 
common denominator (LCD) 


Machine shop problems, see Applications Index, 
Machine Shop 
Magnitude, of a number, 5 
of a complex number, 568 
of a vector, 222 
Major axis, see Axis, Axes 
Mantissa, 535 
Maps, 499 
Mass, center of, see Center 
Materials problems, see Applications Index, 
Materials 
Mathematical expression, 63 
Mathematical model, 649 
Matrix, Matrices, 292 
by calculator, 295 
naming, 294 
Maximum and minimum points, 165, 365 
Mean(s), 628—630 
arithmetic, 596, 629 
geometric, see Geometric mean 
harmonic, see Harmonic mean 
predicting, from a single sample, 657-658 
sampling distribution of, 656 
standard error of the, 628, 655, 656-657 
weighted, 629 
Mean proportional, 494, 602 
Measure, units of, see Units of measure 
Measurements, accuracy and precision of, 6 
Mechanism, see Applications Index, Mechanisms 
Median, 630-631 
Metric prefixes, 44 
Metric system, see SI units 
Middle coefficient, 326 
Midpoint, class, 622 
Midrange, 630 
Midspan, 127 
Minimum point, see Maximum and minimum 
points 
Minor axis, see Axis, Axes 
Minors, 308 


Minute of arc, 45-46 
Mixed expression, number, 337 
Mixture problems, 123-126 
see also Applications Index, Fluids 
Mode, 630 
Models 
mathematical, 649 
scale, 500 
Moment, first 
of a force, 127 
Money problems, 121-123 
Monomials, 65—66 
dividing monomial by, 92—95 
multiplying, 81—82 
with monomial, 83-86 
Motion 
see also Applications Index, Dynamics 
Newton's, first law of, 127 
rotation, 416 
uniform, 118-121 
velocity vectors for, 227 
Multinomial, 65-66 
multiplying monomial and, 83-86 
multiplying multinomial by, 88—89 
raising to a power, 90-91 
Multiple regression, 669 
Multiplication and division 
of algebraic expressions, 80-83 
of approximate numbers, 17-18 
by calculator, 15, 84-85 
of complex numbers, 565, 570-571 
of fractions, see Fraction(s) 
of negative numbers by calculator, 16-17 
of powers, 72—73 
of radicals, 393 
in scientific and engineering notation, 36 
of signed numbers, 15-16 
of string of numbers, 16 
symbols and definitions, 15, 80 


Naperian logarithms, see Logarithms 
Napier, John, 536 

Natural logarithms, see Logarithms 
Navigation, see Applications Index, Navigation 
Negative angles, see Angle(s) 

Negative exponent, 76 

Newton's 

first law of motion, 127 

law of cooling, 526 

law of gravitation, 512 

Nicodemus, conchoid of, see Conchoid of 
Nicodemus 

Nonlinear equations, systems of, see Systems of 
equations 

Nonlinear growth equation, 561 

Nonlinear regression, 669 

Normal curve (normal distribution), 648-654 
on calculator, 653 

control chart and, 664 

Normalized variable, 651 

Number line, 3 

Numbers 

approximate, 5 

combining exact and approximate, 13-14 
complex, see Complex numbers 

decimal, 3 

exact, 5 

imaginary, see Complex numbers 
integers, 2 

irrational, 2, 191 

ordered pairs of, 138, 145 

rational, 2 
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real, 2-3 
signed, 3-4 
whole, 2 
Numerator, 19, 92, 335 
Numerical coefficient, see Coefficients 


Oblique triangle, 180 
Obtuse angle, see Angle(s) 
Obtuse triangle, see Triangle(s) 
Ogive, 625 
Ohm's law, 581—582 
see also Applications Index, Electrical 
Opposite angles, see Angle(s) 
Opposite of a number, 4 
Ordered pairs of numbers, 138, 145 
Order of a determinant, 302 
Order of operations, 29 
Ordinate, 157 
Origin, 157 
Outlier, 669 
Overscore, 6 


Pairs, ordered, see Ordered pairs of numbers 
Parabola, 162, 364, 702-713 
cubical, 505 
in polar coordinates, 454 
Parabolic spiral, see Spiral, Archimedean, 
Hyperbolic, Logarithmic, Parabolic 
Parallelepiped, rectangular, 197-198 
Parallel lines, 177 
slopes of, see Slope(s) 
Parallelogram, 187, 188 
Parallelogram method for vectors, 223, 256 
Parameter, 423, 448 
statistical, 618, 654—655 
Parametric equations, 423, 448 
Parentheses, 4, 14 
See Grouping, symbols of 
Partial sum, 590 
Pascal, Blaise, 609 
Pascal, Limagon of, see Limaçon of Pascal 
Pascal’s triangle, 609 
p chart, 662-664 
Pentagon, 180 
Percent, percentage, 51—59 
Percent change, 54—55 
Percent concentration, 56, 124 
Percent error, 56 
Percentiles, 632—633 
Perfect square trinomial, see Trinomial(s) 
Period, 423, 424, 435 
Periodic function, 423 
Perpendicular, 177 
Perpendicular lines, slopes of, see Slope(s) 
pH, 559 
Phase angle, 228 
displacement, shift, 425, 439 
Phase shift, 423 
Phasor, 435, 578 
Phasor domain, 580 
Pi (7), 190, 191, 407 
Pie chart, 619, 620 
Place value of a decimal number, 3 
Plane, 180 
complex, 566 
Plane geometry, see Geometry 
Point pairs, 144—145, 157-158 
Point-slope form, 688 
Polar angle, 452 
Polar axis, 452 
Polar coordinates, 157, 452-459 
Polar form of a complex number, 568 


Polar form of a vector, 575 
Pole, 452 
Polygon, 180 
frequency, 624, 625 
Polyhedron, 196-201 
Polynomials, 65-66 
adding and subtracting, 67—71 
combining by calculator, 69 
dividing polynomial by, 98-100 
Population(s), 618 
statistical, 618 
variance of, 633 
Positional number system, 3 
Power(s) 
of a binomial, 607 
by calculator, 23—25 
division of, 73 
of i, 564 
log of, 541-543 
of multinomials, 90-91 
multiplication of, 72—73 
product raised to, 74—75 
quotient raised to, 75 
raised to a power, 74 
of signed numbers, 23-25 
of ten, 32 
Power function, 505 
with negative exponent, 510 
Power gain or loss, 556—557 
Precision, 6 
Prefixes, SI, see Metric prefixes 
Pressure of fluid, see Applications Index, Fluids 
Prime factor, see Factors, factoring 
Principal diagonal, 302 
Principal root, 25-26 
Principal values, 444 
Prism, 197 
Probability, 638—661 
binomial, 645 
of either of two events occurring, 641 
normal curve, 648—654 
from relative frequency histogram, 644 
of single event occurring, 639-640 
statistical vs. mathematical, 639 
of two events both occurring, 640 
of two mutually exclusive events occurring, 
641—642 
of variable falling between two limits, 644 
variables in, 642 
Probability density function, see Probability 
distributions 
Probability distributions, 642—648 
binomial, 645—647 
continuous, 648—649 
normal, 649-654 
probabilities as areas on, 643-644 
Process control, see Statistical process control 
(SPC) 
Product 
see also Multiplication and division 
of complex numbers, 570 
log of, 540 
raised to a power, 74—75 
root of a, 386 
Progression, see Series, sequence, progression 
Projectile, see Applications Index, Dynamics 
Projects, see Index to Team Projects 
Prolate cycloid, 451 
Proper fraction, see Fraction(s) 
Proportion, 493 
standard error of, 659—660 
Proportionality, constant of, see Constant 


Pure quadratic, see Quadratic equations 
Pyramid, 198 

Pythagoras, 183 

Pythagorean relations, 463 
Pythagorean theorem, 183, 212 


Quadrant, 157 
Quadrantal angle, see Angle(s) 
Quadratic equations, 363-378 
by calculator, 364 
complete, incomplete, pure, 364, 486—487 
graphically solving, 364 
Quadratic formula, 368 
Quadratic function, 364, 365, 505 
Quadratic trinomial, see Trinomial(s) 
Quadrilateral, 187-190 
Quartiles, 632—633 
Quick method, 431 
Quotient, 19, 92, 93, 335 
see also Multiplication and division 
of complex numbers, 570 
log of, 540—541 
raised to a power, 75 
root of a, 387 
Quotient relations, 462 


Radian, 176, 405, 406 
Radical equations, 398 
calculator solution of, 385, 388 
Radical form, 385 
Radicals, 385—404 
operations with, 392 
related to exponents, 385 
rules of, 386 
simplification of, 385—392 
Radical sign, 385 
Radicand, 385 
reducing, 388 
Radius, 190 
of sphere, 203 
Radius vector, 452 
Random variables, 642 
Range, 631-632 
of data, 622 
of a function, see Domain and range 
Rate problems, 129-130 
Rates 
conversion of, see Conversion 
of flow, see Applications Index, Fluids 
of a percentage, 52-53 
Ratio, 19, 492 
common, 600 
dimensionless, 406, 492 
trigonometric, see Trigonometric functions 
Rationalizing the denominator, 389 
Rational numbers, see Numbers 
Ratio test, 591 
Raw data, 622 
Ray, 176 
R charts, 662, 664—666 
Reactance, 227 
see also Applications Index, Electrical 
Reaction, 127 
Real axis, 566 
Real numbers, see Numbers 
Reciprocal relations, 234, 462 
Reciprocals, 22, 92 
Rectangle, 188 
Rectangular array, 293 
Rectangular components, 223, 224 
Rectangular coordinates, see Coordinates 
Rectangular parallelepiped, 197—198 
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Recursion relation or formula, 523, 588, 589, 
593, 600 
Reference angle, 237, 452 
Reflex angle, 177 
Regression, 669-674 
correlation coefficient, 670 
linear, 669, 670, 671, 673 
method of least squares, 671—673 
multiple, 669 
nonlinear, 669 
Relations, 137-144 
recursion, 588 
as a set of point pairs, 145 
Relative frequency, 622 
Relative frequency function, see Probability 
distributions 
Relative frequency histogram, 644 
Relative maximum and minimum, see Maximum 
and minimum 
points 
Remainder, 99 
Residual, 509, 671-672 
Resolution, see Resultant of vectors 
Resultant of vectors, 223, 225, 256, 576 
by calculator, 257 
Revolution 
solid of, see Solid, geometric 
surface of, see Surface 
Rhombus, 188 
Richter scale, 555 
Right angle, see Angle(s) 
Right triangles, 180, 184, 208, 212 
Rise, 167, 682 
Root-mean-square (rms) value, 579 
Roots 
by calculator, 26-27, 172 
of equations, 105 
extraneous, 400 
log of, 543-544 
of negative numbers, 26-27 
odd, 26-27 
principal, 25-26 
of a product, 386 
of a quotient, 387 
of signed numbers, 25-27 
Rose, three-or-four-leaved, 453 
Rotating vector, see Phasor 
Rotation, see Motion 
Rounding, 6-7 
Row of a determinant or matrix, 203 
Row vector, 294 
Rules of radicals, 386 
Rules of signs 
for addition and subtraction, 10-11 
for division, 20, 92—93 
for multiplication, 16, 80-81 
Run, 167, 682 


Sample(s), 618 

statistical, 618 

variance of, 633 
Sampling distribution of the mean, 656 
Satisfying an equation, 105 
Scalar, 222, 294 
Scale drawings, 499 
Scalene triangle, see Triangle(s) 
Scatter plot, 619 
Scientific notation, 32-41 

on calculator or computer, 37-38 
Secant, of an angle, 232 

to a circle, 192-193 

inverse of, 239 
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Secant wave, 442 
Secondary diagonal, 302 
Second of arc, 45-46 
Sector, 192 
area of, 410 
Segment 
of a circle, 192, 410 
area of, 410 
line, 176, 680 
Semicircle, 190, 193 
Sequence, see Series, sequence, progression 
Series, sequence, progression, 586-607 
arithmetic, 587, 593 
by calculator, computer, 588, 590 
convergence of, 591 
Fibonacci, 587, 588 
finite, 587 
geometric, 587, 600 
graph of, 589 
harmonic, 596—597 
infinite, 587 
infinite geometric, 604 
sum of, 594 
Series approximation 
for exponential and logarithmic functions, 539 
Series circuit, see Applications Index, Electrical 
Set, 137 
Sets of equations, see Systems of equations 
Shift of axes, see Translation of axes 
Sides 
of an angle, 176 
of an equation, 104 
of a polygon, 180 
of a triangle, 180 
Signed minor, 309 
Signed numbers, multiplying, 15-16 
Sign factor, 309 
Significant digits, 5-6 
decimal places vs., 18 
loss of, during subtraction, 14 
Signs, rules of, see Rules of signs 
Signs of the trigonometric functions, 452 
Similar figures, 497 
Similar fractions, see Fraction(s) 
Similar radicals, 392 
Similar solids, 499 
Similar triangles, see Triangle(s) 
Simple harmonic motion, see Motion 
Simultaneous equations, see Systems of 
equations 
Sine of an angle, 208, 221, 232 
of half an angle, 476—478 
inverse of, 210 
reciprocal of, 210 
of sum or difference of two angles, 470 
of twice an angle, 474 
Sines, law of, 240, 243, 247 
Sine wave, 423 
cosine wave added to, 447 
as a function of time, 435 
Sinking fund, see Applications Index, Financial 
SI units, 41 
Slant height 
of cone, 203 
of regular pyramid, 198 
Slope(s), 167—168, 682 
of horizontal and vertical lines, 682 
of parallel and perpendicular lines, 684 
Slope-intercept form, 687 
Snell's law, see Applications Index, Light 
Solid, geometric, 196 
Solution of equation, 104—105 


Sound level gain or loss, 558 
Space, see Applications Index, Astronomy, Space 
Sparse system, 285 
Specific gravity, 493 
Specific values, 493 
Speed, linear, 417 
Sphere, 203 
Spiral, Archimedean, Hyperbolic, Logarithmic, 
Parabolic, 453 
Spring constant, 503 
Square, 23, 180, 188 
Square matrix, array, 293 
Square root, 26, 385 
Square units, 180 
Standard deviation, 628, 634—636, 659 
Standard error(s), 618, 628, 654—661 
of the mean, 628, 655, 656-657 
of a proportion, 659-660 
of standard deviation, 628, 659 
Standardized variable, 651 
Standard score (z score), 651, 652 
Statistical process control (SPC), 661—669 
control charts, 661—662 
for continuous variable, 664 
normal curve and, 664 
p chart, 662-664 
X and R charts, 662, 664—666 
Statistics, 617—638 
confidence intervals in, 655, 658—659 
data in 
on calculator, 620-621, 636 
display of, 619-621 
grouped, 622 
numerical description of, 628-638 
raw, 622 
descriptive, 618 
frequency distributions, 622-628 
on calculator, 626 
cumulative, 625 
histogram, 624 
polygon, 624, 625 
of a statistic, 655 
stem and leaf plot, 625—626 
inductive, 618 
measures of central tendency, 628-631 
five-number summary, 631 
mean, 628-630 
median, 630—631 
midrange, 630 
mode, 630 
measures of dispersion, 628, 631—636 
quartiles, deciles, and percentiles, 632—633 
range, 631-632 
standard deviation, 628, 634-636 
variance, 633-634 
parameters, 618, 654—655 
populations and samples, 618 
regression, 669-674 
standard errors in, 654—661 
variables in, 618-619 
Stem and leaf plot, 625—626 
Straight angle, see Angle(s) 
Straight line, 176—180, 680—694 
equation of, 687—694 
graph of, 167-171 
Strength of materials, see Applications Index, 
Strength of Materials 
Strophoid, 453 
Structures, see Applications Index, Structures 
Subscripts, 293 
Substitution method, systems of equations solved 
with, 268, 285 


General Index 


Subtend, 177 
Subtraction, see Addition and subtraction 
Sum, difference of two cubes, 333 
Supplementary angles, see Angle(s) 
Surface, 180 
Surface area, see Area(s) 
Surveying, see Applications Index, Surveying 
Symbols 
for angle, 224 
for division, 92 
equality and inequality, 4 
of grouping, see Grouping, symbols of 
multiplication, 80 
Symmetry, 162, 365, 702 
Systems of equations, 263-291 
calculator solution of, 269 
fractional, 279, 286 
graphical solution of, 265 
literal, 281, 287 
more than three equations, 314 
nonlinear, 280 
solution to, 264 
three equations, 284—290 


Table, see Array 
Tangent, 221 
of an angle, 208, 232 
to a circle, 192-193 
graph of, 442 
of half an angle, 478—479 


of sum or difference of two angles, 471—473 


of twice an angle, 476 
Tangent wave, 442 
Team project, see Index to Team Projects 
Terminal position, 176 
Terms 
of an expression, 63 
general, 587, 588, 593—594, 600 
like, 67 
of a proportion, 493 
of a series, 587 
Test for factorability, see Trinomial(s) 
Thermal problems, see Applications Index, 
Thermal 
Third-order determinants, see Determinants 
Time constant, 527 
Time domain, 580 
Tip-to-tail method, 223, 256 
Torque, 127 
Track, 229 
Transcendental expression, 63 
Transient current, see Applications Index, 
Electrical 
Translation of axes, 697 
Transversal, 177—178 
Transverse axis, 725 
Trapezoid, 188 
Triangle(s), 180-187 


altitude and base of, 181 
area of, 181—182 
congruent, 182-183 
Pascal's, see Pascal's triangle 
right, see Right triangles 
similar, 182-183 
types of, 180 
Triangular array, 293 
Trigonometric equations, 484 
Trigonometric expression, 464, 481 
by calculator, 465—466 


Trigonometric form of a complex number, 568 


Trigonometric functions, 208, 232 
by calculator, 209, 233, 236, 238 
graphs of, 423-447 


inverse of, see Inverse trigonometric functions 


in radians, 408—409 
signs of, 233, 237 
Trigonometric identities, 461—490 
fundamental, 462—468 
sum or difference of two angles, 469-474 


Trigonometric ratio, see Trigonometric functions 


Trinomial(s), 66 
factoring of, 326 
general quadratic, 327 
perfect square, 330, 370 
test for factorability of, 327 
two-point form, 689 


Uncertainty, 7 
Uniform motion, see Motion 
Unit, imaginary, see Imaginary unit 
Unit matrix, 294, 297 
Units of measure, 41—51 
Universal growth and decay curves, 528 
Universe, see Population(s) 
Unknown(s), 105 

defining other, 117 

identifying, 114, 116 


Value(s) 
absolute, see Absolute value 
corresponding, 145 
of a determinant, 302 
instantaneous, 423 

Variable(s), 63-64 
categorical, 618 
continuous, 618, 642 
dependent and independent, 139 
discrete, 618, 642 
in probability, 642 
random, 642 
standardized (normalized), 651 
in statistics, 618—619 

Variance, 633—634 

Variation 
combined, 514 
direct, 501 


inverse, 509 
joint, 513 
Vector(s), 222-223, 256 
force, 226 
impedance, 227-228 
radius, see Radius vector 
represented by complex numbers, 575 
rotating, see Phasor 
row and column, 294 
of a vector, 575—576 
velocity, 227 
Vector diagram, 223, 225 
Vectorial angle, 452 
Vector impedance diagram, 228 
Vector sum, 225 
Velocity, angular, 416 
Velocity vectors, 227 
Verhulst population model, 561 
Vertex 
of an angle, 176 
of an ellipse, 714 
of a hyperbola, 725 
of a parabola, 162, 365, 702 
of a polygon, 180 
of a polyhedron, 196 
of a pyramid, 198 
Vertical angle, see Angle(s) 
Viewing window, 164, 165 
Vinculum, 4 
Voltage 
in complex form, 580 
gain or loss, 557 
Volume(s) 
of cylinder, 201 
of similar solids, 499 
of sphere, 203 
of various solids, 196 


Whole numbers, see Numbers 

Window, viewing, 164, 165 

Width, class, 622 

Word problems, general method of solution, 
113-118 

Working angle, see Reference angle 

Work problems, 130-131 

Writing, see Index to Writing Questions 


X charts, 662, 664—666 
x-y graph, 619, 620 


Zero(s) 
division by, 21—22, 92, 335 
of a function, 172 
Zero exponent, 75 
ZOOM, 165 
z score (standard score), 651, 652 
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These formulas are excerpted from Appendix A: Summary of Facts and Formulas. They are continued inside the back cover of this book. 


No. Page 
6 a+ (—-b)=a-—(+b)=a-b 16, 80 
Addition and Subtraction 
" g a+ (+b)=a-(-b)=at+b 16, 80 
РА 
© 8 (+а)(+Ь) = (—а)(—Ь) Fab 16, 80 
o Multiplication 
Б 9 (+a)(—b) = (—a)(+b) (ca) (b) ab 16, 80 
Ш 10 а а а на а 20, 93 
z Division 2 i Ер E. _ 
11 +a a a a 20, 93 
—b +b —b b 
х" =X ХҮХӨЄЖ 
21 Definition aes 24, 72, 77, 90 
n factors 
22 Products x4. yb = ха+Ь 72, 77, 381 
a 
23 Quotients ~ax7h (х=б) 73, 77, 93, 382 
x 
2 24 Powers (x? = ха = (x?) 74, 71, 381 
fa 
& 25 Law of Exponents Product Raised to a Power (xy)" = x". y" 74, 77, 381 
e X n х" 
2 26 Quotient Raised to a Power (3) == (у # 0) 75, 77, 382 
y y 
27 Zero Exponent x9 = 1 (x # 0) 75, 77, 381 
28 Negative Exponent x = = (x # 0) 32, 76, 77, 380 
29 a" = Va 29, 385 
Fractional Exponents 
30 qnin = N/ an = Way” 386 
2 31 Root of a Product Vab = Va N/b 387 
е) Rules of Radicals 
Q . п! а Wa 
< 32 Root of a Quotient = 387 
^ b Wp 
© 33 Difference of Two Squares а? – 2 = (а – b)(a + b) 324 
rs 
E 34 Trinomials Sum of Two Cubes a+b (a + b) (a? ab p?) 333 
E 
9 : ч 3 3 2 2 
2 35 Difference of Two Cubes a b (a — b)(a^ + ab + b^ 333 
В ax? + bx + cis factorable if 
< 36 Test for Factorability р ] 327 
£ b? — Дас is a perfect square 
oO 
2 37 Leading Coefficient = 1 x? + (a + Бух + ab = (x + а)(х + b) 
8 Binomials | - - E 
ie 38 General Quadratic Trinomial асх + (ad + bc)x + bd = (ax + b)(cx + d) 327 
< 2 2 2 
O 39 : . . a^ + 2ab b^ = (a + b) 330 
a Perfect Square Trinomials 
z 40 a? — 2ab + b? = (а — by 330 
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98 


Regular Pyramid 


Any Cone or Pyramid 


Does not include the base. 


Volume = E (Ai + Ay + МАТАД) 


No. Page 
a 2 
67 Square Area = a 
a 
b 
n 68 Rectangle Area = ab 
z a 
2 ау th Parallelogram: Diagonals 
< 69 : ` Area = bh 
d b bisect each other 
2 
а “ТЭ е 
S 70 th Rhombus: Diagonals es Sih 
Cy a intersect at right angles 
2 (a + b)h 
71 / +! h \ Tr id Area — 
rapezoi rea 2 
b 
Z 
© 
2 72 n sides Sum of Angles = (n — 2) 180° 189 
© 
& 
13 А circumference 
73 Definition of т m = —_———_ = 3.1416 191 
diameter 
74 Ё Circumference = 2zr = md 191 
2 та? 
m 75 Area = mr = —— 47, 191 
4 
=] 
О 
: V , 
U 76 Central angle 0 (radians) = — 413 
r 
: rs r?0 
77 Area of sector = — = — 410 
2 2 
78 d 1 revolution = 27 radians = 360° 1° = 60 minute 1 minute = 60 seconds 408 
87 а a Volume = a? 198 
a 
88 Surface area = 6a? 
89 h Volume = lwh 
Rectangular Parallelepiped 
90 is 1 Surface area = 2(/w + hw + Ih) 
91 Any Cylinder or Prism Volume = (area of base) (altitude) 
СУ” 
92 па Right Cylinder or Prism Lateral area (not incl. bases) = (perimeter of base) (altitude) 
Base 
© = 
21 93 | Volume = inr? 
2 2r Sphere 
94 | Surface area = Amr? 
95 Any Cone or Pyramid Volume = i (area of base) (altitude) 198, 202 
й i zd В Р 
96 Right Circular Cone ог Lateral area = 5 (perimeter of base) X (slant height) 198, 202 


198, 202 


Right Circular Cone or 
Regular Pyramid 


5 5 
Lateral area = (sum of base perimeters) = 209 + P) 


198, 202 


No. Page 
102 | Areas Area = 150 181 
a c 
UON Hero's Formula: ibi 
i 103 b Area = Vs (5 — a)(s — b)(s— c) where s= i(a +b+c) 
d 
2 104 Sum of the Angles А + В + С = 180° 
E a b € 
= -— 
м ws c a Las or smes snA  sinB  sinC 
2 2724 2 
< a = b? + с? — 2bc cos A 
106 b Law of Cosines D? = а? + c? — 2ac cos B 
c? = а? + 02 — 2ab cos C 
107 Exterior Angle 0-А-8 
с 
110 b Pythagorean Theorem 183, 212 
a 
opposite side 
111 Sine S= 208, 212, 221 
hypotenuse 
Tri tri adjacent side 
112 пвоношеше Cosine cos 0 M 208, 212, 221 
Ratios hypotenuse 
opposite side 
o 113 Tangent tan 0 ——————— 208, 212, 221 
ж adjacent side 
g adjacent side 
< 114 Cotangent cot 6 —————— 
2 opposite side 
= 
hypotenuse 
E 115 Secant sec 0 к= сы =- се 
e adjacent side 
z r hypotenuse 
116 Cosecant csc 0 = Er E E 
opposite side 
1 1 
117 Reciprocal Relations (a) csc 0 = — (b) sec 0 = ——— 
sin 0 cos 0 
A and B are B (a) sin A = cos B = 
Complementary - . uu _ 
118 Angles 1 Cofunctions (b) cos A = sin B (e) sec A = 
A C (c) tan A = cot B (f) csc A = sec B 
sin Ө 
123 tan Ө = = Ө 
со$ 
Quotient Relations 7 
124 cot ð = ши 
sin 0 
125 sin? @ + соѕ20 = 1 
126 Pythagorean Relations 1 + tan? 0 = sec? 0 
127 1 + cot? 0 = csc? 0 
n 
Es 128 sin(a + В) = sina cos В + cosa sin B 470 
Е 
5 129 Sum ог Difference cos (a + B) = cosa cos В F sina sin В 471 
a of Two Angles tana + tan B 
= 130 tan (a + B) = — 472 
Q 1 F tana tan B 
ра 
5 131 sin 2a = 2 sin q cos а 474 
O 
& 132 Double-Angle (a) cos 2a = cos?a — sin?a | (b) cos 2a = 1 — 2sin?a | (с) cos 2a = 2 cos*a — 1 475 
о) Relations 
E 2 tana 
Е 133 tan 2a = ———— 476 
1 = tana 
134 ЕЮ ва ®0®@ 477 
2 2 
1+ 
135 Half-Angle Relations сов $ = + == 478 
136 "T а _ l— cosa TOR sina T a 1 — cos q 479 
7 хааг sina 72 148 с an T NTF cosa 


No. Page 
138 Exponential to Ifb*=y then x = log,y 533 
Logarithmic Form (у> 0,b > 0,b # 1) 
139 Products log, MN = log, M + log, N 540 
o M 
> 140 Quotients logy =, = log, M — log, N 540 
= 
2 141 Laws of Powers log, M" = plog, M 541 
Q Logarithms Products 1 
d 142 Roots log, V M = — log, M 543 
q 
143 Log of 1 log, | = 0 544 
144 Log of the Base log, b = 1 544 
169 Rectangular a + bi 563, 569 
170 Polar rz 569 
171 Trigonometric r(cos 0 + isin 0) 567 
172 Exponential re? 569 
2 
173 Forms of a Complex Number S where r = Va? + b? 
"bb 
8 569 
b 
174 Ө = arctan — 
a 
175 a=rcosé 
569 
- 176 b-—rsin6 
ра 
ima] 
2 177 Powers of i 1; Pp i, it = 1, p= i, etc. 564 
2 : : : 
9 178 Sums (a + bi) + (c + di) = (a + c) + i(b 563 
= 179 Differences (a + bi) — (c + di) = (a с) + i(b 564 
& | 180 Rectangular Form Products (a + bi)(c + di) = (ac — bd) + Цаа 565 
[S 
81 Quotient a + bi ac t bd фс ad 
1 uotients ctdi 2-2 i dag 567 
182 Products r/0:r'/0' = rr'/0 + 0 570 
KE 
i 0c-r/0 = —/0 – 0' 
183 Polar Form Quotients r r y 571 
84 R dp DeMoivre's Theorem: 571 
1 oots and Powers (r/6)" = p / ng 
185 Euler's Formula e? = cos 0 + 1800 1018 
186 Products rye . гэе!) - гүгэе! 0! +02) 
Exponential Form re? n, 
187 Quotients — = — 01-03) 
neh m 
188 Powers and Roots (re?! = r'e"? 


